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Abstra
t

If � is a 
y
li
 order of the verti
es of a graph G, the number

h(�) is de�ned to be the sum of the distan
es between 
onse
utive

verti
es of G in �. For a graph G, the hamiltonian spe
trum H(G)

is the set of all numbers h(�). The hamiltonian number h(G) of G is

the minimum number 
ontained in H(G) and the upper hamiltonian

number h

+

(G) is the maximum number 
ontained in H(G). We de-

termine hamiltonian spe
tra of 
y
les. We also show that the upper

hamiltonian number of a graph G of order n and diameter d is at

least n+ dd

2

=2e � 1. The bound is tight for all pairs n and d.

1 Introdu
tion

A Hamilton 
y
le is a 
y
le of a graph that 
ontains all the verti
es. A

graph is 
alled hamiltonian if it 
ontains a Hamilton 
y
le. Hamilton 
y
les
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as well as ne
essary and suÆ
ient 
onditions for their existen
e form an

important part of graph theory (see [4, 5, 8, 12℄). A Hamilton walk is a


losed walk that 
ontains all the verti
es of G. Not all graphs 
ontain a

Hamilton 
y
le, however, every 
onne
ted graph has a Hamilton walk. It is


lear that the shortest Hamilton walk has length at least jV (G)j and at most

2jV (G)j � 2, and G has a Hamilton walk of length jV (G)j if and only if G

is Hamiltonian. The hamiltonian number of G, de�ned as the length of the

shortest Hamilton walk of G, measures how 
lose (far) a graph is to having a

Hamilton 
y
le. The notion of hamiltonian numbers was introdu
ed [9, 10℄,

and has been studied in [1, 2, 3, 11℄.

The hamiltonian numbers 
an also be de�ned using 
y
li
 orders. A


y
li
 order of the verti
es of a graph G is a fun
tion � : f1; : : : ; jV (G)jg !

V (G). If �

�1

(v) = �

�1

(w)+1 (the equality is modulo jV (G)j), then v is the

su

essor of w and w is the prede
essor of v. Two 
y
li
 orders are the same

if they di�er only by a rotation and/or a re
e
tion, For a 
y
li
 order �, one

may de�ne a 
orresponding Hamilton walk C

�

in G as the union of shortest

paths between the verti
es 
onse
utive in �. Note that there might be

more Hamilton walks C

�


orresponding to �, but all of them have the same

length. This length is denoted h(�), i.e., h(�) =

P

n

i=1

d

G

(�(i); �(i + 1)).

The hamiltonian number of a graph G is then equal to the minimum h(�)

taken over all the 
y
li
 orders on the verti
es of G

The problem of determining numbers h(�) for all 
y
li
 orders � of the

verti
es of a graph G has also been studied. The maximum h(�) is 
alled

the upper hamiltonian number of G and the set H(G) of all the numbers

h(�) is 
alled the hamiltonian spe
trum of G. It was proved in [6, 7℄ that the

upper hamiltonian number of a path P

n

is bn

2

=2
 and that of an odd 
y
le

C

2k+1

is 2k

2

+ k. In the 
ase of even 
y
les, Chartrand et al. [7, Conje
ture

4.3℄ 
onje
tured that h

+

(C

2k

) = 2k

2

� 2k + 2. In this paper, we prove this


onje
ture. Moreover, we determine the hamiltonian spe
tra of 
y
les of all

lengths.

Lower bounds on the upper hamiltonian numbers in terms of the order

and the diameter of a graph was dis
ussed in [6℄. It was proved there that

if G is a graph of order n and diameter d, then the following holds:

h

+

(G) �

8

<

:

n+ d� 1 if d = 1 or d = 2,

n+ d+ 1 if d = 3,

n+

�

d

2

�

+ 1 otherwise.

Chartrand et. al. [6℄ expe
ted the bound not to be tight for d � 4. Indeed,

the bound 
an be improved. In Se
tion 5, we show that h

+

(G) � n +

2



dd

2

=2e � 1. Our bound is tight for all pairs of n and d.

Let us remark that determining the upper hamiltonian number of a

graph is an NP-hard problem: for a graph G of order n, 
onsider the graph

G

0

obtained from the 
omplement of G by adding a new vertex v and joining

v to all the verti
es of G. It is easy to see that h

+

(G

0

) = 2(n� 1) + 2 if G

has a Hamilton path, and h

+

(G

0

) < 2(n� 1) + 2, otherwise.

2 Upper Hamiltonian Numbers of Even Cy-


les

In this se
tion, we study the upper hamiltonian numbers of even 
y
les and

settle Conje
ture 4.3 posed in [7℄.

Theorem 1. The upper hamiltonian number of the 
y
le C

2k

, k � 2, is

2k

2

� 2k + 2.

Proof. Chartrand et. al. [7℄ showed that h

+

(C

2k

) � 2k

2

� 2k+2. We fo
us

on proving that the bound is tight. The proof pro
eeds by indu
tion on k.

If k = 2, it 
an be easily veri�ed that h

+

(C

4

) = 6. Let us assume that k > 2

in the rest. We show that h(�) � 2k

2

� 2k+2 for ea
h 
y
li
 order � of the

verti
es of C

2k

. The statement of the theorem then follows.

Let v

1

; : : : ; v

2k

be the verti
es of C

2k

in the order along the 
y
le. If the

following holds

d(�(i); �(i+ 1)) + d(�(i+ 1); �(i+ 2)) � 2k � 2 (1)

for every i = 1; : : : ; 2k (indi
es are modulo 2k where appropriate), then

summing up (1) over all i = 1; : : : ; 2k yields:

2h(�) =

2k

X

i=1

(d(�(i); �(i+ 1)) + d(�(i+ 1); �(i+ 2))) � 2k(2k � 2).

The bound on h(�) follows.

Thus we assume that the inequality (1) does not hold for some i. By

symmetry, we 
an assume that it does not hold for i = 1 and that �(1) =

v

1

, �(2) = v

k+1

and �(3) = v

2

. In parti
ular, d(�(1); �(2)) = k and

d(�(2); �(3)) = k � 1. Let C

0

be the 
y
le obtained from C

2k

by delet-

ing v

1

and v

k+1

and by adding edges v

2k

v

2

and v

k

v

k+2

. Clearly, C

0

is

a 
y
le of length 2(k � 1). Consider the 
y
li
 order �

0

(i) = �(i + 2),

3



i = 1; : : : ; 2k � 2, of the verti
es of C

0

. By the indu
tion hypothesis,

h(�

0

) � 2(k � 1)

2

� 2(k � 1) + 2 = 2k

2

� 6k + 6.

In the rest, the verti
es v

2

; v

3

; : : : ; v

k

are 
alled red and the verti
es

v

k+2

; : : : ; v

2k

blue. The verti
es v

1

and v

k+1

do not have any 
olor. It is

easy to see that the distan
e between verti
es of di�erent 
olors in C

2k

is

the distan
e between them in C

0

in
reased by one. The distan
es in C

2k

and

C

0

between the pairs of verti
es of the same 
olor are the same. Hen
e, the

number h(�) is equal to h(�

0

) in
reased by 2k � 1 (be
ause of the missing

terms d(�(1); �(2)) and d(�(2); �(3)) in the sum), in
reased by the number

of red-blue pairs of 
onse
utive verti
es in the sequen
e �(3); : : : ; �(2k) and

in
reased by one if �(2k) is red. The last adjustment 
orresponds to the

di�eren
e of d(�(2k); �(1)) in C

2k

and d(�

0

(2k� 2); �

0

(1)) in C

0

. There are

at most 2k� 3 red-blue pairs of 
onse
utive verti
es in �(3); : : : ; �(2k) and

if there are 2k � 3 su
h pairs, then sin
e �(3) = v

2

is red, �(2k) must be

blue. Therefore,

h(�) � h(�

0

) + 2k � 1 + 2k � 3 � 2k

2

� 6k + 6 + 4k � 4 = 2k

2

� 2k + 2.

We 
ombine Theorem 1 with the results from [7℄ on the upper hamil-

tonian numbers of odd 
y
les to obtain a 
omplete 
hara
terization of the

upper hamiltonian numbers of 
y
les:

Corollary 2. The following equality for the upper hamiltonian number of


y
les C

n

, n � 3, holds:

h

+

(C

n

) =

�

n

2

=2� n+ 2 if n is even,

n

2

=2� n=2 otherwise.

3 Hamiltonian Spe
tra of Even Cy
les

In this se
tion, we determine the hamiltonian spe
tra of even 
y
les. For


onvenien
e, in this and the next se
tions, the verti
es of the 
y
le C

n

are

always denoted by v

1

; v

2

; � � � ; v

n

. We introdu
e several de�nitions related to


y
li
 orders. If � is a 
y
li
 order of the verti
es of C

n

, then �(i)�1 denotes

the vertex v

j

su
h that v

j�1

= �(i). The (a; b)-reversion of �, a < b, is the

following 
y
li
 order �[a; b℄:

�[a; b℄(i) =

�

�(a+ b� i) if a � i � b,

�(i) otherwise.

4



If a > b, then the (a; b)-reversion of � is the following 
y
li
 order �[a; b℄

(numbers taken modulo the length n of the 
y
le C

n

where appropriate):

�[a; b℄(i) =

�

�(i) if b < i < a,

�(b+ a� i) otherwise.

Informally, the reversion �[a; b℄ is obtained by reversing the subsequen
e

between the a-th and the b-th element in the 
y
li
 order. An (a; b)-reversion

is said to be simple if �(a) and �(b) are joined by an edge in C

n

. We state

as a proposition the fa
t that every two 
y
li
 orders 
an be obtained from

ea
h other by a sequen
e of simple reversions:

Proposition 3. Let � and �

0

be two 
y
li
 orders. There exists a series of

simple reversions on � su
h that the �nal 
y
li
 order is the same as �

0

.

Proposition 3 
an be veri�ed using its analogue on transpositions of

permutations that is better known: for any two permutations � and �

0

,

there exists a series of transpositions of 
onse
utive elements that 
hanges

� to �

0

. In order to see this, note that �[a; b℄[b; a℄ di�ers from � by the

transposition of its a-th and the b-th elements and reversing its order.

Lemma 4. For any 
y
li
 order � of the verti
es of a 
y
le C and for any

1 � a < b � n, if �(a) and �(b) are neighbors, then jh(�)� h(�[a; b℄)j � 2.

Proof. By symmetry, we 
an assume �(b) = �(a) + 1. Then

h(�[a; b℄) = h(�) � d(�(a � 1); �(a))� d(�(b); �(b+ 1))

+ d(�(a � 1); �(b)) + d(�(a); �(b+ 1)) (2)

Sin
e �(b) = �(a)+1, we have jd(�(a�1); �(b))�d(�(a�1); �(a))j � 1 and

jd(�(a); �(b + 1)) � d(�(b); �(b + 1))j � 1. Therefore, jh(�) � h(�[a; b℄)j �

2.

Theorem 5. If n � 4 is an even integer, then

H(C

n

) = fn; n+ 2; : : : ; n

2

=2� n; n

2

=2� n+ 2g.

Proof. Sin
e n is even, ea
h 
losed walk of C

n

has an even length. In

parti
ular, H(C

n

) 
ontains no odd numbers. Hen
e, h(�) is even for any �.

By Lemma 4, jh(�)� h(�[a; b℄)j = 0 or 2 for any simple reversion �[a; b℄ of

�.
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Sin
e h(C

n

) = n and h

+

(C

n

) = n

2

=2�n+2, there exists 
y
li
 orders �

and �

0

of the verti
es of C

n

su
h that h(�) = n and h

+

(�) = n

2

=2�n+2. By

Proposition 3, � 
an be 
hanged to �

0

through a series of simple reversions.

At ea
h step, the value h(�) is in
reased or de
reased by at most two. Sin
e

H(C

n

) 
ontains no odd numbers, it follows that H(C

n

) 
ontains all the even

numbers between n and n

2

=2� n+ 2.

4 Hamiltonian Spe
tra of Odd Cy
les

In the 
ase of odd 
y
les, the value h(�)�h(�[a; b℄) in Lemma 4 
an be �1 or

+1. Hen
e, a more 
areful analysis is needed to determine the hamiltonian

spe
tra of odd 
y
les. We �rst establish two auxiliary lemmas.

Lemma 6. Let C

n

be a 
y
le of odd length n and � a 
y
li
 order of its

verti
es. If h(�) � 2n� 3, then h(�) is odd.

Proof. Sin
e the length of the 
y
le is odd, there is a unique shortest path

between any two of its verti
es. Let P

i

, i = 1; : : : ; n, be the shortest path

between the verti
es �(i) and �(i+1). For an edge e of C

n

, let k(e) be the

number of the paths P

i

that 
ontain the edge e.

Let us 
onsider two distin
t edges e and f of C

n

. Sin
e the edges e and f

form an edge-
ut of the 
y
le C

n

and the union of the paths P

1

; : : : ; P

n

form

a 
losed walk in C

n


overing all the verti
es, the sum of k(e) and k(f) is an

even integer that is at least 2. Therefore, either all the numbers k(e) are

even or all of them are odd. In the former 
ase, at most one of the numbers

k(e) is equal to zero and the remaining ones are at least two. However, it

must then hold that h(�) � 2n�2. Hen
e, if h(�) � 2n�3, all the numbers

k(e) must be odd. Consequently, h(�) is the sum of an odd number of odd

numbers.

Lemma 7. If C

n

is a 
y
le of odd length n, then n

2

=2� n=2� 1 62 H(C

n

).

Proof. Let n = 2k+1. Assume to the 
ontrary that h(�) = n

2

=2�n=2�1 =

k(2k+1)�1 for a 
y
li
 order � of the verti
es of C

2k+1

. Sin
e the diameter

of C

2k+1

is k, the distan
e between all the pairs of the 
onse
utive verti
es

in � ex
ept for one is k. By symmetry, we 
an assume that d(�(1); �(2)) =

� � � = d(�(2k); �(2k + 1)) = k. In addition, we 
an also assume that �(1) =

v

1

and �(2) = v

k+2

. This implies that �(3) = v

2

, �(4) = v

k+3

, �(5) = v

3

,

et
. In parti
ular, �(2k + 1) = v

k+1

and thus d(�(2k + 1); �(1)) = k.

6



Consequently, all the distan
es d(�(i); �(i + 1)) are equal to k and h(�) =

k(2k + 1).

Next, we show that all the numbers between 2n�2 and n

2

=2�n=2�2 are


ontained in the hamiltonian spe
trum of the odd 
y
le C

n

. The argument is

a little bit more 
ompli
ated. First we introdu
e some de�nitions. Suppose

� is a 
y
li
 order of the verti
es of C

n

. If the shortest path between �(i) and

�(i+1) 
ontains the vertex �(i) + 1, then we 
all the pair (�(i); �(i+1)) a

forward pair (with respe
t to �). Otherwise, the shortest path between �(i)

and �(i+1) 
ontains the vertex �(i)�1 and the pair (�(i); �(i+1)) is 
alled

a ba
kward pair. We de�ne the tra
e t(�) of � to be the ve
tor (t

1

; : : : ; t

n

)

where t

k

, k = 1; : : : ; n, is the number of indi
es i = 1; : : : ; n su
h that

d(�(i); �(i + 1)) = k. Note that h(�) =

P

n

k=1

k � t

k

. The maximum k

su
h that t

k

6= 0 is denoted by t

max

(�) and the pairs (�(i); �(i + 1)) with

d(�(i); �(i + 1)) = t

max

(�) are 
alled long pairs. The tra
es of orders 
an

be lexi
ographi
ally ordered: a tra
e t is smaller than a tra
e t

0

if t

k

< t

0

k

for the largest k su
h that t

k

6= t

0

k

.

Lemma 8. Let � be a 
y
li
 order of the verti
es of a 
y
le C

n

and let a

and b be two indi
es su
h that �(a) = �(b) � 1. The following statements

are true:

� If the pairs (�(a); �(a + 1)) and (�(b� 1); �(b)) of the verti
es of C

n

are forward and d(�(a); �(a + 1)) � 2 or d(�(b � 1); �(b)) � 2, then

h(�) � 2 2 H(C

n

).

� If the pairs (�(a � 1); �(a)) and (�(b); �(b + 1)) of the verti
es of C

n

are ba
kward and d(�(a� 1); �(a)) � 2 or d(�(b); �(b + 1)) � 2, then

h(�) � 2 2 H(C

n

).

Proof. By symmetry, it is enough to prove the �rst 
laim of the lemma

with d(�(a); �(a + 1)) � 2. Consider the 
y
li
 order �

0

= �[b; a℄. Sin
e

there are only two di�erent pairs of 
onse
utive verti
es in the 
y
li
 orders

determined by � and �

0

, the following holds:

h(�

0

) = h(�) � d(�(a); �(a + 1))� d(�(b� 1); �(b))

+ d(�

0

(a); �

0

(a+ 1)) + d(�

0

(b� 1); �

0

(b)).

However, sin
e both the pairs (�(a); �(a+1)) and (�(b�1); �(b)) are forward,

we also have that:

d(�

0

(a); �

0

(a+ 1)) = d(�(b); �(a + 1)) = d(�(a); �(a + 1))� 1 and

d(�

0

(b� 1); �

0

(b)) = d(�(b� 1); �(a)) = d(�(b� 1); �(b))� 1 .

7



Therefore, h(�

0

) = h(�)� 2 and h(�)� 2 2 H(C

n

).

Lemma 9. Let � be a 
y
li
 order of the verti
es of C

n

whose tra
e t(�) is

lexi
ographi
ally minimal among all the 
y
li
 orders �

0

with h(�

0

) = h(�).

Assume that the pair (�(a); �(a + 1)) is forward and d(�(a); �(a + 1)) � 2.

Let b and b

0

be two indi
es su
h that �(b) = �(a)+1 and �(b

0

) = �(a+1)�1.

If h(�)� 2 62 H(C

n

), then the following holds:

d(�(b � 1); �(b)) � d(�(a); �(a + 1))� 1 and

d(�(b

0

); �(b

0

+ 1)) � d(�(a); �(a + 1))� 1 .

An analogous statement holds if the pair (�(a); �(a + 1)) is ba
kward.

Proof. We fo
us on proving the �rst inequality. The other one 
an be proven

in a similar way. By Lemma 8, the pair (�(b�1); �(b)) is ba
kward. Suppose

that d(�(b � 1); �(b)) � d(�(a); �(a + 1)) � 2. Let �

0

= �[b; a℄. The pairs

(�(b�1); �(b)) and (�(a); �(a+1)) are the only pairs of 
onse
utive verti
es

in the 
y
li
 order that are a�e
ted by the reversion. The former is 
hanged

to the 
onse
utive pair (�(a + 1); �(b)) in �

0

, whose distan
e is in
reased

by 1; the latter is 
hanged to the 
onse
utive pair (�(a); �(b � 1)), whose

distan
e is de
reased by 1. As d(�(b� 1); �(b)) � d(�(a); �(a + 1))� 2, we


on
lude that h(�) = h(�

0

) but t(�

0

) is lexi
ographi
ally smaller than t(�).

This 
ontradi
ts our assumption that t(�) is lexi
ographi
ally minimal.

We now prove the key lemma on our way to determine the hamiltonian

spe
tra of odd 
y
les.

Lemma 10. Let n be an odd integer. If ` 2 H(C

n

) and ` � 2n, then

`� 2 2 H(C

n

).

Proof. Let � be a lexi
ographi
ally minimal 
y
li
 order among all 
y
li


orders �

0

of the verti
es of C

n

with h(�) = h(�

0

) = `. If t

max

(�) � 2, then

h(�) � 2n and h(�) = 2n by the assumption of the lemma. Consequently,

d(�(i); �(i + 1)) = 2 for every i = 1; : : : ; n, all the pairs (�(i); �(i + 1)) are

either forward or ba
kward, and ` � 2 2 H(C

n

) by Lemma 8. Hen
e, we


an assume in the rest that t

max

(�) � 3.

We say that a pair (�(i); �(i+ 1)) of verti
es of C

n

is strongly long if it

is long and in addition the following holds:

� the pair (�(i); �(i+1)) is forward, and both the pairs (�(i

0

�1); �(i

0

))

and (�(i

00

); �(i

00

+ 1)) are long where i

0

and i

00

are su
h indi
es that

�(i

0

) = �(i) + 1 and �(i

00

) = �(i+ 1)� 1, or

8



� the pair (�(i); �(i+1)) is ba
kward, and both the pairs (�(i

0

�1); �(i

0

))

and (�(i

00

); �(i

00

+ 1)) are long where i

0

and i

00

are su
h indi
es that

�(i

0

) = �(i)� 1 and �(i

00

) = �(i+ 1) + 1.

If every long pair is strongly long, then all the pairs are long: if the forward

pair (v

1

; v

t

max

(�)+1

) is strongly long, then the pair (�(�

�1

(v

2

) � 1); v

2

) is

ba
kward by Lemma 8 and it is long (the pair (v

1

; v

t

max

(�)+1

) is strongly

long). Hen
e, it must hold that �(�

�1

(v

2

)�1) = v

t

max

(�)+2

. Sin
e this pair

is long, it is also strongly long by our assumption. Similarly, one 
an infer

that the pair (v

3

; v

t

max

(�)+3

) is forward, long and thus strongly long. The

pair (v

t

max

(�)+4

; v

4

) is ba
kward and strongly long, et
. After going on
e

along the 
y
le, we 
on
lude that the pair (v

t

max

(�)+1

; v

1

) is ba
kward that


ontradi
ts our original assumption that it is forward. We 
on
lude that

there must exist a pair that is long but not strongly long.

Without loss of generality, we assume that �(1) = v

1

, �(2) = v

t

max

(�)+1

,

and the pair (v

1

; v

t

max

(�)+1

) is forward and long but not strongly long. By

symmetry, we assume that for i su
h that �(i) = v

2

, the pair (�(i�1); �(i))

is not long. By Lemma 9, d(�(i � 1); �(i)) = t

max

(�) � 1 � 2. Sin
e the

pair (�(i� 1); �(i)) is ba
kward by Lemma 8, it must hold that �(i� 1) =

t

max

(�) + 1 and thus i = 3.

Let s be the largest integer su
h that the following is true: if i = 2q � s,

then �(i) = v

t

max

(�)+2�q

, and if i = 2q + 1 � s, then �(i) = v

q

. By our

assumption, s � 3. Observe that d(�(i); �(i + 1)) = t

max

(�) + 1 � i for

every i = 1; : : : ; s � 1. We now distinguish two 
ases. The �rst 
ase is

that s = t

max

(�) + 1 � 4. In this 
ase, it is straightforward to verify that

h(�[s� 2; s� 1℄) = h(�)� 2 and the lemma readily follows.

The other 
ase is that s � t

max

(�). Note that it holds that d(�(s �

1); �(s)) � 2. Assume that the pair (�(s� 1); �(s)) is ba
kward (the other


ase is symmetri
). By our assumptions, the pair (�(s � 2); �(s � 1)) is

forward.

Let i

1

be the index su
h that �(i

1

) = �(s � 1) � 1. By Lemma 8, the

pair (�(i

1

� 1); �(i

1

)) is forward and the pair (�(i

1

); �(i

1

+1)) is ba
kward.

By Lemma 9,

d(�(i

1

� 1); �(i

1

)) � d(�(s� 1); �(s)) � 1 .

However, if d(�(i

1

� 1); �(i

1

)) = d(�(s� 1); �(s))� 1, then �(s) = �(i

1

� 1)

that is impossible by our 
hoi
e of s. Therefore,

d(�(i

1

� 1); �(i

1

)) � d(�(s� 1); �(s)) = d(�(i

1

); �(s� 2)) � 2 .

9



On the other hand, by Lemma 9, it also holds the following:

d(�(i

1

); �(i

1

+ 1)) � d(�(s� 2); �(s� 1))� 1 = d(�(i

1

); �(s� 2)) � 2 .

Let i

2

be the index su
h that �(i

2

) = �(i

1

) � 1 = �(s � 1) � 2. By

Lemma 8, the pair (�(i

2

�1); �(i

2

)) is forward and the pair (�(i

2

); �(i

2

+1))

is ba
kward. Similarly as above, one 
an infer the following from Lemma 9:

d(�(i

2

� 1); �(i

2

)) � d(�(i

1

); �(i

1

+ 1))� 1 � d(�(i

2

); �(s� 2)) � 2 and

d(�(i

2

); �(i

2

+ 1)) � d(�(i

1

� 1); �(i

1

))� 1 � d(�(i

2

); �(s� 2)) � 2 .

Choose now i

3

= �(i

2

)�2 = �(s�1)�3 and repeat the argument. Continue

until i

k

= �(s)+1. However, both the pairs (�(s�1); �(s)) and (�(i

k

); �(i

k

+

1)) are ba
kward and d(�(i

k

); �(i

k

+ 1)) � 2. Then, ` � 2 2 H(C

n

) by

Lemma 8.

An almost immediate 
onsequen
e of the previous lemma is the follow-

ing:

Lemma 11. For every k � 1, the hamiltonian spe
trum of C

2k+1


ontains

all the integers between 4k and k(2k + 1)� 2.

Proof. Consider the following 
y
li
 order � of the verti
es of C

2k+1

:

�(i) =

8

>

>

>

>

<

>

>

>

>

:

v

2k�1

if i = 2,

v

k�2

if i = 3,

v

2k

if i = 4,

v

k�1

if i = 5, and

v

ik mod (2k+1)

otherwise.

It is straightforward to verify that h(�) = k(2k + 1) � 3. In parti
ular,

k(2k + 1) � 3 2 H(C

2k+1

). Sin
e h

+

(C

2k+1

) = k(2k + 1), we have also

that k(2k + 1) 2 H(C

2k+1

). The statement of the lemma now follows from

Lemma 10.

We are now ready to �nish the 
ase of odd 
y
les:

Theorem 12. If n � 3 is odd, then the following holds:

H(C

n

) = fn; n+ 2; : : : ; 2n� 5; 2n� 3g [

f2n� 2; 2n� 1; : : : ; n

2

=2� n=2� 2g [

fn

2

=2� n=2g.
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G

7;5

u v

G

6;2

u v

G

6;3

u v

Figure 1: Examples of graphs G

n;d

.

Proof. By Lemma 6, all the numbers 
ontained in H(C

n

) that are smaller

or equal to 2n � 3 are odd. Sin
e a single simple reversion 
hanges the

number h(�) of a 
y
li
 order by at most two (by Lemma 4), H(C

n

) 
ontains

all odd numbers between n and 2n � 3. By Lemma 11, H(C

n

) 
ontains

all the numbers between 2n � 2 and n

2

=2 � n=2 � 2. It also holds that

n

2

=2� n=2� 1 62 H(C

n

) by Lemma 7, and h

+

(C

n

) = n

2

=2� n=2 2 H(C

n

).

Therefore the hamiltonian spe
trum of C

n

is of the form des
ribed in the

statement of the theorem.

5 Upper Hamiltonian Number and Diameter

of a Graph

Suppose d � 2 and n � d + 1. Let G

n;d

be the graph obtained from a


omplete graph of order n � d + 2 by removing an edge uv, adding a path


omprised of bd=2
 � 1 edges ending at the vertex u and a path 
omprised

of dd=2e � 1 edges ending at the vertex v. The graph G

n;d

has order n and

diameter d. Examples of graphs G

n;d

for small values of n and d 
an be

found in Figure 1.

Lemma 13. The upper hamiltonian number of G

n;d

, n � d+1 and d � 2,

is at most n+ dd

2

=2e � 1.

Proof. Fix the integers n and d. Let u

0

be the other end of the path ending

at the vertex u. Consider a 
y
li
 order � of the verti
es of G

n;d

and let P

i

be a shortest path between the i-th and (i+1)-th vertex with respe
t to the

order �. Let us de�ne k(E) for a set E of edges of G

n;d

to be the number of

edges of E 
ontained in the paths P

1

; : : : ; P

n

(
ounting multipli
ities). Let

V

i

, i = 0; : : : ; d, be the set of the verti
es of G

n;d

whose distan
e from u is i,

11



let E

i

, i = 1; : : : ; d, be the edges between the verti
es V

i�1

and V

i

, and let

F be the edges of the 
lique indu
ed by V

bd=2


. Sin
e the sets E

1

; : : : ; E

d

and F form a de
omposition of the edge-set of G

n;d

, we have the following

equality:

h(�) = k(E

1

) + � � �+ k(E

d

) + k(F ) (3)

Next, we bound the terms in the sum (3).

Sin
e ea
h E

i

forms an edge-
ut of G

n;d

and ea
h vertex is the end-

vertex of at most two of the paths P

i

, the number k(E

i

) does not ex
eed

twi
e the order of the smaller 
omponent of G

n;d

nE

i

. Hen
e, the following

inequality holds:

k(E

i

) �

�

2i if i � bd=2
;

2d� 2i+ 2 otherwise.

(4)

Finally, we bound k(F ). The verti
es of V

bd=2


indu
e a 
lique of order n�d

in G

n;d

. An edge of F is 
ontained in a path P

i

only if the path P

i

joins

two verti
es of V

bd=2


. Sin
e the union of the paths P

i

form a 
losed walk

visiting every vertex of G

n;d

at least on
e and ea
h vertex is an end-vertex

of pre
isely two paths P

i

, the number of the paths P

i

joining two verti
es

of V

bd=2


does not ex
eed n�d�1 and thus k(F ) � n�d�1. We now plug

(4) and the upper bound on k(F ) to (3):

h(�) = k(E

1

) + � � �+ k(E

d

) + k(F )

� 2 + � � �+ 2bd=2
+ 2 + � � �+ 2dd=2e+ n� d� 1

= bd=2
(bd=2
+ 1) + dd=2e(dd=2e+ 1) + n� d� 1

= bd=2


2

+ dd=2e

2

+ n� 1 = n+ dd

2

=2e � 1 .

Sin
e the 
hoi
e of the 
y
li
 order � was arbitrary, the upper hamiltonian

number of G

n;d

does not ex
eed n+ dd

2

=2e � 1.

We are now ready to prove our lower bound on the upper hamiltonian

number of a graph in terms of its order and its diameter and show that it

is tight:

Theorem 14. If G is a 
onne
ted graph of order n and diameter d, 1 � d �

n� 1, then the upper hamiltonian number h

+

(G) is at least n+ dd

2

=2e� 1.

Moreover, for every pair n and d, 1 � d � n� 1, there exists a graph G of

order n and diameter d for whi
h the equality holds.
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Proof. The existen
e of graphs that witness the tightness of the bounds on

the upper hamiltonian number follows from Lemma 13 for d � 2. If d = 1,

the bound is attained for 
omplete graphs. We fo
us on proving the lower

bound in the rest. Consider a graph G of order n and diameter d. Let v

0

be a peripheral vertex of G, i.e., a vertex su
h that there exists a vertex at

distan
e d from v

0

in G.

Let V

i

be the set of the verti
es of G at distan
e i from the vertex v

0

for

i = 1; : : : ; d, and let v

i

be any vertex 
ontained in V

i

. Consider the following


y
li
 order � of the verti
es of G:

w

1

= v

0

; w

2

= v

d

; w

3

= v

1

; w

4

= v

d�1

; : : : ; w

d�1

= v

d=2�1

; w

d

= v

d=2+1

;

if d is even, and:

w

1

= v

0

; w

2

= v

d

; w

3

= v

1

; w

4

= v

d�1

; : : : ; w

d�1

= v

d=2+3=2

; w

d

= v

d=2�1=2

;

if d is odd. The verti
es w

d+1

; : : : ; w

n

are the verti
es of G distin
t from

w

1

; : : : ; w

d

, and they are sorted in the in
reasing order a

ording to their

distan
e from v

0

.

We now show that the number h(�) is at least n+ dd

2

=2e � 1. Observe

that if v 2 V

i

and v

0

2 V

j

, then d(v; v

0

) � i. Therefore, the following

inequality holds for all i = 1; : : : ; d� 1:

d(�(i); �(i+ 1)) = d(w

i

; w

i+1

) � d� i+ 1 (5)

Sin
e the vertex v

dd=2e

is not among the verti
es w

1

; : : : ; w

d

and the verti
es

w

d+1

; : : : ; w

n

are sorted a

ording to their distan
e from v

0

, the distan
e

between w

1

and w

n

is at least dd=2e. Sin
e the distan
e between any two

verti
es is at least one, we infer from (5) the following:

h(�) =

n

X

i=1

d(w

i

; w

i+1

)

� d+ (d� 1) + � � �+ 2 + n� d+ dd=2e

= n+ (d� 1) + � � �+ 2 + dd=2e

= n+

(d+ 1)(d� 2)

2

+ dd=2e = n+

�

d

2

2

�

� 1 .

The proof of Theorem 14 is now �nished.
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