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Abstra
t. For a �xed 
ountable homogeneous relational stru
ture

� we study the 
omputational problem whether a given �nite stru
-

ture of the same signature homomorphi
ally maps to � . This prob-

lem is known as the 
onstraint satisfa
tion problem CSP(� ) for the

template � and was intensively studied for �nite � . We show that {

as in the 
ase of �nite � { the 
omputational 
omplexity of CSP(� )

for 
ountable homogeneous � is determinded by the 
lone of poly-

morphisms of � . To this end we prove the following theorem, whi
h

is of independent interest: The primitive positive de�nable relations

over an !-
ategori
al stru
ture � are pre
isely the relations that are

preserved by the polymorphisms of � . If the age of � is given by a �-

nite number of �nite forbidden indu
ed substru
tures, then CSP(� )

is in NP. We use a 
lassi�
ation result by Cherlin and prove that

in this 
ase every 
onstraint satisfa
tion problem for a 
ountable

homogeneous digraph is either tra
table or NP-
omplete.

Keywords: 
omplexity of 
onstraint satisfa
tion, homoge-

neous digraphs, graph homomorphisms, !-
ategori
al stru
-

tures, polymorphism preservation theorem

1 Introdu
tion

For a �xed relational stru
ture � (
alled the template), the 
onstraint sat-

isfa
tion problem CSP(� ) is the following 
omputational problem: Given
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a �nite stru
ture S of the same signature as � , is there a homomorphism

from S to � ?

Constraint satisfa
tion problems frequently o

ur in theoreti
al 
om-

puter s
ien
e, and have attra
ted mu
h attention for �nite templates � . It

is 
onje
tured that CSP(� ) has a di
hotomy in the sense that every 
on-

straint satisfa
tion problem CSP(� ) for �nite stru
ture � is either tra
table

or NP-
omplete. This is true for templates that are undire
ted graphs [25℄,

for two element templates [39℄, and three element templates [8℄. It is known

that every 
onstraint satisfa
tion problem with a �nite template is polyno-

mial time equivalent to a digraph homomorphism problem [20℄. There are

powerful 
lasses of algorithms solving the known tra
table 
onstraint satis-

fa
tion problems, namely group theoreti
 algorithms and lo
al-
onsisten
y

based algorithms [17,20, 27, 30℄.

But many 
onstraint satisfa
tion problems in the literature 
an not be

formulated as a 
onstraint satisfa
tion problem with a �nite template. One

example is Allen's interval algebra [1℄ that has appli
ations in temporal

reasoning in arti�
ial intelligen
e. The 
lassi�
ation of the tra
table and

hard subalgebras of Allen's algebra was 
ompleted only re
ently [31, 35℄,

and they also exhibit a 
omplexity di
hotomy. Other examples are tree

des
ription languages that were introdu
ed in 
omputational linguisti
s [3,

4, 15℄, and problems from phylogeneti
 analysis [7, 36, 41℄. Even digraph

a
y
li
ity 
an not be formulated as a 
onstraint satisfa
tion problem with

a �nite template.

It was already remarked in [20℄ that arbitrary in�nite templates allow

to des
ribe all queries that are 
losed under disjoint unions and whose in-

verse is 
losed under homomorphisms. However, it turns out that many


onstraint satisfa
tion problems that 
an not be formulated with a �nite

template 
an be formulated with an in�nite well-behaved template. We pro-

pose to study 
onstraint satisfa
tion with 
ountable templates that are ho-

mogeneous, a well-studied 
on
ept in model theory. Constraint satisfa
tion

with su
h templates is a stri
t generalization of 
onstraint satisfa
tion with

�nite templates, sin
e every 
onstraint satisfa
tion problem with a �nite

template is polynomial-time equivalent to a 
onstraint satisfa
tion problem

with a homogeneous template (see Se
tion 3).

Countable homogeneous stru
tures are intensively studied by model the-

orists, and they have many remarkable properties, for instan
e they allow

quanti�er elimination. If the signature 
ontains only �nitely many relation

symbols for ea
h arity they are !-
ategori
al, i.e., their �rst-order theories

have only one 
ountable model up to isomorphism. Countable homogeneous
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stru
tures have been 
lassi�ed for all digraphs [14℄. We use this result to

determine the 
omplexity of the 
onstraint satisfa
tion problems where the

template is a 
ountable homogeneous digraph, and prove a di
hotomy for

the 
ase that the stru
ture is des
ribed by a �nite number of �nite forbidden

indu
ed subgraphs.

Adding primitive positive de�nable relations to a template � does not


hange the 
omputational 
omplexity of CSP(� ). An equivalent 
hara
ter-

ization of primitive positive de�nable relations was independently found

by [23℄ and [6℄. They proved that a relation is primitive positive de�nable

over a �nite relational stru
ture � if and only if it is preserved by the poly-

morphisms of � . This was �rst used in the 
ontext of 
onstraint satisfa
tion

by Jeavons et al. [30℄, and initiated the algebrai
 approa
h to 
onstraint sat-

isfa
tion, whi
h has su

essfully been 
arried further e.g. in [9, 10, 16℄. We

generalize this result to !-
ategori
al stru
tures � , and prove that a relation

is p.p.-de�nable in � if and only if it is preserved by the polymorphisms of

� .

Outline. We �rst give some ba
kground on relational homogeneous stru
-

tures. In Se
tion 3 we explain the rôle of primitive positive de�nability in


onstraint satisfa
tion. We give a 
hara
terization of primitive positive de-

�nability on 
ountably 
ategori
al stru
tures in Se
tion 5 after introdu
ing

the ne
essary tools from universal algebra in Se
tion 4. We 
lose with a 
ata-

log of homogeneous digraphs and a dis
ussion of their 
onstraint satisfa
tion

problems. An extended abstra
t of this paper appeared in [5℄.

2 Ba
kground

A relational signature � is a (in this paper always at most 
ountable) set of

relation symbols R

i

, ea
h asso
iated with an arity k

i

. A (relational) stru
-

ture � over relational signature � (also 
alled � -stru
ture) is a set D

�

(the

domain) together with a relation R

i

� D

k

i

�

for ea
h relation symbol of arity

k

i

. For simpli
ity we denote both a relation symbol and its 
orresponding

relation with the same symbol. For a � -stru
ture � and R 2 � it will also

be 
onvenient to say that R(u

1

; : : : ; u

k

) holds in � if (u

1

; : : : ; u

k

) 2 R. We

sometimes use the shortened notation x for a ve
tor x

1

; : : : ; x

n

of any length.

Let � and �

0

be � -stru
tures. A homomorphism from � to �

0

is a

fun
tion f from D

�

to D

�

0

su
h that for ea
h n-ary relation symbol in �

and ea
h n-tuple a, if a 2 R

�

, then (f(a

1

); : : : ; f(a

n

)) 2 R

�

0

. In this 
ase
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we say that the map f preserves the relation R. A strong homomorphism f

satis�es the stronger 
ondition that for ea
h n-ary relation symbol in � and

ea
h n-tuple a, a 2 R

�

if and only if (f(a

1

); : : : ; f(a

n

)) 2 R

�

0

. An embedding

of a � in �

0

is an inje
tive strong homomorphism, and an isomorphism is a

surje
tive embedding. Isomorphisms from � to � are 
alled automorphisms.

The set of all automorphisms of a stru
ture � is a group with respe
t to


omposition, and denoted by Aut(� ).

A �rst-order formula ' over the signature � is said to be primitive pos-

itive (we say ' is a p.p.-formula, for short) if it is of the form

9x('

1

(x) ^ � � � ^ '

k

(x)) :

where '

1

; : : : ; '

k

are atomi
 formulas. (For an introdu
tion to �rst-order

logi
 and model theory see [29℄.) Let � be a relational stru
ture of signature

� . Then a p.p.-formula ' over � with k free variables de�nes a k-ary relation

R � D

k

�

: the relation R is the set of all tuples satisfying the formula ' in

� . Equivalently, there is a p.p.-formula de�ning a relation R if and only if

there exists a �nite relational � -stru
ture S 
ontaining k designated verti
es

x

1

; : : : ; x

k

su
h that

R =

��

f(x

1

); : : : ; f(x

k

)

�

�

�

f : S ! � homomorphism

	

:

We 
all these relations p.p.-de�nable, and denote the relational stru
ture

that 
ontains all su
h relations for a given � by h� i

pp

.

A relational stru
ture � is 
alled homogeneous (in the literature some-

times ultrahomogeneous) if every isomorphism between two �nite indu
ed

substru
tures 
an be extended to an automorphism of � . Prominent exam-

ples of 
ountable homogeneous stru
tures are the Rado graph R and the

dense linear order (Q; <). The Rado graph 
an be de�ned as the unique

(up to isomorphism) model of the almost-sure theory of �nite graphs. Ho-

mogeneous stru
tures have been 
lassi�ed for graphs [33℄, tournaments [32℄,

posets [40℄, and �nally for digraphs [14℄ (there are 
ontinuum many ho-

mogeneous digraphs). For homogeneous stru
tures with arbitrary relational

signatures a 
lassi�
ation is not yet known; even for signatures that 
onsist

of a single ternary relation this is open.

The age of a relational �-stru
ture � , denoted by Age(� ), is the set of

all �nite indu
ed substru
tures of � , i.e., the set of �nite � -stru
tures that

isomorphi
ally embed in � . For a set of �nite � -stru
tures N, the 
lass of all

�nite � -stru
tures without a substru
ture from N is denoted by Forb(N).

4



An important property of 
ountable homogeneous stru
tures is their


hara
terization by their age. A 
lass of �nite stru
tures C is an amalgama-

tion 
lass if C is nonempty, 
losed under isomorphism and taking indu
ed

substru
tures, and has the amalgamation property. The amalgamation prop-

erty says that for all A;B

1

; B

2

2 C and embeddings e : A ! B

1

and

f : A! B

2

there exists C 2 C and embeddings g : B

1

! C and h : B

2

! C

su
h that ge = hf .

Theorem 1 (Fra��ss�e [21℄). A 
ountable 
lass C of �nite relational stru
-

tures with 
ountable signature is the age of a 
ountable homogeneous stru
-

ture if and only if C is an amalgamation 
lass. If this is the 
ase, the 
ount-

able stru
ture is unique up to isomorphism, and 
alled the Fra��ss�e-limit of

C.

If the signature � of a 
ountable homogeneous stru
ture � 
ontains only

�nitely many relation symbols of ea
h arity, then � is !-
ategori
al, i.e.,

every 
ountable stru
ture satisfying the same �rst-order formulas as � is

isomorphi
 to � . On the other hand, every !-
ategori
al stru
ture 
an be

made homogeneous by expanding the signature by �rst-order de�nable re-

lations. A permutation group over an in�nite set D is 
alled oligomorphi


i� there is only a �nite number of orbits on the set of n-tuples of D. The

following theorem is essential (see e.g. [29℄):

Theorem 2 (Engeler, Ryll-Nardzewski, Svenonius). A 
ountable stru
-

ture � is !-
ategori
al if and only if Aut(� ) is oligomorphi
.

3 Combinatorial Constraint Satisfa
tion

Let � be an arbitrary stru
ture with relational signature � - also 
alled the

template. Then the 
onstraint satisfa
tion problem CSP(� ) is the following


omputational problem:

CSP(� )

INSTANCE: A �nite � -stru
ture S.

QUESTION: Is there some homomorphism from S to � ?

Formally, we denote by CSP(� ) the set of all �nite � -stru
tures that

homomorphi
ally map to � . All 
onstraint satisfa
tion problems with �nite

� are 
learly 
ontained in NP.
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Sometimes the age of a 
ountable � -stru
ture � 
an be des
ribed by

a �nite set of forbidden indu
ed substru
tures, i.e., Age(� ) = Forb(N)

for a �nite set N of �nite � -stru
tures. We 
all su
h templates � �nitely


onstrained. For �nitely 
onstrained � the 
onstraint satisfa
tion problem

CSP(� ) is 
ontained in NP. To see that, suppose we are given an instan
e

S of CSP(� ). A nondeterministi
 algorithm 
an then guess the image of

S under a homomorphism, and verify in polynomial time that the image

belongs to the age of � by 
he
king the absen
e of a stru
ture from N.

Proposition 1. Let � be a �nitely 
onstrained 
ountable homogeneous re-

lational stru
ture. Then CSP(� ) is in NP.

Note that if � is not �nitely 
onstrained CSP(� ) might be unde
id-

able, see Se
tion 7. In analogy with the di
hotomy 
onje
ture of Feder and

Vardi [20℄, we ask the following.

Question [Di
hotomy℄. Let � be a �nitely 
onstrained 
ountable homoge-

neous relational stru
ture. Is CSP(� ) either NP-
omplete or tra
table?

For �nite � we 
an assume without loss of generality that � is a 
ore,

i.e., all endomorphisms of � are embeddings [24℄. The reason is that every

�nite relational stru
ture has an endomorphism e su
h that the image of e

indu
es a stru
ture that is a 
ore (one 
an prove that this 
ore is unique

up to isomorphism). This fa
t is not true in general for in�nite stru
tures,

but remains valid for !-
ategori
al stru
tures [2℄. If � is a 
ore, adding a

singleton relation to the signature of � does not 
hange the 
omplexity of

CSP(� ) (due to [11℄; see [2℄ for a di�erent proof that works for !-
ategori
al

stru
tures as well). If � is a �nite 
ore, then we 
an add a singleton rela-

tion for every element in � , with the e�e
t that the resulting stru
ture is


learly homogeneous. Therefore 
onstraint satisfa
tion with homogeneous

templates 
an be seen as a generalization of 
onstraint satisfa
tion with

�nite templates.

For both �nite and in�nite � , the following lemma explains the rele-

van
e of p.p.-de�nable relations in 
onstraint satisfa
tion [30℄. Suppose we

extend a relational stru
ture � by a p.p.-de�nable relation R. This does not


hange the 
omputational 
omplexity of the 
orresponding 
onstraint satis-

fa
tion problem, sin
e we 
an repla
e every o

urren
e of R in an instan
e

of CSP(� ) by the � -stru
ture that de�nes R.
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Lemma 1. Let � be a �-stru
ture and let �

0

be the extension of this stru
-

ture by a relation R that is p.p.-de�nable over � . Then CSP(� ) is polynomial-

time equivalent to CSP(�

0

).

In the next se
tion we introdu
e the algebrai
 notions needed to 
har-

a
terize p.p.-de�nability.

4 The Clone of Polymorphisms

Let D be a 
ountable set, and O be the set of �nitary operations on D, i.e.,

fun
tions from D

k

to D for �nite k. We say that f 2 O preserves an m-ary

relation R � D

m

if R is a subalgebra of the produ
t algebra (D; f)

m

. An

operation that preserves all relations of a relational stru
ture � is 
alled a

polymorphism of � . The set of all k-ary polymorphisms of � is denoted by

Pol

(k)

(� ), and we write Pol(� ) for the set of all �nitary polymorphisms

Pol(� ) =

S

i=1

Pol

(i)

(� ).

The notion of a produ
t of relational stru
tures allows an equivalent

de�nition of polymorphisms, relating polymorphisms to homomorphisms.

The (
ategori
al- or 
ross-) produ
t �

1

��

2

of two relational � -stru
tures �

1

and �

2

is a � -stru
ture on the domain D

�

1

�D

�

2

. For all m-ary relationsR 2

� the relation R

�

(x

1

; y

2

), . . . , (x

m

; y

m

)

�

holds in �

1

� �

2

i� R(x

1

; : : : ; x

m

)

holds in �

1

and R(y

1

; : : : ; y

m

) holds in �

2

. Then a k-ary polymorphism f of

a relational stru
ture 
orresponds to a homomorphism from �

k

= ��: : :��

to � , i.e., for an m-ary relation R in � , if R(x

1

; : : : ; x

m

) holds in �

k

then

R

�

f(x

1

); : : : ; f(x

m

)

�

holds in � .

An operation � is a proje
tion (or a trivial polymorphism) if for all n-

tuples, �(x

1

; : : : ; x

n

) = x

i

for some �xed i 2 f1; : : : ; ng. The 
omposition

of a k-ary operation f and k operations g

1

; : : : ; g

k

of arity n is an n-ary

operation de�ned by

f(g

1

; : : : ; g

k

)(x

1

; : : : ; x

n

) = f

�

g

1

(x

1

; : : : ; x

n

); : : : ; g

k

(x

1

; : : : ; x

n

)

�

:

A 
lone F is a set of operations from O that is 
losed under 
omposition

and that 
ontains all proje
tions. We write D

F

for the domain D of the


lone F . For a set of operations F from O we write hF i for the smallest


lone 
ontaining all operations in F (the 
lone generated by F ). Observe

that Pol(� ) is a 
lone with the domain D

�

.

Moreover, Pol(� ) is also 
losed under interpolation: We say that an

operation f 2 O is interpolated by a set F � O if for every �nite subset B

7



of D there is some operation g 2 hF i su
h that f j

B

= gj

B

(f restri
ted to

B equals g restri
ted to B, i.e., f(a) = g(a) for every a 2 B

k

). The set of

operations that are interpolated by F is 
alled the lo
al 
losure of F . The

following is a well-known fa
t.

Proposition 2. A set F � O of operations is lo
ally 
losed if and only if

F is the set of polymorphisms of � for some relational stru
ture � .

We now de�ne several important 
on
epts for operations and 
lones.

A k-ary operation f is idempotent i� f(x; : : : ; x) = x for all x 2 D. An

operation f is 
alled essentially unary i� there is a unary operation f

0

su
h

that f(x

1

; : : : ; x

k

) = f

0

(x

i

) for some i 2 f1; : : : ; kg. A relational stru
ture �

is 
alled proje
tive, i� all idempotent polymorphisms of � are proje
tions,

and strongly proje
tive, i� all polymorphisms of � are proje
tions [38℄.

Let F be a 
lone with domain D. Then R � D

m

is invariant under F ,

if every f 2 F preserves R. We denote by Inv(F ) the relational stru
ture


ontaining the set of all relations that are invariant under F . A funda-

mental result that was independently found by Bodnar�
uk et al. [6℄ and

Geiger [23℄ (also see [37℄) says that for arbitrary �nite relational stru
tures

� the p.p.-de�nable relations are pre
isely the relations preserved by the

polymorphisms of � .

Theorem 3 (Geiger [23℄, Bodnar�
uk et al. [6℄). Let � be a �nite re-

lational stru
ture. Then

h� i

pp

= Inv(Pol(� )) :

To demonstrate the power of this theorem we prove that almost all


onstraint satisfa
tion problems are NP-
omplete. Ne�set�ril and  Lu
zak [34℄

showed that almost all stru
tures with a �xed �nite signature, 
hosen uni-

formly at at random, are strongly proje
tive. Theorem 3 then implies that

almost all su
h stru
tures have a p.p.-de�nition of every relation, and in

parti
ular a p.p.-de�nition of the inequality relation. Therefore, and using

Lemma 1, their 
onstraint satisfa
tion problem is NP-hard on a domain of

size k � 3, by redu
tion of k-
olorability.

For arbitrary in�nite stru
tures, in general only one in
lusion of Theo-

rem 3 stays valid, whi
h is easy to prove.

Proposition 3 (see e.g. [37℄). Let � be a relational stru
ture. Then

h� i

pp

� Inv(Pol(� )) :

8



We present an example that shows that the in
lusion of Proposition 3

might be stri
t, 
ommuni
ated to the authors by Ferdinand B�orner. Con-

sider the relational stru
ture � := (N; R

1

; R

2

; R

3

) on the natural numbers,

where

R

1

:= f(a; b; 
; d) j a = b or 
 = d; a; b; 
; d 2 Ng

R

2

:= f(0)g

R

3

:= f(a; a+ 1) j a 2 Ng

Every fun
tion preserving R

1

is essentially unary [37℄. If f is unary and pre-

serves R

2

then f(0) = 0. Furthermore, if f preserves R

3

we have f(a+ 1) =

f(a) + 1 for all a, and indu
tively follows f(a) = a. Therefore Pol(� ) only


ontains the proje
tions. Every proje
tion preserves all relations. There are

un
ountably many relations over N, but only 
ountably many p.p.-formulas.

Thus, Inv(Pol(� )) 
ontains relations that are not p.p.-de�nable. A 
on
rete

example for su
h a relation is the predi
ate Odd that holds on all odd nat-

ural numbers. The reason is that for every p.p.-de�nable k-ary relation R

in � the diagonal set R

�

:= R \ f(x; : : : ; x)jx 2 �g is either �nite or 
o�-

nite, i.e., either R

�

or � �R

�


ontains �nitely many elements. We 
all this

property of a relation (�), and observe that the relations R

1

, R

2

, and R

3

have property (�), sin
e the diagonal sets are full, of size 1, and empty, re-

spe
tively. Any proje
tion and all �nite interse
tions preserve the property

(�). Sin
e the relation Odd is neither �nite nor 
o�nite, it 
annot have a

primitive positive de�nition in � .

For !-
ategori
al stru
tures � the �rst-order de�nable relations are pre-


isely the relations that are preserved by the automorphisms of � , i.e.

h� i

fo

= Inv(Aut(� )) (see e.g. [12, 29℄). We prove a 
orresponding theo-

rem for primitive positive de�nability in the next se
tion.

5 A Chara
terization of Primitive Positive

De�nability

We 
hara
terize the primitive positive �rst-order de�nable relations over an

!-
ategori
al stru
ture � by the polymorphisms of � .

Theorem 4. Let � be an !-
ategori
al stru
ture with relational signature

� . Then a relation R on � is preserved by the polymophisms of � if and

only if R is p.p.-de�nable, i.e.,

h� i

pp

= Inv(Pol(� )):

9



Proof. We already stated in Proposition 3 that the p.p.-de�nable relations

over � are invariant under the polymophisms of � .

For the 
onverse, let R be a k-ary relation from Inv(Pol(� )). Note that

R is �rst-order de�nable in � : By !-
ategori
ity and Theorem 2, and sin
e

� and Inv(Pol(� )) have the same automorphism group, the relation R is

a union of �nitely many orbits of the automorphism group of � , and it


an be de�ned by a disjun
tion ' of � -formulas that de�ne these orbits.

Let M

1

; : : : ;M

w

be the satis�able monomials in this disjun
tion, and let

x

1

; : : : ; x

k

be the variables of these monomials. We have to 
onstru
t a

�nite � -stru
ture Q with designated verti
es v

1

; : : : ; v

k

su
h that

R =

��

f(v

1

); : : : ; f(v

k

)

�

�

�

f : Q! � homomorphism

	

:

The idea is to �rst 
onsider an in�nite � -stru
ture, namely the 
ategori-


al produ
t �

w

, and then to apply a 
ompa
tness argument to prove the

existen
e of a suitable �nite substru
ture.

For ea
h monomial M

j

2 M

1

; : : : ;M

w

of ' we �nd a substru
ture

a

j

1

; : : : ; a

j

k

of � , su
h that a

j

1

; : : : ; a

j

k

satis�es M

j

in � . Let b

1

; b

2

; : : : be

an enumeration of the w-tuples in D

w

�

, starting with b

i

= (a

i

1

; : : : ; a

i

w

) for

1 � i � k. Let us 
all a partial mapping from �

w

to � a bad mapping if

it maps b

1

; : : : ; b

k

to a tuple not satisfying '. Sin
e R is preserved by all

polymorphisms, no homomorphism from �

w

to � is bad.

We now 
laim that there is a �nite substru
ture Q of �

w

su
h that no

homomorphism from Q to � is bad. Assume for 
ontradi
tion that all �-

nite substru
tures of �

w


ontaining b

1

; : : : ; b

k

have a homomorphism to �

mapping b

1

; : : : ; b

k

to a tuple not satisfying '. We shall 
onstru
t a bad

homomorphism from �

w

to � , i.e. the images of b

1

; : : : ; b

k

do not satisfy

'. This will 
ontradi
t the fa
t that R is preserved by all polymorphisms.

To this end, 
onsider the following in�nite but �nitely bran
hing tree. The

nodes on level n in the tree are the equivalen
e 
lasses of the bad homomor-

phisms from �

w

restri
ted to fb

1

; : : : ; b

n

g to � , where two homomorphisms

f

1

and f

2

are equivalent if f

1

= gf

2

for some g 2 Aut(� ). Adja
en
y between

nodes on 
onse
utive levels is de�ned by restri
tion. By our assumption, for

ea
h �nite substru
ture of �

w

there is a bad homomorphism, and thus the

tree 
ontains a node on ea
h level. By Theorem 2, there are only �nitely

many nodes on ea
h level. Hen
e, K�onig's Lemma asserts the existen
e of

an in�nite path in the tree. This path de�nes a bad homomorphism from

�

w

to � .

We proved by 
ontradi
tion that there must be a �nite substru
ture Q


ontaining the verti
es b

1

; : : : ; b

k

of �

w

su
h that all homomorphisms from
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Q to � map b

1

; : : : ; b

k

to a tuple satisfying '. Conversely, every mapping

f : Q! � su
h that the tuple (f(b

1

); : : : ; f(b

k

)) satis�es in � the monomial

M

j


an be extended to a homomorphism f : �

w

! � . To see this note

that both a

j

1

; : : : ; a

j

k

and (f(b

1

); : : : ; f(b

k

)) satisfy M

j

and thus both lie in

the same orbit of Aut(� ). Thus we 
an 
hoose f to be the jth proje
tion


ombined with the automorphism sending (a

j

1

; : : : ; a

j

k

) to (f(b

1

); : : : ; f(b

k

)).

This 
ompletes the proof. ut

6 Examples of Countably Categori
al Templates

In this se
tion we demonstrate that several problems and 
lasses of prob-

lems studied in the literature 
an be formulated as 
onstraint satisfa
tion

problems with !-
ategori
al templates. In fa
t, in all 
ases the templates


an be expanded by a �nite number of �rst-order de�nable relations, su
h

that the resulting stru
ture is homogeneous. Moreover, in all 
ases this ho-

mogeneous expansion is des
ribed by a �nite number of �nite forbidden

indu
ed substru
tures.

6.1 Tree Des
riptions

We start with a 
omputational problem that was �rst posed in [15℄, and that

is motivated by questions in 
omputational linguisti
s. There is a polynomial

time graph-theoreti
 algorithm solving this problem [4℄. We remark that this

algorithm is neither group-theoreti
 nor uses Datalog or lo
al 
onsisten
y

methods, in 
ontrast to all eÆ
ient algorithms that are known for 
onstraint

satisfa
tion with �nite templates [20℄.

PARTIAL-TREE-DESCRIPTION

INSTANCE: A �nite stru
ture S over the signature � = f�!;?g 
ontain-

ing two binary relation symbols.

QUESTION: Can we �nd a rooted forest F on the verti
es of S su
h that

every edge from �! lies in the transitive 
losure of F , and every edge ?

does not?

Using a 
ountable semi-linear order (see [18℄) we 
an formulate this prob-

lem (and related problems) as a 
onstraint satisfa
tion problem CSP(�). In

fa
t, we 
an �nd an !-
ategori
al stru
ture � su
h that CSP(�) 
ontains

pre
isely the solvable instan
es. The signature of the stru
ture � is f�!;?g,

11



and the domain is the set of all non-empty �nite sequen
es of rational num-

bers. For a = (q

1

; q

1

; : : : ; q

n

); b = (q

0

1

; q

0

1

; : : : ; q

0

m

), n � m, we write a �! b

if one of the following 
onditions holds:

{ a is a proper initial subsequen
e of b, i.e., q

i

= q

0

i

for 1 � i � n;

{ q

i

= q

0

i

for 1 � i < n, and q

n

< q

0

n

.

The relation ? is the set of all unordered pairs of distin
t points not in

the relation �!. We already mentioned that every !-
ategori
al stru
ture


an be made homogeneous by expanding the signature by some �rst-order

de�nable relations. In the 
ase of � this is possible with a single ternary

relation [19℄, namely the relation x:yz de�ned by the following primitive

positive formula.

9u: y ? z ^ u �! y ^ u �! z ^ u ? x

It is also easy to �nd a �nite list of forbidden indu
ed substru
tures that


hara
terizes the age of this stru
ture.

6.2 Allen's Interval Algebra and its Fragments

We brie
y introdu
e Allen's interval algebra [1℄, whi
h is a famous frame-

work for reasoning about temporal 
onstraints. The satis�ability problem

for all sub
lasses of Allen's interval algebra 
an be formulated as a 
onstraint

satisfa
tion problem with an !-
ategori
al template.

Consider as a base set D the 
losed intervals on the rational numbers,

and the following binary relations on these intervals: Let x = [x

�

; x

+

℄ and

y = [y

�

; y

+

℄ be 
losed intervals. We de�ne

{ The interval x pre
edes y, x p y, i� x

+

< y

�

.

{ The interval x overlaps y, x o y, i� x

�

< y

�

< x

+

and x

+

< y

+

.

{ The interval x is during y, x d y, i� y

�

< x

�

and x

+

< y

+

.

{ The interval x starts y, x s y, i� x

�

= y

�

and x

+

> y

�

.

{ The interval x �nishes y, x f y, i� x

+

= y

+

and x

�

> y

�

.

{ The interval x meets y, x m y, i� x

+

= y

�

.

{ The interval x equals y, x � y, i� x

�

= y

�

and x

+

= y

+

.

For any set of relations derived from p; o; d; s;m; f and � by union and 
om-

plementation the 
orresponding 
ountable relational stru
ture is !-
ategori
al.

The 
onstraint satisfa
tion problems for these stru
tures have a di
hotomy

[31, 35℄. In 
ontrast to 
onstraint satisfa
tion with �nite templates, where
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the problem one-in-three-sat is usually the most natural 
andidate to prove

NP-hardness, here it is natural to use the problem Betweennness [22℄ to

prove hardness.

BETWEENNESS

INSTANCE: A �nite set V , and a 
olle
tion C of ordered triples (x; y; z) of

distin
t elements from V .

QUESTION: Is there a one-to-one fun
tion f : V ! f1; : : : ; jV jg su
h that,

for ea
h (a; b; 
) 2 C, we have either f(a) < f(b) < f(
) or f(a) < f(
) <

f(b).

This problem 
an itself be formulated as a 
onstraint satisfa
tion prob-

lem with an !-
ategori
al template. The domain is again the set of all

rational numbers, and we have one relation symbol in the signature for the

ternary relation f(x; y; z) � Q

3

j x < y < z or z < y < xg.

7 A Catalog of Homogeneous Templates

In this se
tion we study the 
onstraint satisfa
tion problems for homoge-

neous digraphs. We start with the homogeneous tournaments, whi
h have

been 
lassi�ed by La
hlan [32℄. Up to isomorphism there are only �ve: the

isolated vertex, whi
h we denote by K

1

, the oriented 
y
le C

3

, the dense

linear order (Q; <), the dense lo
al order S(2), and the generi
 tournament

for the set of all �nite tournaments.

The problem CSP(K

1

) is trivial; and CSP(C

3

) is known to be tra
table

(see e.g. [26℄). The 
onstraint satisfa
tion problem of the dense linear or-

der (Q; <) is 
omputationally equivalent to the problem whether a given

digraph D is a
y
li
. Clearly, this tra
table problem 
an not be formulated

as a 
onstraint satisfa
tion problem with a �nite template. Note that the

relational stru
ture (Q; <) is not proje
tive, e.g. the map x; y 7! max(x; y)

is a polymorphism. The homogeneous tournament that is the Fra��ss�e-limit

of all �nite tournaments has a trivial 
onstraint satisfa
tion problem: Every

oriented graph maps to it. Thus the only interesting remaining 
ase is the

dense lo
al order S(2) (see [14℄).

To de�ne S(2), 
onsider a partition of the rational numbers Q in two

disjoint dense subsets X and Y of (i.e., for every rational number a we 
an

�nd sequen
es in X and in Y that 
onverge against this number a). Then

the relation � of S(2) is de�ned as the dense linear order of Q on X [ Y ,

13



Fig. 1. The forbidden indu
ed subgraphs [I

1

; C

3

℄ and [C

3

; I

1

℄ of S(2).

where the edges between the sets X and Y are reversed. Formally, we de�ne

u � v i� either u < v and u; v 2 X , u < v and u; v 2 Y , v < u and

u 2 X , v 2 Y , or v < u and v 2 Y , u 2 Y . The tournament S(2) is �nitely


onstrained, and the two forbidden indu
ed subtournaments are shown in

Figure 1.

Proposition 4. CSP(S(2)) is NP-
omplete.

Proof. Proposition 1 shows that CSP(S(2)) is 
ontained in NP, be
ause

S(2) is �nitely 
onstrained. To prove hardness we redu
e the problem Be-

tweenness to CSP(S(2)). Let (V ;C) be an instan
e of Betweenness. We

de�ne a polynomial size instan
e S of CSP(S(2)) that is satis�able if and

only if (V ;C) is a yes-instan
e of Betweenness. The verti
es of S 
on-

sist of the verti
es V and some additional verti
es. We �rst introdu
e a

new vertex u, and add u < x to S for all x 2 V . Then introdu
e for

ea
h triple x; y; z from C two new verti
es v; w and add the 
onstraints

v > x; v > y; v < z; w < x;w > y;w > z to the instan
e S of CSP(S(2)).

Also see Figure 2.

If there is a solution to the Betweenness instan
e (V ;C), there is also a

homomorphism from S to S(2): We map the vertex u 2 S to some vertex

f(u) in S(2). Then the linearly ordered set fw j f(u) < wg is isomorphi
 to

the linear order of the rational numbers, and we map the verti
es in V to

this set in the same way as the solution of the Betweenness instan
e maps

them to the rational line. Finally, we 
an map the existentially quanti�ed

variables to S(2) in either of the two ways displayed in Figure 2: this is, if

x < y < z in the solution to the Betweenness instan
e we let x < v, v < y,

v < z, z < w, y < w, w < x. Otherwise, if z < y < x we let z < w, y < w,

w < x, y < v, x < v, v < z.

Conversely, if there is a homomorphism f from S to S(2), we also have

a solution to the Betweenness instan
e (V ;C). The homomorphism f maps
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all verti
es in V ex
ept u to the linearly ordered set fw j f(u) < wg. We


laim that in the 
orresponding linear order of the verti
es V , for ea
h triple

in C either x < y < z or z < y < x. Assume otherwise that y < x and y < z.

Sin
e x and y have to be 
omparable, either x > z or x < z. In the �rst 
ase

we �nd the oriented three-
y
le x; v; z; x, in the se
ond the 
y
le x; z; w; x.

In both 
ases there are ar
s from y towards the verti
es of that 
y
le, and

we found the subgraph [I

1

; C

3

℄, whi
h is forbidden in S(2). The 
ase where

y > x and y > z is analogous with the forbidden 
onstellation [C

3

; I

1

℄. Thus

we have a 
ontradi
tion to the assumption that f is a homomorphism from

S to S(2). ut

x

w

w

z

y
v

x

y
w

x

v

z

v

z

y

Fig. 2. On the left we �nd the gadget to simulate with CSP(S(2)) the betweenness

relation on x; y; z, where an ar
 from a to b means that there is the 
onstraint a < b.

On the right we �nd two possible ways to map these verti
es homomorphi
ally to

S(2), where the 
ross marks the origin in the plane.

Countable Homogeneous Digraphs. There are un
ountably many 
ountable

homogeneous digraphs. But they have been 
lassi�ed by Cherlin [14℄; the


lassi�
ation shows that the age of all but a 
ountable number of well-

understood homogeneous digraphs � has the property, that all subgraphs

of � are also indu
ed subgraphs of � . Henson showed that the set of isomor-

phism types of �nite tournaments, partially ordered by embeddability, 
on-

tains an in�nite anti
hain [28℄. For all distin
t subsets T of tournaments in

this anti
hain the 
lasses Forb(T) are distin
t amalgamation 
lasses. Thus,

there is an un
ountable number of su
h 
lasses, and by Fra��ss�e's theorem

there is an un
ountable number of non-isomorphi
 homogeneous digraphs.
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Proposition 5. There is a homogeneous digraph � su
h that CSP(� ) is

unde
idable.

Proof. Ea
h of the un
ountably many homogeneous digraphs from Henson's


onstru
tion has a di�erent 
onstraint satisfa
tion problem, be
ause the sets

CSP(� ) and Age(� ) are equal for the 
onstru
ted digraphs. Sin
e there

is a 
ountable number of algorithms, unde
idable 
onstraint satisfa
tion

problems exist, with templates that are 
ountable homogeneous digraphs.

ut

However, if the age is des
ribed by a �nite set N of �nite forbidden

indu
ed subgraphs, then the 
onstraint satisfa
tion problem for these tem-

plates is simple, sin
e CSP(� ) = Age(� ) = Forb(N). Hen
e it suÆ
es to


he
k whether the input 
ontains a forbidden indu
ed subgraph, whi
h 
an

be done in polynomial time. If not, the input digraph is in the age of the

template and is a yes-instan
e.

As in [14℄, we divide the remaining homogeneous digraphs into three


lasses. The �rst 
lass 
ontains the 
ountable homogenous tournaments that

we already know from the last paragraph in this se
tion, and the empty

graph on a 
ountable number of verti
es.

The se
ond 
lass 
ontains imprimitive stru
tures, i.e., stru
tures that

have a �rst-order de�nable nontrivial equivalen
e relation. In all 
ases ex-


ept the �rst the de�nable equivalen
e relation 
orresponds to the pairs of

verti
es that are not 
onne
ted. There are four types, 
lassi�ed in [13℄. We

use Cherlin's notation; G[H ℄ denotes the 
omposition or wreath produ
t of

G and H : ea
h vertex of G is repla
ed by a 
opy of H , and ar
s between

distin
t 
opies of H are 
ontrolled by the edges of G.

1. \Wreathed (Composite)": I

n

[Q℄, I

n

[S(2)℄, I

n

[T

1

℄ and Q[I

n

℄, S(2)[I

n

℄,

T

1

[I

n

℄, C

3

[I

1

℄, where n might be in�nite.

2. \Twisted":

^

Q ,

^

T

1

. The digraph

^

Q is a variant of S(2) where every

point has an un
onne
ted antipodal. The digraph

^

T

1

is universal for

the 
lass of all digraphs where the pairs of dis
onne
ted verti
es form

an equivalen
e relation with 
lasses of size two, and the union of two

su
h 
lasses is a 
opy of C

4

.

3. \Generi�ed n-partite" (denoted by n�I

1

in [13℄): Starting from K

n

[I

1

℄

we orient the undire
ted edges randomly.

4. \Semigeneri
" (denoted by 1�I

1

in [13℄): Starting from the undire
ted

homogeneous digraph K

1

[I

1

℄ we orient the edges arbitrarily su
h that

for two distin
t parts U and V and distin
t verti
es u

1

; u

2

2 U and

v

1

; v

2

2 V the number of edges from u

1

or u

2

to v

1

or v

2

is even.
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Finally we have the ex
eptional 
lass 
ontaining the digraphs S(3), P,

and P (3). The digraph S(3) denotes the set of points lying at a rational

angle � on the unit 
ir
le, and two points a; b are joined by and ar
 a! b i�

the angle from a to b is in the range (0; 2�=3). Equivalently we 
an produ
e

the digraph similarly to S(2), starting from a partition of Q into three dense

sets Q

1

; Q

2

; Q

3

. We identify the two possible orientations of an edge with

+1 and �1, and 0 represents the absen
e of an edge. We then 
y
li
ally shift

the edges between Q

i

and Q

j

by j � i (the indi
es are integers modulo 3).

Fig. 3. The forbidden indu
ed subgraphs of P (3).

The 
ountable homogeneous partial order P is the Fra��ss�e-limit of the


lass of all �nite partial orders P. We 
all a subset P of P dense, if for any

pair a; b in P with a ! b we have an element 
 2 P su
h that a ! 
 ! b.

P (3) is the analog of S(3), based on P instead of Q. Let P

0

; P

1

; P

2

be three

dense subsets of P. The stru
ture P (3) is de�ned on P

0

℄ P

1

℄ P

2

. The

17



relation ! on P (3) restri
ted to P

i

is de�ned as in P. Again we identify the


omplete 2-types between elements of distin
t parts with f�1; 0;+1g, and


y
li
ally shift these types between P

i

and P

j

by j� i. Cherlin spe
i�ed the

age of P (3) by the forbidden indu
ed substru
tures shown in Figure 3 (their

des
ription 
an be extra
ted from the proof of Proposition 24 on page 126f

in [14℄).

Sin
e S(2) naturally embeds into

^

Q , and

^

Q homomorphi
ally maps to

S(2), these problems have the same 
onstraint satisfa
tion problem. For the

hardness of CSP(S(3)) we 
an use the same gadget as above to simulate

Betweenness on a suitable subset of verti
es. Similarly to Proposition 4 we


an prove the NP-hardness of CSP(P (3)). Before we present a hardness

proof, we reformulate the 
omputational problem CSP(P (3)); in this form

we 
all the problem swit
hing-trigraph-transitivity.

SWITCHING-TRIGRAPH-TRANSITIVITY

INSTANCE: A digraph D = (V ;E).

QUESTION: Can we partition the verti
es V into three parts P

1

; P

2

; P

3

,

su
h that the digraph that arises from D by the following three operations

is transitive?

i) deleting the edges from P

1

to P

2

, P

2

to P

3

, or P

3

to P

1

;

ii) reversing the ar
s from P

2

to P

1

, P

3

to P

2

, or P

1

to P

3

;

iiii) adding ar
s between un
onne
ted pairs from P

2

to P

1

, P

3

to P

2

, or P

1

to P

3

.

Proposition 6. CSP(P (3)) is NP-
omplete.

Proof. As in the proof of Proposition 4 we use Proposition 1 to observe that

CSP(P (3)) is 
ontained in NP, be
ause P (3) is �nitely 
onstrained. Again

we prove hardness by redu
ing Betweenness to CSP(P (3)), and we 
onstru
t

an instan
e S of CSP(P (3)) from an instan
e (V ;C) of Betweenness in the

same way as in the proof of Proposition 4. Now, we additionally introdu
e

new verti
es a; b for all pairs of verti
es x; y 2 V , and impose the 
onstraint

a < b; x > b; b > y; y > a; a > x; see Figure 4.

First we show that given a solution to the Betweenness instan
e (V ;C),

we 
an 
onstru
t a homomorphism from S to P (3). Note that P (3) 
ontains


opies of S(2) as subgraphs; �x su
h a 
opy C of S(2). We map the vertex

u 2 S to some vertex f(u) in C. The set fx 2 C j f(u) < xg indu
es the

linear order of the rational numbers in P (3). To 
onstru
t a solution for
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S, we map the verti
es in V to this set in the same way as the solution of

the Betweenness instan
e maps them to the rational line. As in the proof of

Proposition 4, we 
an map the remaining existentially quanti�ed variables

to C in either of the two ways displayed in Figure 2.

x

b

y

a

Fig. 4. We use this gadget to ensure that the verti
es x and y are mapped to


omparable verti
es in P (3).

Conversely, if there is a homomorphism f from the 
onstru
ted instan
e

S to P (3), we also have a solution to the Betweenness instan
e (V ;C).

Every solution to S maps pairs of distin
t verti
es x; y 2 V to 
omparable

verti
es in P (3). To see that, 
onsider the 
orresponding subgraph x; y; a; b

in S. Sin
e this stru
ture is a forbidden indu
ed subgraph of P (3) (see

Figure 3 on page 17), any homomorphism of this stru
ture to P (3) has to

map x and y to 
omparable verti
es in P (3). Hen
e, the set f(V ) indu
es in

P (3) a tournament. Be
ause f(u) < x for all x in f(V ), and be
ause [I

1

; C

3

℄

is a forbidden indu
ed subgraph in P (3), the set f(V ) is linearly ordered.

We 
laim for ea
h triple in C either x < y < z or z < y < x. This 
an be

shown exa
tly as in the proof of Proposition 4. ut

Combining all the above results we get that if a 
ountable homogeneous

digraph is �nitely 
onstrained, then its 
onstraint satisfa
tion problem is

NP-
omplete or tra
table.
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