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Abstract

Separation of convex sets is widely used in many branches
of mathematics. Often in practice input data are known only
approximately and it is advisable to deal with parameters. We
initiate a combining of these two principles — separation and
parametrization — together. Important properties (existence,
description, stability etc.) of separating hyperplanes of two con-
vex polyhedral sets depending on right-hand-side parameters, is
dealt with in this article.
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1 Introduction

For the purpose of this paper we introduce the following two kinds of sepa-
rability (cf. [9]).

Definition 1. Sets X,Y C R" are called weakly separable if XY are
nonempty and there exists a hyperplane R such that X € R—,Y C R+
holds™. Sets X,Y C R" are called strongly separable if X,Y are weakly

IR ={x|rTx=s}, then RT = {x | rTx > s}, R— = {x | r¥x < s}.



separable and dimX = dimY = n holds.

If sets X,Y C R™ are nonempty and there exists a hyperplane R with the
property X C R—,Y C R+, then R is called the separating hyperplane of
the sets X, Y.

Simply, if sets X,Y are strongly separable, then they are weakly sepa-
rable with the same system of separating hyperplanes.

In this article we deal with two families of convex polyhedral sets (A €
]Rmxn7 Cc ]Rlxn):

Mi(A) = {x € R" | Ax < A}, (1)
My(v) = {x € R" | Cx < v}, 2)

where A € R, v € R are vectors of parameters. Parametrization is in-
spired by [1, 2, 10]. The proposed combination of separation and parametriza-
tion has never been presented before, except some basic results in [7]. In
Sections 2-3 we derive basic separation properties of the families (1), (2).
We will define so called solution set and in the sequel so called stability
sets. For definition of stability sets we use the explicit description of all
separating hyperplanes of two fixed convex polyhedral sets from [3, 4, 5].
Section 5 is concerned with some special cases of families (1), (2). In the
last section we give some remarks and examples for supporting separation
of the families (1), (2).

Let us introduce some notation. Given a matrix M, the expressions
M;,., M. ; denote i-th row and j-th column of the matrix M, respectively.
Given vectors a,b € RF, the expression a < b means a; < b; Vi. For any
set X, let us denote by X, intX, dimX and convX the closer, the interior,
the dimension, and the convex hull of X', respectively.

2 Solution set

Definition 2. The solution set is the set of all (A, v) € R™*! for which
convex polyhedral sets M (A), M»(v) are strongly separable.



Let us introduce

Py ={Xe€R™ | dimM;(X\) =n},

Py ={v e R | dimMs(v) = n},
P =P x Py ={(Av) € R"" | dimM(X) = dimM(v) = n},
U={(\v)e R | intM(X) NintMy(v) # 0}.
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Theorem 1. The set P\ U forms the solution set.
Proof. 1t follows from the basic separation theorem, see e.g. [8]. (|

Now we derive the description of the set P;. Descriptions the of sets
P>, P are quite similar. From now on we suppose that matrices A, C do
not contain the zero row.

Theorem 2. The set Py has the following description
Pr={AeR" |hIA>0 Viel}, (7)

where h;, i € I are non-negative vectors in directions of all edges of the
convez polyhedral cone

N={yeR"|Aly=0, y>0}.

Proof. Py is the set of all A € R™ such that {x | Ax < A} # 0, which
means {x | Ax < X — e} # 0 for an infinitesimal vector € > 0. It is true if
and only if the problem

max {07x | Ax < X — ¢}

has an optimal solution. It follows from the theory of duality of linear
programming that this is equivalent to the condition, that the problem

min {(A —¢)Ty |y € N}, (8)

has an optimal solution. The set A represents a convex polyhedral cone
with a vertex in the origin and it is included in the first orthant. Vectors
h; > 0, i € I are vectors in directions of all edges of N. It follows from
the theory of polar cones (see [11]), that the problem (8) has an optimal
solution if and only if

h/ (A —€) >0 Vi€ I and an infinitesimal vector € > 0



holds. Hence the description of P; is as follows

Py ={X€R™ |h{ A >hle Viec I and an infinitesimal € > 0} =
={AeR™ | h/'A>0 ViecI}.

Theorem 3. It holds
Pr={Ae R™ | M () #0}.

Proof. The proof is similar to the proof of Theorem 2. The description of
P is

Pr={XeR™ |hIA>0 Viel}, (9)
where vectors h;, i € I have the same meaning as in the proof of Theorem 2.
O
Analogical statements hold for sets Py, P.
Theorem 4. The set U has the description
U={A\v)e R g\ v)>0 Viell, (10)

where g; > 0, i € I' are vectors in directions of all edges of the convex
polyhedral cone

N' ={(y,z) e R"" | ATy + CTz=0, y >0, z > 0}. (11)

Proof. U is a set of all A, v such that {x | Ax < A\,Cx < v} # 0. If
we proceed similarly as in the proof of Theorem 2, we obtain the following
result

U={\v) e R | gl A\ v)>0 Viell}.
O

Assertion 1. Let M;(A°) be nonempty and bounded for certain \° € R™.
Then My () is bounded for all A € R™.

Proof. See [12], M;(A) has the same characteristic cone for all A € R™. O



It can be also easily proven that &/ C P. Moreover, either the set P\ U
is empty or dim(P \U) = n. The following theorem states that the set
P\ U form a solution set for weak separation.

Theorem 5. It holds
P\U = {(\v) e R" | My(X), My(v) are weakly separable}.

Proof. Inclusion C: Let us have (A,v) € P\U. Then there exists a se-
quence (Ap,vy,) € P\U, (An,vn) = (A, v) and separating hyperplanes
Ry = {x|rlx =s,}, ||(rn,sn)|| = 1 for which M;(\,) C Ry, Ma(v,) C
Ry hold. We can assume without the loss of generality that (r,,,s,) — (r, s)
(otherwise we can choose a convergent subsequence). From the continu-
ity of linear constraints it follows that M;(A\) C R—, My(v) C R* for
R={x|r'x=s}.

Inclusion D: Let us have (A,v) € R™* and a hyperplane R = {x | rfx =
s} such that § # M;(A\) € R, 0 # My(v) C R+. Consider a convex
polyhedral set M;(A +¢e) = {Ax < A+ ¢}, where € > 0 is infinitesimal.
Then dimM;(X +€) = n. A problem max{(r’x —s)|x€ M;(A+¢€)}
has an optimal solution (characteristic cones for M;(A) and Mi(X\ + €)
are identical according to [12]). Denote by h(e) the optimal value of this
problem. It is obvious that the function h(e) is continuous. Therefore the
set {xeR" |A(x+ M8 1) < A+e}={xeR" |Ax < A+e — M8 Ar}

r’r S r’r
has dimension n, is the subset of the halfspace R~ and for € — 0 converges
to M1 ()\)
Analogously for M (v). O
Let us introduce
QA v) =
AT 0 CT o v 0
{(u, Umt1, V,U1) € ]RTH+2 | AT 1 W7 1 u”;""'l =10 }
171 1T 1 1
Vi1

(12)

With help of the convex polytope Q(A, v) we give the explicit description
of all separating hyperplanes of the convex polyhedral sets M;(A), M2 (v)
for all (A\,v) € P\ U.



Theorem 6. Let us have (b,d) € P\ U.

(i) For an arbitrary (W, uy41,V,v41) € Q(b,d), for which ul A # 07,
the set

R={xeR"|ul(Ax —b) = w1}
represents a separating hyperplane of My(b), Mx(d).

(i) An arbitrary separating hyperplane R of two convex polyhedral sets
M;i(b), Ms(d) has the description

R={xcR" |ul(Ax —b) =un},
where (W, Up11,V,v11) € Q(b,d), ul’A # 07,
Proof. 1t follows from Theorem 2 of [4]. O
Assertion 2. It holds

PA\U={(Av) eP| QA v) #0}.
Proof. It follows from Theorem 5 of [4]. O

From now on we assume without the loss of generality that rank(A) =
rank(C) = n. Otherwise if for instance rank(A) < n, then there exists ig-th
column, ip € {1,...,n} of matrix A, which is linearly dependent on other
columns of matrix A. Each separating hyperplane of convex polyhedral
sets Mi(A), Ma(v), (A,v) € R™*! | has its normal vector u’' A for certain
u € R™ (see Teorem 6). Hence ip-th component of this normal vector is
uniquely determined by other components. Therefore for the purpose of
separability of convex polyhedral sets Mj(X), Ma(v), (A\,v) € R™ we
can extract ip-th column from matrix A and from matrix C as well (since
u’A = vI'C for certain v € R'). In principle it is a linear transformation
of families M; (), My (v) to the subspace of R™.

It follows directly from the previous assumption that m > n, and [ > n.

3 Stability sets

In this section we deal with so called stability sets. Stablity sets are defined
in the similar way in [10]. It is natural to define stability sets as sets of



all (X\,v) € P\ U such that all the sets Q(A, ) have the same system of
feasible bases (see Definition 3). But for the sake of simplicity we will use
the set Q*(A,v) from (14) instead of Q(A,r). Next we will without the loss
of generality assume that

T T
rank <?T (13T> =n+1 (13)

Otherwise it would occur any of the following possibilities:

(i) If rank (fl*f f;) = rank (AT c* ), then the set N’ from (11) has a
description N = {0} and therefore 4 = R™*! and the solution set
P\U=0.

(i) Ifrank (‘1*; ?; ) > rank (AT ¢7 ), then rank (AT c¢7) < nand in the

description of Q(\, v) there are linear dependent equations, which we
can remove.

Let us introduce

u
Q*(A,U)E{(u,v,vl+1)ERT”“|Z()\,u) v :z}, (14)
Vi+1
where
AT CT o 0
Zv)= [ A T 1), z=|0
1T 1T o 1

In Definition 3 we introduce the term “basis” of the convex polyhedral set
M;i(A) (and analogously for My (v)) and Q* (A, v). For the sake of simplicity
we use the following notion: the expression A p means the restriction of the
matrix A to the basic rows, the expression Zp (A, v) means the restriction
of the matrix Z(\, ) to the basic columuns.

Definition 3. The basis of convex polyhedral set My(A), A € R™, from (1)
is any vector B € {1,...,m}", for which rank(Apg) = n holds. A basis B
of My () is called feasible, if Az'Ag € Mi(N).

The basis of conver polyhedral set Q*(\,v), (A,v) € R™ from (14) is
an arbitrary vector B € {1,...,m 4+ n + 1}, for which rank(Zg (X, v)) =
n + 2 holds. A basis B of Q*(\,v) is feasible, if (Zp(X\,v)) 1z > 0.



Definition 4. Let an arbitrary (b,d) € P\ U be given. The stability set
corresponding to the point (b,d) is the closure of the set of all (A\,v) €
R™+ under which all feasible bases of the convex polytope Q*(b,d) remain
feasible for Q* (A, v).

In Definition 4 we use closure of the mentioned set for simplicity of
description of stability sets. Note also that any stability set is uniquelly
determined by a system of bases which it preserves. The point (b,d) €
P\ U in Definition 4 is used only for computational purposes.

Clearly, there is a finite number of stability sets for fixed matrices A,
C. The following assertion states that for the description of all separating
hyperplanes of two convex polyhedral sets M;(\), Ms(v) we can use the
set @*(A,v) instead of Q(A,v).

Assertion 3. Let (b,d) € P\U, (u*,v*,vf,,) € Q*(b,d), w"A # 07
and 1 € (0,v7, ;) be arbitrarily given. Then the set
R={xecR" |u’(Ax —b) =7} (15)

represents a separating hyperplane of convex polyhedral sets My(b), My(d).
Conversely, an arbitrary separating hyperplane R of convex polyhedral sets
My (b), Mx(d) can be written in the form (15) for certain point
(u*,v*, v ;) € Q*(b,d), wA # 0% and certain n € (0,v],,).

Proof.
(i) Let (u*,v*,vf,) € Q*(b,d), u*TA # 07, 5y € (0,v},,) be arbitrarily
given. Then define for oo = 7", uf + 22:1 vi +ufy, >0

.
n _ Y

y Ul = —, U4l = — U

@ @

u

u*
—, V=
a

o<

Hence (u,umy1,V,v41) € Q(b,d) and R = {x | u"/(Ax — b) =
n} = {x | u’(Ax—b) = u,,;1} represents a separating hyperplane of
M;(b), Ms(d) from Theorem 6.

(ii) It follows from Theorem 6 that an arbitrary separating hyperplane of
M;(b), Ms(d) can be written as R’ = {x | ul(Ax — b) = upi1},
where (0, Uyt 1,v,v41) € Q(b,d), ul A # 07, Since up1 + vy <
1, we can define for « =1 — 41 — 41 > 0

* v * _ Um+1 + V41
-, ’Ul+1 = .
@ @

u*

, V

Il
Qle

8



Hence (u*,v*,vf,,) € Q*(b,d). Since “2t € (0,v,,), the descrip-
tion of the separating hyperplane R’ = {x | u*/(Ax — b) = *=&1}
has the form of (15).

O

Now we derive the description of a stability set. Let (b,d) € P\ U be
given arbitrarily. Denote by B an arbitrary feasible basis of the convex
polytope Q*(b,d) and define D = Zg(b,d). The basis B will be preserved
for all (A, v) € R™* such, that

(Zp(\,v)) 'z >0. (16)

Let us introduce vectors p € R**2, q,q € R™*+1 in this way:

0 A—Db A
P=¢€n1 = 1], ﬁ =|v-d , A=V
0 0 0
Assume
1+95D1p >0, (17)

where qp is the restriction of the vector q to the basic elements. For the
choice A = b, v = d the condition (17) holds (see also Remark 1). Then it

follows from the well known Sherman—Morrison formulas:

» DflpaTDfl
Z(\v)) = (Zg(b,d htl=pt_-— 25—
(Zs(Av)) " = (Z(b,d) + pith) T

Now rearrange expression (16) under our assumption (17):

D—le NTD—l
(D—1 e et )en+2 >0,
+4ap €nt1
Dirlwz + Dirlerz(ﬁgDirlwl) - D:rlurl(ﬁgDirlwz) > 0. (18)

It holds for the vector qh:

g Jap—Dpyr., if (m+1+1)¢ B,
i qg — Dy +e{,if (m+1+1) = By, for certain k € {1,...,n+ 2}.



(i) If (m+1+1) ¢ B, then the expression (18) is equivalent to
D~ 1-|-2 + D n+2 ((qg — Doy, -)D! 71L+1)
D. 714-1 ((qg - Dn+1,-)Di7§+2) >0,
D_71+2( D_71L+1) Di;-}l(quirlHQ) > 0. (19)

(ii) Suppose (m + 1 + 1) = By, for certain k € {1,...,n + 2}. Then
D.; = eyt1, and therefore Djﬂ = e;. The absolute term of the
expression (18) is equal to

D. ’rlb+2(ek Din+1) D:rlw-l(eI{D:rlzw) =

_eD ! = 0 for row k,
>0 for row #k.

-1
D',n+2

Nonabsolute terms of the expression (18) have the following descrip-
tion (recall that qp, = 0):

D. ’rlz+2(qBD n+1) D. ’rlz+1(qBD n+2)

Ty-1
—qpD. ., forrowk,
—e D ;
H(A5D- ) = {0 for row # k.

Remark 1. Let us investigate the expression (17).
(i) If (m+1+1) ¢ B, then the expression (17) can be simplified to

1+ (ap — Dy, .)D771L+1 >0,
ED . > 0.

The sum of inequalities from (19) results to (recall that 17 = Dy, .)

(1 1"D: 71L+2)(qBD n+1) (1 D. rlz+1)((IBD n+2) >0,
ED 1 > 0.

Since the stability set is always closed (by its definition), the condition
(17) is redundant.

10



(ii) If (m+1+41) = By, for certain k € {1,...,n+ 2}, then the expression
(17) can be simplified to (recall that D_, | = e, qp, = 0)

1+ (a5 — Duy1,- +€;)D, 4, >0,
1>0

and this inequality holds trivially. Therefore the condition (17) is
redundant.

The following remark summarizes the description of stability sets.

Remark 2. Each feasible basis B of the convex polytope Q* (b, d) remains
feasible on the set described by (16), which forms a linear system of in-
equalities with respect to the parameters A, v. The description of a given
stability set is represented by a union of all these systems of inequalities for
all feasible bases of Q*(b,d).

(i) If (m+1+ 1) ¢ B then the system of inequalities corresponding to
the basis B has the description

Di711+2(q£Din+l) - DirllJrl(qu:rlL+2) > 0.

(ii) If (m +1+ 1) € B then we obtain only one inequality corresponding
to the basis B with the description

—quj—fz > 0.

Each basis of convex polyhedral set Q*(\,v) determines certain vertex of
Q*(A\,v) (but a vertex can be determined by more than one basis). All
vertices of Q*(A, ) on a given stability set follow:

(i) If (m +1+ 1) € B, then the vertex of Q*(A,v) corresponding to the
basis B has the following description:

— —1 —1 —1
D'7n+2 (qu',n+1) - D'7n+1 (qu',n+2)

TH—1
qBD'7n+1

(u,V,'Ul+1)B = )

(u,v,v41)n = 0.

11



(ii) If (m + 1+ 1) = By, for certain k € {1,...,n + 2}, then the vertex of
Q*(\, v) corresponding to the basis B has the following description:

(u,V,'Ul+1)B = DirllJrZ - ekD];,1L+2 - ek(qui’rlL+2)7 (H,V,Ul+1)N =0.

Another usefull properties on stability sets can be derived. For instance
if S is a stability set corresponding to certain (b,d) € P\ U, then always
int(S) C P. It also holds, that the intersection of two different stability
sets is a set of the dimension less than n (for more details see [7]).

4 Examples
Example 1. Given matrices
1 0
A= o 1), c:(‘é _2)
-1 -1

and we will compute solution set and all stability sets. First, we compute
sets P, U. They have the following description:

'Pl:{AEH@ |)\1+)\2+)\3>0}, PQZRZ,
P =" XPQZ{()\,I/)G]R5 |)\1+/\2+)\3>0},
u:{(A,I/)G]R5 |)\1+l/1>0, Ao+ 15 >0, )\1+/\2+)\3>0}.
1. Choose (b!,d') € P\ U, e.g. b! =(0,0,2)T, d' = (1,-1)T. All feasible

bases of Q*(b!,d!) with the corresponding systems of inequalities are the
following:

Basis (1,2,4,5) : = Ao — w2 >0, Ay +1v1 > 0.
Basis (1,2,5,6) : —As —vp > 0.

Basis (2,3,5,6) : —A\s — 2 > 0.

Basis (2,4,5,6) : =\ — o > 0.

Basis (1,2,3,5) : =Aa — w2 >0, Ay + A2 + A3 > 0.

The first stability set (denote it as S1) is described as follows: Ay + vy >
0, —)\2—1/2 ZO, )\1+/\2+)\3 ZO

12



2. Choose (b?%,d?) € P\U \ Si, eg. b = (0,0,2)T, d? = (-1,-1)*.
The second stability set (denote it as S2) has the following description:
A —v1 20, =X =12 >0, At + A2+ A3 > 0.

3. Analogously the last stability set. Choose (b3,d%) € P\U\ S;\ S e.g.
b? = (0,0,2)7, d®* = (=1,1)7. The third stability set has the following
description: —A;1 —v; >0, Ao +v5 >0, A\; + X2 + A3 > 0.

Mz(l/) MQ(V)

Myi(X) Mi(X) M;(v)

Mi(X)

Figure 1: The 1'" sta-  Figure 2: The 2"? sta-  Figure 3: The 3" sta-
bility set. bility set. bility set.

We have obtained three stability sets (except degenerated stability sets,
which have a dimension less than n) the solution set P \ ¢ consists of. The
geometric interpretation of the three stability sets is illustrated by Figure 1 —
3; each stability set determines a special position of the sets Mj(\), Ma(v).

The Tables 1 and 2 contain further results obtained on PC (x86), Pentium
4, 2.6 GHz, 512 MB RAM, Gentoo Linux. Our source code is written in
MATLAB (R12.1). In each of the mentioned tables, there are for given
matrices A, C written down the number of stability sets and the aproximate
computing time (in minutes and seconds). For the Table 2, the input data
of matrices A, C were generated pseudorandomly. With the increase of
m, [, n the number of stability sets and the computing time increases very
rapidly.

13



Table 1: Examples in R2.

matrix A matrix C number of stability sets | computing time
1 0 -1 0
0 1 0 -1 6 ls
-1 -1 1 1
10 -1 0
0 1 0 -1 7 1s
1 1 1 1
1 0 -1 0
0 1 0 —1 29 6s
1 1 -1 -1
1 0 —4 -1
-3 5 3 —4 20 2s
-1 =2 2 3
-3 -1 _;L _i
6 =7 123 2 min 38 s
(—9 7) -l
6 8
1 =5 5 5
:? ; _Z 3 260 3 min 5s
3 8 -3 —4

5 Special cases

All special kinds of postoptimality analyses (parametric analysis, sensitivity
analysis or tolerance analysis — see e.g. [2]) can be applied to the stability
sets, defined in the Section 3. But this is not the subject of this paper. In
this section we will discuss some special cases of families of convex polyhe-
dral sets (1), (2).

14



Table 2: Examples in R*, R* — pseudorandom data.

matrix A matrix C stability sets | computing time
I (2 |
0 3 5 103 1 min 25 s
bz 0 2 -3
1 -2 0
-2 =5 9 9 —6 2
_3 :; ;) :i _Z g 1147 63 min 47 s
1 -3 —4 -5 9 =5
5 3 1 -1 5 1 -2 5
-3 0 3 4 -1 -2 5 =2
-5 4 =2 0 4 2 -3 —4 1666 91 min 42 s
-4 0 3 2 0 —4 3 3
3 3 3 —4 -2 4 -3 -3
5.1 One parametr

We deal with two families of convex polyhedral sets

M) = fxe B |ax< (})

M, ={x€R"|Cx <d},

where A € R™"*" C e R>*", be R" !, d € R and ) is a real parametr.

Using (7) and (10) we obtain the description of the solution set P \ U/ as an

interval in R. Therefore the solution set for this case is always convex.
From Remark 2 we can directly obtain the description of stability sets.

Note that generally, there exists more than one stability set.

5.2 Parameter with fixed direction

We deal with two families of convex polyhedral sets

15

Mi(\) ={xeR"|Ax < b+ Ab'},
My(\) ={xeR"|Cx <d+ X'},




where A € R™*" C € R*", b,b’ € R®, d,d’ € R and X is a real
parametr. Using (7) and (10) we obtain the description of the solution set
P\U as a difference of two intervals in R. Therefore the solution set for
this case is not generally convex.

The description of stability sets we obtain directly from Remark 2 (in
general, there exists more than one stability set).

5.3 A fixed separating hyperplane
Let us have a fixed hyperplane

R={xeR"|rlx =5}

We will find out for which values of paramters A, v the convex polyhedral
sets M1(X), Ms(v) from (1), (2) are strongly separable by this hyperplane
R, ie.

My (A) CR*, My(v) C R, dimMy(A) = dimMs(v) = n, (20)
hold. The description of the set of all parameters (A, v) € R™*! satisfying

(20) is as follows
A1 X Az,

where A; is the solution set for sets M; (), R— with the description
-/41 = Pl \Z/{la

where P; has the form of (3) with its description from (7) (because R~
is always full dimensional). The description of i) follows easily from The-

orem 4, applied to convex polyhedral sets M;(A), R~. Analogously A
forms the solution set for My(v), Rt with the following description

./42 :Pz \Z/IZ

The set A; does not need to be convex. For example A; is not convex
for the hyperplane R = {r € R |z = 1} and

MiAY) =M (1,3) ={zeR|z<1, z <3},
MM =M (3,1)={zeR|z<3, =<1}

For the convex combination A\'? = %)\1 + %)\2 =1(1,3)+1(3,1) = (2,2
the convex polyhedral set Ml()\w) intersects the hyperplane R.

16



5.4 A permanent separating hyperplane

Given Mi(A), Ms(v) from (1), (2) with the property that A € 21, v €
Z,y, where Z; C R™, Z, C R are convex polytopes. Without the loss
of generality assume that Z; C P, and Z5, C Po (otherwise we restrict
the sets to Z; N Py, Z5 N Py respectively). The problem we study in this
section consists in answering the question whether there exists a separating
hyperplane R such that:

Mi(A) CR=VAE Z,, My(v) CRT Y€ 2. (21)

The hyperplane R satysfying (21) is called permanent. Note that a perma-
nent separating hyperplane may not exists even though for VA € Z; and
Yv € Z, the convex sets M;(A), Ma(v) are strongly or weakly separable.
We check the existence of a permanent separating hyperplane by the follow-
ing process: Compute the convex hull of sets Uxe z, M1(A) and Uye z, Mo (v)
and check separability of these convex hulls. By this method we also enu-
merate all permanent separating hyperplanes. Let us now concentrate on
calculation of conv (Uxez, Mi(A)).

Lemma 1. Let a basis B of the convex polyhedral set My(\) be given.
Denote N = {1,...,m} \ B. Then Sj, the set of all X\ € R™ for which the
basis B is feasible for Mi(\), has the following description

Sh={XeR™ |hT(Ap,An) >0 Vi€ Iz}, (22)

where h;, © € Ip are vectors in directions of all edges of the convex polyhedral
cone
Np ={(y,2) €R™ | Ay + A{z =0, z > 0}.

Proof. The basis B remain feasible for all A € R™, for which the set
MpA) ={xeR" | Anx < An, Apx = Ap}
is nonempty, i.e. the problem
max {07x | x € Mp(N\)}

has an optimal solution. It follows from the duality of linear programming,
that this problem is equivalent to the situation, that the problem

min {Agy + A%Z | (y,z) € NB};
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has an optimal solution. We know that h;, ¢ € Ip are vectors in all edges
directions of the convex polyhedral cone N'p (if N contains a nontrivial
subspace, then we take its base vectors with both positive and negative
sign). It follows from the theory of polar cones (see [11])

Sp={Ae€R"™ | h{(Ap,An) >0 Vi€ Ig}.
O

Let b € Z; hold and let B be a feasible basis of the convex polyhedral
set M (b). The basis B remains feasible for all A € S} from (22). Hence
the set

Z1(8) = Z1 N (Nes Sp) ,

where & is the set of all feasible bases of M (b), forms the set of all A € Z;
for which all feasible bases of Mj(b) remain fesible for Mj(A). In this
way we can represent the set Z; as the union of disjoint stability-like sets
Z1(6;), i € I, where I is an index set of a finite cardinality.

Lemma 2. We have

conv( U Ml()\)>:conv( U Ml()\)>.

AEZ1(B) Ae{vertices of Z1(S)}

Proof. Let b', b? € Z,(&) be given. We prove that for each convex com-
bination ¢;b! + c3b?, ¢1,¢c2 > 0, ¢1 +co = 1, it Mi(e;b! + e2b?) C
conv(My(b') U M;(b?)) holds. If x € M;(c1b! + cab?) is arbitrarily given,
then x can be written as a convex combination of all vertices and vectors in
directions of unbounded edges of the convex polyhedral set M; (clb1 +62b2).
Directions of unbounded edges of convex polyhedral sets Ml(clb1 + 02b2)
and conv(M;(b') U M;(b?)) coincide. All vertices of M;j(c;b! + c2b?)
have the description A5'(e;b + e2b?)p = c;A5'bL + c;AR'b%, B € 6,
which is a convex combination of vertices of Mj(b') and M;(b?). There-
fore each point x € M; (clb1 + czbz) is equal to a convex combination
of vertices of M;(b') and M;(b?) and vectors in directions of unbounded
edges of conv(M;(b') U M;(b?)). So it is proven that M;(c;b! + cob?) C
conv(M; (b') U M; (b?)). Consequently,

conv( U Ml()\)):com)( U Ml()\)).

AEZ1(6) Ae{vertices of Z1(6)}
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It follows from Lemma 2 that we can reduce a calculation of the convex
hull of infinite number of convex polyhedral sets to calculation of the convex
hull of finite number (how to compute a convex hull see e.g. [4]). Analo-
gously we compute convex hulls of Uxez,(s,)M1(A), i € I. Eventually, we
obtain

conv( U Ml()\)) = conv(U U Ml()\)). (23)

A€EZy 1€l Xe{vertices of Z1(6;)}

Example 2. Given a matrix

Il

|
—_O = O =
—_—-0 = O

and a family of convex sets
Mi(A) ={xe R | Ax < A},

where A € Z, = {b € R’ | b = (0,10,2,-8,14)" + ¢.(8,-8,-8,8, —5)7,
with ¢ € (0,1)}. Convex polyhedral set M is fixed and given as follows

My = {X S R? |l'1 —ry > 4.9, xy > 23}7

Choose b! € Z; for instance in the following way: b' = (0, 10,2, —8,14)7.
The set of all feasible bases of convex polyhedral set M;(b!) is &; =
{(1,2), (1,4), (2,3), (3,4)}. Particular bases of &; are preserved on sets
(see (22)):
Shay={AER [ A +X3 >0, Ao+ X >0, =\ — Xa + A5 >0},
8(11’4) ={\¢€ R3 [ A1+ A3>0, Mo+ A4 >0, =A1 + s + A5 >0},
8(12’3) ={\¢ R3 [ A1+ A3 >0, Mo+ A4 >0, =2+ A3+ A5 >0},
8(13’4) :{)\ER3 |)\1+)\3 >0, Ao+ >0, As+ A+ A5 20}

The intercsection of these sets is Npes, S ={A € R® | A1 + X3 >0, A2 +

As >0, =\t — A2 + X5 > 0}. Hence the set Z,(&;) has the description
Z1(61) = {Xx € Z fort € (0,%)} and consists of two vertices b' and
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Z2

M (b') com}( Uxez, Ml(’\))

Figure 4: Illustration to Example 2.

b? = (6.4,3.6,—4.4,—1.6,10)T. For vector b? is the set of all feasible bases

of M;(b?) equal to &2 = {(1,4), (2,3), (3,4), (1,5), (2,5)}. Compute:
8(11’5) :{)\ERB |>\1+>\3 >0, AL+ Ao — A5 >0, A+ M+ A5 ZO},
Sty =IAER [ Ao+ X 20, =X+ A3+ X5 >0, A + o — X; >0}

The intersection mBEGQSIIg = {)\ cR3 | “AMF+AM+A >0, Ao+ A3+ A5 >

0, A1 + A2 — A5 > 0}. Hence the set Z,(S5) can be described as follows

Z1(63) = {A € Z fort € (£,1)} and consists of two vertices b? and

b? = (8,2,-6,0,9)7. Eventually, we obtain (see Figure 4)

com)( U Ml()\)) = com)( U Ml()\)) =

PN Ae{b!,b2,b3}
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1 0 8
0 1 10
-1 0 2
{x ER|| o -1]|x< | o }
1 1 10
-1 -1 -1
2.6 1.6 22.4

There exists only one permanent separating hyperplane

R={x€R |26z + 1.6z, =224}

6 Separating supporting hyperplanes

In this section we deal with separating hyperplanes of convex polyhedral sets
Mi(X), Ma(v), (A\,v) € P\U from (1), (2), which are their supporting as
well. First, we define so called subbasis of convex polyhedral set M7 () (and
analogously of M»(v)) and sub-stability sets (this notion is used, because
sub-stability sets are subsets of stability sets defined in Section 3).

Definition 5. The sub-basis of the convex polyhedral set M, (b), b € R™,
is any vector B € {1,...,m}k, 1 < k < m, for which BY # BJS for
i # j holds. The sub-basis B is called feasible, if {x € R* | Agsx =
bgs, Aysx < bys} # 0 for N = {1,...,m} \ B°. Let B be a basis
of the convex polytope Q*(b,d), (b,d) € R™*. Let us introduce the set
Bl ={ie€ B|1<i<m} as the sub-basis of set My(b) created from B.
Analogously B = {i € {1,...,l} | (i + m) € B} is called the sub-basis of
the set M (d) created from B.

All feasible bases of convex polyhedral sets M;(X), May(v), (A,v) €
P\ U are not generally preserved on stability sets. This reflects the following
example:

10 -1 0 -9 8
A=(0 1],C=| 0 —1|,bl=| 5],d'=[-1
11 11 -1 -2

The corresponding stability set S has the description S = {—A\; — vy >
0, o +va >0, vy +v2 +v3 >0, A\3+ vy +v2 > 0}. The basis (1,2) is
feasible for My (b'). But if b2 = (-9,5,-6)T, d> = d!, (b%,d?) € S, then
the basis (1,2) is not feasible for M;(b?).

In Definition 6 we will introduce sub-stability set as the set of all (X, v) €
S under which some of the feasible sub-bases of M (b), M»(d) are preserved
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for M1(X\), Mx(v) as well. It is not necessary to require preservation of
all feasible sub-bases of M;(b), Ms(d), because some of them does not
participate in separating or supporting separating of the convex polyhedral
sets Mi(b), Mx(d).

Definition 6. Let us have (b,d) € P\ U and S the corresponding stabil-
ity set. Assume that B is an arbitrary feasible basis of the convex poly-
tope Q* (b, d) for which the corresponding separating hyperplane R¥ is also
supporting for M;(b), Mx(d). Let B be the sub-basis of M;(b) and B?
the sub-basis of M>(d) created from B. Let (u,v,uv.y1) be the vertex of
Q*(b,d) corresponding to the basis B. Let us introduce B} = {i € B! |
(u,v,v41); # 0}, B2 = {i € B*| (u,v,v41); # 0}. Then we define sub-
stability set SO as the set of all (A,v) € S for which the sub-basis B}l is
feasible for Mj (), the sub-basis B2 is feasible for Ms(v) and this holds for
each feasible basis B from our assumption.

Note that the intersection of two different sub-stability sets may be of
full dimension.

Lemma 3. Let us have (b,d) € P\U and S° the corresponding sub-
stability set. Suppose that (b,d) € int(S®). Let B be such basis of the
convez polytope Q*(b,d), for which the corresponding vertex defines the
separating supporting hyperplane of convex polyhedral sets My(b), My(d).
Then for all (A\,v) € S° the vertex of Q*(A,v), corresponding to the basis
B, defines the separating supporting hyperplane of Mi(\), Ms(v).

Proof. Let (u,v,v;4+1) be the vertex of Q*(b,d) corresponding to the basis
B. First we prove that (m + [+ 1) ¢ B. For contradiction suppose (m +
[+1) = By, for some k € {1,...,n + 2}. Since the corresponding separating
hyperplane R = {x | ul (Ax — b) = v;41} from (15) is supporting as well,
it follows that v;4+; = 0. It follows from Remark 2

_ _ _ —1 -1 Ty -1 _
0=wv41 = (u,v,v41)B, = (D',n+2 - eka,n+2 - ek(qBD-,n+2))k =

qED:}L—i—Q'
The right-hand side of this equation is a linear function, which is nonnega-
tive on a neighbourhood of (b,d) and zero at the point (b,d). Hence the
linear function is zero on a neighbourhood of (b,d), from which we obtain

"2 = 0. It is a contradiction with the regularity of D'
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Next suppose that for certain k € {1,...,n + 2} it holds

-1 -1 -1 _
_ Dk7n+2(q§D',n+1) - Dk7n+1(q£D',n+2)

T 1
qBD',n+1

0= (ll, v, UH—l)Bk

)

ie.
0=D, ) (@D hy) — Dy (@D ). (24)

The right-hand side of the expression (24) is a linear function, which is non-
negative on a neighbourhood of (b,d) and zero at the point (b,d). Hence
the linear function is zero on a neighbourhood of (b, d), from which we ob-
tain D,;;l“ = DI;11+2 = 0. Therefore the property 0 = (u, v, v4+1)p, holds
on the whole sub-stability set S°.

Introduce B! as a sub-basis B! after extraction indices i € B!, for which
(u,v,v41); = 0. Analogously introduce BZ. The sub-basis B} of M;(b)
is feasible according to the assumption of Lemma 3. The separating hy-
perplane corresponding to the basis B has for all (A,v) € SY the following
description

R={xeR"|u’(Ax—A) =0}
= {x € R" | ufy (Apx—Ag) = 0}.

Similarly for B? the sub-basis of M»(v). Since S° is the sub-stability set,
the sub-bases B}, B? remain feasible for all (A,v) € S° and R represents
the separating supporting hyperplane of M;(\), M, (v). O

Remark 3. It follows from Lemma 3 that if there exists a supporting hyper-
plane separating convex polyhedral sets M; (), M(°) for certain point
(A%, 1% € int(S?), then there exists a separating supporting hyperplane of
Mi(X), My(v) for all (A, v) in the sub-stability set S° (moreover, this hy-
perplane supports M (A) and M, (v) at the same faces for all (A, v) € S).
That is why we introduce so called sub-stability sets of supporting and non-
supporting type.

Remark 4. Now we derive the description of a sub-stability set. Let us
have (b,d) € P\ U and S the corresponding sub-stability set. Let B be a
basis of the convex polytope Q*(b,d) and B! the sub-basis of M;(b), B2
the sub-basis of M,(d) created from B. The description of the set g, of

23



all A € R™ for which the sub-basis B! remains feasible for M;(\) follows
from Lemma 1 (since we can simply extend Lemma, 1 to the case when B!
is a sub-basis of M;(N)):

Sk ={AER™ | h] (Ap1,Ay1) >0 Vi€ Ipi}. (25)

where N' = {1,...,m} \ B! and h;, i € Ip: are vectors in directions of all
edges of convex polyhedral cone

Npi ={(y,2z) e R" | ALy + ALiz=0, z > 0}.

In a similar way denote by S%. the set of all v € R for which the sub-basis
B? remains feasible for Ms(v). Analogously we obtain

81232 ={ve R! | ng(l/Bz,l/Nz) >0 Vje Jp2},

where N? = {1,...,1} \ B? and g;, j € Jp= are vectors in directions of all
edges of convex polyhedral cone {(y,z) € R' | CL.y + CL.z =0, z > 0}.
Let us introduce

Sp =Sp NSk = {(A,v) € R™ |hl (Ap1,An1) >0 Vi€ Ip,

T . (26)

g; (vp2,vn2) >0 Vj€ Jg2}.
Let B, i € I, be all bases of the convex polytope Q*(b, d), for which the
corresponding separating hyperplanes are supporting. Suppose the extrac-
tion of all indices j € B, for which for the corresponding vertex (u, v, v;;1)®
of Q*(b,d) the equality (u, v, 'Ul+1);~ = 0 holds. Then the descritpion of the
sub-stability set corresponding to (b,d) is the following

s°n (NierSpi) -

There is a finite number of sub-stability sets and each of them forms
a convex polyhedral cone with one vertex in the origin. Consequently, the
set of all (A\,v) € P\ U for which there exists a separating supporting
hyperplane for M;(A), M»(v) is formed by a union of finite number of
convex polyhedral cones with vertices in the origin.

The following Tables 3 — 4 contain several examples in the spaces R2
and R3. In these tables the number of stability sets, the number of sub-
stability sets (and the number of sub-stability sets of the supporting type)
and the aproximate computing time are included for given matrices A, C.
Calculations were carried out in MATLAB (see Section 4).
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Table 3: Examples in R? — pseudorandom data.

sub-stability sets
matrix A matrix C stability sets . computing time
(supporting types)
-9 -2 6 0
5 7 -9 4 71 94 (58) 3 min 45 s
-1 0 3 -1
-4 5 _g :;
5 1 0 1 89 119 (119) 11 min 33 s
—6 -8 7 _g
0 -3 4 1
—4 0 2 -3 .
1 —a 4 _3 126 259 (232) 19 min 17 s
2 3 3 -2
4 3
2 1 —2 2
-1 3 0 -1 187 301 (212) 26 min 34 s
4 4 3 -2
1 -3

Example 3. Let us have B! a sub-basis of M;(A) and B? a sub-basis of
M (v). Denote by S g2 the set of all (A, v) € R™*! for which there exists
a separating hyperplane supporting M;(A) in the face determined by the
sub-basis B! and supporting M (v) in the face determined by the sub-basis
B?. Denote B = B*U{B? +m}, where B> +m = {i +m | i € B*}. Clearly
(m +1+ 1) ¢ B. Then the set Sg12 has the following description

Spip: =SpNSE,

where Sp is from (26) (in order that B', B> may be feasible) and S5
is the set of all (A,v) € R™* such that B is the feasible sub-basis of the
convex polytope Q*(A, v) (in order that may exist a separating hyperplane).
Therefore SBQ is the set of all (A, v) € R™*!, for which the system of linear
equalities and inequalities (see (14))

Zg\v)w=1z w>0

has a solution. From [6] it follows the description Sg = R \ (Uy U o),
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Table 4: Examples in R? — pseudorandom data.

sub-stability sets

matrix A matrix C stability sets (supporting types) computing time
N
—4 =5 1 _5 0 2 208 253 (234) 25 min 25 s
5 5 =5 3 4 1
-3 0 4
1 2 =5 -1 2 —4
-1 -5 -1 -5 2 3 145 246 (228) 24 min 32 s
3 -3 —4 -4 -3 -4
-2 2 4
where
Uy ={(\v) e R | (AT, vpw! >0 VieV},
Uy = {( A v) e R | (AT, vTpw! <0 VieV},
where w?, i € V are all vertices of the convex polytope
AT cT
Op ={w e Rl | <1T 1T> w=ep1, w>0}. (27)
B

Consider a particular example. Let the same matrices as in Example 1 are

given, i.e.

(i) Let us have B = (1,2), B?

has only one edge in the direction of h; = (1,1,1)7.

1 0
A= 0 1
-1 -1

polyhedral cone

o=

-1
0

9

(1,2). Therefore B = (1,2,4,5). First
we compute the set Sp. The convex polyhedral cone

Np ={(y,z) € R® | ((1) ?)y-{— (:})ZZO, z>0}

Nz ={ye®| (75 _l)y=0}
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(i)

has no edge. The decription of S from (26) is the following
SB = {(A,I/) S ]R5 | )\1 +A2 +)\3 Z 0}

The set Qp from (27) is described by the system

1 0 -1 0 0
01 0 -1jw=(0), w>0
1 1 1 1 1 -

£,0,1,007, w? = (0,1,0,3)". Hence

and contains two vertices w' = (3,0, 3,

S g has the description

SBQZRS\({)\1+V1>O, )\2+V2>0}U{/\1+I/1<0, /\2+I/2<0}):
:{)\1+V120, )\2+V2§0}U{)\1+I/1§0, )\2-{-1/220}).

The set Sg1p2 is not convex and has the description

Spipz ={(A V) ER’ | A1 + X2+ A3 >0, Ay + 11 >0, Ay + 15 <0JU
{Av)ER [ A+ X2+ A3 >0, At +21 <0, Ay + 12 >0}

This set corresponds to the union of the stability sets number 1 and
3 from Example 1.

Let us have B! = (1), B?> = (1). Therefore B = (1,4). The convex
polyhedral cone

Np ={(y,z) € R® | (é)y-{- ((1) :})ZZO, z>0}

has only one edge in the direction of h; = (1,1,1)7. The convex
polyhedral cone

Ng2 ={(y,z) € R* | (7(1))y+ (7(1))z =0,z>0}
has no edge. Hence
={(\v) R’ | AL+ Xa + A3 >0}

The set Qp from (27) is described by

¢ o) v
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and contains one vertex w' = (3,4)?. Hence
Sg :R5\({)\1 + 1 >0}U{)\1+V1 <0}) :{)\1+V1 :0}
The set Sg1p2 has the description

SBlBZ :{(A,I/) E]R5 |)\1+A2+)\3 >0, A+ :0}

(iii) Let us have B! = (1,2,3), B> = (1,2). Therefore B = (1,2,3,4,5).
Similarly we obtain
S = {(A,l/) eER | AL+ A2+ A3 :0},
SBQZ]RE) \ ({/\1+V1 >0, do+v2 >0, Ay + A2+ A3 >0}U
{)\1+l/1 <0, Ao+ 15 <0, Ay + A2+ A3 <0})

Hence the set Sg1p2 has the description

Spipz ={A V) ER° | A1+ X+ A3 =0, \i +11 >0, As + 10 <O0JU
{(A,V)E]RS |A1+)\2+A3:0, A1+l/1§0, )\2+l/220}.

This set corresponds to the union of the stability sets number 1 and
3 from Example 1 with the property, that the set M;(A) consists of
one point only.

SB:{(A,I/)E]RS |)\1+A2+)\3:0},
SE=R\({A+v1>0, Aa+v2>0, \j + A2 + A3 > 0}U
{)\1+V1<0, Ao+ 15 <0, )\1+>\2+)\3<0}).
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