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Abstra
t

Wang and Lih 
onje
tured that for every g � 5, there exists a

number M(g) su
h that the 
hromati
 number of the square of every

planar graph of girth at least g and maximum degree � � M(g)

is � + 1. We disprove the 
onje
ture for g 2 f5; 6g and prove the

existen
e of the number M(g) for g � 7. More generally, we show

that every planar graph of girth at least 7 and maximum degree

� � 190+2dp=qe has an L(p; q)-labeling of span at most 2p+q��2.

For q = 1, the bound is tight for all pairs of � and p. We also

show that the square of every planar graph of girth at least six and

suÆ
iently large maximum degree � is (� + 2)-
olorable.

�

Department of Applied Mathemati
s, Fa
ulty of Mathemati
s and Physi
s, Charles

University, Malostransk�e n�am�est�� 25, 118 00 Prague, Cze
h Republi
. E-mail:

rakdver�kam.mff.
uni.
z. Partially supported by Institute for Theoreti
al Computer

S
ien
e (ITI), proje
t 1M0021620808 of Ministry of Edu
ation of Cze
h Republi
.

y

Institute for Mathemati
s, Te
hni
al University Berlin, Strasse des 17. Juni 136, D-

10623 Berlin, Germany. E-mail: kral�math.tu-berlin.de. The author is a postdo
toral

fellow at TU Berlin within the framework of the European training network COMBSTRU.

z

Department of Applied Mathemati
s, Fa
ulty of Mathemati
s and Physi
s, Charles

University, Malostransk�e n�am�est�� 25, 118 00 Prague, Cze
h Republi
. E-mail:

kral�kam.mff.
uni.
z. Partially supported by Institute for Theoreti
al Computer S
i-

en
e (ITI).

x

Department of Applied Mathemati
s, Fa
ulty of Mathemati
s and Physi
s, Charles

University, Malostransk�e n�am�est�� 25, 118 00 Prague, Cze
h Republi
. E-mail:

bim�kam.mff.
uni.
z. Partially supported by Institute for Theoreti
al Computer S
ien
e

(ITI).

{

Department of Mathemati
s, University of Ljubljana, Jadranska 19, 1111 Ljubljana,

Slovenia. E-mail: skreko�fmf.uni-lj.si. Supported in part by the Ministry of Higher

Edu
ation, S
ien
e and Te
hnology of Slovenia, Resear
h Program P1{0297.

1



1 Introdu
tion

We study 
olorings of squares of planar graphs with no short 
y
les. The

square G

2

of a graph G is the graph with the same vertex set in whi
h two

verti
es are joined by an edge if their distan
e in G is at most two. The


hromati
 number of the square of a graph G is between �+ 1 and �

2

+ 1

where � is the maximum degree of G. However, it is not hard to infer

from Brooks' theorem that there are only �nitely many 
onne
ted graphs

for whi
h the upper bound is attained. On the other hand, the 
hromati


number of the square of a planar graph is bounded by a fun
tion linear

in the maximum degree (note that this does not follow dire
tly from the

5-degenera
y of planar graphs [14℄). In this paper, we show that if the girth

(the length of the shortest 
y
le) of a planar graph is at least seven and

its maximum degree is suÆ
iently large (at least 192), then the 
hromati


number of its square is the lowest possible, i.e., � + 1. This yields a proof

of Conje
ture 2 by Wang and Lih [31℄ for g � 7 (the 
onje
ture is stated

below).

Let us brie
y survey the ri
h history of 
oloring of the squares of planar

graphs. Wegner [32℄ proved that the squares of 
ubi
 planar graphs are

8-
olorable. He 
onje
tured that his bound 
an be improved:

Conje
ture 1 (Wegner 1977). Let G be a planar graph with maximum

degree �. The 
hromati
 number of G

2

is at most 7, if � = 3, at most

�+ 5, if 4 � � � 7, and

�

3�

2

�

+ 1, otherwise.

If Conje
ture 1 were true, the bounds would be the best possible. The

reader is wel
ome to see Se
tion 2.18 in [17℄ for more details. Though

Conje
ture 1 has been veri�ed for several spe
ial 
lasses of planar graphs,

in
luding outerplanar graphs [24℄, it remains open for all values of �. How-

ever, there is a series of partial results. The following upper bounds on the


hromati
 number of the square of a planar graph with maximum degree �

have been established: 8�� 22 by Jonas [18℄, 3�+5 by Wong [33℄, 3�+9

for � � 8 by Jendrol' and Skupien [15℄, 2�+18 for � � 12 by Madaras and

Mar
ionov�a [25℄, 2�+25 by van den Heuvel and M
Guiness [14℄, d9�=5e+2

for � � 749 by Agnarsson and Halld�orsson [2, 3℄, and d9�=5e+1 for � � 47

by Borodin, Broersma, Glebow and van den Heuvel [6℄. The best known

upper bounds are due to Molloy and Salavatipour [27, 28℄: d5�=3e+78 for

all � and d5�=3e+25 for � � 241. Some of the above results were obtained

by identifying so-
alled light stru
tures in planar graphs|the reader is wel-


ome to see the survey [16℄. Coloring of higher powers of planar graphs was
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addressed by Agnarsson and Halld�orsson [2, 3℄ who established an asymp-

toti
ally tight upper bound on their 
hromati
 numbers.

Besides ordinary 
olorings, we study L(p; q)-labelings of graphs. An

L(p; q)-labeling of a graph G is a labeling 
 of the verti
es by non-negative

integers su
h that the 
olors (labels) assigned to neighboring verti
es di�er

by at least p and the 
olors of pairs of verti
es at distan
e two di�er by at

least q. The least integer K su
h that there exists a proper L(p; q)-labeling

of G by integers between 0 and K is 
alled the span and denoted by �

p;q

(G).

Clearly, if p = q = 1, an L(p; q)-labeling of G is just a proper 
oloring of

the square of G with numbers between 0 and K and �(G

2

) = �

1;1

(G) + 1.

Be
ause of this 
lose relation, we refer to the numbers used as vertex labels

as to 
olors.

A spe
ial attention of resear
hers was devoted to L(2; 1)-labelings, partly

be
ause of the 
onje
ture of Griggs and Yeh [13℄ that �

2;1

(G) � �

2

for every

graphG with maximum degree � � 2. This 
onje
ture remains widely open,

veri�ed only for few 
lasses of graphs in
luding graphs of maximum degree

two, 
hordal graphs [29℄ (see also [7, 23℄) and Hamiltonian 
ubi
 graphs [19,

20℄. For general graphs, the original bound �

2;1

(G) � �

2

+2� from [13℄ was

improved to �

2;1

(G) � �

2

+� in [8℄ and a re
ent more general result of Kr�al'

and

�

Skrekovski [22℄ yields the present re
ord �

2;1

(G) � �

2

+��1. Optimal

L(p; q)-labelings are also intensively studied for the 
lass of planar graphs.

The following bounds are known: �

p;q

(G) � (4q�2)�+10p�38q�23 due to

van den Heuvel et al. [14℄, �

p;q

(G) � (2q�1)d9�=5e+8p�8q+1 if � � 47

due to Borodin et al. [6℄, and �

p;q

(G) � qd5�=3e+ 18p+ 77q � 18 due to

Molloy and Salavatipour [27℄. The algorithmi
 aspe
ts of L(p; q)-labelings

also attra
ted a lot of attention of resear
hers [1, 5, 10, 11, 21, 26℄ be
ause

of potential appli
ations in radio frequen
y assignment.

In this paper, we study 
olorings of the squares of planar graphs with

no short 
y
les. There are several upper bounds on the 
hromati
 number

of the squares of su
h planar and non-planar graphs: if the girth of a (not

ne
essarily planar) graph G with maximum degree � is at least 7, then

�(G

2

) � O(�

2

= log�) [4℄. Sin
e the in
iden
e graphs of �nite proje
tive

planes have girth six and the 
hromati
 number of their squares is �(�

2

),

the assumption on the girth 
annot be further de
reased. The following

bounds for planar graphs were proven by Wang and Lih [31℄:

� �

p;q

(G) � (2q � 1)� + 4p + 4q � 4 if G is a planar graph of girth at

least seven,

� �

p;q

(G) � (2q � 1)� + 6p+ 12q � 9 if G is a planar graph of girth at

3



least six, and

� �

p;q

(G) � (2q� 1)�+6p+24q� 15 if G is a planar graph of girth at

least �ve.

In addition, they 
onje
tured the following:

Conje
ture 2 (Wang and Lih 2003). For any integer g � 5, there

exists an integer M(g) su
h that the 
hromati
 number of the square of

every planar graph G of girth at least g and maximum degree � �M(g) is

�+ 1.

In this paper, we prove the 
onje
ture for g � 7 and show that it is

not true for g 2 f5; 6g. Our main result (Theorem 17) is the following:

if G is a planar graph of maximum degree � � 190 + 2p, p � 1, and its

girth is at least seven, then �

p;1

(G) � 2p + � � 2. This yields a proof of

Conje
ture 2 for g � 7. Our upper bound is tight for all pairs of � and p

with � � 190 + 2p as dis
ussed at the end of the paper.

Wang and Lih [31℄ also 
onje
tured that there exists a number M(g)

su
h that �

2;1

(G) = � + 1 for every planar graph G of girth at least g

and maximum degree � � M(g). However, this is not true even for trees

(Proposition 24). On the other hand, Theorem 17 yields that the latter


onje
ture be
omes true for g � 7 when �+1 is repla
ed by �+2. Moreover,

an argument used in [27℄ applied to our results yields that �

p;q

(G) � 2p+

q� � 2 for planar graphs with girth at least seven and suÆ
iently large

maximal degree.

We also prove a weakened version of Conje
ture 2 for girth g = 6 (The-

orem 23): if G is a planar graph of maximum degree � � 8821 and its girth

is at least six, then �

1;1

(G) � �+ 1, i.e., �(G

2

) � �+ 2.

2 Preliminaries

In this se
tion, we introdu
e notation used throughout the paper. All graphs


onsidered in the paper are simple, i.e., without parallel edges and loops.

A d-vertex is a vertex of degree exa
tly d. An (� d)-vertex is a vertex of

degree at most d. Similarly, an (�d)-vertex is a vertex of degree at least d.

A k-thread is an indu
ed path 
omprised of k 2-verti
es. The set of all the

neighbors of a vertex v is 
alled the neighborhood of v and the neighborhood

enhan
ed by v is 
alled the 
losed neighborhood of v.
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An `-fa
e is a fa
e of length ` (
ounting multiple in
iden
es, i.e., bridges

in
ident to the fa
e are 
ounted twi
e). If the boundary of a fa
e f forms a


onne
ted subgraph, then the subgraph formed by the boundary (impli
itly

equipped with the orientation determined by the embedding) is 
alled the

fa
ial walk. A fa
e f is said to be bi
onne
ted if its boundary is formed by a

single simple 
y
le. The neighbors of a vertex v on the fa
ial walk are 
alled

f -neighbors of v. Note that if f is bi
onne
ted, then ea
h vertex in
ident

with f has exa
tly two f -neighbors.

Let us 
onsider a bi
onne
ted fa
e f , and let v

1

; : : : ; v

k

be (� 3)-verti
es

in
ident to f listed in the order on the fa
ial walk of f . The type of f is

a k-tuple (`

1

; : : : ; `

k

) where `

i

is the length of the 2-thread between v

i

and

v

i+1

. In parti
ular, if v

i

and v

i+1

are f -neighbors, then `

i

is zero. Two fa
e

types are 
onsidered to be the same if they 
an be types of the same fa
e,

i.e., they di�er only by a 
y
li
 rotation and/or a re
e
tion.

If the fa
e f is bi
onne
ted and v is a vertex in
ident to f , then the

neighbors of v that are not its neighbors on the fa
ial walk are said to be

opposite to the fa
e f . Similarly, if both the fa
es f

1

and f

2

in
ident to an

edge uv are bi
onne
ted, then the fa
es in
ident to v distin
t from f

1

and

f

2

are opposite to the vertex u (with respe
t to the vertex v).

Some of our arguments used in Se
tion 4 are based on elementary fa
ts

from the notion of list 
olorings (
hoosability). List 
olorings were intro-

du
ed independently by Erd}os, Rubin and Taylor [9℄ and Vizing [30℄. A

graph G is said to be `-
hoosable if for any assignment of lists L(v) of

sizes ` to the verti
es of G, there exists a proper 
oloring 
 of G su
h

that 
(v) 2 L(v) for every vertex v. The gap between the list 
hromati


number (the smallest ` for whi
h the graph is `-
hoosable) and the usual


hromati
 number 
an be arbitrary large: for every integer `, there exists

a bipartite graph that is not `-
hoosable. However, the only simple fa
t

that we need in our 
onsideration is the following: any 
y
le of even length

is 2-
hoosable. The reader 
an �gure out details of a simple proof of this

statement him/herself or 
an 
onsult [9℄.

3 Planar graphs of girth at least seven

In this se
tion, we show that every planar graph of girth seven and suÆ-


iently large maximum degree � is (�+1)-
olorable and prove our general

result on L(p; q)-labelings of su
h graphs. For an integer D � 192, a graph

G is D-good if its maximum degree is at most D and it has an L(p; 1)-
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labeling of span at most D + 2p � 2 for every p � (D � 190)=2. A planar

graph G of girth at least 7 and maximum degree at most D is said to be

D-minimal if it is not D-good but every proper subgraph of G is D-good.

Clearly, if G is D-minimal, then it is 
onne
ted. Observe that every `-fa
e

of G with ` � 13 is bi
onne
ted be
ause of the girth assumption and that

the fa
ial walk of every `-fa
e with ` � 11 indu
es a 
hordless 
y
le of G. A

vertex of G is said to be small if its degree is at most 95, and big otherwise.

The proof presented in this se
tion is based on the dis
harging method.

We show that there is no D-minimal graph, i.e., all planar graphs of girth at

least seven and maximum degree at most D are D-good. In order to show

this, we �rst des
ribe 
on�gurations that 
annot appear in a D-minimal

graph (redu
ible 
on�gurations). In the proof, we 
onsider a potential D-

minimal graph and assign ea
h vertex and ea
h fa
e a 
ertain amount of


harge. The amounts are assigned in su
h a way that their sum is negative.

The 
harge is then redistributed among the verti
es and fa
es a

ording to

the rules des
ribed in Subse
tion 3.3. It is shown that if the 
onsidered

graph is D-minimal, then the �nal 
harge of every vertex and every fa
e is

non-negative after the redistribution. Sin
e the sum of the initial 
harges is

negative, we obtain a 
ontradi
tion and 
on
lude that there is no D-minimal

graph.

3.1 Stru
ture of D-minimal graphs

In this se
tion, we identify 
on�gurations that 
annot appear in D-minimal

graphs. The following argument is often used in our 
onsiderations: we

�rst assume that there exists a D-minimal graph G that 
ontains a 
ertain


on�guration. We remove some verti
es of G and �nd a proper L(p; 1)-

labeling of the new graph (the labeling exists be
ause G is D-minimal).

We then re
olor some of the verti
es: at this stage, we state the properties

that the new 
olors of the re
olored verti
es should have and say that the

verti
es are re
olored with 
olors that have this property (and show that it

is possible). If the original 
olors of su
h verti
es have already the desired

properties, then the verti
es just keep their original 
olors. Finally, the

labeling is extended to the removed verti
es.

We have already seen that every D-minimal graph is 
onne
ted. Simi-

larly, it is not hard to see that the minimum degree of a D-minimal graph

is at least two:

Lemma 1. If G is a D-minimal graph, then its minimum degree is at least

6



two.

Proof. Assume that G 
ontains a vertex v of degree one (sin
e G is 
on-

ne
ted, it has no verti
es of degree zero). Fix an integer p � (D � 190)=2

su
h that G has no proper L(p; 1)-labeling of span D+2p�2. Let v

0

be the

neighbor of v in G. Remove v from G. Sin
e G is D-minimal, the obtained

graph has a proper L(p; 1)-labeling 
 of span D + 2p � 2. We extend the

labeling 
 to v: the vertex v 
annot be assigned at most 2p�1 
olors whose

di�eren
e from the 
olor of v

0

is less than p and it 
annot be assigned at

most D�1 
olors whi
h are assigned to the other neighbors of v

0

. Therefore,

there are at most D + 2p � 2 forbidden 
olors for v. In parti
ular, there

exists a 
olor that 
an be assigned to v, and thus 
 
an be extended to v.

This 
ontradi
ts our assumption that G is D-minimal.

Next, we fo
us on 2-, 3- and 4-threads 
ontained in D-minimal graphs:

Lemma 2. If verti
es v and w of a D-minimal graph G are joined by a

2-thread, then at least one of the verti
es v and w is big.

Proof. Fix an integer p � (D � 190)=2 su
h that G has no proper L(p; 1)-

labeling with span D + 2p� 2. Let v

0

w

0

be the 2-thread between v and w

in G (where v

0

is the neighbor of v). Assume for the sake of 
ontradi
tion

that neither v nor w is big. Remove the verti
es v

0

and w

0

from G. Sin
e G

is D-minimal, there exists a proper L(p; 1)-labeling 
 of the obtained graph

whose span does not ex
eed D + 2p � 2. We extend the labeling 
 to the

verti
es v

0

and w

0

.

Let A

v

be the set of the 
olors that di�er by at least p from the 
olor

of v and are di�erent from the 
olors of all the neighbors of v and from the


olor of w. Similarly, let A

w

be the set of the 
olors that di�er by at least p

from the 
olor of w and are di�erent from the 
olors of all the neighbors of

w and from the 
olor of v. Sin
e w is not a big vertex, the number of these


olors is at least (D + 2p� 1)� (2p� 1)� 94� 1 � 2p, sin
e D � 95 � 2p.

Similarly, we have jA

v

j � 2p.

Color now the verti
es v

0

and w

0

by 
olors from A

v

and A

w

that di�er

by at least p (observe that su
h 
olors always exist). The obtained labeling


 is a proper L(p; 1)-labeling of G with span at most D + 2p� 2.

The following two statements readily follow:

Lemma 3. No D-minimal graph G 
ontains a 4-thread.
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Proof. Assume that a D-minimal graph G 
ontains a 4-thread vv

0

v

00

v

000

. By

Lemma 2, v or v

000

is big and vv

0

v

00

v

000

is not a 4-thread.

Lemma 4. If verti
es v and w of a D-minimal graph G are joined by a

3-thread, then both v and w are big.

Proof. Let v

0

v

00

v

000

be the 3-thread joining v and w. By Lemma 2, v or v

000

is big. Sin
e v

000

is a 2-vertex, v is big. Similarly, we infer that w is big.

Next, we fo
us on 
y
les of lengths seven and eight 
ontained in D-

minimal graphs. Note that the boundary of every 7-fa
e and 8-fa
e is bi-


onne
ted (be
ause of the girth assumption), i.e., its boundary is a simple


y
le of length seven or eight, and thus the following lemma 
an always be

applied in su
h 
ases.

Lemma 5. Let v

1

v

2

v

3

v

4

v

5

v

6

v

7

be a part of a 7-
y
le or an 8-
y
le 
ontained

in a D-minimal graph G. If v

2

, v

3

, v

5

and v

6

are 2-verti
es, then v

1

or v

7

is a big vertex.

Proof. Fix an integer p � (D � 190)=2 su
h that G has no proper L(p; 1)-

labeling with span D+2p� 2. Note that the distan
e between the verti
es

v

1

and v

7

is at most two. Assume that neither v

1

nor v

7

is big. Remove the

verti
es v

2

, v

3

, v

5

and v

6

from G. Sin
e G is D-minimal, the new graph has

an L(p; 1)-labeling 
 of span at most 2p+D� 2. Let A be the set of 
olors


 that di�er from the 
olor of v

4

by at least p and su
h that no neighbor

of v

4

is 
olored with 
. Sin
e there are 2p+D � 1 
olors available and the

degree of v

4

in the new graph does not ex
eed D� 2, we infer that jAj � 2.

We extend the labeling 
 to the removed verti
es. Color the verti
es v

5

and v

3

by distin
t 
olors from A in su
h a way that the 
olors of v

5

and v

7

are di�erent, and the 
olors of v

3

and v

1

are also di�erent. Sin
e the 
olors

of v

7

and v

1

are di�erent (the distan
e of v

7

and v

1

in G is at most two),

this is always possible.

Color now the vertex v

6

by a 
olor that di�ers by at least p from the


olors of v

5

and v

7

and that di�er from the 
olors of v

4

and (at most 94)

neighbors of v

7

. Sin
e there are at most 95+4p� 2 � 2p+D� 2 forbidden


olors for v

6

, the vertex v

6


an be 
olored. Similarly, it is possible to 
olor

the vertex v

2

. Sin
e the obtained labeling is a proper L(p; 1)-labeling with

span at most 2p+D � 2, the graph G is not D-minimal.

The following result is an easy 
onsequen
e of Lemma 5:
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Lemma 6. No D-minimal graph G 
ontains a pair of verti
es joined by

two 3-threads.

Proof. Assume for the sake of 
ontradi
tion that G 
ontains two verti
es v

and w joined by two 3-threads. The verti
es v, w and the two 3-threads

joining them 
omprise an 8-
y
le in G. By Lemma 5, at least one of the

neighbors of w in the 3-threads is big, but both the neighbors are 2-verti
es.

We now fo
us on 3-verti
es in D-minimal graphs:

Lemma 7. Let v

1

v

2

v

3

v

4

be a path of a D-minimal graph G where v

2

is a

3-vertex. If neither v

1

nor v

4

is big and v

3

is a 2-vertex, then the remaining

neighbor w of v

2

is big.

Proof. Fix an integer p � (D � 190)=2 su
h that G has no L(p; 1)-labeling

of span 2p+D�2. Assume that w is not big. Remove the vertex v

3

from G.

Sin
e G is D-minimal, there exists a proper L(p; 1)-labeling of the obtained

graph with span at most 2p + D � 2. We �rst 
hange the 
olor of v

2

and

then we extend the labeling 
 to the vertex v

3

.

Re
olor the vertex v

2

by a 
olor that di�ers from the 
olors of v

1

and w

by at least p, and that is di�erent from the 
olors of all the neighbors of v

1

and w and from the 
olor of v

4

. Sin
e neither v

1

nor w is big, there are at

most 2(2p� 1)+ 2 � 94+ 1 � 2p+D� 2 forbidden 
olors for v

2

. Hen
e, the

vertex v

2


an be re
olored.

Finally, 
olor the vertex v

3

by a 
olor that di�ers from the 
olors of

v

2

and v

4

by at least p, and that is di�erent from the 
olors of all the

neighbors of v

2

and v

4

. Sin
e v

2

is a 3-vertex and v

4

is not big, there are

at most 2(2p � 1) + 94 + 2 � 2p + D � 2 forbidden 
olors and v

3


an be


olored.

We �nish this se
tion by establishing a lemma on the stru
ture of fa
es

of type (2; 1; 1):

Lemma 8. The following 
on�guration does not appear in a D-minimal

graph G: a 7-fa
e f of type (2; 1; 1) with one big and two 4-verti
es su
h

that both the 4-verti
es of f are adja
ent only to small verti
es.

Proof. By Lemma 2, the big vertex in
ident to f delimits the 2-thread. Let

v be the big vertex and w the other vertex delimiting the 2-thread and let

v

0

v

00

be the 2-thread (the 2-vertex v

0

is an f -neighbor of v). Let w

0

, w

00

and

9



v

v

0

v

00

w

w

0

w

00

w

000

Figure 1: Notation used in the proof of Lemma 8.

w

000

be the neighbors of w di�erent from v

00

(see Figure 1) and assume that

w

0

is an f -neighbor of w.

Fix an integer p � (D�190)=2 su
h that G has no proper L(p; 1)-labeling

with span 2p+D � 2. Remove the verti
es v

00

and w

0

from G. Sin
e G is

D-minimal, there exists a proper L(p; 1)-labeling 
 of the new graph whose

span is at most 2p+D � 2. Next, we 
hange the 
olor of w and we extend

the labeling 
 to the verti
es v

00

and w

0

.

Re
olor the vertex w by a 
olor that di�ers by at least p from the 
olors

w

00

and w

000

, and that is di�erent from the 
olors of all the neighbors of w

00

and w

000

and that is also di�erent from the 
olor of v

0

and the other 4-vertex

in
ident to f . Sin
e none of the verti
es w

00

and w

000

is big, the number of


olors forbidden for w does not ex
eed 2(2p� 1) + 2 � 94 + 2 � D + 2p� 2.

Hen
e, the vertex w 
an be re
olored.

Next, 
olor the vertex w

0

by a 
olor that di�ers from the 
olors of both

the 4-verti
es in
ident with f by at least p and that is also di�erent from

the 
olors of all the six neighbors of the 4-verti
es. Sin
e the number of

su
h forbidden 
olors does not ex
eed 2(2p�1)+6 � D+2p�2, the vertex

w

0


an be 
olored.

Finally, we 
olor the vertex v

00

by a 
olor that di�ers from the 
olors of

v

0

and w by at least p and that is di�erent from the 
olors of the verti
es

v, w

0

, w

00

and w

000

. Sin
e there are at most 4p+ 2 � D + 2p� 2 forbidden


olors, the labeling 
 
an be also extended to the vertex v

00

.
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3.2 Initial 
harge

We now des
ribe the amounts of initial 
harge of verti
es. The initial 
harge

of a d-vertex v is set to


h(v) = d� 3,

and the initial 
harge of an `-fa
e f to


h(f) = `=2� 3.

It is easy to verify that the sum of initial 
harges is negative:

Proposition 9. If G is a 
onne
ted planar graph, then the sum of all initial


harges of the verti
es and fa
es of G is �6.

Proof. Sin
e G is 
onne
ted, Euler's formula yields that n + f = m + 2

where n is the number of the verti
es of G, m is the number of its edges

and f is the number of its fa
es. The sum of initial 
harges of the verti
es

of G is equal to

X

v2V (G)

(d(v) � 3) = 2m� 3n:

The sum of initial 
harges of the fa
es of G is equal to

X

f2F (G)

�

`(f)

2

� 3

�

= m� 3f:

Therefore, the sum of initial 
harges of all the verti
es and fa
es is 3m �

3n� 3f = �6.

Note that the amounts of initial 
harge were 
hosen su
h that ea
h fa
e

of size at least 6 (
onsequently, ea
h fa
e of a D-minimal graph) has non-

negative 
harge, the 
harge of 6-fa
es is zero and only 2-verti
es have neg-

ative 
harge of �1 unit.

3.3 Dis
harging rules

Next, the 
harge is redistributed among the verti
es and fa
es of a (poten-

tial) D-minimal graph by the following rules:

R1 Ea
h fa
e f sends 
harge of 1=2 to every in
ident 2-vertex.

R2 Ea
h 4-vertex sends 
harge of 1=4 to every in
ident fa
e.

11



R3 Ea
h small (� 5)-vertex sends 
harge of 5=16 to every in
ident fa
e.

R4 Ea
h big vertex adja
ent to a 3-vertex w sends 
harge of 5=16 to the

opposite fa
e through w.

R5 Ea
h big vertex adja
ent to a 4-vertex w sends 
harge of 1=16 to ea
h

of the two opposite fa
es through w.

R6 If v is a big vertex in
ident to a fa
e f and v

1

and v

2

are its f -neighbors,

then v sends the following 
harge to f :

1=2 if k = 0,

3=4 if k = 1,

15=16 if k = 2 and the type of f is not (3; 2), and

1 if the type of f is (3; 2),

where k is the number of 2-verti
es in set fv

1

; v

2

g.

If there are multiple in
iden
es, the 
harge is sent a

ording to the appro-

priate rule(s) several times, e.g., if a 2-vertex v is in
ident to a bridge, then

it is in
ident to a single fa
e f and f sends 
harge of 1=2 to v twi
e by

Rule R1.

3.4 Final 
harge of verti
es

In this subse
tion, we analyze the �nal amounts of 
harge of verti
es.

Lemma 10. If a graph G is D-minimal, then the �nal 
harge of every

(� 4)-vertex is zero.

Proof. The initial 
harge of a 2-vertex v is �1 and it re
eives 
harge of 1=2

from ea
h of the two in
ident fa
es by Rule R1. Therefore, its �nal 
harge

is zero. Sin
e a 3-vertex does not re
eive or send out any 
harge, its �nal


harge is zero. Similarly, a 4-vertex sends 
harge of 1=4 to ea
h of the four

in
ident fa
es by Rule R2. Sin
e its initial 
harge is 1, its �nal 
harge is

also zero.

Lemma 11. If a graph G is D-minimal, then the �nal 
harge of every small

(� 5)-vertex is non-negative.

Proof. Consider a small vertex v of degree d � 5. The vertex v sends 
harge

of 5=16 to ea
h of the d in
ident fa
es by Rule R3. Hen
e, it sends out 
harge

of at most 5d=16. Sin
e the initial 
harge of v is d � 3 � 5d=16, the �nal


harge of v is non-negative.

12



The analysis of �nal 
harge of big verti
es needs �ner arguments:

Lemma 12. If a graph G is D-minimal, then the �nal 
harge of every big

vertex is non-negative.

Proof. Let v be a big vertex of degree d. Let v

1

; : : : ; v

d

be the neighbors

of v in a 
y
li
 order around the vertex v and let f

1

; : : : ; f

d

be the fa
es

in
ident to v in the order su
h that the f

i

-neighbors of v are the verti
es

v

i

and v

i+1

. Note that some of the fa
es f

i


an 
oin
ide. Let '(v

i

) be the

amount of 
harge sent from v through a vertex v

i

. Similarly, '(f

i

) is the

amount of 
harge sent to f

i

. Note that this is a slight abuse of our notation

sin
e the fa
es f

i

are not ne
essarily mutually distin
t|in su
h 
ase, '(f

i

)

is the amount of 
harge sent from v be
ause of this parti
ular in
iden
e to

f

i

.

We show that the following holds for every i = 1; : : : ; d (indi
es are

modulo d):

'(v

i

)

2

+ '(f

i

) + '(v

i+1

) + '(f

i+1

) +

'(v

i+2

)

2

�

31

16

: (1)

Summing (1) over all i = 1; : : : ; d yields the following:

d

X

i=1

(2'(v

i

) + 2'(f

i

)) �

�

2�

1

16

�

d: (2)

Re
all now that the initial 
harge of v is d� 3. Be
ause v is big, its degree

d is at least 96. Sin
e the 
harge sent out by v is at most d � d=32 by (2),

the �nal 
harge of v is non-negative. Therefore, in order to establish the

statement of the lemma, it is enough to show that the inequality (1) holds.

Let us �x an integer i between 1 and d. We distinguish several 
ases

a

ording to whi
h of the verti
es v

i

, v

i+1

and v

i+2

are of degree 2:

None of the verti
es v

i

, v

i+1

and v

i+2

is a 2-vertex. In this 
ase, the

vertex v sends through ea
h of the verti
es v

i

, v

i+1

and v

i+2


harge at

most 5=16 by Rules R4 and R5, i.e., '(v

i

); '(v

i+1

); '(v

i+2

) � 5=16.

By Rule R6, both the fa
es f

i

and f

i+1

re
eive 
harge of 1=2 from v,

i.e., '(f

i

); '(f

i+1

) � 1=2. Hen
e, the sum (1) of 
harges is at most

13=8 < 31=16.

The vertex v

i+1

is not a 2-vertex and one of v

i

and v

i+2

is a 2-vertex.

By symmetry, we 
an assume that v

i

is a 2-vertex and v

i+2

is a

13



(� 3)-vertex. Sin
e v

i

is a 2-vertex, v sends no 
harge through it, i.e.,

'(v

i

) = 0. By Rule R6, '(f

i

) = 3=4 and '(f

i+1

) = 1=2. By Rules R4

and R5, the amounts of 
harge sent from v through v

i+1

and v

i+2

do

not ex
eed 5=16, i.e., '(v

i+1

); '(v

i+2

) � 5=16. Therefore, the sum (1)

is bounded by 3=4 + 1=2 + 3=2 � 5=16 < 31=16.

The vertex v

i+1

is not a 2-vertex and both v

i

and v

i+2

are 2-verti
es.

The vertex v sends 
harge of 3=4 to both the fa
es f

i

and f

i+1

by

Rule R6, i.e., '(f

i

) = '(f

i+1

) = 3=4. No 
harge is sent through the

verti
es v

i

and v

i+2

, i.e., '(v

i

) = '(v

i+2

) = 0. The amount of 
harge

sent through v

i+1

is at most 5=16 (
harge 
an be sent through it only

by Rule R4 or Rule R5), i.e., '(v

i+1

) � 5=16. We 
on
lude that the

sum (1) is at most 2 � 3=4 + 5=16 < 31=16.

The vertex v

i+1

is a 2-vertex and neither v

i

nor v

i+2

is a 2-vertex.

The vertex v sends 
harge of 3=4 to both the fa
es f

i

and f

i+1

by

Rule R6, i.e., '(f

i

) = '(f

i+1

) = 3=4. The amount of 
harge sent

through ea
h of v

i

or v

i+2

is at most 5=16 (
harge 
an be sent through

it only by Rule R4 or Rule R5), i.e., '(v

i

); '(v

i+2

) � 5=16. Sin
e no


harge is sent through v

i+1

, i.e., '(v

i+1

) = 0, the sum (1) is at most

2 � 3=4 + 5=16 < 31=16.

The vertex v

i+1

is a 2-vertex and one of v

i

and v

i+2

is a 2-vertex.

By symmetry, we 
an assume that v

i

is a 2-vertex and v

i+2

is a

(� 3)-vertex. Sin
e v

i

and v

i+1

are 2-verti
es, v sends no 
harge

through v

i

or v

i+1

, i.e., '(v

i

) = '(v

i+1

) = 0. By Rule R6, the fa
e f

i

re
eives 
harge of at most 1 and the fa
e f

i+1


harge of at most 3=4,

i.e., '(f

i

) � 1 and '(f

i+1

) � 3=4. Finally, the 
harge sent from v

through v

i+2

is at most 5=16, i.e., '(v

i+2

) � 5=16. We infer that the

sum (1) is bounded by � 1 + 3=4 + 5=32 < 31=16.

All the verti
es v

i

, v

i+1

and v

i+2

are 2-verti
es. There is no 
harge

sent from v through any of the verti
es v

i

, v

i+1

and v

i+2

, i.e.,

'(v

i

) = '(v

i+1

) = '(v

i+2

) = 0. If at least one of the fa
es f

i

and

f

i+1

is not a (3; 2)-fa
e, then the total amount of 
harge sent to both

of them by Rule R6 is at most 15=16 + 1 = 31=16 as desired. In the

rest, we 
onsider the 
ase when both the fa
es f

i

and f

i+1

are (3; 2)-

fa
es. Let v

0

be the other big vertex in
ident to f

i

and f

i+1

. The

vertex v

i+1

lies in a 2-thread or a 3-thread shared by the fa
es f

i

and

f

i+1

. If the fa
es f

i

and f

i+1

share a 2-thread, then the verti
es v and

14



v

0

are joined by two 3-threads|this is impossible by Lemma 6. On

the other hand, if they share a 3-thread, then the verti
es v and v

0

together with the two 2-threads form a 6-
y
le 
ontradi
ting the girth

assumption.

3.5 Final 
harge of fa
es

In this subse
tion, we analyze the �nal amounts of 
harge of fa
es. First,

we start with fa
es that are not bi
onne
ted.

Lemma 13. Let f be a fa
e of a D-minimal graph G. If f is not bi
on-

ne
ted, then its �nal 
harge is non-negative.

Proof. Let P be the fa
ial walk of f . Sin
e f is not bi
onne
ted, P 
onsists

of two or more blo
ks. In parti
ular, it 
ontains at least one 
ut-vertex.

In addition observe that the end-blo
ks of P are 
y
les of length at least

seven. Let C

1

and C

2

be two di�erent end-blo
ks of P and w

1

and w

2

be

their 
ut-verti
es (note that w

1

may be equal to w

2

), respe
tively.

Let k be the number of in
iden
es of f with (� 3)-verti
es, 
ounting

multipli
ities. If w

1

6= w

2

, then ea
h of w

1

and w

2


ontributes by at least

two to k, thus w

1

and w

2

together 
ontribute by at least 4 to k. Otherwise,

the vertex w

1

= w

2


ontributes by at least two to k.

Sin
e the length of C

1

is at least seven, it has at least one (� 3)-vertex

di�erent from w

1

by Lemma 3. If C

1


ontains exa
tly one su
h (� 3)-

vertex, then it has a 3-thread (it 
annot have a 4-thread by Lemma 3), and

the vertex w

1

is big by Lemma 4. Similar statements hold for C

2

. Therefore

k � 4, and if w

1

6= w

2

or w

1

= w

2

is small, then k � 6.

If f is an `-fa
e, its initial 
harge is `=2�3. The fa
e f sends out 
harge

of (`� k)=2 by Rule R1. If k � 6, then this is at most `=2� 3 and thus the

�nal 
harge of the fa
e is non-negative.

If k < 6, then w

1

= w

2

is a big vertex (this follows from our previous

dis
ussion) and it has two in
iden
es with f . Therefore f re
eives 
harge of

at least one unit from w

1

by Rule R6 and its �nal 
harge is `=2� 3� (`�

k)=2 + 1 � 0.

Next, we analyze bi
onne
ted fa
es starting with 7-fa
es:

Lemma 14. The �nal 
harge of ea
h 7-fa
e f of a D-minimal graph G is

non-negative.
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Proof. The initial 
harge of the fa
e f is 1=2. By Lemma 3, f does not


ontain a 4-thread, and thus the fa
e f is in
ident to at least two (� 3)-

verti
es. We distinguish �ve 
ases a

ording to the number of (� 3)-verti
es

in
ident to f :

The fa
e f is in
ident to two (� 3)-verti
es. In this 
ase, the type of

f is (3; 2). By Lemma 4, both the (� 3)-verti
es are big and ea
h of

them sends 
harge of 1 unit to f by Rule R6. Sin
e f sends out 
harge

of 5=2 to the �ve in
ident 2-verti
es, its �nal 
harge is zero.

The fa
e f is in
ident to three (� 3)-verti
es. Sin
e f sends out


harge of two units to the in
ident 2-verti
es, it is enough to show

that it re
eives 
harge of at least 3=2 from the in
ident (� 3)-verti
es.

Sin
e G does not 
ontain a 4-thread by Lemma 3, the type of f is

(3; 1; 0), (2; 2; 0) or (2; 1; 1).

If f is in
ident to two big verti
es, then ea
h of them sends 
harge of

at least 3=4 to f by Rule R6, and the �nal 
harge of f is non-negative.

In the rest, we assume that f is in
ident to at most one big vertex.

Consequently, the type of f is (2; 2; 0) or (2; 1; 1) by Lemma 4 and f

is in
ident to exa
tly one big vertex by Lemma 2.

Assume that the type of f is (2; 2; 0). By our assumption, f is in
ident

to a single big vertex and, by Lemma 2, this vertex delimits both the

2-threads of f . However, Lemma 5 yields that one of the other two

(� 3)-verti
es is also big (
ontrary to our assumption).

The �nal 
ase to 
onsider is that the type of f is (2; 1; 1). Let v be

the big vertex in
ident to f . By Lemma 2, v delimits the 2-thread.

Sin
e both f -neighbors of v are 2-verti
es, v sends 
harge of 15=16 to

f . Let v

0

be any of the other two (� 3)-verti
es in
ident to f . If v

0

is

a 3-vertex, its neighbor opposite to f is big by Lemma 7 and it sends

(through v

0

) 
harge of 5=16 to f by Rule R4. If v

0

is a 4-vertex, it

sends 
harge of 1=4 to f , and if v

0

has a big neighbor opposite to f ,

then the big neighbor sends f additional 
harge of 1=16 by Rule R5.

Finally, if v

0

is a small (� 5)-vertex, it sends 
harge of 5=16 to f by

Rule R3. We 
on
lude that if f re
eives total 
harge of less than 3=2,

then both the (� 3)-verti
es in
ident to f are 4-verti
es with no big

neighbors. However, this is impossible by Lemma 8.

The fa
e f is in
ident to four (� 3)-verti
es. Sin
e f is in
ident to

three 2-verti
es, it sends out 
harge of 3=2. We show that, on the
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Figure 2: All 
on�gurations (up to symmetry) of a 7-fa
e of types (2; 1; 0; 0),

(2; 0; 1; 0) and (1; 1; 1; 0) when the fa
e is in
ident to a single big vertex.

The big verti
es are represented by full squares, the small (� 3)-verti
es by

empty squares and the 2-verti
es by 
ir
les. Note that a 2-thread must be

bounded by at least one big vertex by Lemma 2.

other hand, it re
eives 
harge of at least one unit from the in
ident

(� 3)-verti
es. This will imply that the �nal 
harge of f is non-

negative. If f is in
ident to two big verti
es, then it re
eives 
harge of

at least 1=2 from ea
h of them, i.e., 
harge of at least one unit in total.

Hen
e, we 
an assume in the rest that f is in
ident to at most one big

vertex. In parti
ular, by Lemma 4, f has no 3-thread. Therefore, the

type of f is one of the following: (2; 1; 0; 0), (2; 0; 1; 0) or (1; 1; 1; 0).

Assume �rst that f is in
ident to no big vertex. By Lemma 2, the

type of f is (1; 1; 1; 0). Let v be any of the four (� 3)-verti
es in
ident

to f . Note that v has an f -neighbor that is a 2-vertex. If v is a

(� 4)-vertex, then f re
eives 
harge of at least 1=4 units from v by

Rules R2 and R3. If v is a 3-vertex, then its neighbor opposite to

f is big by Lemma 7 and it sends 
harge of 5=16 through v to f by

Rule R4. Sin
e the 
hoi
e of v was arbitrary, the amount of 
harge

sent from (or through) ea
h in
ident (� 3)-vertex is at least 1=4 and

f re
eives 
harge of at least 1 unit in total.

We now 
onsider the 
ase that exa
tly one vertex in
ident to f is big.

We say that a vertex x in
ident to f has Property S if the following


onditions are satis�ed:

1. x is small,

2. both f -neighbors of x are small, and

3. one of the f -neighbors of x is a 2-vertex with no big f -neighbor.

It is routine to 
he
k that the following 
laim holds (
onsult Figure 2):

unless the type of f is (2; 1; 0; 0) and the big vertex delimits both the
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2-thread and the 1-thread of f , the fa
e f is in
ident to two di�erent

(� 3)-verti
es w

1

and w

2

that have Property S.

Under the assumption that the type of f is not (2; 1; 0; 0), we show

that the fa
e f re
eives 
harge of at least 1=4 from (or through) ea
h

of w

1

and w

2

: if w

i

is a (� 4)-vertex, then f re
eives 
harge of at least

1=4 from it. Otherwise, w

i

is a 3-vertex and, by Lemma 7, its neighbor

opposite to f is big. Consequently, it sends through w

i


harge of 5=16

to f . Sin
e f re
eives in addition the 
harge of at least 1=2 from the

big vertex, its �nal 
harge is non-negative as desired.

It remains to 
onsider the 
ase when the type of f is (2; 1; 0; 0) and

the big vertex delimits both the 2-thread and the 1-thread of f . In

this 
ase, f re
eives 
harge of 15=16 from the in
ident big vertex by

Rule R6. Moreover, there exists a vertex w that has Property S

(
onsult Figure 2). Similarly as in the previous paragraph, the 
harge

sent from w to f is at least 1=4. Altogether, f re
eives 
harge of at

least 1 and the �nal 
harge is thus non-negative.

The fa
e f is in
ident to �ve (� 3)-verti
es. The fa
e f sends out


harge of 1 unit to the two in
ident 2-verti
es. Thus it is enough

to show that the fa
e f re
eives 
harge of at least 1=2 from in
ident

verti
es. If f is in
ident to a big vertex, then f re
eives 
harge of at

least 1=2 from it by Rule R6. We assume in the rest that f is in
ident

only to small verti
es. In parti
ular, f has no 2-thread (by Lemma 2).

Let v be a 2-vertex in
ident to f and let v

�

and v

+

be the two f -

neighbors of v. Note that both v

�

and v

+

are (� 3)-verti
es. If v

�

is a (� 4)-vertex, it sends 
harge of at least 1=4 to f . If v

�

is a

3-vertex, then its neighbor opposite to f is big by Lemma 7, and it

sends 
harge of 5=16 through v

�

to f . Similarly, f re
eives 
harge of

at least 1=4 from (or through) v

+

. Hen
e, the total 
harge re
eived

by f from the verti
es v

�

and v

+

is at least 1=2 and the �nal 
harge

of f is non-negative.

The fa
e f is in
ident to six or seven (� 3)-verti
es. Sin
e the fa
e

f is in
ident to at most one 2-vertex, it sends out 
harge of at most

1=2 and its �nal 
harge is non-negative.

Next, we analyze the �nal 
harge of 8-fa
es.
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Lemma 15. The �nal 
harge of ea
h bi
onne
ted 8-fa
e f of a D-minimal

graph G is non-negative.

Proof. First note that the initial 
harge of the fa
e f is one. By Lemma 3,

the fa
e f does not 
ontain a 4-thread. Therefore, the fa
e f is in
ident to

at least two (� 3)-verti
es. We distinguish �ve 
ases based on the number

of (� 3)-verti
es in
ident to the fa
e f :

The fa
e f is in
ident to two (� 3)-verti
es. Sin
e f does not 
ontain

a 4-thread, the type of f is (3; 3). However, this is impossible by

Lemma 6.

The fa
e f is in
ident to three (� 3)-verti
es. Sin
e f sends out


harge of 5=2 to the in
ident 2-verti
es, it is enough to show that

it re
eives 
harge of at least 3=2 from the in
ident (� 3)-verti
es.

Sin
e f does not 
ontain a 4-thread, the type of f is (3; 2; 0), (3; 1; 1)

or (2; 2; 1).

If the type of f is (3; 2; 0) or (3; 1; 1), then the 3-thread is delimited

by two big verti
es (by Lemma 4) and f re
eives from ea
h of them


harge of at least 3=4 by Rule R6. Hen
e, the �nal 
harge of f is

non-negative.

Assume that the type of f is (2; 2; 1). It is enough to show that f

is in
ident to at least two big verti
es be
ause ea
h of them would

send 
harge of 3=4 to f by Rule R6. If this is not the 
ase, then f is

in
ident to exa
tly one big vertex that is 
ommon to the two 2-threads

by Lemma 2. However, by Lemma 5, at least one of the other two

(� 3)-verti
es is also big. We 
on
lude that f is in
ident to at least

two big verti
es.

The fa
e f is in
ident to four (� 3)-verti
es. Sin
e f is in
ident to

four 2-verti
es, f sends out 
harge of two units. We 
laim that it

also re
eives 
harge of at least one unit from the in
ident verti
es.

This will imply that the �nal 
harge of f is non-negative. If f is in-


ident to two big verti
es, then it re
eives 
harge of at least 1=2 from

ea
h of them and the 
laim holds. We assume in the rest that f is

in
ident to at most one big vertex. In parti
ular, by Lemma 4, f has

not a 3-thread.

Assume that f 
ontains a 2-thread. Let v and v

0

be the verti
es

delimiting the 2-thread. By Lemma 2, v or v

0

is big, say v. Sin
e v is
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in
ident to a 2-vertex, it sends 
harge of at least 3=4 to f by Rule R6.

If v

0

is a (� 4)-vertex, then f re
eives 
harge of at least 1=4 from v

0

and the �nal 
harge of f is non-negative. Otherwise, v

0

is a 3-vertex

in
ident to a 2-thread and its f -neighbor not 
ontained in the 2-thread

is a small vertex. By Lemma 7, the neighbor of v

0

opposite to f is

a big vertex. Hen
e, the fa
e f re
eives 
harge of 5=16 from the big

neighbor of v

0

and thus its �nal 
harge is non-negative.

In the rest, we assume that f has neither a 3-thread nor a 2-thread.

Consequently, the type of f must be (1; 1; 1; 1). Let v

1

, v

2

, v

3

and

v

4

be the (� 3)-verti
es in
ident to f in the order as they appear

on the fa
ial walk of f . If f is in
ident to two or more big verti
es,

it re
eives 
harge of 15=16 from ea
h of them and its �nal 
harge is

positive. Assume that f is in
ident to a single big vertex, say v

1

.

Note that f re
eives 
harge of 15=16 from v

1

by Rule R6. If v

3

is a

(� 4)-vertex, it sends 
harge of 1=4 to f and the �nal 
harge of f is

non-negative. If v

3

is a 3-vertex, then its neighbor opposite to f is big

(by Lemma 7), v

3

sends 
harge of 5=16 to f , and thus the �nal 
harge

of f is non-negative.

It remains to 
onsider the 
ase when the type of f is (1; 1; 1; 1) and

f is in
ident to no big vertex. Let us 
onsider a vertex v

1

. If v

1

is

(� 4)-vertex, it sends 
harge of at least 1=4 to f . If v

1

is 3-vertex,

then its neighbor opposite to f is big, and it sends 
harge of 5=16

to f through v

1

. Similarly, we 
an infer that f re
eives 
harge of

at least 1=4 from (or through) the verti
es v

2

, v

3

and v

4

. Hen
e, f

re
eives 
harge of at least one unit from the in
ident verti
es and its

�nal 
harge is non-negative.

The fa
e f is in
ident to �ve (� 3)-verti
es. The fa
e f sends out


harge of 3=2 units to the in
ident 2-verti
es. Thus it is enough to

show that the fa
e f re
eives 
harge of at least 1=2 from in
ident

(� 3)-verti
es. If f is in
ident to a big vertex, then f re
eives 
harge

of at least 1=2 from it and the �nal 
harge is non-negative. We assume

in the rest that f is in
ident only to small verti
es.

Let v be a 2-vertex in
ident to f . Sin
e f is in
ident to no big vertex,

both the neighbors v

�

and v

+

of v are (� 3)-verti
es by Lemma 2. If

v

�

is a (� 4)-vertex, it sends 
harge of at least 1=4 to f . And if v

�

is a 3-vertex, then its neighbor opposite to f is big by Lemma 7 and

it sends through v

�

to f 
harge of 5=16. Similarly, f re
eives 
harge
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of at least 1=4 from (or through) v

+

. Hen
e, f re
eives 
harge of at

least 1=2 in total from the two neighbors of v and the �nal 
harge of

f is non-negative.

The fa
e f is in
ident to six or more (� 3)-verti
es. Sin
e the fa
e

f is in
ident to at most two 2-verti
es, it sends out 
harge of at most

one unit and the �nal 
harge of f is non-negative.

Finally, we analyze the 
ase of (� 9)-fa
es:

Lemma 16. The �nal 
harge of ea
h bi
onne
ted (� 9)-fa
e f of a D-

minimal graph is non-negative.

Proof. Sin
e f does not 
ontain a 4-thread by Lemma 3, the fa
e f is in
i-

dent to at least three (� 3)-verti
es. The initial 
harge of f is `=2�3 where

` is the length of f . We distinguish four 
ases a

ording to the number of

(� 3)-verti
es in
ident to f :

The fa
e f is in
ident to three (� 3)-verti
es. The fa
e f sends


harge of (` � 3)=2 to the in
ident 2-verti
es. It is enough to show

that f re
eives 
harge of at least 3=2 from the in
ident verti
es. If

f has a 3-thread, then the 3-thread is delimited by two big verti
es.

Both of them send 
harge of at least 3=4 to f by Rule R6. Therefore,

if the total 
harge re
eived by f is less than 3=2, then f has no

3-thread. Consequently, the length of f is nine and its type is (2; 2; 2).

By Lemma 2, at least two of the (� 3)-verti
es are big and f re
eives


harge of at least 3=2 from them by Rule R6 in this 
ase.

The fa
e f is in
ident to four (� 3)-verti
es. The fa
e f sends 
harge

of (` � 4)=2 to the in
ident 2-verti
es. It is enough to show that

f re
eives 
harge of at least 1 from the in
ident verti
es. If f has

a 3-thread, then the 3-thread is delimited by two big verti
es (by

Lemma 4) and ea
h of them sends 
harge of at least 1=2 to f by

Rule R6. If f has at least three 2-threads, then these threads are

delimited by at least two di�erent big verti
es by Lemma 2, and f

re
eives 
harge of at least 1=2 from ea
h of them by Rule R6. If

none of the above 
ases holds, i.e., f has no 3-thread and at most

two 2-threads, then its type must be one of the following: (2; 2; 1; 0),

(2; 1; 2; 0), (2; 1; 1; 1), (2; 2; 1; 1), and (2; 1; 2; 1)|see Figure 3.
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Figure 3: Possible types of a 9-fa
e or a 10-fa
e with no 3-thread and at

most two 2-threads. The (� 3)-verti
es are represented by squares and the

2-verti
es by 
ir
les.

Assume that the type of f is one of the �ve types listed at the end of

the previous paragraph. Sin
e f has a 2-thread, it must be in
ident

to a big vertex v by Lemma 2. Let v

0

, v

00

and v

000

be the remaining

(� 3)-verti
es in
ident to f . The fa
e f re
eives 
harge of at least

1=2 from the vertex v by Rule R6. If at least one of v

0

, v

00

and v

000

is

big, then it sends additional 
harge of at least 1=2 to f by Rule R6,

and the total amount of 
harge re
eived by f is at least one. Let us

assume in the rest that all the verti
es v

0

, v

00

and v

000

are small.

Observe that in this 
ase the type of f is (2; 2; 1; 0), (2; 1; 1; 1) or

(2; 2; 1; 1). Note also that if v

0

is a 3-vertex, then it satis�es the as-

sumptions of Lemma 7. Similar statements hold for v

00

and v

000

.

If v

0

is a (� 4)-vertex, f re
eives 
harge of at least 1=4 from v

0

by

Rule R2 or Rule R3. If v

0

is a 3-vertex, its neighbor opposite to

f is big by Lemma 7 and it sends through v

0

to f 
harge 5=16 by

Rule R4. Similarly, f re
eives 
harge of at least 1=4 from v

00

and v

000

.

We 
on
lude that the total 
harge re
eived by f is at least one.

The fa
e f is in
ident to �ve (� 3)-verti
es. The fa
e f sends out


harge of (` � 5)=2 to the in
ident 2-verti
es. It is enough to show

that f re
eives 
harge of at least 1=2 from the in
ident verti
es. If f

is in
ident to a big vertex, then it re
eives 
harge of at least 1=2 by

Rule R6 from this vertex. Assume in the rest that f is in
ident only

to small verti
es. In parti
ular, the length of every 2-thread of f is

one by Lemma 2. Let v be a 2-vertex in
ident to f and v

�

and v

+

the f -neighbors of v. Note that both v

�

and v

+

are (� 3)-verti
es. If

v

�

is a (� 4)-vertex, then f re
eives 
harge of at least 1=4 from v

�

by Rule R2 or Rule R3. If v

�

is a 3-vertex, then its neighbor oppo-

site to v is big by Lemma 7 and the fa
e f re
eives 
harge of 5=16
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from it through v. Similarly, f re
eives 
harge of at least 1=4 from (or

through) v

+

. Altogether, f re
eives 
harge of at least 1=2 as required.

The fa
e f is in
ident to six or more (� 3)-verti
es. The fa
e f

sends out 
harge of at most (` � 6)=2 by Rule R1. Sin
e the initial


harge of f is `=2� 3 and ` � 9, the �nal 
harge is non-negative.

3.6 Final step

We now 
ombine our observations from the previous subse
tions together:

Theorem 17. If G is a planar graph of maximum degree � � 190 + 2p,

p � 1, and the girth of G is at least seven, then G has a proper L(p; 1)-

labeling with span 2p+�� 2.

Proof. Consider a possible 
ounterexampleG and set D = �. Sin
e G is not

D-good, there exists a D-minimal graph G

0

. Assign 
harge to the verti
es

and fa
es of G

0

as des
ribed in Subse
tion 3.2. Apply the rules given in

Subse
tion 3.3 to G

0

. By Proposition 9, the sum of the amounts of initial


harge assigned to the verti
es and edges of G

0

is �6. On the other hand,

the �nal amounts of 
harge of every vertex (Lemmas 10{12) and every fa
e

(Lemmas 13{16) are non-negative. However, this is impossible sin
e the

total amount of 
harge is preserved by the rules.

We use an argument applied in [27℄ to derive the following result for

L(p; q)-labelings:

Corollary 18. If G is a planar graph of maximum degree � � 190+2dp=qe,

p; q � 1, and girth at least seven, then G has a proper L(p; q)-labeling with

span 2p+ q�� 2.

Proof. Let p

0

= dp=qe. By Theorem 17, the graph G has a proper L(p

0

; 1)-

labeling 


0

with span 2p

0

+��2. De�ne a labeling 
 by setting 
(v) = q


0

(v)

for ea
h vertex v. The labeling 
 is a proper L(p

0

q; q)-labeling. Therefore, it

is also a proper L(p; q)-labeling of G. The span of 
 is at most the following:

q(2p

0

+�� 2) = 2

�

p

0

�

q � 1

q

�

q + q�� 2 � 2p+ q�� 2:
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Figure 4: The graphs G

0

4

and G

4

.

4 Planar graphs of girth six

In this se
tion, we show that Conje
ture 2 is not true for g 2 f5; 6g, i.e.,

for ea
h � � 3, we 
onstru
t a planar graph G of girth six and maximum

degree � su
h that the 
hromati
 number of its square is �+2. Therefore,

the numbers M(5) and M(6) from Conje
ture 2 do not exist. On the other

hand, Conje
ture 2 be
omes true for g = 6 when the bound on the 
hromati


number is relaxed to � + 2.

We start by 
onstru
ting a 
ounterexample to Conje
ture 2. Let G

0

�

be

a graph of order 2� + 2 formed by two verti
es x and y joined by (� � 1)

2-threads and a vertex z joined to y by a 1-thread. Let G

�

be a graph

obtained by taking �� 1 
opies of G

0

�

, identifying all the verti
es z of the


opies into a single vertex v, and adding a vertex u joined to v by a 1-thread

and by an edge to the vertex x of ea
h 
opy of G

0

�

(see Figure 4). Clearly,

the girth of G

�

is six and the maximum degree of G

�

is �. The 
hromati


number of G

�

is determined in the next proposition:

Proposition 19. The 
hromati
 number of the square of the graph G

�

is

�+ 2 for every � � 2.

Proof. It is easy to 
onstru
t a 
oloring of G

2

�

by � + 2 
olors. We fo
us

on showing that it 
annot be 
olored by � + 1 
olors.

We �rst show that in any proper 
oloring of the square of G

0

�

, the 
olors

assigned to x and z are distin
t. Suppose for 
ontradi
tion that there exists

a proper 
oloring of G

02

�

by the 
olors 0; : : : ;� su
h that the 
olors of both
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x and z are the same, say 0. Sin
e the vertex y has degree �, either y or

one of its neighbors must have 
olor 0. This is impossible be
ause ea
h of

these verti
es is at distan
e at most two from x or z.

Suppose now that the graph G

�


an be 
olored by the 
olors 0; : : : ;�.

Let x

1

; : : : ; x

��1

be the verti
es of the 
opies of G

0

�

adja
ent to the vertex

u. Let w be the vertex adja
ent to u and distin
t from all x

i

, 1 � i < �. We

may assume that the 
olor of v is 0. By the observation from the previous

paragraph, the 
olor of ea
h vertex x

i

is distin
t from 0. The vertex u has

degree �. Therefore, either u or one of its neighbors has 
olor 0. This is

impossible sin
e the 
olors of verti
es x

i

are distin
t from 0 and both u and

w are at distan
e at most two from the vertex v. We 
on
lude that there is

no proper 
oloring of G

2

�

with � + 1 
olors.

We now show that �+2 
olors suÆ
e to 
olor the square of any planar

graph of girth 6 and maximum degree �, for � � 8821; the bound on the

maximum degree 
an be further improved, but we do not provide details in

order to keep the proof simpler.

The proof is again based on the dis
harging method. We rede�ne the

terms of a D-good graph and a D-minimal graph as well as the de�nitions

of big and small verti
es for the 
ourse of our proofs in this se
tion. For an

integer D � 8821, a graph G is 
alled D-good if its maximum degree is at

most D and the 
hromati
 number of G

2

is at most D+2. A planar graph

G of girth at least 6 and maximum degree at most D is D-minimal if G is

not D-good but every proper subgraph of G is D-good. If G is a D-minimal

graph, then G is 
onne
ted. Observe that G is also 2-
onne
ted: otherwise,


olor the blo
ks of G separately and afterwards permute the 
olors so that

the 
olors of the 
ut-verti
es mat
h and the 
olors of their neighbors are

pairwise distin
t. In parti
ular, the minimum degree of a D-minimal graph

is at least two.

A vertex is said to be small if its degree is at most 1763, and it is said

to be big otherwise.

In the following, we show that there is no D-minimal graph. We as-

sume that there is a D-minimal graph and assign 
harge to its verti
es and

its fa
es. The total amount of initial 
harge will be negative. We then

redistribute 
harge in two phases as determined by the rules presented in

Se
tions 4.2 and 4.3. We eventually obtain 
ontradi
tion with our assump-

tion that there exists a D-minimal graph by showing that the total �nal

amount of 
harge is non-negative.
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Figure 5: The redu
ible 
on�guration from Lemma 20(5). The verti
es that

are not removed in the proof are represented by full 
ir
les.

4.1 Redu
ible 
on�gurations

Let us �rst des
ribe several 
on�gurations that 
annot appear in a D-

minimal graph. Su
h a 
on�guration is 
alled redu
ible.

Lemma 20. The following 
on�gurations are redu
ible:

1. A small vertex u and a vertex v joined by a 2-thread.

2. Verti
es u and v joined by two 2-threads.

3. A small vertex v joined by a 1-thread to a vertex u of degree at most

six, su
h that all the neighbors of u are small.

4. Two adja
ent 3-verti
es u and v su
h that all the neighbors of u and

v are small and at least one of the neighbors of u is a 2-vertex.

5. The 
on�guration in Figure 5, where v

2

, v

4

, v

6

, y

3

and y

5

are 3-

verti
es, v

3

, v

5

, x

2

, x

6

, z

3

and z

5

are 2-verti
es, and w

3

and w

5

are

small verti
es (there is no restri
tion on the degrees of v

1

and x

4

).

26



Proof. Let G be a D-minimal graph, in parti
ular, �(G

2

) > D+2. We deal

with the 
on�gurations separately. In ea
h of the 
ases, we �rst assume that

G 
ontains the 
on�guration des
ribed in the statement of the lemma and

we obtain 
ontradi
tion by showing that G is not D-minimal.

1. Let x and y be the verti
es of the 2-thread, where x is the vertex

adja
ent to u. Consider the graph G

0

= G n fx; yg. Sin
e G is D-

minimal, the square of G

0

is (D + 2)-
olorable. Sin
e the degree of

v in G

0

is at most D � 1, there are at least two 
olors distin
t from

the 
olors of v and its neighbors. At least one of them (
all it 
) is

distin
t from the 
olor of u. Assign the 
olor 
 to the vertex y. Sin
e

u is small, the degree of x in G

2

is at most 1763 + 3 < D. Therefore,

we 
an 
hoose a 
olor distin
t from 
olors of u, its neighbors in G

0

, v

and y for x. We obtained a proper 
oloring of G

2

by (D + 2) 
olors.

This 
ontradi
ts the D-minimality of G.

2. Let the verti
es of the 2-threads be x

1

, x

2

, y

1

and y

2

where x

i

is

adja
ent to y

i

and u for i = 1; 2. The square of the graph G

0

=

G n fx

1

; x

2

; y

1

; y

2

g is (D+2)-
olorable by the D-minimality of G. Fix

a 
oloring of G

0

with D + 2 
olors. Let C

u

and C

v

be the sets of

the 
olors whi
h are assigned to no vertex in the 
losed neighborhood

of u and v, respe
tively. Sin
e the degrees of u and v in G

0

are at

most D � 2, both C

u

and C

v

have sizes at least three. Let 


u

and




v

be the 
olors of u and v, respe
tively. Let C

0

u

= C

u

n f


v

g and

C

0

v

= C

v

n f


u

g. Assign the list C

0

u

to the verti
es x

1

and x

2

and

the list C

0

v

to the verti
es y

1

and y

2

. The subgraph of G

2

indu
ed by

fx

1

; x

2

; y

1

; y

2

g is a 4-
y
le. This graph is 2-
hoosable. Therefore, its

verti
es 
an be 
olored from the assigned lists. The 
oloring obtained

by extending the 
oloring of G

0

to G in this way is a proper 
oloring

of G

2

with D + 2 
olors that 
ontradi
ts our assumption that G is

D-minimal.

3. Let x be the 2-vertex of the 1-thread. The square of the graph G

0

=

G n fxg is (D + 2)-
olorable. Fix su
h a 
oloring. The degree of u in

G

02

is at most 5 �1763+5 < D. Therefore, we 
an modify the 
oloring

by 
hanging the 
olor of u so that it is distin
t from the 
olor of v as

well as from the 
olors of the neighbors if u in G

02

. The degree of x

in G

2

is at most 1763+ 7 < D. Hen
e, we 
an extend this 
oloring to

x. This 
ontradi
ts the D-minimality of G.
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4. Let x be a 2-vertex adja
ent to u. Let y be the vertex adja
ent to x

distin
t from u. Let w be the neighbor of u distin
t from x and v.

By the D-minimality of G, the square of the graph G

0

= G n fx; ug

is (D + 2)-
olorable. Fix su
h a 
oloring. The vertex y has degree at

most D � 1 in G

0

, therefore at least two 
olors are unused on 
losed

neighborhood of y in G

0

. Choose a 
olor for x from the unused 
olors

so that it is distin
t from the 
olor of w. The degree of v in G

02

is at

most 2 � 1763+ 2 < D. Therefore, it is possible to 
hange the 
olor of

v so that it is distin
t from the 
olors of x and w. Finally 
hoose a


olor for u: its degree is at most 1763 + 6 < D in G

2

. Therefore, it is

always possible. This 
ontradi
ts the D-minimality of G.

5. The square of the graph G

0

= Gnfv

2

; v

3

; v

4

; v

5

; v

6

; x

2

; x

6

; y

3

; y

5

; z

3

; z

5

g

is (D+2)-
olorable (the removed verti
es are marked by empty 
ir
les

in Figure 5). Fix a 
oloring of G

0

with D+2 
olors. Sin
e the degree

of x

4

in G

0

is at most D � 3, there are at least four 
olors whi
h are

not assigned to a vertex of the 
losed neighborhood of x

4

in G

0

. Let

L

4

be the set of the unused 
olors. The degree of v

1

in G

0

is at most

D � 2, therefore the set L

1

of 
olors that do not appear on 
losed

neighborhood of v

1

has size at least three. Let 


5

be the 
olor of w

5

and 


3

the 
olor of w

3

. Assign the list L

1

to verti
es v

2

and v

6

, the

list L

4

to the vertex v

4

, the list L

4

n f


5

g to the vertex y

5

and the

list L

4

n f


3

g to the vertex y

3

. All 2-verti
es of the 
on�guration are

adja
ent only to small verti
es. Therefore, if we were able to 
olor

the subgraph G

00

of G

2

indu
ed by fv

2

; v

4

; v

6

; y

3

; y

5

g from the lists,

we 
ould 
hoose 
olors for the 2-verti
es of the 
on�guration 
arefully

and extend the 
oloring to the 
oloring of the whole graph G

2

. This

would eventually 
ontradi
t the D-minimality of G.

However, su
h a 
oloring of G

00

always exists. Choose a 
olor for

v

4

from L

4

arbitrarily, and remove this 
olor from the lists of the

remaining four verti
es. The graph G

00

n fv

4

g is a 4-
y
le. Sin
e it

is 2-
hoosable, the remaining verti
es of G

00


an be 
olored from the

assigned lists.

4.2 Initial 
harge and the �rst dis
harging phase

We assign initial 
harge to the verti
es and the fa
es of a graph in the same

way as in Se
tion 3.2. In parti
ular, the sum of initial 
harges is negative
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by Proposition 9. Let " = 1=588. The goal of the �rst phase is that ea
h 2-

vertex re
eives 2" units of 
harge and the amount of 
harge of other verti
es

and fa
es is not de
reased too mu
h.

If u is a 2-vertex, an edge e = uv is void if either d(v) 2 f2; 4; 5; 6g, or v

is a 3-vertex and all its neighbors are small. Intuitively, the void edges are

those through whi
h it may be impossible to send any 
harge to u.

In order to simplify the analysis of �nal 
harge of big verti
es, we send all


harge transfered from a big vertex through the edges in
ident to it. Ea
h

rule that deals with big verti
es spe
i�es through whi
h edge the 
harge is

(
onsidered to be) sent. The value of " and the bound on the degree of big

verti
es was 
hosen in su
h a way that a big vertex is able to send 1 � "

units of 
harge through ea
h edge in
ident to it, and its �nal 
harge is still

non-negative.

If v is a big vertex, we 
all an edge uv red if one of the following 
onditions

holds:

� the vertex u is a 2-vertex, e 6= uv is the other edge in
ident to u, and

e is void, or

� the vertex u is a 3-vertex, x

1

and x

2

are the neighbors of u distin
t

from v, both x

1

and x

2

are 2-verti
es, and all the neighbors of x

1

and

x

2

are small.

The edges in
ident to big verti
es whi
h are not red are 
alled green.

Intuitively, the green edges are those through whi
h the big vertex does not

need to send \too mu
h" 
harge and the red ones are those through whi
h

almost one unit of 
harge has to be sent.

In order to simplify the des
ription of the rules, we de�ne the following

operation: if f is a 6-fa
e and F is the set 
ontaining f and all the 6-fa
es

sharing an edge with f , a 6-fa
e f is boosted from a vertex or fa
e z when

3" units of 
harge are transferred from z to ea
h fa
e of F . Note that the


harge of z de
reases by at most 21".

The dis
harging rules of the �rst phase are the following:

F1 Ea
h (� 7)-fa
e boosts all the 6-fa
es sharing an edge with it.

F2 If v is a big vertex, e is a green edge in
ident to it and f is a 6-fa
e

in
ident to e, then the vertex v boosts f . The 
harge is sent through

the edge e.
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F3 If v is a small vertex of degree at least 4, then it boosts all the in
ident

6-fa
es.

F4 If v is a 2-vertex and f is a fa
e in
ident to v, then f sends " units of


harge to v.

Note that no 
harge is sent through a red edge in the �rst phase. We

now analyze the amounts of 
harge after the �rst phase:

Lemma 21. Let G be a D-minimal graph. After the �rst phase of dis
harg-

ing, the following 
laims hold:

1. at most 1=8 units of 
harge was sent through ea
h green edge,

2. the 
harge of a small vertex of degree d � 4 has de
reased by at most

d=16,

3. the 
harge of ea
h 2-vertex is 2"� 1, and

4. the 
harge of ea
h fa
e is non-negative.

Proof. We prove ea
h 
laim separately:

1. Charge is sent through green edges only by Rule F2. Ea
h green edge

e is in
ident to at most two 6-fa
es and thus the total amount of 
harge

sent through e is at most 42" � 1=8.

2. Charge is sent from small verti
es only by Rule F3. A d-vertex is

in
ident to at most d 6-fa
es. Therefore, the total amount of sent


harge is at most 21"d � d=16.

3. Ea
h 2-vertex re
eives " units of 
harge from both the in
ident fa
es

by Rule F4. Therefore, its 
harge be
omes 2"� 1.

4. Charge is sent from fa
es by Rules F1 and F4. A d-fa
e f shares an

edge with at most d 6-fa
es. Therefore, the total amount of 
harge

sent from f by Rule F1 is at most 21"d. Sin
e at most d 2-verti
es

are in
ident to f , at most "d units of 
harge are sent by Rule F4. In

total, at most 22"d units of 
harge are sent from f .

The 
harge of a d-fa
e with d � 7 after the �rst phase is at least

d

2

� 3� 22"d =

�

1

2

� 22"

�

d� 3 �

3

7

d� 3 � 0:
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Hen
e, if f is a (� 7)-fa
e, its �nal 
harge is non-negative.

It remains to 
onsider the 
ase when f is a 6-fa
e. Let k be the

number of 2-verti
es in
ident to f . Observe that k does not ex
eed

3: otherwise f 
ontains at least four 2-verti
es and it thus 
ontains

either a 3-thread or two verti
es 
onne
ted by two 2-threads. Both


on�gurations are redu
ible by Lemma 20.

Initial 
harge of f is zero and f sends out 
harge of k" by Rule F4.

If k = 0, the �nal 
harge of f is non-negative. Assume that k > 0.

It is suÆ
ient to prove that f re
eives at least 3" units of 
harge by

Rules F1, F2 and F3. We show that f or one of the 6-fa
es in
ident

to f is boosted during the �rst phase.

If f shares an edge with a (� 7)-fa
e, f is in
ident to a small vertex

of degree at least 4, or f is in
ident to a green edge, then f itself

is boosted. Therefore, we may assume that no edge in
ident to f is

green, all the verti
es in
ident to f are either big or have degree 2 or

3, and all the fa
es sharing an edge with f are 6-fa
es.

Let v

1

; : : : ; v

6

be the verti
es of f in a 
y
li
 order around the fa
e.

Suppose �rst that f is in
ident to at least two big verti
es. Assume

that v

1

is a big vertex. The se
ond big vertex of f is v

4

: otherwise,

the two big verti
es are either f -neighbors or share an f -neighbor and

at least one of the edges of f is green. If all the f -neighbors of v

1

and

v

4

were 2-verti
es, then v

1

and v

4

would be joined by two 2-threads,

whi
h is impossible by Lemma 20. Therefore at least one of the big

verti
es is adja
ent to a 3-vertex. Assume that v

2

is a 3-vertex. But

sin
e v

4

is big, the edge v

1

v

2

is green regardless of the degree of v

3

.

Therefore, the fa
e f is boosted.

If f is in
ident to no big vertex, then no two 2-verti
es of f are adja
ent

by Lemma 20(1). Assume that v

2

is a 2-vertex. Therefore, v

1

and

v

3

are 3-verti
es. Let x

1

and x

3

be the neighbors of v

1

and v

3

not

in
ident to f . Sin
e v

6

and v

4

are small, both x

1

and x

3

are big by

Lemma 20(3). Let f

0

be the 6-fa
e in
ident to v

2

distin
t from f .

Note that both x

1

and x

3

belong to the 6-fa
e f

0

and share a 
ommon

f

0

-neighbor. Hen
e, at least one of the edges in
ident to f

0

is green.

Consequently, f

0

is boosted and f re
eives the 
harge of 3" units.

It remains to 
onsider the 
ase when f 
ontains exa
tly one big vertex,

say v

1

. If v

4

were a 2-vertex, we 
ould use a similar argument as in

the previous paragraph to show that the other fa
e in
ident to v

4

is
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boosted. Therefore, we 
an assume that v

4

is a 3-vertex. In addition,

either v

2

or v

3

is a 2-vertex, sin
e the edge v

1

v

2

is not green.

First suppose that v

2

is a 2-vertex. Hen
e v

3

is a 3-vertex. Let x

3

and

x

4

be the neighbors of v

3

and v

4

not in
ident to f . If x

3

is big, then

the edge v

1

v

2

is green. And, if x

4

is big, then the edge x

4

v

4

is green.

In both the 
ases, f re
eives the required 
harge. If both x

3

and x

4

are small, the 
on�guration is redu
ible by Lemma 20(4). The 
ase

that v

6

is a 2-vertex is symmetri
al.

Suppose now that both v

2

and v

6

are 3-verti
es and v

3

is a 2-vertex.

We may assume that the neighbors of v

2

and v

6

(in
luding v

5

) distin
t

from v

1

are 2-verti
es: otherwise, one of the edges v

1

v

2

and v

1

v

6

would

be green. Let x

2

, x

4

and x

6

be the verti
es adja
ent to v

2

, v

4

and v

6

and not in
ident to f . By Lemma 20(3), the vertex x

4

is big. Let f

3

and f

5

be the fa
es in
ident to v

3

and v

5

and distin
t from f . Let

y

5

be the remaining vertex of f

5

distin
t from x

6

, x

4

, v

4

, v

5

and v

6

.

Let y

3

be the remaining vertex of f

3

distin
t from x

2

, x

4

, v

2

, v

3

and

v

4

. The degrees of both y

3

and y

5

must be 3: they 
annot be two

by Lemma 20(1) and if one of them were greater than 3, then one of

the edges y

3

x

4

and y

5

x

4

would be green and f would re
eive 
harge

be
ause of boosting from f

3

or f

5

. Let z

3

and z

5

be the neighbors

of y

3

and y

5

distin
t from x

6

, x

4

and x

2

. Both z

3

and z

5

must be

2-verti
es and all their neighbors must be small, sin
e otherwise one

of edges y

3

x

4

or y

5

x

4

is green. However, the resulting 
on�guration is

redu
ible by Lemma 20(5). This �nishes the proof of the 
laim.

4.3 The se
ond phase of dis
harging

In this phase we redistribute the 
harge so that the �nal 
harge of all verti
es

is non-negative. The following rules are used during this phase:

S1 If v is a big vertex adja
ent to a 2-vertex u, then v sends 1� " units of


harge to u if uv is red and it sends 3=4 units of 
harge to u if uv is

green. The 
harge is sent through the edge uv.

S2 If v is a big vertex adja
ent to a 3-vertex u and the edge uv is red, then

v sends (1� ")=2 units of 
harge to both the 2-verti
es adja
ent to u.

The 
harge is sent through the edge uv.
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S3 Suppose that v is a big vertex adja
ent to a 3-vertex u, the edge uv is

green, and x is a 2-vertex adja
ent to u. If x has a big neighbor, then

v sends 
harge of 1=4 to x. Otherwise, v sends 
harge of 1=2 to x.

The 
harge is sent through the edge uv.

S4 If v is a big vertex adja
ent to a d-vertex u, 4 � d � 6, then the vertex

v sends 3=4 units of 
harge to u. The 
harge is sent through the edge

uv.

S5 If v is a d-vertex, 4 � d � 6, adja
ent to a 2-vertex u, and if v has at

least one big neighbor, then v sends 1=2 units of 
harge to u.

S6 If v is a small vertex of degree d > 6 adja
ent to a 2-vertex u, then v

sends 1=2 units of 
harge to u.

We now analyze the amounts of 
harge sent during the se
ond phase:

Lemma 22. Let G be a D-minimal graph. The following 
laims hold:

1. at most 3=4 units of 
harge was sent through ea
h green edge during

the se
ond phase,

2. at most 1 � " units of 
harge was sent through ea
h red edge during

the se
ond phase, and

3. the 
harge of ea
h vertex is non-negative after performing the �rst and

the se
ond phase.

Proof. We prove ea
h 
laim separately:

1. At most one of Rules S1, S3 and S4 applies to ea
h green edge. At

most 3=4 units of 
harge is sent through su
h an edge by any of the

rules. The only 
ase in whi
h this is not obvious is the 
ase of Rule S3.

However, there 
an be at most one vertex x without a big neighbor

that satis�es the assumptions of the rule: otherwise the edge uv is

red.

2. At most one of Rules S1 and S2 applies to ea
h red edge and the


harge sent through su
h an edge is exa
tly 1� " by any of the rules.

3. Let v be a d-vertex of G. We 
onsider several 
ases regarding the

degree of the vertex v:
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d = 2: Let x and y be the neighbors of v. It suÆ
es to show that v

re
eived at least 1 � " units of 
harge during the se
ond phase

be
ause 
harge of v was at least 2" after the �rst phase by

Lemma 21.

Suppose �rst that x is big. If the edge vy is void, then the edge

xv is red and v re
eived 
harge of 1 � " from x by Rule S1.

Assume that the edge vy is not void and that the edge xv is

green. Consequently, v re
eived 3=4 units of 
harge by Rule S1.

Additionally, sin
e vy is not void, then either y is a 3-vertex and

has a big neighbor w, or y is a (� 7)-vertex. In the former 
ase,

v re
eives 1=4 units of 
harge from w by Rule S3. In the latter


ase, y sends 1=2 units of 
harge to v by Rules S1 or S6. In both

the 
ases, the total 
harge re
eived by v is at least 1.

The �nal 
ase is that both x and y are small. By Lemma 20(1),

neither x nor y has degree 2. We show that v re
eives at least

(1 � ")=2 units of 
harge through x. Note that by symmetry v

also re
eives at least (1 � ")=2 units of 
harge through y, i.e.,

v re
eives 1 � " units of 
harge in total. Let d

0

be the degree

of x. If 3 � d

0

� 6, at least one neighbor of x must be big by

Lemma 20(3). Consequently, v re
eives at least (1� ")=2 by one

of Rules S2, S3 and S5. If d

0

� 7, then v re
eives 1=2 from x by

Rule S6.

d = 3: None of the dis
harging rules 
hanges the 
harge of a vertex of

degree three. Therefore, the �nal 
harge of v is zero.

4 � d � 6: The d-vertex v sent 
harge of at most d=16 units during

the �rst phase by Lemma 21(2). If v is not adja
ent to a big

vertex, then it does not send anything during the se
ond phase.

Otherwise, it sends at most (d� 1)=2 units of 
harge by Rule S5

and re
eives 
harge of at least 3=4 units by Rule S4. Therefore,

the �nal 
harge of v is

d� 3�

d

16

�

d� 1

2

+

3

4

=

7d

16

�

7

4

� 0:

d � 6 and v is small: The vertex v sends at most d=16 units of


harge during the �rst phase by Lemma 21(2) and at most d=2

units of 
harge during the se
ond phase by Rule S6. Therefore,

the �nal 
harge of v is at least

d� 3�

d

16

�

d

2

=

7d

16

� 3 > 0.
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v is big: All the 
harge sent out from the big vertex v was sent

through some of the edges in
ident to it. Charge is sent through

a red edge e only in the se
ond phase and the total amount of

su
h 
harge is at most 1� " by the previous 
laim of this lemma.

At most 1=8 units of 
harge is sent through a green edge e in

the �rst phase by Lemma 21 and at most 3=4 units in the se
ond

phase, thus in total 7=8 < 1�". Therefore, v has the �nal 
harge

of at least d�3� (1�")d = "d�3 � 0 (re
all that v is a d-vertex

with d > 1763).

4.4 Final step

We now 
ombine our 
laims from the previous subse
tions:

Theorem 23. If G is a planar graph of maximum degree � � 8821 and

girth at least six, then G has a proper L(1; 1)-labeling with span �+1, i.e.,

�(G

2

) � �+ 2.

Proof. If the statement of the theorem is false, then there exists aD-minimal

graph. Consider su
h a D-minimal graph G. Assign 
harge to the verti
es

and the fa
es of G as des
ribed in Se
tion 3.2. By Proposition 9, the sum

of all the 
harges is negative. Apply the dis
harging rules of the two phases

des
ribed in Se
tions 4.2 and 4.3. The �nal amount of 
harge of ea
h fa
e is

non-negative after the �rst phase by Lemma 21 and it is preserved during

the se
ond phase, i.e., it is non-negative after the se
ond phase. The �nal

amount of 
harge of ea
h vertex is non-negative after the se
ond phase by

Lemma 22. Therefore, the total �nal amount of 
harge is non-negative. We


on
lude that there is no D-minimal graph.

5 Con
lusion

One may ask whether the bound proven in Theorem 17 
annot be further

improved, e.g., to 2p+��3. However, the bound is tight for all 
onsidered

pairs of � and p as shown in the following proposition (though the next

proposition follows from results of [12℄, see Proposition 25, we in
lude its

short proof for the sake of 
ompleteness):
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Proposition 24. Let p and � � 2p be arbitrary integers. There exists a

tree T with maximum degree � su
h that the span of an optimal L(p; 1)-

labeling of T is 2p+�� 2.

Proof. It 
an be easily proven by indu
tion on the order of a tree that the

span of an optimal labeling of any tree with maximum degree � is at most

2p + � � 2. Therefore, it is enough to 
onstru
t a tree with no L(p; 1)-

labeling with span less than 2p+�� 2. Let us 
onsider the following tree

T : a vertex v

0

is adja
ent to � verti
es v

1

; : : : ; v

�

and ea
h of the verti
es

v

1

; : : : ; v

�

is adja
ent to �� 1 leaves. Clearly, the maximum degree of T is

�.

Assume that T has a proper L(p; 1)-labeling 
 of span at most 2p+��3.

Sin
e � � 2p, the 
olor of at least one of the verti
es v

0

; : : : ; v

�

is between

p�1 and p+��2, i.e., 
(v

i

) 2 fp�1; : : : ; p+��2g for some i. The 
olor

of ea
h neighbor of v

i

is either at most 
(v

i

)� p or at least 
(v

i

) + p. Sin
e

there are only �� 1 su
h 
olors, two of the neighbors of v

i

have the same


olor and the labeling 
 is not proper.

One may also ask whether the 
ondition � � 190 + 2p in Theorem 17


annot be further weakened. The answer is positive (we strongly believe

that Conje
ture 2 holds with M(7) � 50) but we de
ided not to try to

re�ne the dis
harging phase and the analysis in order to avoid adding more

pages to the paper. It is also natural to 
onsider L(p; q)-labelings of planar

graphs with no short 
y
les for q > 2. In su
h 
ase, the following result of

Georges and Mauro [12℄ 
omes to use:

Proposition 25. Let p and q, p � q, be two positive integers. There exists a

�

0

su
h that the span of an optimal L(p; q)-labeling of the in�nite �-regular

tree T

�

, � � �

0

, is the following:

�

p;q

(T

�

) =

(

q�+ b

p�1

q


q + p� q if b

p

q


 �

p

q

� b

p

q


+

1

2

,

q�+ 2b

p

q


q otherwise.

We now derive the following theorem on the spans of optimum L(p; q)-

labelings of planar graphs for q > 1 with large girth:

Theorem 26. Let p and q, p � q, be two positive integers. There exists

an integer �

0

su
h that the following holds for every planar graph G of

maximum degree � � �

0

and of girth at least 21:

�

p;q

(G) �

(

q�+ b

p�1

q


q + p� q if b

p

q


 �

p

q

� b

p

q


+

1

2

,

q�+ 2b

p

q


q otherwise.
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The bounds are tight for all p, q and � � �

0

.

Proof. Choose �

0

to be the maximum of �

0

from Proposition 25 and 4 �

p+q�1

q

. Let � be the optimum span of an L(p; q)-labeling of the in�nite

�-regular tree T

�

. Let G be a planar graph of the smallest order su
h that

the maximum degree of G is at most �, G 
ontains no 
y
le of length less

than 21 and �

p;q

(G) > �. Clearly, G is 
onne
ted. Moreover, G 
ontains a


y
le (any tree of maximum degree at most � is a subgraph of T

�

and thus

it has an L(p; q)-labeling of span at most �). Keep now removing verti
es

of degree one from G until there is no su
h vertex. Let G

0

be the obtained

(non-empty) subgraph of G.

Sin
e G

0

is a planar graph of minimum degree two with girth at least 21,

it 
ontains a 4-thread. Let the 4-thread be 
omprised of verti
es v

1

, v

2

, v

3

and v

4

. By our assumption, the graph G n fv

2

; v

3

g has an L(p; q)-labeling 


of span at most �. The labeling 
 
an be extended to v

2

and v

3

: there are

at most 2p�1 
olors forbidden for v

2

be
ause of the 
olor assigned to v

1

and

2q�1 
olors forbidden be
ause of the other neighbor of v

1

, and 2q�1 
olors

be
ause of the vertex v

4

. In total, there are at most 2p+ 4q � 3 forbidden


olors for v

2

. Similarly, there are at most 2p + 4q � 3 forbidden 
olors for

v

3

. Hen
e, there are at least �+1� (2p+4q�3) > q�

0

� (2p+4q�3) � 2p

available 
olors for ea
h of v

2

and v

3

. Consequently, the verti
es v

2

and v

3


an be assigned 
olors that di�er by at least p and the labeling 
 
an be

extended to v.

We now show that the bound from the statement is tight. By the 
om-

pa
tness prin
iple and Proposition 25, there exists a �nite tree T of maxi-

mum degree � with �

p;q

(T ) = �. Therefore, the bounds from the statement

of the theorem 
annot be improved.

Note that Theorem 26 holds for any minor-
losed 
lass of graphs. We

think that the assumption on the girth from Theorem 26 
an be weakened

to seven:

Problem 1. Is it true that for every positive integers p and q, p � q, there

exists an integer �

0

su
h the following holds for every planar graph G of

maximum degree � � �

0

and of girth at least seven:

�

p;q

(G) �

(

q�+ b

p�1

q


q + p� q if b

p

q


 �

p

q

� b

p

q


+

1

2

,

q�+ 2b

p

q


q otherwise.

In this paper, we have settled Conje
ture 2. However, it remains open

whether the following weakened version of it is true:
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Problem 2. Is it true that there exists an integer M su
h that the square

of every planar graph G with maximum degree � � M and girth at least 5

is (� + 2)-
olorable?
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