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Abstra
t

An instan
e of a 
onstraint satisfa
tion problem is k-
onsistent if

any k 
onstraints of it 
an be simultaneously satis�ed. We fo
us on


onstraint languages with a single binary 
onstraint. In this 
ase, the


onstraint satisfa
tion problem is equivalent to the question whether

there is a homomorphism from an input digraph G to a �xed target

digraph H. The instan
e 
orresponding to G is k-
onsistent if every

subgraph of G of size at most k is homomorphi
 to H. Let �

k

(H)

be the largest � su
h that every k-
onsistent G 
ontains a subgraph

G

0

of size at least �jjE(G)jj that is homomorphi
 to H. The ratio

�

k

(H) re
e
ts the fra
tion of 
onstraints of a k-
onsistent instan
e

that 
an be always satis�ed. We determine �

k

(H) for all digraphs

H that are not a
y
li
 and show that lim

k!1

�

k

(H) = 1 if H has

tree duality. For the latter 
ase we design an eÆ
ient algorithm that


omputes in linear time for a given input graph G and " > 0 either a

homomorphism from almost entire graph G to H or a subgraph of G

of bounded size that is not homomorphi
 to H.
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1 Introdu
tion

Constraint satisfa
tion problems form an important 
omputational model

for problems arising in many areas of 
omputer s
ien
e. This is witnessed by

an enormous interest in the 
omputational 
omplexity of various variants of


onstraint satisfa
tion problems [1, 2, 8, 9, 10, 11, 23℄. However, sometimes

not all the 
onstraints need to be satis�ed but it suÆ
es to satisfy a large

fra
tion of them. In order to maximize this fra
tion, the input 
an usually

be pruned at the beginning by removing small sets of 
ontradi
tory 
on-

straints so that the input instan
e is usually \lo
ally" 
onsistent. Formally,

an instan
e of the 
onstraint satisfa
tion problem is k-
onsistent if any k


onstraints 
an be simultaneously satis�ed.

A similar notion of lo
al 
onsisten
y 
an also be de�ned in terms of

variables instead of 
onstraints: an instan
e is k-
onsistent if the values of

any k variables 
an be 
hosen so that any 
onstraint on only these variables

is satis�ed. Our results also hold for this version of lo
al 
onsisten
y.

Both the notions of lo
al 
onsisten
y mentioned before di�er fundamen-

tally from the notion of k-
onsisten
y introdu
ed by Freuder [11℄, and the

notion of relational k-
onsisten
y studied by De
hter and van Beek [4℄.

There, an CSP instan
e is 
alled k-
onsistent if every solution for the 
on-

straints on only k � 1 variables 
an be extended to a solution to another

variable in the instan
e.

1.1 History of Lo
ally Consistent CSPs

The notion of lo
al 
onsisten
y 
onsidered in this paper 
an be tra
ed ba
k

to the early 1980's. Lieberherr and Spe
ker [19, 20℄ studied the 
orrespond-

ing problem for CNF formulas: they require that any k 
lauses of a given

formula 
an be satis�ed and asked what fra
tion of all the 
lauses of the

formula 
an be satis�ed. In their papers, they settled the 
ase k = 1; 2; 3. A

simpler proof of their results was later found by Yannakakis [24℄. The 
ase

k = 4 was settled in [17℄ (exploring an interesting 
onne
tion to so-
alled

Usiskin's numbers [21℄). Lo
ally 
onsistent CNF formulas 
an also be found

in Chapter 20 of [16℄.

Huang et al. [14℄ and Trevisan [22℄ resolved the asymptoti
 behavior of

lo
ally 
onsistent CNF formulas as k approa
hes in�nity. Trevisan [22℄ was

the �rst to de�ne the notion of lo
al 
onsisten
y for CSPs with 
onstraints

that 
an be represented by Boolean predi
ates. For a set � of Boolean


onstraints, let �

k

(�) be the maximum � su
h that a fra
tion of at least
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� 
onstraints 
an be satis�ed in any k-
onsistent input. Note that we now

allow negations in the arguments of the 
onstraints (the domain is not just

a two-element set, but it is the Boolean �eld). If � is the set of all the

predi
ates of arity `, then lim

k!1

�

k

(�) = 2

1�`

[22℄. The ratios �

k

(�),

k � 1, for a set � 
onsisting of a single predi
ate of arity at most three

were determined by Dvo�r�ak et al. [6℄. The asymptoti
 behavior for sets

� of predi
ates was studied in [18℄ where lim

k!1

�

k

(�) was expressed as

the minimum of a 
ertain fun
tional on a 
onvex set of polynomials derived

from �. EÆ
ient algorithms for lo
ally 
onsistent CSPs with 
onstraints

that are Boolean predi
ates were also designed [6, 7, 18℄.

1.2 Our Contribution

In this paper, we initiate the study of lo
ally 
onsistent CSPs on larger

�nite domains. We 
onsider the simplest 
ase in this setting where all the


onstraints are of the same binary relation. The relation 
an be des
ribed

by a dire
ted graph H whose verti
es 
orrespond to the elements of the

domain and where two verti
es are joined by an ar
 if the ordered pair of

the elements 
orresponding to them is 
ontained in the relation. Similarly,

the input 
an also be des
ribed by a dire
ted graph G: the verti
es of G


orrespond to the variables and the ar
s to the given 
onstraints. There is

a satisfying assignment for the input if and only if G is homomorphi
 to H ,

i.e., there is a mapping h : V (G) ! V (H) su
h that h(u)h(v) 2 E(H) for

every uv 2 E(G).

The notion of lo
al 
onsisten
y translates to the language of digraph

homomorphisms as follows: a graph G 
orresponds to an k-
onsistent input

if every subgraph of G of size at most k, i.e., with at most k edges, is

homomorphi
 to H . The ratio �

k

(H) denotes the largest � su
h that for

any G 
orresponding to a k-
onsistent input, there is a mapping h : V (G) !

V (H) preserving at least �jjGjj ar
s of G. Note that the version of lo
al


onsisten
y de�ned in terms of variables instead of 
onstraints also easily

translates to the graph terminology: for that we require that ea
h subgraph

G

0

of order at most k is homomorphi
 to H . The 
orresponding ratios are

then denoted by �

v

k

(H).

In our 
onsiderations, we 
an restri
t to dire
ted graphs H that are


ores. A 
ore is a dire
ted graph H that does not have a homomorphism to

a proper subgraph of H . It is well-known that any dire
ted graph 
ontains

a unique (up to isomorphism) subgraph H

0

su
h that H

0

is a 
ore and H is

homomorphi
 to H

0

. Obviously, �

k

(H) = �

k

(H

0

) and �

v

k

(H) = �

v

k

(H

0

).
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We show that if H 
ontains a dire
ted 
y
le (or a loop), then �

k

(H) and

�

v

k

(H) 
oin
ide and they are equal to the fra
tional relative density Æ

0

rel

(H)

of H as de�ned in Se
tion 2. For su
h dire
ted graphs H we design a simple

linear time algorithm that �nds a mapping h : V (G) ! V (H) that preserves

at least Æ

0

rel

(H) � jjGjj ar
s of G.

In the rest of the paper we fo
us on a
y
li
 dire
ted graphs H . Using

the notion of tree duality from [13℄ we show that lim

k!1

�

k

(H) = 1 for all

orientations of a path and all a
y
li
 tournaments. In general, the equality

lim

k!1

�

k

(H) = 1 holds for all dire
ted graphs H that have tree duality.

Unfortunately, there are a
y
li
 dire
ted graphs H that do not have tree

duality (there are even examples that are orientations of trees)|we dis
uss

the 
ases that we were not able to settle in a satisfa
tory way in the 
on-


luding Se
tion 5 where we also mention possible generalizations for CSPs

with larger 
onstraint language.

2 Target Graphs with Cy
les or Loops

In this se
tion, we fo
us on the binary relations (
onstraints) su
h that the


orresponding target graph H 
ontains a loop or a dire
ted 
y
le. Note that

this in
ludes the 
ase when the binary relation is symmetri
.

For a dire
ted graph H , we de�ne the fra
tional relative density of H as

follows:

Æ

0

rel

(H) = max

x:V (H)!h0;1ij

P

v2V (H)

x(v)=1

X

uv2E(H)

x(u) � x(v)

where the maximum is taken over all fun
tions x : V (H) ! h0; 1i su
h that

the sum of x(v) is equal to one. In parti
ular, if H 
ontains a loop, then

Æ

0

rel

(H) = 1 (if the loop is in
ident to a vertex v, set x(v) = 1 and x(v

0

) = 0

for v

0

6= v). This notion of density is similar to that of relative density as

used e.g. in [15℄:

Æ

rel

(H) = max

;6=H

0

�H

jjH

0

jj

jH

0

j

2

.

The two notions are di�erent in general. Consider a dire
ted graph H

depi
ted in Figure 1. The graph H is obtained by repla
ing ea
h edge of

K

5

by a bigon and removing two non-in
ident ar
s. The relative density of

H is Æ

rel

(H) = 18=25 = 0:720 but its fra
tional relative density is Æ

0

rel

(H) =

88=121 � 0:727 (set x(v) = 3=11 or the vertex in
ident with 8 ar
s and
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Figure 1: A digraph with di�erent relative density and fra
tional relative

density.

x(v) = 2=11 for the remaining verti
es). However, the two notions 
oin
ide

in the 
ase that H 
orresponds to a symmetri
 binary relation [5℄. Note

that in this 
ase both the target and the input graph 
an be viewed as an

undire
ted graph (ea
h bigon is repla
ed by a single undire
ted edge).

Proposition 1. If a dire
ted graph H 
orresponds to a symmetri
 binary

relation, then its fra
tional relative density Æ

0

rel

(H) and its relative density

Æ

rel

(H) are the same. Moreover, Æ

rel

(H) = 1 if H 
ontains a loop and

otherwise Æ

rel

(H) = 1 � 1=!(H) where !(H) denotes the size of the largest

subset A of verti
es of H su
h that any two distin
t verti
es of A are joined

by an ar
.

Proof. If H 
ontains a loop, then Æ

rel

(H) = Æ

0

rel

(H) = 1. In the rest, we

assume that H has no loops. Let x : V (H) ! h0; 1i be the fun
tion su
h

that Æ

0

rel

(H) =

P

uv2E(H)

x(u) � x(v),

P

v2V (H)

x(v) = 1 and the support

of x is minimal. We show that uv 2 E(H) for any two verti
es u and v


ontained in the support of x.

Assume the opposite and let u and v be two non-adja
ent verti
es su
h

that x(u); x(v) > 0. Let X

u

= 2

P

uw2E(H)

x(w) and X

v

=

P

uw2E(H)

x(w).

By symmetry, we 
an assume that X

u

� X

v

. Consider the following labeling

x

0

:

x

0

(w) =

8

<

:

x(u) � minfx(u); x(v)g if w = u,

x(v) + minfx(u); x(v)g if w = v, and

x(w) otherwise.

5



Sin
e the verti
es u and v are non-adja
ent in H , the following holds:

X

uv2E(H)

x

0

(u) � x

0

(v) �

X

uv2E(H)

x(u) � x(v) = 2(X

v

�X

u

) minfx(u); x(v)g.

It follows that X

u

= X

v

from Æ

0

rel

(H) =

P

uv2E(H)

x(u) � x(v). Hen
e,

Æ

0

rel

(H) =

P

uv2E(H)

x

0

(u) �x

0

(v). Sin
e X

u

= X

v

, the 
on�guration is again

symmetri
 with respe
t to u and v and we may assume that x(u) < x(v).

Consequently, x

0

(u) = 0 and the support of x

0

is a subset of the support

of x that 
ontradi
ts the 
hoi
e of x. We 
on
lude that the support of x

indu
es a 
omplete graph in H .

It is an easy exer
ise in the mathemati
al analysis to show that if

Æ

0

rel

(H) =

P

uv2E(H)

x(u) � x(v), then x(u) = 1=k where k is the size of

the support of x. Hen
e, Æ

0

rel

(H) = 1 � 1=!(H). Sin
e it always holds that

Æ

rel

(H) � Æ

0

rel

(H), it follows that Æ

rel

(H) = Æ

0

rel

(H).

We �rst observe that the fra
tional relative density Æ

0

rel

(H) of H is a

lower bound on �

k

(H) (even if H is a
y
li
):

Proposition 2. Let H be a dire
ted graph. The following inequality holds

for every k � 1:

�

k

(H) � Æ

0

rel

(H) .

Moreover, there exists a deterministi
 algorithm that for any dire
ted graph

G �nds a mapping h : V (G) ! V (H) that preserves at least Æ

0

rel

(H) � jjGjj

ar
s of G. The running time of the algorithm is linear in the size of G (if

H is �xed).

Proof. Let x : V (H) ! h0; 1i be the fun
tion su
h that

P

v2V (H)

x(v) = 1

and Æ

0

rel

(H) =

P

uv2E(H)

x(u) � x(v). Consider a mapping h : V (G) !

V (H

0

) that maps ea
h vertex of G to a vertex v of H with probability

x(v). The probability that an ar
 of G is mapped to an ar
 of H is exa
tly

P

uv2E(H)

x(u) � x(v) = Æ

0

rel

(H). Hen
e, the expe
ted number of ar
s of G

mapped to the ar
s of H is Æ

0

rel

(H) � jjGjj. The mapping h 
an be found

deterministi
ally using the derandomization method based on 
onditional

expe
tations as des
ribed in [24℄. The running time of the algorithm remains

linear in the size of G.

In the proof of the next theorem, Markov's inequality and Cherno�'s

inequality are used to bound the probability of large deviations from the

expe
ted value. The reader is referred to [12℄ for further exposition.
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Proposition 3. Let X be a non-negative random variable with the expe
ted

value E. Then the following holds for every � � 1:

Prob(X � �) �

E

�

.

Proposition 4. If X is a random variable equal to the sum of N indepen-

dent random zero-one variables su
h that ea
h of them equals one with the

probability p, then the following holds for every 0 < Æ � 1:

Prob(X � (1 + Æ)pN) � e

�

Æ

2

pN

3

and Prob(X � (1 � Æ)pN) � e

�

Æ

2

pN

2

.

The 
onverse inequality of Proposition 2 is true if the target graph H


ontains a loop or a dire
ted 
y
le.

Theorem 1. If H is a dire
ted graph that is not a
y
li
, then �

k

(H) is

equal to Æ

0

rel

(H) for every k � 1.

Proof. Fix k � 1 and ", 0 < " � 1=2. Let n be a suÆ
iently large integer.

We 
onstru
t a dire
ted graph G of order n su
h that every subgraph of G of

size at most k 
an be mapped to H , but every mapping h : V (G) ! V (H)

preserves at most (Æ

0

rel

(H) � ")jjGjj ar
s of G.

We �rst 
onsider a random dire
ted graph G

0

and we later prune it to

obey all the 
onstraints that G should satisfy. Let G

0

be a random graph

of order n in whi
h the ar
 from u to v, u 6= v, is in
luded with probability

n

�1+1=2k

. The ar
s are in
luded to G

0

mutually independently. G

0


ontains

no loops. Sin
e the expe
ted number of ar
s of G

0

is n(n � 1)n

�1+1=2k

=

n

1=2k

(n � 1), Proposition 4 implies that the probability that the number

of ar
s of G

0

is smaller than (1 � "=4)n

1+1=2k

does not ex
eed 1=4 if n is

suÆ
iently large.

Next, we estimate the number of (not ne
essarily 
onsistently oriented)


y
les of G

0

. The expe
ted number of bigons of G

0

is

�

n

2

�

n

�2+2=2k

� n

1=k

.

The expe
ted number of 
y
les of G

0

of length `, 3 � ` � k, is at most

n

`

2

`

(n

�1+1=2k

)

`

� 2

`

n

1=2

. By Proposition 3, the number of su
h bigons and


y
les of length at most k does not ex
eed 4 � k2

k

n

1=2

with probability at

least 1=4. Hen
e, if n is suÆ
iently large (re
all that k is �xed), the number

of ar
s 
ontained in bigons and 
y
les of length at most k is bounded by

"n=4 with probability at least 3=4.

Let us now 
onsider a mapping h : V (G

0

) ! V (H). Set x(v) :=

jh

�1

(v)j=n for v 2 V (H). By the de�nition of Æ

0

rel

(H), the following holds:

X

uv2E(H)

x(u)x(v) � Æ

0

rel

(H) (1)

7



The expe
ted number of ar
s of G

0

preserved by h 
an be estimated using

(1) as follows:

X

uv2E(H)

jh

�1

(u)j � jh

�1

(v)jn

�1+1=2k

=

X

uv2E(H)

x(u)x(v)n

1+1=2k

� Æ

0

rel

(H)n

1+1=2k

.

By Proposition 4, the probability that the number of ar
s preserved by h

ex
eeds (1+"=4)Æ

0

rel

(H)n

1+1=2k

is at most e

�

"

2

Æ

0

rel

(H)n

1+1=2k

48

. Sin
e there are

jV (H)j

n

possible 
hoi
es of the mapping h, and sin
e the target graphH , the

integer k and the real " are �xed, the probability that there exists a mapping

h : V (G

0

) ! V (H) that preserves more than (1 + "=4)Æ

0

rel

(H)n

1+1=2k

ar
s

of G

0

does not ex
eed 1=4 if n is suÆ
iently large.

We 
on
lude based on the dis
ussions in the previous paragraphs that

the following holds with a positive probability:

1. G

0


ontains at least (1 � "=4)n

1+1=2k

ar
s,

2. the size of the set E of the ar
s 
ontained in bigons or 
y
les of length

at most k in G

0

does not ex
eed "n=4, and

3. every mapping h : V (G

0

) ! V (H) preserves at most

(1 + "=4) Æ

0

rel

(H)n

1+1=2k

ar
s of G

0

.

Therefore, there exists a graph G

0

with the above three properties. The

�nal graph G is obtained from G

0

by removing the ar
s 
ontained in the

set E.

We argue that every mapping h : V (G) ! V (H) preserves at most

(Æ

0

rel

(H) + ")jjGjj ar
s of G: the size jjGjj of G is at least (1 � "=2)n

1+1=2k

.

Sin
e every mapping h : V (G

0

) ! V (H) preserves at most (1+"=4)Æ

0

rel

(H)n

1+1=2k

ar
s of G

0

and G is a subgraph of G

0

, every mapping h : V (G) ! V (H)

also preserves at most

(1 + "=4)Æ

0

rel

(H)n

1+1=2k

ar
s. We infer the following bound on the fra
tion

of ar
s of G preserved by h (re
all that " � 1=2):

(1 + "=4)Æ

0

rel

(H)n

1+1=2k

jjGjj

�

1 + "=4

1 � "=2

Æ

0

rel

(H) � (1 + ")Æ

0

rel

(H) .

Next, we show that any subgraph of G of size at most k is homomorphi


to H . Let G

0

be su
h a subgraph of G. Sin
e the size of G

0

is at most k, G

0

8



is an orientation of a forest. Hen
e, there is a homomorphism from G

0

to

any dire
ted 
y
le. In parti
ular, there is a homomorphism from G

0

to H ,

be
ause H 
ontains a loop or a dire
ted 
y
le,

Sin
e we 
onstru
ted for every " > 0 a graph G that 
orresponds to an

instan
e of CSP that is k-
onsistent and the fra
tion of ar
s preserved by

any mapping h : V (G) ! V (H) does not ex
eed Æ

0

rel

(H) + ", it follows that

�

k

(H) � Æ

0

rel

(H). The opposite inequality follows from Proposition 2.

By Proposition 1 and Theorem 1, the following holds for symmetri


binary relations:

Corollary 2. Let H be a dire
ted graph 
orresponding to a symmetri
 bi-

nary relation R on a set X. The following holds for every k � 1:

�

k

(H) =

�

1 if there exists a 2 X su
h that [a; a℄ 2 R, and

1 � 1=` otherwise,

where ` is the size of the largest set A � X su
h that [a; a

0

℄ 2 R for any two

distin
t elements a and a

0

of A.

Sin
e every subgraph of order at most k of the graph G obtained in the

proof of Theorem 1 is an orientation of a forest, it 
an be mapped to H and

thus we 
an 
on
lude the following:

Corollary 3. If H is a dire
ted graph that is not a
y
li
, then �

v

k

(H) is

equal to Æ

0

rel

(H) for every k � 1.

3 Graph Homomorphisms and Tree Duality

A key ingredient to our algorithm in the next se
tion is the notion of tree

duality. A dire
ted graph H has tree duality if a graph G is homomorphi
 to

H if and only if every dire
ted tree homomorphi
 to G is also homomorphi


to H . It is not hard to see that every orientation of a simple path or

every a
y
li
 tournament has tree duality. Feder and Vardi [10℄ and Hell,

Ne�set�ril and Zhu [13℄ observed that if H has tree duality, then the H-
oloring

problem (the de
ision problem whether a given graph is homomorphi
 to

H) 
an be solved in polynomial time by a simple pro
edure 
alled ar
-


onsisten
y. We explain their approa
h in more detail.

An equivalent de�nition of having tree duality uses the notion of set

graphs. For a dire
ted graph H , let 2

H

be the graph whose verti
es are all

9



f1; 2g

f3; 4g

f1; 2; 4g

f1; 3; 4g

f1; 4g

f3g

f2; 3g

f2g

f1g

f4g

f2; 3; 4g f2; 4g

f1; 3gf1; 2; 3g

2

3

4

1

f1; 2; 3; 4g

;

Figure 2: An example of a digraph H with tree duality and its set graph.

the 2

jHj

subsets of verti
es of H and two subsets U and V are joined by

an ar
 if the following holds: for every vertex u 2 U , there exists a vertex

v 2 V su
h that uv is an ar
 of H , and for every vertex v 2 V , there exists

a vertex u 2 U su
h that uv is an ar
 of H . The graph 2

H

is 
alled the

set graph of H . It 
an be shown that H has tree duality if and only if the

graph 2

H

is homomorphi
 to H [3, 10℄. An example of a set graph 
an be

found in Figure 2.

We now des
ribe the ar
-
onsisten
y pro
edure studied already in [11℄.

At the beginning, ea
h vertex v of an input graph G is assigned the set of

all the verti
es of the target graph H . The set assigned to v after i steps of

the algorithm is denoted by `

i

(v) and the initial sets are denoted by `

0

(v),

i.e., `

0

(v) = V (H) for ea
h v 2 V (G). At the i-th step, a vertex w of H is

removed from the set assigned to v if G 
ontains an ar
 vv

0

su
h that H does

not 
ontain an ar
 ww

0

for any w

0

2 `

i�1

(v

0

) or G 
ontains an ar
 v

0

v su
h

that H does not 
ontain an ar
 w

0

w for any w

0

2 `

i�1

(v

0

). We say su
h an

ar
 vv

0

violated at the i-th step. The pro
edure terminates when there are

no further 
hanges in the sets assigned to the verti
es of G. The number of

steps of the pro
edure never ex
eeds jGj � jH j. The entire pro
edure 
an be

implemented so that its running time is linear in jGj+ jjGjj when the target

graph H is �xed (and when the assignments `

i

at ea
h step are impli
itly

represented).

Let `(v) be the �nal set of the verti
es of H assigned to a vertex v of

the input graph G. If there exists a vertex v of G su
h that `(v) = ;, then

there is no homomorphism from G to H . On the other hand, if `(v) 6= ; for

10



all v 2 V (G), then the mapping h : V (G) ! V (2

H

) su
h that h(v) := `(v)

is a homomorphism from G to the set graph of H . If H has tree duality,

then the set graph 2

H

is homomorphi
 to H . Consequently, in this 
ase

G is homomorphi
 to H . It is well-known that that if H has tree duality,

then the ar
-
onsisten
y pro
edure is a polynomial-time algorithm for the

H-
oloring problem [3, 10, 13℄.

4 Target Graphs with Tree Duality

In this se
tion, we fo
us on binary relations su
h that the 
orresponding

dire
ted graph H has tree duality. Though the de
ision problem whether

all the 
onstraints 
an be satis�ed 
an be solved in polynomial time if H has

tree duality, the 
orresponding problem to maximize the number of satis�ed


onstraints 
an be hard: 
onsider a graph H 
onsisting of a single oriented

edge. The problem whether a graph G is homomorphi
 to H 
an be solved

in polynomial time. On the other hand, if G is the dire
ted graph obtained

from an undire
ted graph G

0

by repla
ing ea
h edge by a bigon, then the

maximum number of ar
s that 
an be preserved by a mapping from G to

H is equal to the size of the maximum 
ut of G

0

. Hen
e, the problem to

maximize the number of preserved ar
s (
onstraints) is NP-hard.

In this se
tion, we show that if H has tree duality, then lim

k!1

�

k

(H) =

1, and we design an algorithm that either �nds a good mapping from G to

H or dete
ts a subgraph of G of bounded size that is not homomorphi
 to

H .

Theorem 4. If H is a dire
ted graph that has tree duality, then the following

holds:

lim

k!1

�

k

(H) = 1.

Moreover, there exists an algorithm that given an input graph G and " > 0

either �nds a mapping h : V (G) ! V (H) that preserves at least (1�") � jjGjj

ar
s of G or dete
ts a subgraph of G of size at most jH j

d2jHj="e

that is not

homomorphi
 to H. The running time of the algorithm is linear in jGj+jjGjj

if the target graph H is �xed.

Proof. We �rst des
ribe the algorithm from the statement of the theorem.

The algorithm invokes the ar
-
onsisten
y pro
edure for the �rst d2jH j="e

steps and 
onstru
ts the assignments `

i

for i = 0; : : : ; d2jH j="e. It then

distinguishes two 
ases. The �rst 
ase is that there exists a vertex v of

11



G and i = 0; : : : ; d2jH j="e su
h that `

i

(v) = ;. Let i be the smallest

index with this property. For every w 2 V (H), there exists a step of the

algorithm when w was removed from the set assigned to v be
ause an edge

in
ident to v was violated. For w 2 V (H), 
onsider su
h an edge v

w

v and

the 
orresponding step i

w

. Note that i

w

< i. Now, for every w

0

2 V (H)

missing in `

i

w

(v

w

), 
onsider the step when w

0

was removed from the sets

assigned to v

w

. At this point note that `

i

w

(v

w

) 6= ; by the 
hoi
e of i.

We obtain new sets of ar
s of G that were violated before the i

w

-th step

and that 
aused verti
es w

0

to be removed from the set assigned to v

w

.

Continue in this way unless the 
onsidered sets assigned to the verti
es of

G are equal to V (H). The pro
edure terminates be
ause the numbers i

w

of

steps de
rease. Sin
e i � d2jH j="e, the number of violated ar
s obtained in

this way does not ex
eed the following:

jH j+jH j(jH j�1)+jH j(jH j�1)

2

+� � �+jH j(jH j�1)

d2jHj="e�1

� jH j

d2jHj="e

.

This set of ar
s 
ontains a subgraph of G that is not homomorphi
 to H .

The remaining 
ase is that `

i

(v) 6= ; for every v 2 V (G) and i =

0; : : : ; d2jH j="e. Let E

i

be the set of the ar
s of G violated at the i-th

step, i = 1; : : : ; d2jH j="e. Sin
e ea
h edge 
an be violated at most 2jH j

times (at ea
h step when the edge is violated, the size of the set assigned

to one of its end-verti
es de
reases), the sum jE

1

j + � � � + jE

d2jHj="e

j does

not ex
eed 2jH j � jjGjj. In parti
ular, there exists i = 1; : : : ; d2jH j="e su
h

that jE

i

j � "jjGjj. Consider now a mapping h

0

: V (G) ! V (2

H

) de�ned

as h

0

(v) := `

i�1

(v). All the ar
s that might not be preserved by h

0

are


ontained in E

i

. Sin
e 2

H

is homomorphi
 to H , there is a homomorphism

h : V (G) ! V (H) that preserves all the ar
s of G ex
ept for those of

E

i

. This �nishes the des
ription and the analysis of the algorithm. The

bound on the running time of our algorithm follows from the dis
ussions in

Se
tion 3.

Sin
e the algorithm �nds for a jH j

d2jHj="e

-
onsistent input a mapping

that preserves a fra
tion of at least (1 � ") ar
s, �

jHj

d2jHj="e

(H) � 1 � ".

Hen
e, lim

k!1

�

k

(H) = 1.

Sin
e �

v

2k

(H) � �

k

(H) and �(H) is non-de
reasing in k, Theorem 4

implies the following:

Corollary 5. If H is a dire
ted graph that has tree duality, then the fol-

lowing holds:

lim

k!1

�

v

k

(H) = 1.

12



Figure 3: The three smallest digraphs H for whi
h lim

k!1

�

k

(H) is un-

known.

Moreover, there exists an algorithm that given an input graph G and " > 0

either �nds a mapping h : V (G) ! V (H) that preserves at least (1�") � jjGjj

ar
s of G or dete
ts a subgraph of G of order at most 1 + jH j

d2jHj="e

that

is not homomorphi
 to H. The running time of the algorithm is linear in

jGj + jjGjj if the target graph H is �xed.

5 Dire
tions for Future Resear
h

The main interest in lo
ally 
onsistent CSPs 
omes from the question how

mu
h it helps that the input is lo
ally 
onsistent. This is re
e
ted by the

behavior of �

k

(H) as a fun
tion of k for a �xed dire
ted graph H . In 
ase

that the 
orresponding graph H 
ontains a loop or a dire
ted 
y
le, we have

seen that the assumption on lo
al 
onsisten
y does not help at all. On the

other hand, if H has tree duality, this assumption helps a lot. We were not

able to settle the 
ase when H is a
y
li
 but does not have tree duality. In

Figure 3, the reader 
an �nd the three smallest dire
ted graphs H for whi
h

we were not able to 
ompute the limit lim

k!1

�

k

(H).

In the papers on lo
ally 
onsistent CSPs with 
onstraints being Boolean

predi
ates [6, 7, 18℄, the authors also addressed the weighted versions of

the problems. Let us mention that all our results, in parti
ular Theorems 1

and 4, Corollaries 2, 3 and 5, hold for the weighted versions of the problems,

too. The reader is wel
ome to 
he
k him/her/itself that the proofs translate

to this setting.

The ultimate goal is to settle the behavior of lo
ally 
onsistent CSPs

with more types of 
onstraints and with 
onstraints of arbitrary arity. The

approa
h to CSPs for binary 
onstraints based on graphs with tree duality

13



applies to all 
onstraint languages that admit a set fun
tion, even if the


onstraint language 
ontains several 
onstraint types. Note that this 
lass of


omputational problems 
ontains many previously known tra
table families

of problems in
luding Horn, 
onstant, and ACI problems [3℄. However, we

have little knowledge of the behavior for 
onstraint languages without tree

duality.
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