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Abstra
t

We prove that the L(2,1)-labeling problem is NP-
omplete for

graphs of treewidth two, thus adding a natural and well studied prob-

lem to the short list of problems whose 
omputational 
omplexity

separates treewidth one from treewidth two. We prove similar results

for other variants of the distan
e 
onstrained graph labeling problem.

1 Introdu
tion

The notion of distan
e 
onstrained graph labeling attra
ted a lot of atten-

tion in the past years both for its motivation by the pra
ti
al frequen
y

assignment problem, and for its interesting graph theoreti
 properties. The
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task of assigning frequen
ies to transmitters to avoid undesired interferen
e

of signals is modeled in several ways. The so 
alled 
hannel assignment

problem assumes that a minimum allowed di�eren
e of 
hannels is given for

every two transmitters. Thus the input of this problem is a weighted graph

whose verti
es 
orrespond to the transmitters, and the task is to assign

nonnegative integers (
hannels) to the verti
es so that for every edge, the

di�eren
e of the assigned 
hannels is at least the weight of the edge, and so

that the largest 
hannel used is minimized.

Another approa
h, and this one we follow in the present paper, is the

distan
e 
onstrained graph labeling. Here it is assumed that the distan
e

of transmitters 
an be modeled by a graph, and that the distan
e of the

transmitters in
uen
es possible interferen
e in su
h a way that the 
loser

two transmitters are, the farther apart their frequen
ies must be. Formally,

an assignment of nonnegative integers to the verti
es of a graph G is an

L(p

1

; : : : ; p

k

)-labeling if for every two verti
es at distan
e at most i � k,

the di�eren
e of the integers (labels) assigned to them is at least p

i

. Here

k � 1 is the depth to whi
h the distan
e 
onstraints are applied, and integers

p

1

� p

2

� : : : � p

k

are parameters of the problem. Again, the goal is

to minimize the maximum label used. The most studied of the distan
e


onstrained labelings is the 
ase k = 2; p

1

= 2; p

2

= 1, i.e., the L(2; 1)-

labeling. In this 
ase adja
ent verti
es must be assigned labels that di�er

by at least 2, while nonadja
ent verti
es with a 
ommon neighbor must be

assigned distin
t labels. The maximum label used is 
alled the span of the

labeling. The minimum span of an L(2; 1)-labeling of a graph G will be

denoted by L

(2;1)

(G).

The notion of L(2; 1)-labeling was in fa
t �rst proposed by Roberts [20℄

and many nontrivial results were presented in a pioneer paper of Griggs

and Yeh [15℄. Let us mention their 
onje
ture that L

(2;1)

(G) � �

2

(G)

(where �(G) stands for the maximum vertex degree in G). This 
onje
ture

has been veri�ed for various graph 
lasses, but it is still open for general

graphs (with L

(2;1)

(G) � �(G)

2

+�(G)� 1 being the 
urrent re
ord [16℄).

From the 
omputational 
omplexity point of view, Griggs and Yeh proved

that determining L

(2;1)

(G) is an NP-hard problem, and this result was later

strengthened by Fiala et al. [7℄ by showing that de
iding L

(2;1)

(G) � k is

NP-
omplete for every �xed k � 4. Griggs and Yeh also 
onje
tured that

it is NP-
omplete to 
ompute the L

(2;1)

number of a tree, but this was

somewhat surprisingly disproved by a dynami
 programming polynomial

time algorithm of Chang and Kuo [4℄.

The 
ommon expe
tation says that problems solvable in polynomial time
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for trees should also be polynomially solvable for graphs of bounded tree-

width, though sometimes the extension to bounded treewidth is not straight-

forward (
f. e.g., the 
ase of 
hromati
 index [2℄). (We informally re
all that

the treewidth is a graph invariant that des
ribes how far is the graph from

being a tree. For a formal de�nition the reader is referred to a survey [3℄

or to one of the original papers [1℄ introdu
ing this invariant in terms of so


alled partial k-trees. For our purposes we only need the fa
t that graphs of

treewidth at most two are exa
tly the graphs that do not 
ontain a subdvi-

sion of K

4

as a subgraph, and 
onne
ted graphs of treewidth one are exa
tly

trees.) Only very few ex
eptions to this rule of thumb are known, and in fa
t

very few problems are known to be hard for graphs of bounded treewidth.

An example is, e.g., the Minimum Bandwidth problem (whi
h is NP-hard

already for trees [12℄) or the 
losely related Channel Assignment prob-

lem whi
h has been re
ently shown NP-
omplete for graphs of treewidth

three [18℄. The natural question of the 
omplexity of L(2; 1)-labelings for

graphs of bounded treewidth has been posed many times and remained

open sin
e 1996. The main result of our paper settles it by showing that

determining the L

(2;1)

number of graphs of treewidth two is NP-hard.

Before we formulate the result formally, we spe
ify pre
isely what prob-

lem we deal with. The de
ision problem whether a given graph admits

an L(2; 1)-labeling of �xed span 
an be des
ribed in Monadi
 Se
ond Or-

der Logi
 (MSOL), and therefore is solvable in linear time for any 
lass of

graphs of bounded treewidth by a generi
 algorithm of Cour
elle [5℄. Thus

we naturally assume that the span is a part of the input, and we 
onsider

the following problem.

L(2; 1)-labeling

Input: An integer � and a graph G.

Question: Is L

(2;1)

(G) � �?

Theorem 1. The L(2,1)-labeling problem is NP-
omplete for graphs of

treewidth at most two.

So far we have only dis
ussed the model in whi
h interferen
e of the

frequen
ies (or 
hannels) de
reases linearly with their in
reasing di�eren
e.

It is, however, plausible to 
onsider also su
h models in whi
h frequen
ies

far apart may interfere (e.g., if one is a multiple of the other one). This

means more 
ompli
ated metri
s in the frequen
y spa
e. A 
on
rete step in
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this dire
tion is the 
y
li
 metri
 introdu
ed by van Heuvel et al. [23℄. In

this metri
, the graph of the 
hannel spa
e is the 
y
le of length �. Similarly

to the linear 
ase, we talk about C(2; 1)-labelings and denote by C

(2;1)

(G)

the minimum span of a C(2; 1)-labeling of G (note that in the 
y
li
 metri
,

the span is the number of available 
hannels, not the di�eren
e between the

largest and smallest one). For general graphs, de
iding if C

(2;1)

(G) � � is

NP-
omplete for every �xed � � 6 [9℄. For � part of the input and graphs

of bounded treewidth, we fully 
hara
terize the 
omplexity of the C(2,1)-

labeling problem (whi
h, given a graph G and an integer � as input, asks

if C

(2;1)

(G) � �):

Proposition 2. ([17℄) Let T be a tree with at least one edge, and p � q

nonnegative integers. Then

C

(p;q)

(T ) = q�(T ) + 2p� q

where �(T ) is the maximum degree of a vertex in T .

Theorem 3. The C(2,1)-labeling problem is NP-
omplete for graphs of

treewidth at most two.

Fiala and Krato
hv��l [9℄ de�ned the notion of H(2; 1)-labeling as the

utmost generalization in the 
ase when the metri
 of the 
hannel spa
e 
an

be des
ribed by a graph H , and showed that H(2; 1)-labelings of a graph G

are exa
tly lo
ally inje
tive homomorphisms from G into the 
omplement of

H . The 
omplexity of the H(2,1)-labeling problem for some parameter

graphs H then follows from [8℄, but the 
omplete 
hara
terization is not

even in sight. On the other hand, if G has bounded treewidth, the H(2,1)-

labeling problem is solvable in polynomial time sin
e for a �xed graph H ,

the existen
e of an H(2; 1)-labeling of G 
an be expressed in MSOL.

It remains to study the 
ase when both G and H are part of the input

and we refer to it as the (2,1)-Labeling problem. Observe that the L(2,1)-

labeling problem is the restri
tion of (2,1)-Labeling to inputs su
h that

H is a path. Hen
e it follows from Theorem 1 that (2,1)-labeling is

NP-
omplete for graphs of treewidth two. However, in this most general

setting, we are able to prove di
hotomy even with respe
t to pathwidth (for

de�nition of pathwidth see [21, 22, 3℄, just re
all that 
onne
ted graphs of

pathwidth one are exa
tly 
aterpillars):

Theorem 4. For a tree T with m verti
es and an arbitrary graph H with

n verti
es, one 
an de
ide in time O(n

3

m

2

) whether T allows an H(2; 1)-

labeling.
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Theorem 5. The (2,1)-labeling problem is NP-
omplete for graphs G of

pathwidth at most two (the graph H may be arbitrary).

The paper is organized as follows. In Se
tion 2 we review te
hni
al

de�nitions and notation and prove an auxiliary result on systems of distant

representatives for symmetri
 sets. The main result, Theorem 1, is proved

in Se
tion 3. The 
ase of 
y
li
 metri
 is dis
ussed in Se
tion 4. Theorems 4

and 5 are proved in Se
tion 5. The last se
tion 
ontains 
on
luding remarks

and open questions.

2 Preliminaries

All graphs 
onsidered are �nite and simple, i.e., with a �nite vertex set and

without loops or multiple edges. For a vertex u, the symbol N(u) denotes

the open neighborhood of u, i.e., the set of all verti
es adja
ent to u, and we

denote by degu = jN(u)j the degree of u.

A graph is 
alled series-parallel if it 
an built from isolated edges with

endverti
es 
alled South and North poles by a sequen
e of series and parallel


ompositions (the former identi�es the North pole of one 
omponent with

the South pole of the other one, the latter uni�es the North poles of the


omponents into a 
ommon North pole, and likewise the South poles). It

is well known that a graph has treewidth at most two if and only if all its

2-
onne
ted subgraphs are series-parallel.

The labels are always nonnegative integers, with 0 being the smallest

label used. We use the notation [x; y℄ = fx; x + 1; : : : ; y � 1; yg to denote

intervals of 
onse
utive integers. We say that a set S of integers is symmetri


within an interval [x; y℄ if S � [x; y℄ and for every i 2 [x; y℄, i 2 S if and

only if y + x� i 2 S.

A system of distin
t representatives for a set system S

1

; S

2

; : : : ; S

n

is a

system of distin
t elements s

i

2 S

i

; i = 1; 2; : : : ; n. The theory of SDR's

is well developed, the ne
essary and suÆ
ient 
ondition for their existen
e

is given by the well known Hall theorem, and an SDR 
an be found in

polynomial time (e.g., by a bipartite mat
hing algorithm). If the ground set

S

n

i=1

S

i

is equipped with a metri
 fun
tion, we 
an further impose 
onditions

on the distan
e of the 
hosen representatives. We refer the reader to [11, 14℄

for a survey on the 
omputational 
omplexity of �nding systems of distant

representatives for sets in metri
 spa
es and their appli
ations in various

graph labeling problems. Now we will use a spe
ial variant of this problem

as an auxiliary tool:
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SRL (Spe
ial representatives in the linear metri
)

Input: An integer n and a 
olle
tion of sets of integers S

1

; S

2

; : : : ; S

m

symmetri
 within the interval [2; �� 2℄, where � = 4n+ 5.

Question: Does there exist a 
olle
tion of distin
t integers

s

1

; s

2

; : : : ; s

m

; t

1

; t

2

; : : : ; t

n

; u

1

; u

2

; : : : ; u

n

su
h that

� s

i

2 S

i

for every i = 1; : : : ;m,

� t

i

2 f2i; �� 2i� 1g for every i = 1; : : : ; n,

� u

i

2 f2i+ 1; �� 2ig for every i = 1; : : : ; n,

� jt

i

� u

i

j � 2 for every i = 1; 2; : : : ; n?

Lemma 2.1. The problem SRL is NP-
omplete.

The proof is based on the following spe
ial variant of the 3-SAT problem

(known NP-
omplete, 
f. e.g. [6℄).

2-3-SAT

Input: A Boolean formula � in 
onjun
tive normal form, whose ea
h 
lause


onsists of 2 or 3 literals and whose every variable has at most 2

positive and at most 2 negative o

urren
es.

Question: Is � satis�able?

Proof. We redu
e from 2-3-SAT (
f. Se
tion 2). Let � have n variables

x

1

; : : : ; x

n

and m 
lauses C

1

; : : : ; C

m

. The number of variables n will be the

n from the input of SRL. Re
all that � = 4n+5. For every j = 1; 2; : : : ;m

the set S

j

is 
onstru
ted from the 
lause C

j

as follows

S

j

=

[

i:x

i

2C

j

f2i; �� 2ig [

[

i::x

i

2C

j

f2i+ 1; �� 2i� 1g:

Thus every set S

j

has 4 or 6 elements and is symmetri
 within [0; �℄.

Assume that � allows a satisfying assignment. If a variable x

i

is assigned

the value true, we set t

i

= 2i�1, u

i

= ��2i�1. Analogously for x

i

negatively

valued, we let t

i

= 2i, u

i

= � � 2i. For ea
h 
lause C

j

we 
hoose one

satisfying literal. If C

j

is satis�ed by the literal x

i

for some i = 1; 2; : : : ; n,

we let s

j

= 2i, if x

i

is the �rst o

urren
e of x

i

in �, and s

j

= ��2i for the

se
ond o

urren
e of x

i

in �. In the 
ase C

j

is satis�ed by :x

i

we 
hoose

6



s

j

= 2i + 1 for the �rst o

urren
e of :x

i

and s

j

= � � 2i � 1 otherwise.

Straightforwardly, the 
olle
tion s

1

; : : : ; u

n

satis�es all four properties from

the de�nition of the SRL problem.

For the opposite dire
tion suppose that s

1

; : : : ; u

n

is a valid solution for

the SRL problem. The 
ru
ial observation is that for every i = 1; 2; : : : ; n,

there are only two possible 
hoi
es for the values of t

i

and u

i

so that jt

i

�

u

i

j � 2 . Namely, either t

i

= 2i and u

i

= �� 2i or alternatively t

i

= 2i+ 1

and u

i

= � � 2i� 1. In the �rst 
ase we assign x

i

= false and a

ordingly

x

i

= true in the se
ond 
ase.

Then for ea
h j = 1; : : : ;m, the value of u

j

indi
ates the satisfying

literal for the 
lause C

j

: If u

j

= 2i or �� 2i, then C

j

is satis�ed by the true

assignment to the variable x

i

. Alternatively, if u

j

= 2i+1 or ��2i� i then

the literal :x

i

satis�es C

j

as the variable x

i

is assigned false.

Sin
e the size of the family S

1

; S

2

; : : : ; S

m

is polynomial in the size of �,

2-3-SAT/SRL as 
laimed.

We 
ontinue with an analogous lemma for set systems over a spa
e with

the 
y
li
 metri
: For a �xed � � 2 and integers x; y 2 f0; 1; : : : ; �� 1g we

denote by �




(x; y) = minfjx� yj; �� jx� yjg the (
y
li
) distan
e between

x and y.

SRC (Spe
ial representatives in the 
y
li
 metri
)

Input: An integer n and a 
olle
tion of sets of integers S

1

; S

2

; : : : ; S

m

symmetri
 within the interval [1; �� 1℄ for � = 16n.

Question: Does there exists a 
olle
tion of distin
t integers

s

1

; s

2

; : : : ; s

m

; t

1

; t

2

; : : : ; t

n

; u

1

; u

2

; : : : ; u

n

su
h that

� for all i = 1; : : : ;m : s

i

2 S

i

,

� for all i = 1; : : : ; n : t

i

2 f4n� i; 4n+ ig,

� for all i = 1; : : : ; n : u

i

2 f12n� i; 12n+ ig,

� �




(t

i

; u

i

) = 8n� 2i for every i = 1; 2; : : : ; n?

Lemma 2.2. The problem SRC is NP-
omplete.

Proof. We show 2-3-SAT / SRC.

For every j = 1; 2; : : : ;m the set S

j

is 
onstru
ted from the 
lause C

j

2 �

by following rules: if the 
lause C

j


ontains the literal x

i

then integers

7



4n � i; 12n+ i are inserted into S

j

, and if :x

i

2 C

j

then we put integers

4n+ i; 12n� i into S

j

. It 
an easily be seen that ea
h set S

j

is symmetri
.

Assume that � allows a satisfying assignment. We 
hoose t

i

= 4n + i

and u

i

= 12n� i when a variable x

i

is assigned true and we let t

i

= 4n� i

and u

i

= 12n + i otherwise. From ea
h 
lause C

j

we pi
k one satisfying

literal. When C

j

is satis�ed by x

i

we sele
t s

i

= 4n � i if x

i

is the �rst

o

urren
e of x

i

in �, and s

i

= 12n+ i if it is the se
ond o

urren
e. In the


ase :x

i

satis�es C

j

we 
hoose s

i

= 4n+ i for the �rst o

urren
e of :x

i

in

� and 


i

= 12n� i for the se
ond.

It 
an be easily seen that all s

1

; : : : ; u

n

are distin
t and �




(t

i

� u

i

) =

8n�2i for every i = 1; 2; : : : ; n. Hen
e, it is the desired solution of the SRC

problem.

Now suppose s

1

; : : : ; u

n

satisfy all four 
onditions of the SRC problem.

As in the prof of the previous lemma, there are only two possible 
hoi
es

for pairs (t

i

; u

i

): as �




(t

i

; u

i

) = 8n� 2i > 2i either (t

i

; u

i

) = (4n� i; 12n+

i) (indi
ating x

i

being assigned false) or (t

i

; u

i

) = (4n + i; 12n � i) (x

i

being evaluated true). Consequently, for ea
h j = 1; : : : ;m the 
hoi
e of

u

j

provides a satisfying literal for the 
lause C

j

: If u

j

= 4n� i or 12n+ i

then C

j

is satis�ed as x

i

is assigned true. Analogously, when u

j

= 4n+ i or

12n� i then the literal :x

i

satis�es the 
lause C

j

.

3 L(2; 1)-labeling of graphs of treewidth two

This entire se
tion is devoted to the proof of Theorem 1. We will utilize

Lemma 2.1 and redu
e from the SRL problem. Suppose we are given in-

tegers n and � = 4n + 5, and m subsets S

1

; : : : ; S

m

of [2; � � 2℄ whi
h are

all symmetri
 within this interval (we may further assume that all of them

have size at most 6, but this is not important for our proof). Our aim is to


onstru
t a graph G

0

of treewidth two su
h that L

(2;1)

(G

0

) � � if and only

if the given instan
e of SRL is feasible. The 
onstru
tion of G

0

is a
hieved

in several steps.

3.1 Redu
tion to List Labeling Constru
t the graph G on verti
es

V

G

= (v

0

; v

s

1

; : : : ; v

s

m

; v

t

1

; : : : ; v

t

n

; v

u

1

; : : : ; v

u

n

) where v

0

is adja
ent to all other

verti
es, and futhermore (v

t

i

; v

u

i

) 2 E

G

for all i = 1; : : : ; n. (See Fig. 1.) To

ea
h vertex of x 2 V

G

we assign a set of admissible labels as follows

� T (v

0

) = f0; �g

� T (v

s

i

) = S

i

for all i = 1; : : : ;m

8



. . .

v

t

n

v

t

2

v

t

1

v

u

1

v

u

2

v

u

n

v

s

1

v

s

m

v

s

2

. . .

v

0

Figure 1: The graph G.

� T (v

t

i

) = f2i; �� 2i� 1g for all i = 1; : : : ; n

� T (v

u

i

) = f2i+ 1; �� 2ig for all i = 1; : : : ; n

and we 
all an L(2; 1)-labeling 
 admissible if 
(x) 2 T (x) for every x 2 V

G

.

In any admissible L(2; 1)-labeling, any pair of verti
es must get distin
t

labels sin
e G has diameter two. Moreover, as the verti
es v

t

i

and v

u

i

are

adja
ent, they must be assigned labels that are at least two apart.

Hen
e 
(v

s

i

) = s

i

; 
(v

t

i

) = t

i

, and 
(v

u

i

) = u

i

is a one-to-one 
orre-

sponden
e between admissible L(2; 1)-labelings of G and systems of spe
ial

representatives for S

1

; : : : ; S

m

(the 
hoi
e of 
(v

0

) = 0 or � does not inter-

fere with the labels of the remaining verti
es). The graph G has 
learly

treewidth two. We will further design a 
olle
tion of gadgets that will for
e

the desired lists on the verti
es of the graph G.

3.2 Labels of neighbors of verti
es of large degrees The following

simple observation will be used repeatedly in our arguments. Let v be a

vertex whose two neighbors w and w

0

have degree � � 1, and let 
 be an

L(2; 1)-labeling of span �. Denote S = 
(N(w)nfvg) the set of labels used on

the neighbors of w other than v. Sin
e w and w

0

have the maximum possible

degree, they are assigned labels 0 and �, and hen
e 
(v) 2 [2; �� 2℄ n S.

3.3 The 
ru
ial gadget For every i 2 [1;

��1

2

℄, we 
onstru
t the graph H

i

with nonadja
ent verti
es z

i

; z

0

i

of degree one indu
tively as follows.

1) H

0

is the 
y
le of length four and z

0

; z

0

0

are two nonadja
ent verti
es

(of degree two).

2) To 
onstru
t H

i+1

, we take the graph H

i

and

9



... ... ... ...

z

0

2

z

0

1

z

0

0

z

0

z

1

z

2

z

i�1

z

i

z

0

i

z

0

i�1

Figure 2: Constru
tion of the graph H

i

.

� insert the edge (z

i

; z

0

i

),

� insert two new verti
es z

i+1

; z

0

i+1

and edges (z

i

; z

i+1

); (z

0

i

; z

0

i+1

),

� insert �� 5 new 
ommon neighbors of z

i

and z

0

i

.

(See Fig. 2 for an example.) ThenH

i

is a series-parallel graph whose number

of verti
es is polynomial in i and n (pre
isely, jV

H

i

j = i(�� 3) + 4). It has

the following 
ru
ial property.

Lemma 3.1. For every i � 1, in any L(2; 1)-labeling of H

i

of span �, the

verti
es z

i�1

; z

i

; z

0

i�1

; z

0

i

are assigned (in this order) labels i�1; ��i; ��i+1; i

or �� i+ 1; i; i� 1; �� i.

Proof. We prove the statement by indu
tion on i. Let 
 be an L(2; 1)-

labeling of H

i

of span �.

1) For i = 1, observe that sin
e z

0

and z

0

0

have degree � � 1, they

must be assigned labels 0 and �, or vi
e versa. Their �� 3 
ommon neigh-

bors are assigned distin
t labels forming the interval [2; � � 2℄ and hen
e

f
(z

1

); 
(z

0

1

)g = f1; �� 1g.

2) By indu
tion hypothesis, f
(z

i�1

); 
(z

0

i�1

)g = fi � 1; � � i + 1g and

f
(z

i

); 
(z

0

i

)g = fi; � � ig. These two verti
es have further � � 5 
ommon

neighbors that 
ould be assigned only the labels forming the set [0; i� 2℄ [

[i+2; �� i� 2℄[ [�� i+2; �℄. It is therefore easy to 
on
lude that the two

triples (
(z

i�1

); 
(z

0

i

); 
(z

i+1

)) and (
(z

0

i�1

); 
(z

i

); 
(z

0

i+1

)) 
ould be only the

two 
onse
utive triples (i� 1; i; i+ 1) and (�� i+ 1; �� i; �� i� 1).

3.4 For
ing T (v

0

) Add �� 1� 2n�m = 2n+4�m new neighbors to the

vertex v

0

. (We may assume 2n+4�m � 0 sin
e the SRL problem trivially

has no system of distin
t representatives if 2n+m > 2�� 1.) Then v

0

has

10



graphs H

l

for 2 � l �

��1

2

; l 62 S

i

x

i

v

s

i

...

v

0

.

.

.

.

.

.

Figure 3: For
ing list S

i

on the vertex v

s

i

.

degree ��1 and it 
an be assigned only labels 0 or � by any L(2; 1)-labeling

of span �.

3.5 For
ing T (v

s

i

) For ea
h vertex i 2 [1;m℄, insert a new vertex x

i

and

make it adja
ent to v

s

i

. Further for ea
h pair of labels l and �� l in the set

[2; � � 2℄ n S

i

, insert a new 
opy of the graph H

l

and make x

i

adja
ent to

the verti
es z

l

and z

0

l

of this new 
opy. Finally, add further new neighbors

to the vertex x

i

so that it has degree �� 1 (see Fig. 3). It follows from the

observation in 3.2 and Lemma 3.1 that the vertex v

s

i

is now allowed to be

assigned only a label from the set S

i

as required.

3.6 For
ing T (v

t

i

) and T (v

u

i

) For ea
h i 2 [1; n℄, insert verti
es y

i

; y

0

i

adja-


ent to v

t

i

and v

u

i

, respe
tively. Further take a 
opy of the graph H

2i+1

, re-

move one 
ommon neighbor of z

2i

and z

0

2i

and make y

i

adja
ent to z

2i

; z

2i+1

and y

0

i

to z

0

2i

; z

0

2i+1

of this 
opy. For ea
h label l 2 [2;

��1

2

℄ n f2i; 2i + 1g,

insert two new 
opies of the graph H

l

(the se
ond 
opy is denoted by H

�

l

)

and 
onne
t both verti
es z

l

; z

�

l

to y

i

and both z

0

l

; z

�

l

0

to y

0

i

. Finally, add

three new neighbors to ea
h vertex y

i

; y

0

i

so that both have degree ��1 (see

Fig. 4).

Suppose 
 is an L(2; 1)-labeling of span �. Sin
e both y

i

; y

0

i

have degree

� � 1 and are at distan
e 2 from v

0

of the same degree, they are both

assigned the same label, either 0 or �. It also follows that in the 
opy H

2i+1

the verti
es z

2i

; z

0

2i

behave as stated in Lemma 3.1, even if we removed

one 
ommon neighbor (whose role was taken over by y

i

and y

0

i

). Now

a

ording to observation in 3.2, the vertex v

t

i


an be assigned only labels

from f2i; 2i+1; ��2i�1; ��2ignf
(z

2i

); 
(z

2i+1

)g and similarly for 
(v

u

i

) 2

f2i; 2i+1; �� 2i� 1; �� 2ign f
(z

0

2i

); 
(z

0

2i+1

)g. Sin
e by Lemma 3.1 either

f
(z

2i

); 
(z

2i+1

)g = f� � 2i; 2i + 1g or f2i; � � 2i � 1g, and respe
tively,

11



H

2i+1

y

0

i

v

u

i

v

0

...

.

.

.

v

t

i

y

i

z

2i+1

z

0

2i+1

graphs H

l

; H

�

l

for 2 � l �

��1

2

; l 6= 2i; 2i+ 1

z

2i

z

0

2i

Figure 4: For
ing lists f2i; �� 2i� 1g and f2i+ 1; � � 2ig on the verti
es

v

t

i

; v

u

i

.

f
(z

0

2i

); 
(z

0

2i+1

)g = f2i; � � 2i � 1g or f� � 2i; 2i + 1g, we get the desired

admissible sets for both v

t

i

and v

u

i

(note here that the entire 
onstru
tion is

symmetri
 with respe
t to verti
es v

t

i

and v

u

i

).

By the above dis
ussion, any L(2; 1)-labeling of the resulting graph G

0

for
es every vertex x of its subgraph G to be assigned labels from the list

T (x). During the 
onstru
tion of G

0

the distan
es between the original ver-

ti
es of G were not 
hanged, and hen
e any L(2; 1)-labeling of G

0

restri
ted

to G is an admissible L(2; 1)-labeling for the lists T (x); x 2 V

G

.

The proof of the opposite impli
ation (i.e., that any admissible L(2; 1)-

labeling of G 
an be extended to an L(2; 1)-labeling of G

0

) follows from the


onstru
tion of all the gadgets and is straightforward.

Finally, observe that the size of G

0

is polynomial in the size of G (more

pre
isely jG

0

j = O(jGj

4

), and also that all gadgets were 
onstru
ted so that

G

0

maintains treewidth two. This 
on
ludes the proof of Theorem 1.

4 C(p; q)-labelings of trees

Re
all the notion of the 
y
li
 metri
, whi
h depends on the span of the 
han-

nel spa
e. For x; y 2 [0; ��1℄, their distan
e is de�ned as �




(x; y) = minfjx�

yj; �� jx � yjg. A labeling f : V

G

�! [0; �� 1℄ is 
alled a C(p; q)-labeling

12



if �




(f(v); f(v

0

)) � p for any edge (v; v

0

) 2 E

G

, and �




(f(v); f(v

0

)) � q for

any two verti
es v; v

0

2 V

G

of distan
e at most two in G. The minimum


y
li
 span � for whi
h a graph G admits a C(p; q)-labeling is denoted by

C

(p;q)

(G).

Proposition 2 provides a slightly surprising fa
t that in the 
ase of 
y
li


metri
, the C

(p;q)

number of a tree is given by a 
losed formula and hen
e


omputable in linear time.

Also for the 
y
li
 metri
, we prove a di
hotomy of the 
omplexity of

the C(2,1)-labeling problem with respe
t to the treewidth of the input

graph. However, it is worth noting that though the result is analogous to

the 
ase of L(2; 1)-labeling and the idea of the proof is similar (to redu
e

from the problem of spe
ial distant representatives via list labelings), the

gadgets are 
onstru
ted in a 
ompletely di�erent way (they 
annot be based

on verti
es of degree �� 1 as in the 
ase of L(2; 1)).

Before proving the theorem we �rst design a suitable gadget:

Lemma 4.1. For any even � and even integer i 2 [4;

�

2

℄ there exists a

series-parallel graph F

i

of size O(�i) with two verti
es z

i

; z

0

i

of degree one,

su
h that in any C(2; 1)-labeling f of F

i

of span � holds �




(f(z

i

); f(z

0

i

)) = i.

Proof. These gadgets are de�ned indu
tively: let F

2

be the path of length

two with endverti
es z

2

and z

0

2

.

The graph F

i+2

is 
onstru
ted from F

i

by

� inserting the edge (z

i

; z

0

i

),

� inserting two new verti
es z

i+2

; z

0

i+2

and edges (z

2

; z

i+2

); (z

0

i

; z

0

i+2

),

� inserting � � 6 new 
ommon neighbors of z

i

and z

0

i

. (Consult Fig. 2

with the di�eren
e in H

1

and the numbers of inserted neighbors.)

As the initial verti
es z

2

and z

0

2

are of degree ��5 they must be assigned

labels of 
y
li
 di�eren
e 2 and the labels of their �� 5 
ommon neighbors

are uniquely determined as well as the labels of verti
es z

4

and z

0

4

. If w.l.o.g

f(z

2

) = 1 and f(z

0

2

) = 3 then f(z

4

) = 4 and f(z

0

4

) = 0.

It is straightforward to show by the same arguments as in Lemma 3.1

that for any i labels of z

i�2

; z

0

i

; z

i+2

and z

0

i�2

; z

i

; z

0

i+2

are 
onse
utive triples

modulo � and get the desired result.

For simpli
ity we 
all verti
es z

i

and z

0

i

the S (south) and N (north) poles

of F

i

.
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Observe that if we iterate the extension des
ribed in the lemma

�

2

� 1

times, we get a graph whose poles allow labels of di�eren
e 2, but its size

is O(�

2

). In the future dis
ussion we will re
all this graph as F

2

instead of

that used in the proof of Lemma 4.1.

Proof of Theorem 3. The proof is analogous to the proof of Theorem 1 and

we show SRC / C(2; 1)-labeling.

Let n and S

1

; : : : ; S

m

be the instan
e of the SRC problem. Observe that

the transformation x ! x

0

= 4x provides a bije
tion between the original

SRC problem and its version where the aim is to �nd a 
olle
tion of distin
t

integers s

0

1

; s

0

2

; : : : ; s

0

m

; t

0

1

; t

0

2

; : : : ; t

0

n

; u

0

1

; u

0

2

; : : : ; u

0

n

su
h that

� for all j = 1; : : : ;m : s

0

j

2 S

0

j

, where all sets 
ontain only multiples of

4,

� for all i = 1; : : : ; n : t

0

i

2 f16n� 4i; 16n+ 4ig,

� for all i = 1; : : : ; n : u

0

i

2 f48n� 4i; 48n+ 4ig,

� �




(t

0

i

; u

0

i

) = 32n� 8i for every i = 1; 2; : : : ; n and � = 64n?

We 
onstru
t the graph G a

ording to the following plan (
onsult

Fig. 5):

I. We �rst insert verti
es v

0

; v

s

1

; : : : ; v

s

m

; v

t

1

; : : : ; v

t

n

; v

u

1

; : : : ; v

u

n

where v

0

is

adja
ent to all others.

II. Build a 
hain of 2m 
opies of the graph F

32n

su
h that the N pole of

the i-th 
opy is merged with the S pole of the forth
oming 
opy and

the resulting vertex is denoted by x

i

. Identify the S pole of the �rst


opy with v

0

and also join x

1

to v

0

by an edge.

III. For ea
h j = 1; : : : ;m take every possible even k 2 f2; 4; : : : ; 32n�2gn

S

0

j

and insert two 
opies of the graph F

k

su
h that both S poles are

identi�ed with x

2j

and both N poles are made adja
ent to the vertex

v

s

j

.

IV. For ea
h i = 1; : : : ; n join verti
es v

t

i

and v

u

i

via gadget F

32n�8i

su
h

that v

t

i

is merged with the S pole and v

u

i

with the N pole.

V. Insert a 
opy of the graph F

16n

and for ea
h i = 1; : : : ; n insert two


opies of the graph F

16n�12i

and two 
opies of F

16n+12i

. Merge all S

poles with the vertex v

0

and rename the N poles by y

16n

, y

16n�12i

and

y

0

16n�12i

.
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F

32n

F

32n

F

32n

F

32n�8

v

u

n

F

2

F

4

F

16n�12

F

16n+12

. . .

. . .

F

32n�2

v

s

2

v

s

m

v

s

1

v

t

1

v

u

1

.

.

.

. . . F

32n�8n

graphs F

k

for even k 62 S

0

1

(ea
h added twi
e)

x

1

x

2

x

2m

v

0

graphs F

k

for k = 16n� 12i; i 2 [0; n℄

(added twi
e when i > 0)

F

16n

y

16n�12

y

16n+12

y

16n

.

.

.

F

4n

v

t

n

Figure 5: The graph G.

VI. For ea
h i = 1; : : : ; n join verti
es v

t

i

and y

16n

via gadget F

4i

su
h that

v

t

i

is merged with its S pole and y

16n

with the other pole.

VII. Finally for ea
h i = 1; : : : ; n join v

u

i

with the four verti
es y

16n�12i

,

y

0

16n�12i

, y

16n+12i

, y

0

16n+12i

.

Assume �rst thatG allows a C(2; 1)-labeling f of span � = 64n. Without

loss of generality we may assume f(v

0

) = 0 and hen
e f(x

2j

) = 0 for all

j = 1; : : : ;m (II.).

Ea
h v

s

j

have neighbors labeled k; �� k for all even k 2 f2; 4; : : : ; 32n�

2g nS

0

j

due to (III.). Its neighbor v

0

is labeled by 0, and it 
annot use label

32n sin
e the vertex x

1

is for
ed label 32n and is at distan
e two from v

s

j

.

Hen
e only labels of S

0

j

remain feasible for v

s

j

.

Due to symmetry of a C(2; 1)-labeling we 
an further assume w.l.o.g.

that f(y

16n

) = 16n and from (VI.) follows that only 16n � 4i are feasible

labels for ea
h v

t

i

.

As f(y

k

) = k; f(y

0

k

) = � � k or vi
e-versa, ea
h v

u

i

has forbidden labels

16n � 12i and 48n � 12i from (VII). Also due to (IV.,VI.) holds f(v

u

i

) 2

f(v

t

i

) � (32n � 8i) = f48n � 4i; 48n � 12ig and altogether only 48n � 4i
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remain feasible labels for v

u

i

.

Finally due to (I.) all labels of v

s

1

; : : : ; v

u

n

are distin
t, hen
e s

1

; : : : ; u

n

=

1

4

f(v

s

1

); : : : ;

1

4

f(v

u

n

) is a valid solution of the SRC problem.

In the opposite dire
tion from any feasible system of representatives

s

1

; : : : ; u

n

we 
an derive a C(2; 1)-labeling of G of span � = 64n. Let the

labels of verti
es v

0

; x

j

; y

i

; y

0

i

are settled as des
ribed above and labels of

v

s

1

; : : : ; v

u

n

are s

1

; : : : ; u

n

, ea
h multiplied by 4.

To argue that this labeling 
an be extended to the entire graphG we note

that as all 
opies of the graph F

k

in
ident with any �xed vertex (espe
ially

v

0

and all x

2j

) have distin
t values of k, they invoke distin
t odd labels on

the adjoint verti
es inside the gadgets F

k

and 
ause no 
on
i
t with the

other labels.

Finally observe that the resulting graph G is of treewidth 2.

5 (2; 1)-labelings of graphs of bounded tree-

width

Given graphs G and H , an H(2; 1)-labeling of G is a mapping f : V

G

�!

V

H

su
h that adja
ent verti
es of G are mapped onto distin
t nonadja
ent

verti
es of H (i.e., distan
e of the target verti
es is at least 2, measured in

the target graph H) and verti
es with a 
ommon neighbor in G are mapped

onto distin
t verti
es of H (i.e., the distan
e of the target verti
es is at least

1) [9℄. This de�nition generalizes both the L(2; 1)-labelings (when H is a

path whose length equals the span of the labeling) and the C(2; 1)-labelings

(when H is a 
y
le whose length again equals the span). The 
omputational


omplexity of this problem for �xed parameter graphs H was studied and

many parti
ular results were proven in [8℄. The 
ase when the span is also

part of the input 
orresponds to the following de
ision problem:

(2; 1)-labeling

Input: Graphs G and H .

Question: Does G allow an H(2; 1)-labeling?

Of 
ourse this problem is NP-
omplete for graphs G of treewidth two,

sin
e both L(2,1)-labeling and C(2,1)-labeling are its spe
ial 
ases. In

this se
tion we give a subtler separation of bounded width 
lasses, namely

in terms of pathwidth. Graphs of pathwidth one are 
aterpillars (trees
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obtained by pending any number of leaves to verti
es of a path), and so the


laim that (2; 1)-labeling is solvable in polynomial time for graphs G of

pathwidth one (and arbitrary H) follows from our Theorem 4.

Proof of Theorem 4. The following algorithm is a straightforward extension

of the algorithm for L(2; 1)-labeling of trees of [4℄.

Given a tree T with m verti
es, 
hoose a leaf r 2 V

T

and regard it as a

root of T . For every edge (u; v) 2 E

T

su
h that u is a 
hild of v, denote by

T

u;v

the subtree of T rooted in v and 
ontaining u and all its des
endants.

For every su
h edge and for every pair of verti
es x; y 2 V

H

, we introdu
e

a Boolean variable �(u; v; x; y) whi
h is true if and only if T

u;v

allows an

H(2; 1)-labeling f su
h that f(u) = x and f(v) = y. Then T allows an

H(2; 1)-labeling if and only if �(u; r; x; y) = true for some verti
es x; y 2 V

H

(and u being the only 
hild of the root r). The fun
tion � 
an be 
omputed

by the following dynami
 programming algorithm:

1. Set the initial values �(u; v; x; y) = false for all edges (u; v) 2 E

T

and

verti
es x; y 2 V

H

.

2. If u is a leaf of T adja
ent to its parent v, then set �(u; v; x; y) = true

for all distin
t nonadja
ent verti
es x; y 2 V

H

.

3. Suppose that � is already 
al
ulated for all edges of T

u;v

ex
ept

(u; v). Denote by v

1

; v

2

; : : : ; v

k

the 
hildren of u. For all pairs of

distin
t nonadja
ent verti
es x; y 2 V

H

, 
onstru
t the set system

fM

1

;M

2

; : : : ;M

k

g, where

M

i

= fz : z 2 V

H

; z 6= y and �(v

i

; u; z; x) = trueg

and set �(u; v; x; y) = true if the set system fM

1

;M

2

; : : : ;M

k

g has a

system of distin
t representatives.

For the time analysis note that the re
ursive step requires, for ea
h pair

x; y 2 V

H

, time O(nk) to 
onstru
t the set system and time O(k � nk) for

de
iding if it has an SDR (e.g., by using the augmenting paths algorithm

for a bipartite graph with at most nk edges and with k verti
es in one

bipartition 
lass). Altogether the re
ursive step requires time O(n

3

k

2

).

If we denote by k

u

the number of 
hildren of a nonleaf vertex u 2 V

T

,

we have

P

u2V

T

k

u

= m � 1 (the number of edges of T ), and hen
e the

total running time is majorized by O(

P

u2V

T

n

3

k

2

u

) = O(n

3

P

u2V

T

k

2

u

) =

O(n

3

(

P

u2V

T

k

u

)

2

) = O(n

3

m

2

).
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A 2-path is a graph 
onstru
ted from a triangle (say �

0

) by 
onse
u-

tive augmentation of triangles so that ea
h �

i

shares one edge with the

previously augmented �

i�1

, while the third vertex of �

i

is a vertex newly

added in this step. A graph has pathwidth at most two if and only if it is a

subgraph of a 2-path. In parti
ular, a fan of triangles obtained from a path

by adding a vertex adja
ent to all verti
es of the path, has pathwidth two.

Proof of Theorem 5. We redu
e from Hamiltonian Path whi
h is well

known to be NP-
omplete [13℄. Given a graph H

0

with n verti
es, let H be

the disjoint union of the 
omplement of H

0

and an isolated vertex x. Let G

be obtained from a path of length n� 1 on verti
es v

1

; v

2

; : : : ; v

n

by adding

a vertex w, whi
h is adja
ent to all v

i

's. Then every H(2; 1)-labeling f of

G is an inje
tive mapping from V

G

to V

H

(sin
e G has diameter two), and

f is ne
essarily bije
tive (sin
e jV

G

j = jV

H

j). Without loss of generality

f(w) = x, and hen
e f(v

1

); f(v

2

); : : : ; f(v

n

) is a Hamiltonian path in H

0

,

sin
e (v

i

; v

i+1

) 2 E

G

implies that (f(v

i

); f(v

i+1

)) 62 E

H

. The opposite

impli
ation is straightforward.

6 Con
luding remarks

We have fully 
hara
terized the 
omputational 
omplexity of (2,1)-distan
e


onstrained graph labelings in the 
ase of linear and 
y
li
 metri
s in the


hannel spa
e, with respe
t to the treewidth of the input graphs. Our

results prove polynomial/NP-
ompleteness di
hotomy separating treewidth

one from treewidth two, whi
h is a rare phenomenon and has so far been

known only for very few problems (namely theCutwidth orMinimum Lin-

ear Arrangement whi
h is polynomial for trees [24℄ while NP-hardness

for graphs of treewidth two follows from [19℄). With distan
e 
onstrained

labelings we have added a natural and important problem to this short list.

Let us remark that our main result is independent on the NP-
ompleteness

of the Channel Assignment problem, though both problems are related

by the motivation in frequen
y assignment. The Channel Assignment

is known NP-
omplete for graphs of treewidth three, but its 
omplexity for

treewidth two graphs is still open. The 
ore of the NP-hardness of the two

problems lies in di�erent aspe
ts of the problems and one does not straight-

forwardly follow from the other. On one hand, L(2,1)-labeling relays to

Channel Assignment by 
onsidering the se
ond (distan
e) power of the

input graph and assigning weights 2 to the original edges and 1 to the new

18



ones. However, the graph 
onstru
ted in this way will not have bounded

treewidth. On the other hand, L(2,1)-labeling involves only weights 2

and 1, while the NP-hardness of the Channel Assignment problem is

based on large weights, the problem is not strongly NP-
omplete (it 
an be

solved by dynami
 programming algorithm in polynomial time if the weights

are 
onsidered in unary en
oding).

In the general (2,1)-labeling problem, when both graphs 
ome as parts

of the input, we prove tight di
hotomy with respe
t to pathwidth of the

input (transmitters) graph. For both spe
ial metri
s, L(2; 1) and C(2; 1),

the 
omplexity for graphs of bounded pathwidth is open.

To keep the paper well fo
used, we have stated most of the results for

the simplest 
ase of distan
e 
onstraints (2,1). However, most of them 
an

be extended to (p; q)- or at least (p; 1)-labelings, see e.g. Proposition 2. It

is known that L(p; 1)-labeling is polynomial for trees for every p (even

the list and prelabeled versions), but when q does not divide p, the 
om-

plexity of L(p; q)-labeling for trees is open for all q > 1 (the list and

prelabeled versions are known to be NP-
omplete [10℄). To the 
ontrary,

C(p; q)-labeling is polynomial for trees for all p; q as proven in our The-

orem 2. Extension of our Theorem 4 to general (p; 1)-labeling of trees

is trivial, sin
e that follows by repla
ing H by its p-th distan
e power. An

analog of Theorem 5 for general (p; q)-labelings 
an be proved by a more

te
hni
al redu
tion.
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