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Abstra
t

For a given positive integer k, sr(m;k) denotes the minimal pos-

itive integer su
h that every 
oloring of [n℄, n � sr(m;k), that uses

ea
h 
olor at most k times, yields a rainbow AP (m); that is, an

m-term arithmeti
 progression, all of whose terms re
eive di�erent


olors. We prove that

17

8

k + O(1) � sr(3; k) �

15

7

k + O(1) and

sr(m; 2) > b

m

2

2


, improving the previous bounds of Alon, Caro, and

Tuza from 1989. Our new lower bound on sr(m; 2) immediately im-

plies that for n �

m

2

2

, there exists a mapping � : [n℄! [n℄ without a

�xed point su
h that for every AP (m)A in [n℄, the set A\�(A) is not

empty. We also propose the study of sub-Ramsey{type problems for

linear equations other than x+y = 2z. For a given positive integer k,

we de�ne ss(k) to be the minimal positive integer n su
h that every


oloring of [n℄, n � ss(k), that uses ea
h 
olor at most k times, yields

a rainbow solution to the S
hur equation x + y = z. We prove that

ss(k) = b

5k

2


+ 1.

Key words: rainbow arithmeti
 progressions, sub-Ramsey

1 Introdu
tion

Let N denote the set of positive integers, and for n 2 N, let [n℄ denote the set

f1; 2; : : : ; ng. A k-term arithmeti
 progression, k 2 N, is a set of the form
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fa+ (i� 1) d : i 2 [k℄g, for some a; d 2 N, and will be abbreviated as AP (k)

throughout. The 
lassi
al result of van der Waerden [vW27, GRS90℄ states

that for all natural numbersm and k there is an integer n

0

= n

0

(m; k), su
h

that every k-
oloring of [n℄, n � n

0

, 
ontains a mono
hromati
 AP (m).

This statement was further generalized to sets of positive upper density

in the 
elebrated work of Szemer�edi [Sz75℄. Canoni
al versions of van der

Waerden's theorem were dis
overed by Erd}os and others [E87℄.

Given a 
oloring of N, a set S � N is 
alled rainbow if all elements

of S are 
olored with di�erent 
olors. In [JL+03℄, for the �rst time in

the literature, Jungi�
 et al. 
onsidered a rainbow 
ounterpart of van der

Waerden's theorem, and proved that every 3-
oloring of N with the upper

density of ea
h 
olor greater than 1=6 
ontains a rainbow AP (3). Improving

on their methods and some extensions [JR03℄, Axenovi
h and Fon-Der-

Flaass [AF04℄ proved the following "�nite" version of this result.

Theorem 1 (Conje
tured in [JL+03℄, proved in [AF04℄.) Given n � 3,

every partition of [n℄ into three 
olor 
lasses R, G, and B with

min(jRj; jGj; jBj) > r(n), where

r(n) :=

�

b(n+ 2)=6
 if n 6� 2 (mod 6)

(n+ 4)=6 if n � 2 (mod 6)

(1)


ontains a rainbow AP (3).

The following 
oloring of N:


(i) :=

8

<

:

B if i � 1 (mod 6)

G if i � 4 (mod 6)

R otherwise


ontains no rainbow AP (3). The restri
tion of this 
oloring to [n℄ shows

that Theorem 1 is the best possible (for the 
ase n � 2 (mod 6), one has to

use a di�erent 
oloring, see [JL+03℄). It is interesting to note that similar

statements about the existen
e of rainbowAP (k) in k-
olorings of [n℄, k � 4,

do not hold [AF04, CFJR℄.

In lay terms, Axenovi
h and Fon-Der-Flaass showed that suÆ
iently

large 
olor 
lasses in a 3-
oloring imply the existen
e of a rainbow AP (3).

In this paper, we are interested in 
onditions that guarantee the existen
e

of a rainbow AP (3) when 
olor 
lasses have small 
ardinality. The notable

distin
tion between these two approa
hes is that in the later 
ase the number

of 
olors 
an be greater than three.
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This setup was �rst studied by Alon, Caro and Tuza in [ACT89℄, where

for a given k 2 N, they de�ned sub-k-
olorings as 
olorings in whi
h every


olor 
lass has size at most k. For given k, m 2 N, they introdu
ed the

sub-k-Ramsey number sr(m; k) as the minimum integer n

0

= n

0

(m; k) su
h

that every sub-k-
oloring of [n℄, n > n

0

, yields a rainbow AP (m). They

proved that for every m � 3, k � 2,

1

6

(k � 1)m(m� 1)

log (k � 1)m

� k + 1 �

sr(m; k) � (1 + o(1))

24

13

(k � 1)(m� 1)

2

log (k � 1)(m� 1);

where the fa
tor of 1 + o(1) approa
hes 1 as m!1.

For k = 2, we improve on their lower bound by 
onstru
ting a 
oloring

that has already been used in [JL+03℄ to prove a lower bound for a re-

lated problem 
on
erning rainbow arithmeti
 progressions in equinumerous


olorings.

Theorem 2 For m � 3, sr(m; 2) > b

m

2

2


:

Motivated by [EH58℄ and [AC86℄, Caro [C87℄ proved that for every pos-

itive integer m, there is a minimum integer n = n

0

(m) su
h that for every

� : [n℄! [n℄ without a �xed point, there is an AP (m) A satisfying: �(i) 62 A

for i 2 A. Moreover, he showed that




1

m

2

logm

� n

0

(m) � m

2

(logm)




2

logm

log logm

for

some absolute 
onstants 


1

and 


2

. In [ACT89℄, Alon et al. applied the

same methods they had used to bound sr(m; k) to drasti
ally improve the

earlier bounds on n

0

(m). They proved that for every m,

m(m� 1)

3 logm

+O(1) � sr(m; 3)� 1 � n

0

(m) � (1 + o(1))

48

13

m

2

logm:

Sin
e sr(m; k) is an in
reasing fun
tion in both m and k, then in parti
ular,

sr(m; 2) � sr(m; 3). Therefore, Theorem 2 implies the following signi�
ant

improvement on the lower bound for n

0

(m) for all m:

Corollary 1 For all positive integers m, n

0

(m) � b

m

2

2


:

If m is �xed and k grows, Alon et al.[ACT89℄ proved that sr(m; k) is linear

in k, namely

sr(m; k) � (1 + o(1))

1

2

m(m� 1)

2

(k � 1):
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The exa
t determination of the asymptoti
 behavior of sr(m; k) appears to

be diÆ
ult. In the 
ase of AP (3), i.e. for m = 3, the previous inequality

yields sr(3; k) � (1 + o(1))6k. They provided a sharper estimate:

as k grows, 2k � sr(3; k) � (4:5 + o(1))k:

In what follows, we use sr(k) to denote the sub-k-Ramsey number sr(3; k).

Using methods developed in [JL+03, AF04℄, we almost determine the rate

of growth of sr(k).

Theorem 3 As k grows,

17

8

k +O(1) � sr(k) �

15

7

k +O(1).

A set fx < y < zg of integers is an arithmeti
 progression of length three

if and only if x + z = 2y. Hen
e, one 
an de�ne sub-Ramsey problems for

other linear equations. A 
lassi
al 
andidate is the S
hur equation x+y = z

[S16℄. Arguably, the �rst result in Ramsey theory is due to S
hur, who, in

1916, proved that for every k and suÆ
iently large n, every k-
oloring of [n℄


ontains a mono
hromati
 solution to equation x+ y = z. More than seven

de
ades later, building up on the previous work of Alekseev and Sav
hev,

E. and G. Szekeres (see [JL+03℄ and referen
es therein), S
h�onheim [S90℄

proved the following rainbow 
ounterpart, whi
h is 
learly an analogue of

Theorem 1.

Theorem 4 ([S90℄) For every n � 3, every partition of [n℄ into three 
olor


lasses R, G, and B with min(jRj; jGj; jBj) > n=4, 
ontains a rainbow solu-

tion to equation x+ y = z. Term n=4 
annot be improved.

For a given positive integer k, let ss(k) denote the minimal number su
h

that every 
oloring of [n℄, n � ss(k), that uses ea
h 
olor at most k times,

yields a rainbow solution to equation x + y = z. We prove the following

theorem.

Theorem 5 For all positive integers k, ss(k) = b

5k

2


+ 1:

The paper is organized as follows. In Se
tion 2, we 
onstru
t a 
olor-

ing that settles Theorem 2 and hen
e Corollary 1. In Se
tion 3, we use

Theorem 1 and prove a somewhat surprising 
laim that, in order to prove

good bounds on sr(k), it suÆ
es to only 
onsider sub-k-
olorings with three


olors. Furthermore, we relate our problem to the problem of �nding good

bounds on �(n), the minimum integer k su
h that there is a sub-k-
oloring of

[n℄ with three 
olors and no rainbow AP (3). In Se
tion 4, we provide lower
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and upper bounds on �(n), whi
h in turn imply Theorem 3. In Se
tion 5, we

prove lemmata that together imply Theorem 5. In Se
tion 6, we 
onje
ture

the exa
t rate of growth of sr(k). We also propose new sub-Ramsey{type

problems, while surveying the 
urrent stage of rainbow Ramsey theory (see

[JRN℄).

2 Proof of Theorem 2

We 
onstru
t a 
oloring 
 of [b

m

2

2


℄ that uses ea
h 
olor exa
tly twi
e and

prove that it does not 
ontain a rainbowAP (m). De�ne a j-blo
k B

j

(j 2 N)

to be the sequen
e 12 : : : j12 : : : j, where the left half and the right half of

the blo
k are naturally de�ned. For a 2 Z, let B

j

+ a be the sequen
e

(a+ 1)(a + 2) : : : (a+ j)(a + 1)(a+ 2) : : : (a+ j). De�ne B

�

j

= B

j

�

�

j+1

2

�

and B

+

i

= B

i

+

�

i

2

�

. If m = 2l+ 1 is odd, de�ne the 
oloring 
 of [2l

2

+ 2l℄

in the following way (bars denote endpoints of the blo
ks):

jB

�

l

j : : : jB

�

j

j : : : jB

�

2

jjB

�

1

jjB

+

1

jjB

+

2

j : : : jB

+

i

j : : : jB

+

l

j:

If m = 2l is even, de�ne the 
oloring 
 of [2l

2

℄ in the following way (bars

denote endpoints of the blo
ks):

jB

�

l�1

j : : : jB

�

j

j : : : jB

�

2

jjB

�

1

jjB

+

1

jjB

+

2

j : : : jB

+

i

j : : : jB

+

l

j:

We only show the proof of Theorem 2 in the 
ase when m is odd (sin
e

the 
ase when m is even is essentially the same). Note that the 
oloring 


uses ea
h of the l

2

+ l 
olors exa
tly twi
e (the 
olors are integers from the

interval [1 �

�

l+1

2

�

;

�

l+1

2

�

℄). Now, we show that the 
oloring 
 of [2l

2

+ 2l℄


ontains no rainbow AP (2l+1). The key observation is that a rainbow AP

with 
ommon di�eren
e d 
annot 
ontain elements from opposite halves of

any blo
k B

�

j

or B

+

j

where d is a fa
tor of j. Fix a longest rainbow AP A

and let d denote its 
ommon di�eren
e. If d > l, then the length of A is

� 2l. If d � l, then A is one of the following three types:

(1) A is 
ontained in

jB

�

d

j : : : jB

�

j

j : : : jB

�

2

jjB

�

1

jjB

+

1

jjB

+

2

j : : : jB

+

i

j : : : jB

+

d

j:

Then A does not interse
t either the left half of B

�

d

or the right half of B

+

d

.

Therefore, the length of A is at most 1 +

2d

2

�1

d

< 2d+ 1 � 2l+ 1.

(2) A is 
ontained in

jB

�

(j+1)d

jjB

�

(j+1)d�1

j : : : jB

�

jd

jor injB

+

jd

jjB

+

jd+1

j : : : jB

+

(j+1)d

j;

5



where (j + 1)d � l. Assume the �rst 
ase o

urs (both 
ases are handled

the same way). Then A does not interse
t either the left half of B

�

(j+1)d

or

the right half of B

�

jd

. Therefore, the length of A is at most

1 +

(2j + 1)d

2

� 1

d

< (2j + 1)d+ 1 � 2l + 1:

(3) A is 
ontained in

jB

�

l

jjB

�

l�1

j : : : jB

�

jd+1

jjB

�

jd

jor injB

+

jd

jjB

+

jd+1

j : : : jB

+

l�1

jjB

+

l

j;

where l� jd < d. Assume the �rst 
ase o

urs (both 
ases are handled the

same way). Then A does not interse
t the right half of B

�

jd

. Therefore, the

length of A is less than

1 +

1

d

(2ld� 1) < 2l+ 1:

3 A redu
tion to 3-
olorings

As we mentioned in the introdu
tion, number of 
olors in a sub-k-
oloring


an be greater than three. In the following lemma we show that it is enough

to 
onsider only sub-k-
olorings with three 
olors.

Lemma 1 Let n, k, r 2 N be su
h that n=6 < k < n=2 and r � 3. For

every sub-k-
oloring 
 of [n℄ with r 
olors and no rainbow AP (3) there exists

a sub-k-
oloring 
 of [n℄ with three 
olors and no rainbow AP (3), su
h that

for all i; j 2 [n℄


(i) = 
(j)) 
(i) = 
(j):

Proof: Let C

1

; C

2

; : : : ; C

r

be the 
olor 
lasses of a sub-k-
oloring 
 of [n℄

with n=6 < k < n=2 and r � 3. Suppose that 
 
ontains no rainbow AP (3).

Without loss of generality, assume that for all i; j 2 [r℄, i < j ) jC

i

j � jC

j

j.

Then Theorem 1 implies that jC

3

j � n=6. Indeed, otherwise jC

1

j � jC

2

j >

n=6 and j[

r

i=3

C

i

j > n=6 imply that there is an AP (3) with terms from C

1

,

C

2

, and C

i

for some i 2 [3; r℄.

Suppose jC

2

j � n=6. Let s = min

n

j :

�

�

�

[

j

i=1

C

i

�

�

�

> n=6

o

. If s = 1, then

j[

s

i=1

C

i

j = jC

1

j � k < n=2, and if s > 1, then j[

s

i=1

C

i

j =

�

�

[

s�1

i=1

C

i

�

�

+

jC

s

j � n=6 + n=6 = n=3. In either 
ase, we have j[

s

i=1

C

i

j < n=2. Let

6



t = min

n

j :

�

�

�

[

j

i=s+1

C

i

�

�

�

> n=6

o

. Sin
e t � 2 and jC

2

j � n=6, we have

�

�

[

t

i=s+1

C

i

�

�

� n=3. It follows that j[n℄n [

t

i=1

C

i

j > n � n=2 � n=3 =

n=6. Therefore, by Theorem 1, the 3-
oloring with 
olor 
lasses [

s

i=1

C

i

,

[

t

i=s+1

C

i

, and [n℄n ([

t

i=1

C

i

) yields a rainbow AP (3), that 
learly implies

the existen
e of a rainbow AP (3) in the original 
oloring 
. This 
ontra-

di
ts our assumptions.

Therefore, k � jC

1

j � jC

2

j > n=6 and jC

i

j � n=6 < k for all i � 3. Then,

we de�ne 
 of [n℄ to be the 3-
oloring given by 
olor 
lasses C

1

, C

2

, and

[

r

i=3

C

i

. Clearly, 
 is a sub-k-
oloring with no rainbow AP (3), as required.

2

For n 2 N, we de�ne �(n) as the minimum positive integer k su
h that

there is a sub-k-
oloring of [n℄ with three 
olors and no rainbow AP (3).

Next, we show that �(n) and sr(k) are 
losely related.

Lemma 2 Let a, b > 1. Then, ak < sr(k) < bk for all k if and only if

n

b

< �(n) <

n

a

for all n.

Proof: Let n 2 N and let a, b > 1 be su
h that ak < sr(k) < bk for all

k 2 N. Sin
e there is sub-�(n)-
oloring of [n℄ with no rainbow AP (3), it

follows that n < sr(�(n)) < b�(n). Sin
e ak < sr(k), then n < sr(n=a).

Thus, there is a sub-(n=a)-
oloring of [n℄ with no rainbow AP(3). Therefore,

�(n) < n=a.

Now, suppose

n

b

< �(n) <

n

a

and let k 2 N. From k < �(bk), it

follows that there is a sub-k-
oloring of [bk℄ with a rainbow AP (3). Thus

sr(k) < bk. From �(ak) < k it follows that there is a sub-k-
oloring of [ak℄

with no rainbow AP (3). Hen
e ak < sr(k). 2

From Lemmata 1 and 2, it is 
lear that our problem of �nding good

bounds on sr(k) redu
es to the problem of bounding �(n).

4 Proof of Theorem 3

For a given 3-
oloring 
 : [n℄ ! fR;B;Gg let R, B, and G denote sets of

elements of [n℄ 
olored with R, G, and B, respe
tively. First, we determine

an upper bound for �(n).

Proposition 1 For all n 2 N, �(n) �

8n

17

+ 9:
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Proof: We de�ne a 3-
oloring 
 : N ! fR;G;Bg by


(n) =

8

<

:

G if n � 0 (mod 17)

R if n � 1; 2; 4; 8; 9; 13; 15; 16 (mod 17)

B if n � 3; 5; 6; 7; 10; 11; 12; 14 (mod 17):

The 
oloring 
 is periodi
 with a period 17. We 
laim that 
 
ontains

no rainbow AP (3). Otherwise, let fi; j; kg be an AP (3) with i+ k = 2j. If


(j) = G, then i+ k � 0 (mod 17), whi
h implies 
(i) = 
(k). If 
(i) = G,

then 2j � k (mod 17). It is not diÆ
ult to 
he
k that in this 
ase 
(j) =


(2j) = 
(k).

Let n 2 N, n = 17m+ k, where m 2 N [f0g and k 2 f0g[ [16℄. Let 


(n)

be the restri
tion of 
 on [n℄. For 


(n)

and X 2 fR;Bg we have

jX j � 8m+ k =

8(n� k)

17

+ k =

8n

17

+

9k

17

�

8n

17

+ 9:

Therefore, for every n 2 N there is a sub-(

8n

17

+9)-
oloring with no rainbow

AP (3), whi
h implies that �(n) �

8n

17

+ 9 for all n. 2

Next, we prove a lower bound for �(n). We will do so through a sequen
e

of lemmata. We start with some de�nitions from [JL+03, JR03℄. Given a 3-


oloring 
 : [n℄! fR;B;Gg, we say that X 2 fR;B;Gg is a dominant 
olor

if for every two 
onse
utive elements of [n℄ that are 
olored with di�erent


olors, one of them is 
olored with X . We say that Y 2 fR;B;Gg is a

re
essive 
olor if there are no two 
onse
utive elements of [n℄ 
olored with

Y .

Lemma 3 ([JR03℄) In every 3-
oloring 
 : [n℄! fR;B;Gg with no rainbow

AP (3), one of the 
olors must be dominant and another 
olor must be

re
essive.

Without loss of generality, let R be a dominant 
olor and let G be a

re
essive 
olor. The set g

1

< g

2

< : : : < g

s

of all elements of [n℄ 
olored

by G divide [n℄ naturally into subsegments, 
alled blo
ks, of the form I

i

=

[g

i

; g

i+1

� 1℄, for 1 � i � s� 1, I

s

= [g

s

; n℄, and, if g

1

6= 1, I

0

= [1; g

1

� 1℄.

Clearly, ea
h blo
k I

i

, 1 � i � s, 
ontains a single element 
olored by G.

Our goal is to show the following.

Proposition 2 Any 3-
oloring of [n℄ with no rainbow AP (3) has a 
olor


lass of size greater than or equal to

7n

15

�O(1).

8



If B is a re
essive 
olor, then, sin
e R is dominant and G is re
essive,

we have 2jGj � jRj and 2jBj � jRj. This implies jRj �

n

2

>

7n

15

: Therefore,

in the rest of the proof of Proposition 2, we 
an assume that B is not a

re
essive 
olor.

Next, we prove that G, as the (unique) re
essive 
olor, is indeed sparse.

Lemma 4 g

i+1

� g

i

> 3 for 1 � i � s� 1.

Proof: Suppose there exists i 2 [s� 1℄ su
h that g

i+1

= g

i

+ 2. Note that

the fa
t that G is re
essive and R is dominant implies 
(g

i

+ 1) = R. Sin
e

B is not re
essive there exists j 2 [n℄ su
h that 
(j) = 
(j + 1) = B. Fix j

so that there is no other o

urren
e of 
onse
utive elements 
olored with B

between j + 1 and g

i

, if j + 1 < g

i

; or between g

i+1

and j if j > g

i+1

.

If g

i

� j (mod 2), then the followingAP (3)s: fg

i

;

g

i

+j

2

; jg, fg

i

+1;

g

i

+j

2

+

1; j+1g, and fg

i

+2;

g

i

+j

2

+1; jg are not rainbow, so 


�

g

i

+j

2

�

2 fG;Bg and




�

g

i

+j

2

+ 1

�

= B. This 
ontradi
ts either our 
hoi
e of j or our assumption

that R is the dominant 
olor. If g

i

6� j (mod 2), then the following AP (3)s:

fg

i

;

g

i

+j+1

2

; j + 1g, fg

i

+ 1;

g

i

+1+j

2

; jg, and fg

i

+ 2;

g

i

+j+3

2

; j + 1g are not

rainbow, so we have that 


�

g

i

+j+1

2

�

= B and 


�

g

i

+j+3

2

�

2 fG;Bg, whi
h,

as above, 
ontradi
ts our assumptions.

Therefore, g

i+1

� g

i

> 2 for all i.

Now, suppose there is i 2 [s � 1℄ su
h that g

i+1

= g

i

+ 3. Sin
e R is

dominant and 
 has no rainbow AP (3), we have 
(g

i

+ 1) = 
(g

i

+ 2) = R.

As above, we 
hoose j with 
(j) = 
(j+1) = B, that is the 
losest to either

g

i

from the left or g

i+1

from the right.

If g

i

� j (mod 2), then the followingAP (3)s: fg

i

;

g

i

+j

2

; jg, fg

i

+1;

g

i

+j

2

+

1; j+1g, and fg

i

+3;

g

i

+j

2

+2; j+1g 
annot be rainbow, so we have 


�

g

i

+j

2

�

2

fG;Bg, 


�

g

i

+j

2

+ 2

�

2 fG;Bg, and 


�

g

i

+j

2

+ 1

�

= R.

1

Sin
e there are no

two elements 
olored with G that are one pla
e apart and sin
e 
 has no

rainbow AP(3), we have that 


�

g

i

+j

2

�

=

�

g

i

+j

2

+ 2

�

= B.

If g

i

�

g

i

+j

2

(mod 2), then from the fa
t that

n

g

i

;

g

i

+(g

i

+j)=2

2

+ 1;

g

i

+j

2

+ 2

o

and

n

g

i

+ 2;

g

i

+(g

i

+j)=2

2

+ 1;

g

i

+j

2

o

are not

rainbow, it follows that 


�

g

i

+(g

i

+j)=2

2

+ 1

�

= B. At the same time, sin
e

1

Here, we have also used the de�nition of j.

9



n

g

i

;

g

i

+(g

i

+j)=2

2

;

g

i

+j

2

o

is not rainbow, then 


�

g

i

+(g

i

+j)=2

2

�

2 fG;Bg.

However,

�




�

g

i

+ (g

i

+ j)=2

2

�

; 


�

g

i

+ (g

i

+ j)=2

2

+ 1

��

� fG;Bg


ontradi
ts our 
hoi
e of j and our assumption that R is the dominant 
olor.

If g

i

6�

g

i

+j

2

(mod 2), then the fa
t that the following AP (3)s:

n

g

i

+ 3;

g

i

+(g

i

+j)=2+1

2

+ 1;

g

i

+j

2

o

and

n

g

i

+ 3;

g

i

+(g

i

+j)=2+1

2

+ 2;

g

i

+j

2

+ 2

o

are

not rainbow implies that

�




�

g

i

+ (g

i

+ j)=2 + 1

2

+ 1

�

; 


�

g

i

+ (g

i

+ j)=2 + 1

2

+ 2

��

� fG;Bg;

whi
h is a 
ontradi
tion as above.

If g

i

6� j (mod 2), then the AP(3)s: fg

i

;

g

i

+j+1

2

; j+1g, fg

i

+1;

g

i

+1+j

2

; jg,

and fg

i

+3;

g

i

+j+1

2

+1; jg are not rainbow, so we have 


�

g

i

+j+1

2

�

= B and




�

g

i

+j+1

2

+ 1

�

2 fG;Bg, whi
h again 
ontradi
ts our assumptions.

Therefore, g

i+1

� g

i

> 3 for all i. 2

Now, we have the following 
orollaries.

Corollary 2 If f
(k); 
(k+2)g � fB;Gg for some k 2 [n� 2℄, then 
(k) =


(k + 2) = B.

Corollary 3 Ea
h blo
k I

i

, 1 � i � s� 1, is of length of at least four.

In the rest of the proof of Lemma 2, we dis
uss two 
ases.

Case 1. Ea
h blo
k I

j

, 1 � j � s � 1, 
ontains two 
onse
utive elements


olored with B.

An easy 
omputation shows that if a blo
k I

j

, 1 � j � s � 1, has two


onse
utive numbers 
olored by B, then the length of I

j

satis�es jI

j

j � 15.

As an illustration of the omitted 
ase analysis, we show that jI

j

j 6= 14.

Suppose there exists an i 2 [s℄ su
h that g

i+1

= g

i

+ 14. Then 
(g

i

+

1) = 
(g

i

+ 2) = 
(g

i

+ 12) = 
(g

i

+ 13) = R. Sin
e 
 has no rainbow

AP (3), 3-term arithmeti
 progressions fg

i

; g

i

+2; g

i

+4g, fg

i

; g

i

+6; g

i

+12g,

fg

i

+ 2; g

i

+ 8; g

i

+ 14g, and fg

i

+ 10; g

i

+ 12; g

i

+ 14g imply 
(g

i

+ 4) = R,


(g

i

+ 6) = R, 
(g

i

+ 8) = R, and 
(g

i

+ 10) = R. Hen
e, if jI

j

j = 14 then

it is impossible to have two 
onse
utive numbers in I

j


olored with B.

Sin
e jI

j

j � 15 for all 1 � j � s� 1, we have s = jGj < n=15. Therefore,

maxfjRj; jBjg �

n� n=15

2

=

7n

15

:

10



Case 2. There is a blo
k with no two 
onse
utive numbers 
olored with B.

Suppose I

j

, 0 � j � s, is the �rst blo
k that 
ontains two 
onse
utive

elements 
olored with B. Let m 2 I

j

denote the smallest number k in I

j

su
h that 
(k) = 
(k + 1) = B. Next, we show that there 
annot be three

elements 
olored with G both before and after m.

Lemma 5 If m > g

3

, then m > g

s�2

.

Proof: Supose this is not true and let g

3

< m < g

s�2

. Then, there are

u, v, x, and y su
h that g

u

< g

v

< m < g

x

< g

y

, g

u

� g

v

(mod 2), and

g

x

� g

y

(mod 2).

If 2m�g

v

+2 < n, then fg

v

;m; 2m�g

v

g and fg

v

;m+1; 2m�g

v

+2g are

AP (3)s that are not rainbow, and we have f
(2m� g

v

); 
(2m� g

v

+ 2)g �

fG;Bg. From Corollary 2 it follows that 
(2m� g

v

) = 
(2m� g

v

+2) = B.

Sin
e fg

u

; (2m�g

v

+g

u

)=2; 2m�g

v

g and fg

u

; (2m�g

v

+g

u

+2)=2; 2m�g

v

+2g

are AP (3)s that are not rainbow, it follows that 
((2m � g

v

+ g

u

)=2) =


((2m � g

v

+ g

u

)=2 + 1) = B. However, sin
e g

u

< g

v

, we have that

(2m � g

v

+ g

u

)=2 < m, whi
h 
ontradi
ts our 
hoi
e of m. Therefore,

2m� g

v

+ 2 > n.

Let p = maxfk 2 [m; g

x

℄ : 
(k) = 
(k + 1) = Bg. From

2p�g

x

� 2m�g

x

� n+g

v

�1�g

x

= n�1� (g

x

�g

v

) � n�1� (n�2)� 1

and the fa
t that f2p�g

x

; p; g

x

g and f2p�g

x

+2; p+1; g

x

g are not rainbow,

it follows that 
(2p� x) = 
(2p� x+ 2) = B. This implies that




�

2p� g

x

+ g

y

2

�

= 


�

2p� g

x

+ g

y

2

+ 1

�

= B and

2p� g

x

+ g

y

2

> p;

whi
h 
ontradi
ts our 
hoi
e of p. 2

Case 2 naturally breaks into two sub
ases: (1) m > g

3

, and (2) m < g

3

.

First we deal with (1).

Let m > g

3

. The following lemma shows that B, although a non-

re
essive 
olor, is sparse after m.

Lemma 6 If m > g

3

, then for every k 2 [m+2; n�3℄, f
(k); 
(k+1); 
(k+

2); 
(k + 3)g \ fR;Gg 6= ;:

Proof: Suppose there exists k 2 [m+2; n� 3℄ su
h that 
(k) = 
(k+1) =


(k + 2) = 
(k + 3) = B. Let k

0

2 fk; k + 1g be su
h that g

3

� k

0

(mod 2).

11



Then 


�

g

3

+k

0

2

�

= 


�

g

3

+k

0

+1

2

+ 1

�

= B. From the proof of Lemma 5, we

have 2m� g

3

+ 2 > n. From k

0

� n� 3 < 2m� g

3

+ 2� 3, it follows that

g

3

+k

0

2

< m, whi
h 
ontradi
ts our 
hoi
e of m. 2

Although we do not need the following lemma in the proof of the lower

bound on �(n), we present it as a version of a more 
ompli
ated analysis

still to 
ome.

Lemma 7 If m > g

3

, then 
 has a 
olor 
lass of size greater than

5n

12

�O(1).

Proof: Let m > g

3

. Then, by Lemma 5, we have m > g

s�2

. By

Corollary 3, ea
h blo
k I

k

, 1 � k � s � 3, is of length at least four, so

m � 4(s � 3). Sin
e R is the dominant 
olor and sin
e there are no two


onse
utive elements in [m � 1℄, 
olored both with B or both with G, we

have jfk 2 [1;m � 1℄ : 
(k) = Rgj �

m�1

2

. Moreover, from Lemma 6, it

follows that at least one of every four 
onse
utive elements of [m + 2; n℄ is


olored with R. Hen
e jfk 2 [m + 2; n℄ : 
(k) = Rgj �

n�m�2

4

. It follows

that

jRj �

m� 1

2

+

n�m� 2

4

=

n+m

4

� 1 �

n

4

+ s� 4:

Then, maxfjRj; jBjg � jRj �

n

4

+ jGj � 4 �

n

4

+ (n � 2maxfjRj; jBjg) � 4

implies 3maxfjRj; jBjg �

5n

4

�4. Hen
e, we obtain maxfjRj; jBjg �

5n

12

�

4

3

.

So, if m > g

3

, then one of the 
lasses has size at least 5n=12�O(1). 2

In order to prove the lower bound on �(n), 
laimed in Proposition 2, we

need to dig deeper into the stru
ture of 
oloring 
.

Lemma 8 m � 2g

j

� 1.

Proof: Suppose m < 2g

j

� 1. Then, 2g

j

� m, 2g

j

� m � 1 2 [m℄, and


(2g

j

�m) 6= R 6= 
(2g

j

�m� 1). Sin
e R is dominant and G is re
essive,

we have 
(2g

j

�m) = 
(2g

j

�m � 1) = B, whi
h is impossible be
ause of

our 
hoi
e of m. 2

Lemma 9 jfk 2 [g

j

; 2g

j

� 1℄ : 
(k) = Rgj � jfk 2 [g

j

� 1℄ : 
(k) = Rgj:

Proof: For every k 2 [g

j

�1℄ with 
(k) = R, an element 2g

j

�k of [g

j

; 2g

j

�1℄

is 
olored with R, sin
e the AP (3) fk; g

j

; 2g

j

� kg is not rainbow. 2

12



Sin
e R is dominant and G is re
essive, the de�nition of m implies

jfk 2 [2g

j

�1;m�1℄ : 
(k) = Rgj �

m�2g

j

+1

2

. Furthermore, from Lemma 6,

it follows that jfk 2 [m + 2; n℄ : 
(k) = Rgj �

n�(m+2)+1

4

. Now, using

Lemma 9, we get:

jRj � 2jfk 2 [g

j

� 1℄ : 
(k) = Rgj+

m� 2g

j

+ 1

2

+

n�m� 1

4

;

whi
h by Lemma 8 be
omes:

jRj � 2jfk 2 [g

j

� 1℄ : 
(k) = Rgj+

n

4

�

g

j

2

:

By Corollary 3, ea
h blo
k I

i

, 1 � i � j � 1, has length at least four.

Moreover, ea
h blo
k starts and ends with the string GRR, sin
e 
 has no

rainbow AP (3). Now, the de�nition of m implies

jfk 2 I

i

: 
(k) = Rgj �

jI

i

j

2

+ 1;

for all i 2 [j � 1℄, where jI

i

j denotes the length of the blo
k I

i

. Similarly,

sin
e m > g

3

, jfk 2 I

0

: 
(k) = Rgj �

jI

0

j

2

: Summing up these inequalities,

we get

jfk 2 [g

j

� 1℄ : 
(k) = Rgj =

j�1

X

i=0

jfk 2 I

i

: 
(k) = Rgj �

g

j

� 1

2

+ (j � 1);

sin
e

P

j�1

i=0

jI

i

j = g

j

� 1. Therefore,

jRj �

n

4

+

g

j

2

+ 2j � 3:

Sin
e ea
h blo
k I

i

, 1 � i � j � 1, has length at least four, we have g

j

�

4(j � 1). Thus, jRj �

n

4

+ 4j � 5. By Lemma 5, we have j � s � 2 and

jRj �

n

4

+ 4s� 13. Hen
e,

maxfjRj; jBjg � jRj �

n

4

+ 4jGj � 13 �

n

4

+ 4(n� 2maxfjRj; jBjg)� 13:

It follows from here that

maxfjRj; jBjg �

17n

36

�

13

9

�

7n

15

�

13

9

:
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Finally, we deal with the remaining sub
ase (2).

Let m < g

3

. Let t = maxfk : 
(k) = 
(k + 1) = Bg. If t < g

s�2

, then

we apply the argument for the previous sub
ase to the 
oloring 
 : [n℄ !

fR;B;Gg de�ned by 
(i) = 
(n + 1� i). Let r 2 [s � 2; s℄ be the greatest

integer with the property that t � g

r

. We need the following lemma.

Lemma 10 Suppose 
(u) = 
(u + 1) = B, 
(v) = 
(x) = G, and 
(y) =


(y + 1) = B, where u < v < x < y are integers in [n℄. Then, there are two


onse
utive elements in [v + 1; x� 1℄ 
olored with B.

Proof: Let u

0

= maxfk < v : 
(k) = 
(k + 1) = Bg, and y

0

= minfk >

x : 
(k) = 
(k + 1) = Bg. Note that u

0

� u and y

0

� y. Without loss

of generality, we 
an assume that v � u

0

� 1 � y

0

� x. Clearly, arithmeti


progressions fu

0

; v; 2v � u

0

g and fu

0

+ 1; v; 2v � u

0

� 1g are not rainbow, so


(2v�u

0

�1) = 
(2v�u

0

) = B. If 2v�u

0

< x, we have 
ompleted the proof.

Otherwise, we have 2v � u

0

= (v � u

0

� 1) + (v + 1) � (y

0

� x) + x = y

0

,

whi
h 
ontradi
ts our de�nition of y

0

. 2

Thus, given two blo
ks, both with pairs of 
onse
utive numbers 
olored

with B, there is a blo
k between them with a pair of 
onse
utive num-

bers 
olored with B. This immediately implies that ea
h of the blo
ks

I

j

; I

j+1

; : : : ; I

r


ontains a pair of 
onse
utive numbers 
olored with B. As

in Case 1, we 
on
lude that ea
h of these blo
ks has length at least 15.

From jGj � 1 + (r

0

� r + 1) + 2 � 4 +

n

15

, we get

maxfjRj; jBjg �

n� n=15� 4

2

=

7n

15

� 2:

We have 
ompleted our proof of Proposition 2, whi
h 
ombined with

Proposition 1 gives Theorem 3.

5 Proof of Theorem 5

We 
all a 
oloring of [n℄ rainbow S
hur-free if it does not 
ontain any rainbow

solutions to equation x+ y = z. In order to show the lower bound ss(k) >

b

5k

2


, we de�ne the 
oloring 
 : [n℄! fR;B;Gg as follows:


(i) :=

8

<

:

R if i � 1 or 4 (mod 5)

B if i � 2 or 3 (mod 5)

G if i � 0 (mod 5)

14



Clearly, 
 is rainbow S
hur-free and ea
h 
olor 
lass has at most d

2n

5

e

elements.

Now, let 
 denote an arbitrary rainbow S
hur-free 
oloring of [n℄. In the

rest of the se
tion, we establish properties of 
 that imply that one of the


olor 
lasses has size at least

2n

5

. The tight upper bound ss(k) � b

5k

2


+ 1

immediately follows. Re
all that in a 
oloring of [n℄, a 
olor X is 
alled

dominant if for every two 
onse
utive integers with di�erent 
olors, one of

them is 
olored with X . Note that in every 
oloring that uses at least three


olors, there is at most one dominant 
olor. Also, re
all that a 
olor Y is


alled re
essive if no two 
onse
utive elements of [n℄ re
eive 
olor Y .

By the pigeonhole prin
iple, we may assume that 
 uses at least three


olors; so there is at most one dominant 
olor. In fa
t, it is easy to 
on
lude

that 
olor R := 
(1) is the unique dominant 
olor. Indeed, if 
(1) is not

dominant, then there exist integers i and i + 1 su
h that the 
olors 
(1),


(i), and 
(i + 1) are all di�erent. However, the set f1; i; i + 1g is then

a rainbow solution to x + y = z, whi
h 
ontradi
ts our assumption on 
.

Furthermore, if all the 
olors that are not dominant are re
essive, then for

every pair of 
onse
utive integers 1 � j < j + 1 � n, we have 
(j) = R or


(j + 1) = R. Hen
e, the there are at least

n

2

>

2n

5

elements 
olored with

(the dominant 
olor) R. Therefore, we may assume that at least one of the

non-dominant 
olors in 
 is not re
essive. As the following lemma shows,

this 
olor is ne
essarily unique as well.

Lemma 11 All but at most one non-dominant 
olor in 
 is re
essive.

Proof: Suppose there are (at least) two 
olors in 
 that are not dominant

and not re
essive. Let i; i+1; : : : ; i+ k be the longest string of 
onse
utive

integers 
olored with su
h a 
olor, whi
h we denote by Y . Let j; j + 1 be

a string of two 
onse
utive elements 
olored with Z, where Z denotes a

non-dominant and non-re
essive 
olor other than Y . There are two possible


ases depending on whi
h of these two mono
hromati
 strings 
omes �rst.

If i + k < j, then none of the integers in the string j � i � k; j � i �

k + 1; : : : ; j � i + 1 
an re
eive the dominant 
olor R. Hen
e, all of them

re
eive the same 
olor, whi
h is not dominant and is not re
essive. However,

the length of this string is k + 2, whi
h 
ontradi
ts our 
hoi
e of the string

i; i+ 1; : : : ; i+ k.

Similarly, if i > j+1, then none of the integers in the string i� j�1; i�

j; : : : ; i� j+ k 
an re
eive the dominant 
olor R. Hen
e, all of them re
eive

the same 
olor, whi
h is not dominant and is not re
essive. However, the
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length of this string is k+2, whi
h again 
ontradi
ts our 
hoi
e of the string

i; i+ 1; : : : ; i+ k. 2

Let B denote the unique 
olor in 
 whi
h is neither dominant nor re
es-

sive. Let N




be the number of elements of [n℄ that are not 
olored with R

or G. Thus, these integers re
eive a non-dominant 
olor that is re
essive.

As in Lemma 1, we 
an limit our 
onsideration to 3-
olorings. De�ne the

3-
oloring �
 by �
(i) = 
(i), if 
(i) = R or B, and 
(i) = G otherwise. Let

G = fg : g 2 [n℄; 
(g) = Gg. Then �
 is a rainbow S
hur-free 
oloring of [n℄

and jGj = N




. For 1 � i � jGj, let g

i

denote the i

th

smallest element of G.

Let B = fb : b 2 [n � 1℄; 
(b) = B; 
(b + 1) = Bg. For 1 � i � jBj, let b

i

denote the i

th

smallest element of B. If b

1

> g

1

, then 
(b

1

� g

1

) 6= R and


(b

1

+1� g

1

) 6= R, so b

1

� g

1

2 B and b

1

� g

1

< b

1

, a 
ontradi
tion. Hen
e,

b

1

< g

1

. Sin
e 
(g

1

� 1) = R, then 1 < b

1

< b

1

+1 < g

1

� 1 < g

1

, so g

1

� 5.

Next, we show that for 1 � i � jGj � 1, there exists b

0

2 B su
h that

g

i

< b < g

i+1

. Sin
e b

1

< g

1

< g

i

, then there exists a largest element b 2 B

su
h that b < g

i

. Sin
e 
(g

i

�b) 6= R and 
(g

i

�b�1) 6= R, then g

i

�b�1 2 B.

However, then 
(g

i+1

� (g

i

� b)) 6= R and 
(g

i+1

� (g

i

� b� 1)) 6= R, whi
h

implies that b+g

i+1

�g

i

2 B. Sin
e b is the largest element in B that is less

than g

i

, we have b+ g

i+1

� g

i

> g

i

. De�ning b

0

= b+ g

i+1

� g

i

, we obtain

b

0

2 B su
h that g

i

< b

0

< g

i+1

.

Now, 
learly, 
(g

i

+ 1) = 
(g

i+1

� 1) = R, so g

i

< g

i

+ 1 < b

0

< b

0

+ 1 <

g

i+1

� 1 < g

i+1

. Therefore, g

i+1

� g

i

� 5 for 1 � i � jGj � 1. Sin
e g

1

� 5,

then jGj �

n

5

. It immediately follows that in the 
oloring �
, as well as in 
,

we have at least

2n

5

elements 
olored with R or B. We have 
ompleted the

proof of Theorem 5.

6 Con
lusion

Despite the results presented in this paper, exa
t determination of sr(3; k)

remains an open problem. However, Theorem 3 greatly improves the bounds

from [ACT89℄ and leaves only a small gap. We 
onje
ture that the lower

bound is the exa
t order of magnitude (up to an additive 
onstant).

Conje
ture 1 For all k 2 N, sr(3; k) =

17

8

k +O(1).

Furthermore, we believe that our methods 
annot be used for improving

the bounds on sr(m; k) in [ACT89℄, when m 6= 3. The main obsta
le is

the fa
t that there is no analogue of Theorem 1 for m-term arithmeti
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progressions,m � 4 (as shown in [AF04℄ for m � 5, and [CFJR℄ for m = 4),

that 
ould be used as in Lemma 1.

Fox et al. [FMR℄ 
onsider yet another partition-regular

2

equation, \the

Sidon equation" x+ y = z +w, whi
h is a 
lassi
al obje
t in 
ombinatorial

number theory. They proved the following.

Theorem 6 ([FMR℄) For every n � 4, every partition of [n℄ into four 
olor


lasses R, G, B, and Y , su
h that

minfjRj; jBj; jGj; jYjg >

n+ 1

6


ontains a rainbow solution of x+ y = z+w. Moreover, this result is tight.

For a given positive integer k, let sd(k) denote the minimal number

su
h that every 
oloring of [n℄, n � sd(k), that uses ea
h 
olor at most k

times, yields a rainbow solution to equation x+ y = z+w. We propose the

following open problem.

Problem 1 Determine sd(k).

We hope one 
ould use Theorem 6 to prove a lemma similar to Lemma 1

and redu
e Problem 1 to studying the minimal size of the largest 
olor 
lass

in 4-
olorings of [n℄ without rainbow solutions to the above equations. Some

stru
tural results about su
h 
olorings are already provided in [FMR℄.

It is interesting to note that there are still no other existential rainbow-

type results for partition regular equations other than the ones mentioned

above. We are nowhere near the rainbow Rado-type 
hara
terization. For

numerous open problems 
on
erning the existen
e of rainbow subsets of

integers in appropriate 
olorings of [n℄ or N, please refer to the survey [JRN℄.

Both rainbow-Ramsey and sub-Ramsey problems have re
eived 
onsid-

erable attention in graph theory. The sub-Ramsey number of a graph G,

denoted by sr(G; k), is the smallest integer n su
h that every edge-
oloring

of K

n

, where ea
h 
olor is used at most k times, 
ontains a rainbow sub-

graph isomorphi
 to G. Hell and Montellano [HM03℄ improved the bounds

of Alspa
h et al. [AG+86℄, and proved that sr(K

m

; k) is O(km

2

) and


(m

3=2

). Hahn and Thomassen [HT86℄ show that sr(P

m

; k) = sr(C

m

; k) =

m, when m is large enough with respe
t to k.

3

Results on sub-Ramsey

2

For the de�nition of partition regularity, please refer to [GRS90℄.

3

P

m

and C

m

denote the path and the 
y
le with m verti
es, respe
tively.
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number of stars and some other results dealing with existen
e of rain-

bow subgraphs in 
olorings with bounded 
olor 
lasses 
an be found in

[AJMP03, ENR83, FHS87, FR93, LRW96℄.
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