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1 Introdu
tion

How do lo
al properties of graphs in
uen
e their global properties? The

lo
al-global phenomena were studied extensively and, in general, this is an

area of negative results. See the seminal work of Erd}os on high 
hromati


sparse graphs [1℄ (extended in this setting by [8℄). However there are pos-

itive aspe
ts of this lo
al-global paradigm. For example for proper minor


losed 
lasses we 
an 
hara
terize optimal instan
es (see [4℄) and for ori-

ented graphs (and more generally for relational stru
tures) one obtains a

ri
h spe
trum of global properties whi
h are de�ned lo
ally. The present

paper is devoted to one su
h area - homomorphism dualities.

Our simplest model are oriented graphs. Re
all that for oriented graphs

G = (V;E) and G

0

= (V

0

; E

0

), a homomorphism f : G! G

0

is any mapping

f : V ! V

0

satisfying (x; y) 2 E ) (f(x); f(y)) 2 E

0

. (See [2℄ for an

introdu
tion to graphs and their homomorphisms.) Let G! G

0

denote the

existen
e of a homomorphism. A homomorphism duality (see [6℄, [2℄) is any

statement of the following type:

for every graph G holds: F 6! G i� G! H (1)

(thus G is H-
olorable i� G is F -free). The pair (F;H) is 
alled a dual pair

and H is the dual of F . This will be denoted by H = D

F

. (The dual is

uniquely determined up to homomorphism equivalen
e.) The following is a


onsequen
e of the main result of [6℄:

Theorem 1 The dual D

F

exists iff F is homomorphi
ally equivalent to an

oriented tree.

The original 
onstru
tion of duals was an indire
t one, however re-


ently [5℄ introdu
ed a expli
it and easy 
onstru
tion of dual D

F

. Besides

having the useful property (1), this 
onstru
tion (of size 2

n logn

for a tree

with n verti
es) is an interesting 
ombinatorial stru
ture in itself. How-

ever, due to its exponential size, not mu
h is known about its properties.

The 
onstru
tion is reviewed and analyzed in Se
tion 2 where we prove the

following:

Theorem 2 After removing isolated verti
es, D

F

is a 
onne
ted graph of

diameter at most jV (F )j+ 3 for every tree F .

Although we 
an prove indire
tly that the 
ore of the dual is always a


onne
ted graph (see Theorem 5), for Theorem 2 we need a 
areful analysis
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of the expli
it 
onstru
tion of D

F

. For a �xed tree F , the verti
es of D

F

are (neighborly) mappings V (F ) ! V (F ) with ar
s de�ned by means of

\swit
hing". This result should be 
ompared with a 
onne
tivity and di-

ameter result for trees and their rotations (see [9℄). Proof of Theorem 2 is

given in Se
tion 2.

It is important that the duality theorem holds for all �nite relational

stru
tures. Let � = (Æ

i

; i 2 I) be a �nite sequen
e of positive integers. A

relational stru
ture S of type � (shortly �-stru
ture) is a pair (X; (R

i

; i 2

I)) when R

i

� X

Æ

i

for all i 2 I . Its base set X is sometimes denoted by

S. We use R

i

(S) instead of R

i

when ne
essary and 
all its elements edges.

A homomorphism S ! S

0

of �-stru
tures is de�ned as mapping whi
h

preserves the relations R

i

for all i 2 I . We have

Theorem 3 �-stru
ture admits a dual i� it is homomorphi
ally equivalent

to a �-tree.

(See [6℄ and Se
tion 3 for de�nition of �-tree). We prove the 
onne
tivity

even in this 
ase:

Theorem 4 For any �-tree F , its dual D

F

is 
onne
ted after removing

isolated verti
es.

By isolated verti
es we mean verti
es whi
h do not belong to any edge

or those that belong only to edges in R

i

(A) with Æ

i

= 1. This result will be

proved in Se
tion 3. Se
tion 4 
ontains some remarks and open problems.

2 Oriented graphs

Let T be an arbitrary oriented tree. Although we 
an 
onstru
t many dual

graphs (graphs D

T

su
h that T 6! G , G ! D

T

holds for every G), any

two duals D and D

0

are homomorphi
ally equivalent, meaning that we have

D ! D

0

and D

0

! D. Thus, up to an isomorphism, only one of the duals

is a 
ore (it has no proper retra
ts). This is why we often speak about

the dual. In this se
tion, D

T

will denote a dual obtained by 
onstru
tion

des
ribed in De�nition 1, whereas Core(D

T

) will be the dual that is a 
ore.

As a warm-up we prove that Core(D

T

) is a 
onne
ted graph.

Theorem 5 Core(D

T

) is a 
onne
ted graph.
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Proof For 
ontradi
tion, suppose that there exist two graphs, D

1

and D

2

,

su
h that Core(D

T

) = D

1

+ D

2

(there is no edge uv for u 2 V (D

1

) and

v 2 V (D

2

)). Ea
h of the two graphs 
ontains at least one edge, other-

wise Core(D

T

) would not be a 
ore. Choose arbitrarily u

1

u

2

2 E(D

1

) and

v

1

v

2

2 E(D

2

) and pi
k some odd k su
h that k > jV (T )j. Next, build

a new graph D

0

from Core(D

T

) by inserting new verti
es w

1

; : : : ; w

k

and

edges w

j

w

j�1

and w

j

w

j+1

for all even j as well as u

1

w

1

and v

1

w

k

. This

D

0

, 
ontrary to Core(D

T

), 
ontains a path with alternating dire
tions of

edges with endpoints in D

1

and D

2

. Clearly D

1

6! D

2

and D

2

6! D

1

(as

D

1

+ D

2

is a 
ore). It follows that D

0

6! D

1

+ D

2

. On the other hand

T 6! D

0

as if � : T ! D

0

is a homomorphism, then �[V (T )℄ \ V (D

i

) = ;

for some i = 1; 2, be
ause T is 
onne
ted and the length of the path whi
h


onne
tsD

1

andD

2

is greater than jV (T )j. Without loss of generality i = 2.

The subgraph indu
ed by verti
es �[V (T )℄ 
onsists of some verti
es of D

1

and some verti
es that belong to the path between D

1

and D

2

. Formally,

�[V (T )℄ � (V (D

1

)[fw

1

; : : : ; w

k

g). However, the subgraph indu
ed by ver-

ti
es V (D

1

) [ fw

1

; : : : ; w

k

g is homomorphi
ally equivalent to D

1

: 
onsider

homomorphism  su
h that  � V (D

1

) is the identity,  (w

j

) = u

1

for j

even and  (w

j

) = u

2

for j odd. Then  � is a homomorphism mapping T

to D

1

, whi
h is a 
ontradi
tion with T 6! D

1

+D

2

. Thus we indeed have

T 6! D

0

whi
h together with D

0

6! D

1

+ D

2


ontradi
ts the assumption

that D

1

+D

2

is a dual of T . 2

As a 
orollary of Theorem 7 we obtain that Core(D

T

) has diameter at

most n+ 3 for T with n verti
es. Let us remark that [3℄ 
ontains example

of trees T for whi
h Core(D

T

) has diameter at least

�

n�1

2

�

.

In [5℄, Ne�set�ril and Tardif introdu
ed the following expli
it 
onstru
tion

of D

T

:

De�nition 1 D

T

is the graph de�ned the following way: V (D

T

) = ff :

V (T ) ! V (T ); for all u 2 V (T ) we have (u; f(u)) 2 E(T ) or (f(u); u) 2

E(T )g,

E(D

T

) = f(f; g); for all (u; v) 2 E(T ) we have f(u) 6= v or g(v) 6= ug.

Theorem 6 D

T

de�ned above is a dual of T .

We have shown (Theorem 5) that Core(D

T

) is a 
onne
ted graph, i.e. for

every u; v 2 V (Core(D

T

)) there exists an oriented path starting with u and

�nishing with v. But the above proof of Theorem 5 does not 
onstru
t su
h
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a path and does not provide an information about its length. In parti
ular,

we would like to estimate the diameter of D

T

. We will prove a stronger

statement: not only the 
ore of D

T

is 
onne
ted, but D

T

itself is 
onne
ted

after removing isolated verti
es. Moreover, its diameter is linear in the

number of verti
es of T , whi
h is perhaps surprising 
onsidering that the

number of verti
es of D

T


an be exponential in jV (T )j (see [7℄).

To prove this, we �rst 
hara
terize the isolated verti
es of D

T

.

De�nition 2 Vertex u 2 V (T ) is a sour
e if its indegree is zero. It is a

problemati
 sour
e for f 2 V (D

T

) if for all its neighbors w we have f(w) =

u. Similarly, u is a sink if its outdegree is zero and it is a problemati
 sink

for f 2 V (D

T

) if f(w) = u for all verti
es w adja
ent to u.

The proof of the next lemma follows dire
tly from De�nition 1.

Lemma 3 (Chara
terization of isolated verti
es of dual)

Outdegree of f in D

T

is zero if and only if there exists a problemati
 sink for

f in T . Indegree of f in D

T

is zero if and only if there exists a problemati


sour
e for f in T .

Theorem 7 Let T be oriented tree with n verti
es and D

T

its dual 
on-

stru
ted in De�nition 1. Let f and g be two verti
es of D

T

whi
h are not

isolated. Then there exists an oriented path between f and g of length at

most n+ 3.

Proof First, let f and g be verti
es with outdegree greater than zero. Let

Z be the set of sour
es of T and let S be its sinks. De�ne a mapping

f

�

: V (T ) ! V (T ) as follows: if w 2 V (T ) is a sour
e, then we put

f

�

(w) = f(w), and if is not a sour
e, then we pi
k (an arbitrary) u su
h

that uw is an edge and we put f

�

(w) = u. The mapping f

�

has the following

property: for every edge (f; h) there exists an edge (f

�

; h). We will de�ne

g

�

analogously, only now we require also that g

�


oin
ide with f

�

on the set

V (T ) nZ. The set of the sour
es for whi
h f

�

and g

�

di�er will be denoted

by Y .

Claim 1 There exists a path of length at most 2jY j whi
h 
onne
ts f

�

and

g

�

.

Proof of Claim pro
eeds by indu
tion on jY j.

5



If jY j = 0, then we have f

�

= g

�

and the statement is true.

Let jY j = 1. We have Y = fyg, f

�

(y) = z

1

and g

�

(y) = z

2

6= z

1

. We want

to �nd some h su
h that (f

�

; h) and (g

�

; h) are edges. Choose h

f

su
h that

(f; h

f

) is an edge and de�ne h(x) = h

f

(x) for all x 2 S n fz

1

; z

2

g. For every

u that is not a sink, pi
k an arbitrary w su
h that uw is an edge and put

h(u) = w. Now we are left with at most two verti
es for whi
h h is not

de�ned yet, namely z

1

and z

2

(if one or both of them are sinks - otherwise

h is already de�ned). If z

1

is a sink, then (sin
e the outdegree of f

�

is not

zero, see Lemma 3), it has a neighbor u 6= y su
h that f

�

(u) 6= z

1

(thus

also g

�

(u) 6= z

1

) and put h(z

1

) = u. Similarly, if z

2

is a sink, then it has a

neighbor v 6= y su
h that g

�

(v) 6= z

2

and we may de�ne h(z

2

) = v.

Finally, let jY j = m > 1. Let V

�

be the set of all verti
es f with nonzero

outdegree su
h that the 
orresponding mapping goes against the dire
tions

of edges whenever possible, i.e. we have f(w) = z for an edge wz only if w

is a sour
e. Suppose that for ea
h pair f

�

; g

�

2 V

�

of mappings that di�er

on m � 1 sour
es and 
oin
ide on V (T ) n Z there exists a path of length

2(m � 1) 
onne
ting f

�

and g

�

. Let f

�

; g

�

2 V

�

be mappings that di�er

on the set Y � Z su
h that jY j = m (and again, they 
oin
ide on the rest

of verti
es). Choose an arbitrary u 2 Y .

(i) If we 
an rede�ne g

�

on u a

ording to f

�

and no problemati
 sink arise

in this pro
ess, then we do it. This way we get a mapping g

�

su
h that

g

�

(u) = f

�

(u), g

�

(v) = g

�

(v) for v 2 V (D

T

) n fug.

(ii) Suppose (i) is not possible: by rede�ning g

�

on the vertex u we would

get a problemati
 sink v

1

. But this sink is not problemati
 for f

�

. So

v

1

has a neighbor w

1

6= u whi
h is a sour
e and for whi
h g

�

(w

1

) = v

1

but f

�

(w

1

) = v

2

6= v

1

and w

1

also belongs to Y . If we 
an rede�ne g

�

on w

1

without obtaining problemati
 sinks, then we do it. If not, �nd

w

2

2 Y in a similar manner. The sequen
e fw

i

; i 2 Ng is not in�nite,

sin
e verti
es never repeat in it. Thus there exists at least one vertex

y 2 Y (the last element of sequen
e fw

i

; i 2 Ng) su
h that we 
an

rede�ne g

�

(y) a

ording to f

�

(y) without 
reating problemati
 sinks;

again, we 
all this rede�ned mapping g

�

.

Now we have g

�

whi
h di�ers from f

�

on the set of m � 1 sour
es. By

indu
tion hypothesis there exists a path at most 2(m� 1) long whi
h 
on-

ne
ts f

�

and g

�

. Meanwhile, g

�

di�ers from g

�

only on one vertex in Z

and thus these two verti
es are 
onne
ted by a path of length at most 2.

Consequently, there exists a path of length at most 2m = 2jY j between f

�
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and g

�

. This �nishes the proof of the Claim. 2

Now we need to 
ompare jY j with the number of verti
es of T . Let Y =

fy

1

; : : : ; y

m

g. Let R be the subgraph of T indu
ed by the set fy

1

; f

�

(y

1

);

g

�

(y

1

); y

2

; f

�

(y

2

); g

�

(y

2

); : : : ; y

m

; f

�

(y

m

); g

�

(y

m

)g. This is either a tree or

a forest, in any 
ase we have jV (R)j � jE(R)j + 1. Ea
h of the verti
es

y

1

; : : : ; y

m

has degree at least 2 (there are edges from y

i

to f

�

(y

i

) and

g

�

(y

i

)) and no two of these verti
es share an edge (all of them are sour
es),

so jE(R)j � 2m. We get:

n = jV (T )j � jV (R)j � jE(R)j+ 1 � 2m+ 1

So m � (n� 1)=2; and thus there is a path 
onne
ting f

�

and g

�

of length

at most 2m � n� 1. The distan
e of f and f

�

is at most 2, as well as the

distan
e of g and g

�

. Thus any two verti
es f and g with outdegree greater

than zero are at most n� 1 + 4 = n+ 3 apart.

If f

0

is a sink (but is not isolated), then we 
onsider its neighbor f and �nd

the 
orresponding f

�

. The distan
e of f

0

and f

�

is 1, so in this 
ase the

distan
e of f

0

from other verti
es is even less than n+3. Consequently, any

two non-isolated verti
es of D

T

are at most n+ 3 apart.

2

This bound 
an be improved to n + 2. We do not in
lude the proof

be
ause it is merely a tedious 
ase analysis based on the ideas presented in

the above proof.

3 Relational stru
tures

Let A be a relational stru
ture of type � = (Æ

i

; i 2 I). Its in
iden
e graph

In
(A) is the bipartite graph with partsA and Blo
k(A) = f(i; (a

1

; : : : ; a

Æ

i

));

i 2 I; (a

1

; : : : ; a

Æ

i

) 2 R

i

(A)g. The edges are all pairs [a; (i; (a

1

; : : : ; a

Æ

i

))℄

su
h that a 2 (a

1

; : : : ; a

Æ

i

) (i.e. there exists an index k su
h that a = a

k

).

A is 
alled a �-tree when In
(A) is a tree.

As we mentioned in Se
tion 1, A admits a dual i� it is a �-tree. A

simple 
onstru
tion of duals for relational stru
tures similar to the one in

De�nition 1 appeared in [7℄:

De�nition 4 Let A be a �-tree. Let D

A

be relational stru
ture with

the base set D

A

= ff : A ! Blo
k(A); [a; f(a)℄ 2 E(In
(A)) for all a 2

7



Ag. The Æ

i

-tuple (f

1

; : : : ; f

Æ

i

) belongs to R

i

(D

A

) if and only if for ev-

ery (x

1

; : : : ; x

Æ

i

) 2 R

i

(A) there exists j 2 f1; : : : ; Æ

i

g su
h that f

j

(x

j

) 6=

(i; (x

1

; : : : ; x

Æ

i

)).

Theorem 8 [7℄ Let A be a �-tree. The stru
ture D

A

de�ned above is a

dual of A.

Analogously as in Theorem 5 we 
an prove easily that the 
ore of D

A

is

a 
onne
ted �-stru
ture. But again we shall prove that even the stru
ture

D

A

is 
onne
ted after deleting all isolated verti
es.

Throughout this se
tion, we will use the following notation. Let

e

A be

�-tree,

g

D

A

its dual and let

g

D

A

= f

~

f

1

; : : : ;

~

f

j

g. A will denote the �-tree

obtained by inserting a new edge b 2 R

i

0

(A) whi
h has a 
ommon vertex b

k

with some a 2 R

i

(

e

A) (if b

k

belongs to more edges, sele
t one of them and


all it a). Let D

A

be the dual of A. It is not hard to see that D

A

has verti
es

ff

1

; : : : ; f

j

; f

0

1

; : : : ; f

0

j

g, su
h that the mappings f

t

and f

0

t

for t = 1; : : : ; j are

both derived from

~

f

t

and they di�er only on the vertex b

k

. More pre
isely, f

t

and f

0

t


oin
ide with

~

f

t

on verti
es of

e

A, they are de�ned in the only possible

way on verti
es of b di�erent from b

k

(that is, f

t

(u) = f

0

t

(u) = (i

0

; b) for

u 2 b, u 6= b

k

), and f

t

(b

k

) = (i; a), while f

0

t

(b

k

) = (i

0

; b). Noti
e that the

elements f

0

1

; : : : ; f

0

j

are not ne
essarily distin
t.

Also, 


l

will denote the l-th vertex of the edge 
 and R(A) will be the

set of all edges of the �-system A, i.e. R(A) =

S

j2I

R

j

(A).

The next lemma reveals a 
lose relationship between D

A

and

g

D

A

: if we

delete the verti
es f

0

1

; : : : ; f

0

j

in D

A

and all edges 
ontaining them, we get

exa
tly a 
opy of

g

D

A

. Proof follows immediately from De�nition 4.

Lemma 5 Let i 2 I. (

~

f

1

; : : : ;

~

f

Æ

i

) is an edge of

g

D

A

if and only if (f

1

; : : : ; f

Æ

i

)

is an edge of D

A

.

Sinks and sour
es together with the sets of their neighbors played a


ru
ial role in 
hara
terizing the isolated verti
es of duals of graphs. The


lasses of the equivalen
e de�ned below play similar role in 
hara
terizing

the isolated verti
es of duals of relational stru
tures.

De�nition 6 For every i 2 I and k 2 f1; : : ; Æ

i

g we will de�ne equivalen
e

�

(i;k)

on R

i

(A): a �

(i;k)

b if there exists an integer m � 1 and a sequen
e

of edges a = 


1

; 


2

: : : ; 


m

= b with 


1

; : : : ; 


m

2 R

i

(A) whi
h satis�es the

following: for every j = 1; : : : ;m� 1 there is an index l

j

6= k su
h that the

8



edges 


j

and 


j+1

share a vertex v, and v o

upies the l

j

-th position in both

edges (that is, 


j

l

j

= 


j+1

l

j

).

The relation �

(i;k)

is 
learly an equivalen
e. [x℄

�

(i;k)

will denote the 
lass

of the equivalen
e �

(i;k)


ontaining the edge x.

Thus if two edges of a tree A share a vertex and they belong to the same

equivalen
e 
lass, then the shared vertex o

upies the same position in both

edges and moreover this position is di�erent from k.

Theorem 9 (Chara
terization of isolated verti
es of duals)

Let f be a vertex of D

A

, i 2 I and k 2 f1; : : : ; Æ

i

g. f 6= f

k

holds for

every (f

1

; : : : ; f

Æ

i

) 2 R

i

(D

A

) if and only if there exists an edge x 2 R

i

(A)

satisfying the following two 
onditions:

(1) If two edges y and z share a vertex v and y is an element of [x℄

�

(i;k)

while z is not, then v is the k-th 
oordinate of y.)

(2) f(a

k

) = (i; (a

1

; : : : ; a

Æ

i

)) for every (a

1

; : : : ; a

Æ

i

) 2 [x℄

�

(i;k)

.

We will 
all the 
lass [x℄

�

(i;k)


ontaining su
h edge x problemati
 
lass

for f and k.

Proof First suppose that there exists an edge x 2 R

i

(A) satisfying both


onditions. Suppose for 
ontradi
tion that f = f

k

for some (f

1

; : : ; f

Æ

i

) 2

R

i

(D

A

). By de�nition of edges ofD

A

there exists some vertex x

j

in the edge

x su
h that f

j

(x

j

) = (i

0

; y) 6= (i; x) for some i

0

2 I and y 2 R

i

0

(A). y shares

a vertex with x and if y 62 [x℄

�

(i;k)

, then by (1) this vertex o

upies k-th po-

sition in x. Thus f

k

(x

k

) = (i

0

; y) 6= (i; x), whi
h is 
ontradi
ts the 
ondition

(2). So we have y 2 [x℄

�

(i;k)

. We will denote x

1

= x, x

2

= y and 
ontinue


onstru
ting the sequen
e fx

m

;m 2 Ng. Suppose x

m

2 [x℄

�

(i;k)

is already

known for some m. Find j 2 f1; : : : ; Æ

i

g su
h that f

j

(x

m

j

) = (i

0

; z) 6= (i; x

m

)

(su
h j exists for all x

m

2 R

i

(A) be
ause (f

1

; : : ; f

Æ

i

) is an element of

R

i

(D

A

)) and denote x

m+1

= z. Sin
e x

m

2 [x℄

�

(i;k)

and the two 
ondi-

tions hold, we again have i = i

0

and z 2 [x℄

�

(i;k)

. This way we obtain

an in�nite sequen
e of edges from [x℄

�

(i;k)

su
h that every two 
onse
utive

edges are di�erent and have a vertex in 
ommon. Can some elements re-

peat in this sequen
e? Suppose that x

m

= x

m+l

for some m; l 2 N. If

this is true for more than one pair m,l, 
hoose the pair with the small-

est value of l. Two subsequent edges are di�erent, so l � 2. For ev-

ery t, x

t

j

t

will denote the 
ommon vertex of x

t

and x

t+1

. If l � 3, then

9



(i; x

m

); x

m

j

m

; (i; x

m+1

); x

m+1

j

m+1

; : : ; (i; x

m+l�1

); x

m+l�1

j

m+l�1

; (i; x

m+l

) = (i; x

m

) is a

sequen
e of verti
es of In
(A) joined by edges su
h that no two of them

are the same ex
ept for the �rst and the last. In other words, it is a 
y
le,

whi
h 
ontradi
ts the de�nition of �-tree. The only remaining 
ase is l = 2.

Sin
e x

m+1

follows after x

m

in our sequen
e, we have f

j

m

(x

m

j

m

) = (i; x

m+1

).

Also x

m+2

= x

m

follows after x

m+1

, so f

j

m+1

(x

m+1

j

m+1

) = (i; x

m

). But sin
e

both x

m

and x

m+1

are elements of [x℄

�

(i;k)

and thus j

m

= j

m+1

, we get

(i; x

m+1

) = f

j

m

(x

m

j

m

) = f

j

m+1

(x

m+1

j

m+1

) = (i; x

m

), whi
h 
ontradi
ts our as-

sumption. So there is no su
h l and the elements of our sequen
e never

repeat. We obtained an in�nite bran
h in a �nite �-system, whi
h is a


ontradi
tion.

To prove the other impli
ation, suppose that the right side does not hold;

for every equivalen
e 
lass [x℄

�

(i;k)

either

Æ exists a 2 [x℄

�

(i;k)

su
h that the 
ommon vertex of a and the rest of A

is j-th in a for j 6= k

or

Æ exists a 2 [x℄

�

(i;k)

su
h that f(a

k

) 6= (i; a).

We will de�ne mappings f

1

; : : : ; f

k�1

; f

k+1

; : : : ; f

Æ

i

su
h that (f

1

; : : : ; f

Æ

i

)

is an edge of D

A

for f

k

= f . First we de�ne f

l

(


l

) with l = 1; : : : ; Æ

i

for

all edges 
 2 R

i

(A): for every 
lass [x℄

�

(i;k)

of the equivalen
e �

(i;k)

we


onstru
t set S of edges 
 su
h that f

l

(


l

) is already known for every l. We

use the following algorithm:

(1) If the �rst 
onditions holds (there exists a 2 [x℄

�

(i;k)

su
h that for some

j 6= k a

j

belongs to some edge y 2 R

i

0

(A) and y 62 [x℄

�

(i;k)

), we put

f

j

(a

j

) = (i

0

; y). We 
an always do this. It would be impossible only

if f

j

(a

j

) was already de�ned while using the algorithm for some edge

z in a di�erent 
lass of equivalen
e �

(i;k)

. But this algorithm de�nes

f

t

(a

s

) only for t = s. Therefore if f

j

is de�ned for some vertex z

l

= a

j

,

then l = j and z 2 R

i

(A) and thus z is in the same equivalen
e 
lass

as a. Next put f

l

(a

l

) = (i; a) for all l = 1; : : : ; Æ

i

su
h that f

l

(a

l

) is not

de�ned yet and let S = fag.

If the se
ond 
ondition holds, the situation is even simpler: we put

f

l

(a

l

) = (i; a) for l 6= k and again S = fag.

(2) If there is some edge b 2 [x℄

�

(i;k)

n S whi
h has a 
ommon vertex

with some edge in S, then for all l su
h that f

l

(b

l

) is unde�ned put

f

l

(b

l

) = (i; b) and add b to S. Repeat this step if possible.
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We 
laim that after this algorithm has �nished, we have [x℄

�

(i;k)

= S.

Suppose 
ontrary: there is some y 2 [x℄

�

(i;k)

whi
h does not belong to S.

Take the shortest sequen
e a = 


0

; 


1

; : : : ; 


m

= y of edges from [x℄

�

(i;k)

su
h

that ea
h of them shares a vertex with its su

essor. Let p 2 f1; : : : ;mg be

the smallest index su
h that 


p

62 S. 


p

shares a vertex 


p

j

p�1

with the edge




p�1

2 S, so we 
an de�ne f

l

(


p

l

) = (i; 


p

) for l 6= j

p�1

and add 


p

to S.

Thus indeed [x℄

�

(i;k)

= S.

Also for every y 2 [x℄

�

(i;k)

there exists j su
h that f

j

(y

j

) 6= (i; y). Again,


onsider y for whi
h this is not true and the shortest sequen
e a = 


0

; 


1

;

: : : ; 


m

= y su
h that 


t

and 


t+1

share vertex 


t

j

t

. For t = 0; : : : ;m � 1

we have j

t

6= j

t+1

(the sequen
e is shortest possible) and thus f

t

(


t

j

t

) =

f

t

(


t+1

j

t

) = (i; 


t

) holds for every t, parti
ularly for t + 1 = m, whi
h is a


ontradi
tion.

After we use the algorithm for all 
lasses of equivalen
e �

(i;k)

, we de�ne the

mappings arbitrarily on the rest of the verti
es. The edges that are not in

R

i

(A) will not prevent the existen
e of the edge (f

1

; : : : ; f

Æ

i

) and all edges

in R

i

(A) satisfy the 
ondition for the existen
e of su
h edge. Thus we have

(f

1

; : : : ; f

Æ

i

) 2 R

i

(D

A

). 2

Corollary 1 Let g be a vertex of D

A

. If g is the k-th 
oordinate of some

edge (g

1

; : : : ; g

Æ

i

) 2 R

i

(D

A

) but ~g is isolated in

g

D

A

, then there exists single

problemati
 
lass [x℄

�

(i;k)

for ~g and k in

g

D

A

(i.e. a 
lass satisfying the


onditions (1) and (2) from Theorem 9), and this 
lass is not problemati


any more (for g and k) after inserting the edge b.

D

A


an 
ontain verti
es that do not belong to any edge (isolated verti
es)

and also verti
es that are only in unary relations. To simplify notation, we

will extend the de�nition of isolated vertex so that it in
ludes also the latter

kind of verti
es: from now on, a vertex u will be isolated if and only if for

every i 2 I with Æ

i

> 1 and for every a 2 R

i

(A) we have u 62 a. We will prove

that after removing su
h isolated verti
es, D

A

is a 
onne
ted �-system.

The proof of 
onne
tedness of duals for graphs (Theorem 7) 
an be gen-

eralized for relational stru
tures. However, we 
hose a di�erent approa
h,

one that shows how the dual 
hanges when we modify the original tree,

and thus provides additional insight into its stru
ture. This proof gives an

alternative proof of Theorem 7 (without the bound on diameter).

We will need the following lemma. Re
all that if we insert a new edge

b into a �-tree

e

A with

g

D

A

= f

~

f

1

; : : : ;

~

f

j

g, we obtain a new �-tree A with

D

A

= ff

1

; : : : ; f

j

; f

0

1

; : : : ; f

0

j

g.

11



Lemma 7

If B is a 
omponent of D

A

whi
h 
ontains more than one vertex, then

some of the verti
es f

1

; : : : ; f

j

belong to B (that is, B does not 
ontain only

f

0

1

; : : : ; f

0

j

).

Proof Suppose that we inserted a new edge b 2 R

i

0

(A) and it has a 
ommon

vertex a

j

1

= b

j

2

with some a 2 R

i

(A). Let Æ

l

> 1 and let (f

0

1

; : : : ; f

0

Æ

l

) be an

edge that does not 
ontain any of the verti
es f

1

; : : : ; f

j

. One 
an easily see

that this 
an happen only if l 6= i

0

. If a 62 R

l

(A), then we 
an de�ne g(b

j

2

) =

(i; a), g(u) = f

0

1

(u) for u 6= b

j

2

. (g; f

0

2

; : : : ; f

0

Æ

l

) is an edge: if for every


 2 R

l

(A) there exists index j su
h that f

0

j

(


j

) 6= (l; 
), then su
h j exists for

every 
 2 R

l

(A) for this new set of mappings as well. If a 2 R

l

(A), then we

will 
hoosem 6= j

1

(we 
an do this be
ause Æ

l

> 1) and de�ne g(b

j

2

) = (i; a),

g(u) = f

0

m

(u) for u 6= b

j

2

. Then (f

0

1

; : : : ; f

0

m�1

; g; f

0

m+1

; : : : ; f

0

Æ

l

) is also an

edge in R

l

(D

A

). Moreover, in both 
ases g 2 ff

1

; : : : ; f

j

g. 2

So 
alled \zigzag paths", i.e. paths with alternating dire
tions of edges,

play an important role in the proof of Theorem 7. The equivalen
e 
lasses

de�ned below are analogues of zigzag paths for relational stru
tures.

De�nition 8 For every i we will de�ne an equivalen
e �

i

on R

i

(A): a �

i

b

if there exists a sequen
e a = 


1

; 


2

; : : : ; 


m

= b of edges from R

i

(A) su
h

that for every j there exists index l

j

2 f1; : : : ; Æ

i

g su
h that 


j

l

j

= 


j+1

l

j

.

Contrary to the de�nition of �

(i;k)

, now the index l

j


an be arbitrary.

For every x and k we have [x℄

�

(i;k)

� [x℄

�

i

.

Theorem 10 If the �-system obtained from

g

D

A

by removing isolated ver-

ti
es is 
onne
ted, then D

A

is also 
onne
ted after removing isolated verti
es.

Proof By deleting the verti
es f

0

1

; : : : ; f

0

j

from D

A

(and all edges in
ident

with them) we get a 
opy of

g

D

A

(Lemma 5). By assumption, this 
opy has at

most one nontrivial 
onne
ted 
omponent (i.e. 
onne
ted 
omponent with

more than one vertex), say C. For 
ontradi
tion suppose that there exists

some nontrivial 
omponent C

0

in D

A

su
h that C

0

\ C = ;. Ne
essarily,

some of the verti
es f

0

1

; : : : ; f

0

j

belong to C

0

. But C

0

also 
ontains some

g 2 ff

1

; : : : ; f

j

g (Lemma 7) and sin
e g 62 C, ~g was isolated in

g

D

A

. Thus,

to prove the theorem, it suÆ
es to �nd a path in In
(D

A

) beginning with g

and ending in C for every g 2 ff

1

; : : : ; f

j

g su
h that ~g is isolated in

g

D

A

but
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g = g

k

for some k, some i 2 I with Æ

i

> 1 and some (g

1

; : : : ; g

Æ

i

) 2 R

i

(D

A

).

This will 
ontradi
t the existen
e of C

0

.

Let g be su
h vertex. By Corollary 1 there was only one problemati
 
lass

[x℄

�

(i;k)

for ~g in

~

A and after adding the edge b this 
lass is not problemati


any more. This 
ould happen only if a 2 [x℄

�

(i;k)

and thus a 2 R

i

(A). In

this situation we distinguish two 
ases.

(1) [a℄

�

i

6= R(

e

A). Then there is an edge y 2 R

i

0

(

e

A) (for i

0

not ne
essarily

distin
t from i) su
h that y 62 [a℄

�

i

and y has a 
ommon vertex with

some edge in [a℄

�

i

. Let y = 


1

; 


2

; : : : ; 


m

= a be the shortest sequen
e

of edges su
h that 


t

and 


t+1

have a 
ommon vertex for t = 1; : : : ;m�

1. Let G

1

denote the edge (g

1

; : : : ; g

Æ

i

) and let 


2

share its s-th vertex

with y = 


1

. We will de�ne g

�

s

: g

�

s

(


2

s

) = (i

0

; 


1

), g

�

s

(u) = g

s

(u) for

u 2 Anf


2

s

g. Then G

2

= (g

1

; : : : ; g

s�1

; g

�

s

; g

s+1

; : : : ; g

Æ

i

) is also an edge

in R

i

(D

A

) be
ause:

Æ if y 62 R

i

(A), then the newly de�ned mappings 
oin
ide with the

original ones on R

i

(A) (ex
ept for 


2

) and nothing 
hanged about

the fa
t that (8x 2 R

i

(A))(9l 2 f1; : : : ; Æ

i

g)(G

2

l

(x

l

) 6= (i; x)) and

Æ if y 2 R

i

(A), then the 
ommon vertex of y and 


2

is s-th in 


2

and

s

0

-th in y, s 6= s

0

and again, the 
ondition still holds.

Next we will de�ne edges G

3

; : : : ; G

m

: suppose G

t�1

is already known

and the edges 


t�1

and 


t

share their s-th vertex, then G

t

l

= G

t�1

l

for l 6= s, G

t

s

(


t

s

) = (i; 


t�1

) and G

t

s

(v) = G

t�1

s

(v) for v 2 A n f


t

s

g.

There 
an only be one edge in R

i

(A) that violates the 
ondition for

G

t

being an edge of D

A

, and that is the edge 


t�1

. But we have

G

t�1

s

0

(


t�1

s

0

) = 


t�2

for the vertex 


t�1

s

0

shared by 


t�1

and 


t�2

. And

be
ause s 6= s

0

(we sele
ted the shortest path from a to y), we have

also G

t

s

0

(


t�1

s

0

) = (i; 


t�2

). Thus this edge is also harmless, and G

t

2

R

i

(D

A

). Last, let us de�ne G

m+1

s

(a

s

) = (i; a) (where a

s

is the 
ommon

vertex of a and the newly inserted edge b), G

m+1

s

= G

m

s

for the rest of

the verti
es and G

m+1

s

0

= G

m

s

0

for s 6= s

0

. G

m+1

is an edge (for reasons

similar to those above), so all Æ

i

-tuples G

1

; : : : ; G

m+1

are elements of

R

i

(D

A

). Every two subsequent edges in this sequen
e di�er only in

one 
oordinate and sin
e Æ

i

> 1, they share at least one vertex. Let

G

m+1

= (h

1

; : : : ; h

Æ

i

) and let us de�neG

m+2

= (h

�

1

; : : : ; h

�

Æ

i

) by putting

h

�

t

(v) = h

t

(v) for v 2 A n fa

s

g (again, a

s

is the 
ommon vertex of a

and b) and h

�

t

(a

s

) = (i; a) for t = 1; : : : ; Æ

i

. Obviously G

m+2

2 R

i

(D

A

)

and G

m+2

has a 
ommon vertex h

�

s

= h

s

with G

m+1

. Mappings h

�

t
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oin
ide with

~

h

t

on all verti
es of A ex
ept for the new verti
es bnfa

s

g

and thus, by Lemma 5, (

~

h

1

; : : : ;

~

h

Æ

i

) is an edge of

g

D

A

. So we found

a sequen
e that begins with the original edge G

1

and ends with some

edge G

m+2

belonging to the 
omponent C.

(2) [a℄

�

i

= R(

e

A). In this 
ase if b 2 R

i

(A) and a

s

= b

s

holds for some s

(that is, the 
ommon vertex of a and b o

upies the same position in

both edges), then R

i

(D

A

) = ;. This is be
ause A is homomorphi
ally

equivalent to the �-system B with B = fb

1

; : : : ; b

Æ

i

g and R

i

(B) =

R(B) = fbg and 
learly R

i

(D

B

) = ;. If there exists some i

0

6= i

su
h that Æ

i

0

> 1, then for any Æ

i

0

-tuple f

1

; : : : ; f

Æ

0

i

2 D

A

we have

(f

1

; : : : ; f

Æ

0

i

) 2 R

i

0

(D

A

) (sin
e R

i

0

(A) = ;, nothing 
an prevent the

existen
e of su
h edge), otherwise all verti
es of D

A

are isolated.

If b 2 R

i

(A), but b

s

= a

s

0

for s 6= s

0

(the 
ommon vertex o

upies dif-

ferent positions in the two edges) or b 62 R

i

(A), then des
ribing R

i

(D

A

)

is also relatively easy. First, let us label the edges of A re
ursively a
-


ording to their distan
e from b and let 
(x) denote the label given to

the edge x. This way we get 
(b) = 0, 
(a) = 1, 
(y) = 2 for edges that

have a 
ommon vertex with a et
. Sin
e A is a �-tree, su
h labeling

exists and is unique. Now de�ne sets H

k

� D

A

for k = 1; : : : ; Æ

i

: f

will belong to H

k

if and only if it maps every x

k

that is k-th in some

edge x 2 R

i

(A) n fbg to the edge with the smallest label of all edges


ontaining x

k

. Formally H

k

= ff ; (8x 2 R

i

(A)nfbg)(8d 2 R(A))(x

k

2

d ) 
(f(x

k

)) � 
(d))g. Plus, we have an additional requirement for

f in H

s

: f(b

s

) = (i; a) (b

s

is the vertex shared by a and b). We will

prove that R

i

(D

A

) = H

1

�H

2

� : : : �H

Æ

i

. The in
lusion � is obvi-

ous. Let's prove the other in
lusion. For 
ontradi
tion suppose that

(g

1

; : : : ; g

Æ

i

) 2 R

i

(D

A

) but g

k

62 H

k

for some k. This means that there

is some x

0

2 R

i

(A) su
h that g

k

(x

0

k

) = (i; x

0

) but there exists some

y 2 R

i

(A), x

0

k

2 y, whi
h is 
loser to b than x

0

. Sin
e (g

1

; : : : ; g

Æ

i

) is an

edge, there is some l

0

6= k for whi
h g

l

0

(x

0

l

0

) = (i; x

1

) for x

1

6= x

0

. Sin
e

A is a �-tree, y is the only edge in
ident to x

0

su
h that 
(y) < 
(x

0

),

and therefore 
(x

1

) > 
(x

0

). Analogously there exists l

1

6= l

0

for whi
h

g

l

1

(x

1

l

1

) = (i; x

2

) for x

2

6= x

1

. Again 
(x

2

) > 
(x

1

). The sequen
e

x

1

; x

2

; : : : 
an �nish only if it rea
hes b at some point. However, 
on-

sidering that 
(x

1

) < 
(x

2

) < : : :, this will never happen. The system

A is �nite, thus we obtain 
ontradi
tion. If there exists an i

0

6= i

with Æ

i

0

> 1, then again all verti
es of D

A

belong to a single non-

trivial 
onne
ted 
omponent (if b 2 R

i

0

(A), then (f

1

; : : : ; f

Æ

i

0

) is an

14



edge whenever f

s

(b

s

) = (i; a), and if b 62 R

i

0

(A), then all Æ

i

0

-tuples are

edges). If there is no su
h i

0

, then the nontrivial 
onne
ted 
omponent


ontains exa
tly the elements of R

i

(A), and H

1

�H

2

� : : :�H

Æ

i

has

only one 
onne
ted 
omponent.

2

Proof of Theorem 4. Any �-tree 
an be built in a �nite number of steps

from the empty �-tree (i.e. a �-tree B with B = ;) by inserting leaves in

su
h a way that the �-systems obtained in ea
h step are �-trees. Thus we


an pro
eed by indu
tion, with the indu
tive step being the essen
e of the

previous theorem. 2

Distan
e d(u; v) of verti
es u and v in a relational stru
ture is de�ned

as the smallest k for whi
h there exists a sequen
e u = u

0

; : : : ; u

k

= v su
h

that u

i

and u

i+1

belong to the same edge. A 
loser look at the proof of

Theorem 10 gives a polynomial upper bound on diameter of A.

Lemma 9 If A is a �-tree with n verti
es, then the diameter of D

A

, after

removing isolated verti
es, is at most O(n

2

).

Proof In the proof of Theorem 10 we 
onstru
ted a sequen
e G

1

; : : : ; G

m+1

su
h that G

1


ontains g and G

m+1


ontains a vertex in C. The distan
e

of g from C is therefore at most m + 1. This holds for every non-isolated

g that is not in C. If f and h are non-isolated verti
es of D

A

, d denotes

distan
e and diam(C) is the diameter of C, then

d(f; h) � d(f; C) + diam(C) + d(h;C) � diam(C) + 2(m+ 1) (2)

We 
an strengthen the de�nition of m and let it be the shortest distan
e of a

from some y 62 [a℄

�

i

. Thenm�1 is bounded by the number of edges in [a℄

�

i

,

whi
h 
annot ex
eed the number of all non-unary edges of A (i.e. those with

Æ

i

> 1). Hen
e m + 1 � j

S

Æ

i

>1

R

i

(A)j + 2. A �-tree with n verti
es 
an

have at most n� 1 non-unary edges. Now, let A be su
h �-tree. As in the

proof of Theorem 4, we 
an build A by inserting non-unary edges one by

one in at most n � 1 steps so that in ea
h step the resulting �-stru
ture

is a �-tree, and 
on
luding with adding all unary edges. The presen
e of

unary edges 
annot in
rease the diameter, so we only need to estimate the

diameter before performing the last step (of equivalently we may without

loss of generality assume that A has no unary edges). Using (2) repeatedly,

15



we get

diam(D

A

) � 1+

n�2

X

k=1

2(k+2) � 1+4(n� 2)+ (n� 1)(n� 2) = O(n

2

): (3)

2

4 Con
luding remarks

The linearity of diameter suggests the existen
e of fast algorithms for D

T

.

The above proof of the 
onne
tivity of D

T

yields an algorithm whi
h �nds

a path from f to g in at most 2�(T )n

2

steps. Is there a linear algorithm?

Knowing that D

T

is 
onne
ted, one might also try to determine its


onne
tivity. Are there always verti
es of small degree in D

T

? How does

the minimal degree in D

T

depend on the height of T ?
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