Construction of large graphs with no optimal surjective L(2, 1)-labelings^∗

Daniel Král’^{† ‡} Riste Škrekovski^§ Martin Tancer^¶

Abstract

An L(2, 1)-labeling of a graph G is a mapping c : V (G) → {0, . . . , K} such that the labels of two adjacent vertices differ by at least two and the labels of vertices at distance two differ by at least one. A hole of c is an integer h ∈ {0, . . . , K} that is not used as a label for any vertex of G. The smallest integer K for which an L(2, 1)-labeling of G exists is denoted by λ(G). The minimum number of holes in an optimal labeling, i.e., a labeling with K = λ(G), is denoted by ρ(G). Georges and Mauro showed that ρ(G) ≤ Δ, where Δ is the maximum degree of G, and conjectured that if ρ(G) = Δ and G is connected, then the order of G is at most Δ(Δ + 1). We disprove this conjecture by constructing graphs G with ρ(G) = Δ and order ⌊_{(Δ+1)2} 4 ⌋ (Δ + 1) ≈ Δ^3/4.

∗This research was conducted as a part of the Czech-Slovenian bilateral project MŠMT-07-0405 (Czech side) and SLO-CZ/04-05-002 (Slovenian side).

†Institute for Mathematics, Technical University Berlin, Strasse des 17. Juni 136, D- 10623 Berlin, Germany. E-mail: kral@math.tu-berlin.de. The author is a postdoctoral fellow at TU Berlin within the framework of the European training network COMBSTRU.

‡Department of Applied Mathematics and Institute for Theoretical Computer Science (ITI), Faculty of Mathematics and Physics, Charles University, Malostranské náměstí 25, 118 00 Prague, Czech Republic. E-mail: kral@kam.mff.cuni.cz. Institute for Theoretical Computer Science is supported by Ministry of Education of Czech Republic as projects LN00A056 and 1M0021620808.

§Department of Mathematics, University of Ljubljana, Jadranska 19, 1111 Ljubljana, Slovenia. E-mail: riste.skrekovski@fmf.uni-lj.si.

¶Department of Applied Mathematics, Faculty of Mathematics and Physics, Charles University, Malostranské náměstí 25, 118 00 Prague, Czech Republic. E-mail:

martin@atrey.karlin.mff.cuni.cz. Partially supported by Institute for Theoretical

Computer Science (ITI).

1 Introduction

L(2, 1)-labelings of graphs form an important model for the frequency assignment problem [5]. An L(2, 1)-labeling of a graph G is a labeling c : V (G) → {0, . . . , K} of the vertices of G such that the labels of any two adjacent vertices differ by at least two and the labels of any two vertices at distance two are different. The smallest K for which there exists a proper labeling of G is denoted by λ(G).

One of the most studied problems on L(2, 1)-labelings is the famous Delta Square Conjecture of Griggs and Yeh [4]: they conjectured that λ(G) ≤ Δ(G)^2 for every graph G where Δ(G) is the maximum degree of G. Though the conjecture has been verified for several special classes of graphs, including graphs of maximum degree two, chordal graphs [11] (see also [1, 8]), and hamiltonian cubic graphs [6, 7], it remains widely open. The original upper bound λ(G) ≤ Δ(G)^2 + 2Δ(G) by Griggs and Yeh [4] has been improved to λ(G) ≤ Δ(G)^2 + Δ(G) in [2] (an analogous bound in a more general setting of the channel assignment problem was proved by McDiarmid [10]). A recent more general result of the first two authors yields the present record λ(G) ≤ Δ(G)^2 + Δ(G) − 1.

In this paper, we focus on surjective L(2, 1)-labelings that was first studied in a more detail by Georges and Mauro [3]. If c is a labeling of G, then a number h, 0 ≤ h ≤ K, is a hole, if there is no vertex v of G with c(v) = h. The minimum number of holes in an L(2, 1)-labeling of G with K = λ(G) is denoted by ρ(G). Georges and Mauro [3] established that ρ(G) never exceeds the maximum degree Δ(G) of G. In [3], Georges and Mauro also posed (among others) the following conjectures on L(2, 1)-labelings and holes:

Conjecture 1. If G is a r-regular graph and ρ(G) ≥ 1, then ρ(G) divides r. Conjecture 2. If G is a connected graph with maximum degree Δ(G) and ρ(G) = Δ(G), then the order of G does not exceed Δ(Δ + 1).

Conjecture 3. If G is a graph with λ(G) > 2Δ(G), then ρ(G) = 0. In other words, if G is a graph with ρ(G) > 0, then λ(G) ≤ 2Δ(G).

In this paper, we focus on Conjecture 2. We provide a construction of connected r-regular graphs G of order (r+1)

⌊_{(r+1)2} 4 ⌋ ≈ r^3/4 with ρ(G) = r (Corollary 6). This shows that Conjecture 2 does not hold for Δ ≥ 3. Note that Conjecture 2 trivially holds for Δ = 1 since the only graph G satisfying the assumptions of the conjecture is K_2. In [3], it was shown that Conjecture 2 also holds for Δ = 2.

2 Previous results

In this section, we survey results obtained by Georges and Mauro [3] on the structure of graphs G with ρ(G) = Δ(G). The following theorem shows that the structure of such graphs is very restricted:

Theorem 1. If G is a graph with ρ(G) = Δ(G), then G is a Δ-regular graph with λ(G) = 2Δ. Moreover, for every optimum L(2, 1)-labeling c, i.e., a labeling using the labels 0, . . . , λ(G), the following holds:

• every odd integer between 0 and λ(G) is a hole of c,

• the cardinality of the preimage in c of every even number between 0 and λ(G) is the same, and

• the subgraph of G induced by the preimages of any two even numbers is a perfect matching (union of disjoint edges).

In particular, there exists an integer t > 0 such that the order of G is (Δ + 1)t.

In [3], Georges and Mauro constructed connected Δ-regular graphs G with ρ(G) = Δ of order (Δ + 1)t for every t = 1, . . . , Δ. They conjectured that the number t (under the assumption that G is connected) cannot exceed Δ (this is equivalent to Conjecture 2 stated in Section 1).

We now recall a construction of an r-regular graph Ω_r of order r(r + 1) from [3]. Consider a union of r vertex disjoint cliques of order r and number the vertices of each clique from 1 to r. Add to the graph r new vertices and join the i-th of them to the vertices of the cliques numbered with i. The resulting graph is Ω_r. Clearly, Ω_r is a connected r-regular graph. It can be shown that λ(Ω_r) = 2r and ρ(Ω_r) = r.

In order to show that λ(Ω_r) = 2r and ρ(Ω_r) = r for the graph Ω_r, Georges and Mauro [3] showed that Ω_r has a special property which we call the neighborhood property in this paper. Assume that G is a connected r-regular graph of order (r + 1)t. We say that G has the t-neighborhood property if the following holds for any two (disjoint) sets V and W of vertices of G: if neither V nor W contains two vertices at distance at most two and no vertex of V is adjacent to a vertex of W , then |V | + |W | ≤ t.

We finish this section with the following proposition whose proof is implicitly contained in [3]. We include its short proof for the sake of completeness.

Proposition 2. If G is a connected r-regular graph of order (r + 1)t with λ(G) ≤ 2r that has the t-neighborhood property, then λ(G) = 2r and ρ(G) = r. Proof. Let us consider an L(2, 1)-labeling of G with 0, . . . , 2r and let V_i, i = 0, . . . , 2r, be the set of the vertices labelled with i. Since G has the t-neighborhood property, it holds |V_i| + |V_{i+1}| ≤ t (1) for every i = 0, . . . , 2r − 1.

First, we show that V_i = ∅ for all odd i’s. Let i_0 be an odd integer between 0 and 2r and let μ = |V_{i0} |. We now bound the sum |V_0|+· · · +|V_{2r}| using (1): 2r∑ i=0 |V_i| = (i_0 −1)/2 ∑ i=0 (|V_{2i}| + |V_{2i+1}|) + r∑ i=(i_0 +1)/2 (|V_{2i−1}| + |V_{2i}|) − |V_{i0} | ≤

(r + 1)t − μ .

Since the sets V_0, . . . , V_{2r} partition the vertex set of G, the sum of their sizes is (r + 1)t. Therefore, μ = 0. Since the choice of i_0 was arbitrary, V_i = ∅ for all odd i’s as claimed.

Note that |V_i| ≤ t for every i = 0, . . . , 2r by (1). Since the sum |V_0| + · · · + |V_{2r} | is equal to (r + 1)t and the set V_i is empty for every odd i, it must hold that |V_i| = t for every i = 0, 2, 4, . . . , 2r. The statement of the proposition now readily follows.

3 Construction

In this section, we present our construction of graphs of order Θ(Δ^3) with ρ = Δ (the exact parameters of the constructed graphs can be found in Theorem 5). First, we describe the considered graphs in Subsection 3.1. In Subsection 3.2, we analyze their properties. Finally, we slightly generalize our construction to obtain additional graphs with similar properties in Subsection 3.3.

3.1 The Graph

In this subsection, we construct an (α+β −1)-regular connected graph Γ_{α,β} of order (α + β)αβ with ρ(Γ_{α,β}) = Δ(Γ_{α,β} ) = α + β − 1. The vertex set of Γ_{α,β} is comprised of two sets V_g and V_r: V_g = {[a, b, a] | 1 ≤ a ≤ α, 1 ≤ b ≤ β & 1 ≤ a ≤ α} , and V_r = {[a, b, b] | 1 ≤ a ≤ α, 1 ≤ b ≤ β & 1 ≤ b ≤ β} . Note that |V_g | = α^2β and |V_r | = αβ^2. The vertices of V_g are later referred to as green and those of V_r as red.

We now describe the edge set of Γ_{α,β} . Two distinct green vertices [a, b, a] and [a^′, b^′, a^′] are joined by an edge if b = b^′ and a = a^′. Similarly, two distinct red vertices [a, b, b] and [a^′, b^′, b^′] are joined by an edge if a = a^′ and b = b^′. A green vertex [a, b, a] and a red vertex [a^′, b^′, b^′] are joined by an edge if a = a^′ and b = b^′.

Notice the following: the subgraph of Γ_{α,β} induced by the green vertices is comprised of αβ cliques of order α, the subgraph induced by the red vertices of αβ cliques of order β, and the spanning subgraph containing edges between the red and green vertices is comprised of αβ complete bipartite graphs isomorphic to K_{α,β} . It is not hard to verify that the graph Γ_{α,β} is connected, its order is (α + β)αβ and it is (α + β − 1)-regular. Examples of graphs Γ_{α,β} for some (small) values of α and β are given in Figure 1. Note that the graph Γ_{α,1} is isomorphic to the graph Ω_α. Also note that the graphs Γ_{α,β} and Γ_{β,α} are isomorphic for all α, β ≥ 1.

3.2 Analysis

In this subsection, we analyze properties of the graphs Γ_{α,β} . First, we show an upper bound on λ(Γ_{α,β} ):

Proposition 3. For every α, β ≥ 1, the number λ(Γ_{α,β} ) does not exceed 2α + 2β − 2.

Proof. We partition green vertices into α independent sets V_1, . . . , V_α and red vertices into β independent sets W_1, . . . , W_β . A green vertex [a, b, a] is contained in the set V_i where i is congruent to a+a modulo α. A red vertex [a, b, b] is contained in the set W_i where i is congruent to b + b modulo β.

Clearly, the sets V_1, . . . , V_α and W_1, . . . , W_β are independent. We claim that the distance between any two vertices contained in the same set is at

Figure 1: The graphs Γ_{1,4} and Γ_{2,3}. Green vertices are depicted by empty circles and red vertices by full ones.

least three: assume the opposite. By symmetry, it is enough to consider the case when V_1 contains two distinct green vertices [a, b, a] and [a^′, b^′, a^′] at distance two. If the common neighbor of [a, b, a] and [a^′, b^′, a^′] is a green vertex, then b = b^′ and a = a^′. By the definition of V_1, it follows that a = a^′ and the vertices [a, b, a] and [a^′, b^′, a^′] are not distinct. On the other hand, if their common neighbor is a red vertex, then a = a^′ and b = b^′. The definition of V_1 now yields that a = a^′ and the vertices [a, b, a] and [a^′, b^′, a^′] are not distinct as supposed.

We now construct an L(2, 1)-labeling of Γ_{α,β} . Label the vertices of V_i, i = 1, . . . , α, by the number 2i − 2 and the vertices of W_i, i = 1, . . . , β, by the number 2α + 2i − 2. The obtained labeling is a proper L(2, 1)-labeling of Γ_{α,β} . In particular, λ(Γ_{α,β} ) ≤ 2α + 2β − 2.

We now establish the key proeprty of graphs Γ_{α,β}:

Lemma 4. For every α, β ≥ 1, the graph Γ_{α,β} has the αβ-neighborhood property.

Proof. Fix α ≥ 1 and β ≥ 1 and let us consider two sets V_1 and V_2 of vertices of Γ_{α,β}. Assume that V_1 contains no two vertices at distance at most two, V_2 no two vertices at distance at most two, and no two vertices of V_1 and V_2 are adjacent. We show that |V_1| + |V_2| ≤ αβ. The statement of the lemma would then follow.

Let us construct two auxiliary matrices M_g and M_r of type α × β. For a, 1 ≤ a ≤ α, and b, 1 ≤ b ≤ β, the entry M_g[a, b] is the number of green vertices of the form [a, b, a], 1 ≤ a ≤ α, contained in V_1 ∪ V_2. Similarly, the entry M_r[a, b] is the number of red vertices of the form [a, b, b], 1 ≤ b ≤ β, contained in V_1 ∪ V_2. Next, several properties of the matrices M_g and M_r are established. We formulate the properties as a series of claims:

Claim 4.1. All the entries of the matrices M_g and M_r are integers 0, 1 or 2. For fixed numbers a, 1 ≤ a ≤ α, and b, 1 ≤ b ≤ β, all the green vertices [a, b, a], 1 ≤ a ≤ α, of Γ_{α,β} are at distance two. In particular, at most one of them is contained in the set V_1 and at most one of them in V_2. Hence, M_g[a, b] ≤ 2. A symmetric argument applies to M_r.

Claim 4.2. For every a, 1 ≤ a ≤ α, and b, 1 ≤ b ≤ β, at most one of the entries M_g[a, b] and M_r[a, b] is non-zero.

If M_g[a, b] > 0, then there is a green vertex [a, b, a], 1 ≤ a ≤ α, that is contained in V_1 ∪ V_2. Since every red vertex [a, b, b], 1 ≤ b ≤ β, is adjacent to the green vertex [a, b, a] contained in V_1 ∪ V_2, no red vertex of the form [a, b, b], 1 ≤ b ≤ β, is contained in V_1 ∪ V_2. Hence, M_r[a, b] is equal to zero. An analogous argument yields that if M_r[a, b] > 0, then M_g[a, b] = 0.

Claim 4.3. If M_g[a, b] = 2 for a, 1 ≤ a ≤ α, and b, 1 ≤ b ≤ β, then M_r[a^′, b] = M_r[a, b^′] = 0 for every a^′, 1 ≤ a^′ ≤ α, and b^′, 1 ≤ b^′ ≤ β.

Let a_1 and a_2, 1 ≤ a_1, a_2 ≤ α, be two distinct integers such that both green vertices [a, b, a_1] and [a, b, a_2] are contained in V_1 ∪ V_2. Since the distance between the vertices [a, b, a_1] and [a, b, a_2] is two, one of them is contained in V_1 and the other in V_2. By symmetry, we can assume that [a, b, a_1] ∈ V_1 and [a, b, a_2] ∈ V_2.

Let us consider integers a^′, 1 ≤ a^′ ≤ α, and b, 1 ≤ b ≤ β. If a = a^′, then M_r[a^′, b] = 0 by Claim 4.2. In the rest, we consider the case a ≠ a^′. The green vertices [a^′, b, a_1] and [a^′, b, a_2] are neighbors of the green vertices [a, b, a_1] and [a, b, a_2], respectively. Since the red vertex [a^′, b, b] is a neighbor of both the green vertices [a^′, b, a_1] and [a^′, b, a_2], the vertex [a^′, b, b] can be included neither in V_1 nor in V_2. Since the choice of b was arbitrary, M_r[a^′, b] must be equal to zero for every a^′ ≠ a, 1 ≤ a ≤ α. A symmetric argument yields that M_r[a, b^′] = 0 for every b^′, 1 ≤ b^′ ≤ β.

Claim 4.4. If M_r[a, b] = 2 for a, 1 ≤ a ≤ α, and b, 1 ≤ b ≤ β, then M_g[a^′, b] = M_g[a, b^′] = 0 for every a^′, 1 ≤ a^′ ≤ α, and b^′, 1 ≤ b^′ ≤ β.

The proof is analogous to the proof of Claim 4.3.

Claim 4.5. For every a, 1 ≤ a ≤ α, the sum of the entries of M_r on the a-th row is at most β.

For every b, 1 ≤ b ≤ β, the vertices [a, b, b], 1 ≤ b ≤ β, form a clique in Γ_{α,β}. Hence, at most one of them can be contained in V_1 ∪ V_2. Since there are β possible choices of b, there are at most β red vertices with the first coordinate equal to a in V_1 ∪ V_2.

Claim 4.6. For every b, 1 ≤ b ≤ β, the sum of the entries of M_g on the b-th column is at most α.

The proof is analogous to the proof of Claim 4.5.

We now continue the main part of the proof of Lemma 4. Let A_g be the set of all integers a such that M_g[a, b] = 2 for some b. Similarly, B_g is the set of all b’s such that M_g[a, b] = 2 for some a. Analogously, A_r and B_r are sets of all integers a and b such that M_r[a, b] = 2. In addition, let M be the matrix that is the sum of the matrices M_r and M_g, i.e., M = M_r +M_g. Note that the sum of all the entries of M is |V_1| + |V_2|. By Claims 4.3 and 4.4, it holds that M_g[a, b] = M_r[a, b] = M[a, b] = 0 for all [a, b] ∈ A_r × B_g and [a, b] ∈ A_g × B_r. On the other hand, by the definitions of the sets A_g , B_g, A_r and B_r, if [a, b] ∉ (A_g ∪ A_r) × (B_g ∪ B_r), M_g[a, b] ≤ 1, M_r[a, b] ≤ 1, and at most one of M_g[a, b] and M_r[a, b] is non-zero by Claim 4.2. We conclude that M[a, b] = M_g[a, b]+M_r[a, b] ≤ 1 for every [a, b] ∉ (A_g ∪A_r)×(B_g ∪B_r).

In order to finish the proof, we distinguish four cases according the cardinalities of the sets A_g , B_g , A_r and B_r: • |A_g | ≤ |A_r| and |B_g | ≥ |B_r| Observe first that the following holds: |B_r| ≤ |B_g | |B_r|(|A_r | − |A_g |) ≤ |B_g |(|A_r| − |A_g |) |A_g ||B_g | + |A_r||B_r| ≤ |A_g ||B_r| + |A_r||B_g| (2) By Claim 4.1, it holds that M[a, b] ≤ 2 for every [a, b] ∈ (A_g × B_g ) ∪ (A_r × B_r). Since M[a, b] = 0 for all [a, b] ∈ (A_g × B_r) ∪ (A_r × B_g ), the sum of the entries M[a, b] for [a, b] ∈ (A_g ∪ A_r) × (B_g ∪ B_r) is at most the following (the first inequality follows from (2)): 2(|A_g ||B_g| + |A_r||B_r|) ≤ |A_g ||B_g | + |A_r||B_r| + |A_g ||B_r| + |A_g ||B_r| ≤ (|A_g | + |A_r|)(|B_g | + |B_r|). Since M[a, b] ≤ 1 for every [a, b] ∉ (A_g ∪ A_r) × (B_g ∪ B_r), the sum of the entries of the matrix M is at most αβ as desired. • |A_g | ≥ |A_r| and |B_g | ≤ |B_r| This case is symmetric to the first one. • |A_g | ≤ |A_r| and |B_g | ≤ |B_r| For a ∈ A_r, all the entries of M_g on the a-th row are zero by Claim 4.3. In particular, the entries of M and M_r on the a-th row coincide. Hence, the sum of the entries of the matrix M on the rows a ∈ A_r is at most |A_r|β by Claim 4.5. The sum of the entries M[a, b] with [a, b] ∈ A_g × (B_g ∪ B_r) is at most 2|A_g||B_g | ≤ |A_g |(|B_g | + |B_r|) by Claim 4.2. Finally, all the remaining entries of M are at most one. We infer that the sum of all the entries of M does not exceed αβ. • |A_g | ≥ |A_r| and |B_g | ≥ |B_r| An argument that is similar to that in the previous case and that involves Claim 4.6 applies.

Since the sum of the entries of M is equal to |V_1| + |V_2|, we conclude that |V_1| + |V_2| ≤ αβ. The following theorem readily follows from Propositions 2 and 3 and Lemma 4:

Theorem 5. For every α, β ≥ 1, the graph Γ_{α,β} has the following properties:

• the order of Γ_{α,β} is (α + β)αβ,

• the graph Γ_{α,β} is connected,

• the graph Γ_{α,β} is (α + β − 1)-regular, and

• its hole number ρ(Γ_{α,β} ) is α + β − 1.

An immediate corollary of Theorem 5 is the following:

Corollary 6. For every r ≥ 1, there exists an r-regular connected graph G of order (r + 1)

⌊_{(r+1)2} 4 ⌋ ≈ r^3/4 with ρ(G) = r.

Proof. Set α = ⌊r/2⌋ + 1 and β = ⌈r/2⌉, and consider the graph Γ_{α,β} . Note that αβ(α + β) = (r + 1)

⌊_{(r+1)2} 4 ⌋ . 3.3 Generalization

In this subsection, we slightly generalize our construction. If G is a graph with the vertex set V (G), then G^{[s]} is the graph whose vertex set is V (G) × {1, . . . , s} and two distinct vertices [v, i] and [v^′, i^′] of G^{[s]} are joined by an edge if v = v^′ or v ≠ v^′ and vv^′ is an edge of G. Clearly, if G is an r-regular graph of order n, then G^{[s]} is an (rs + s − 1)-regular graph of order ns. Note that G^{[s]} is the lexicographic products of G and the complete graph of order s.

We now formulate the following lemma:

Lemma 7. Let G be a connected r-regular graph of order (r + 1)t. If G has the t-neighborhood property, then G^{[s]} has also the t-neighborhood property for every s ≥ 1.

Proof. Let V and W be two sets of vertices of G^{[s]} such that the distance between any two vertices in each of the sets is at least two and no vertex of V is adjacent to a vertex of W . Let V^′ be the set of vertices v of G such that [v, i] ∈ V for some i, 1 ≤ i ≤ s. Similarly, W^′ is the set of vertices w such that [w, i] ∈ W . Note that the sets V^′ and W^′ are disjoint, |V | = |V^′| and |W | = |W^′|. Moreover, V^′ and W^′ do not contain any two vertices at distance two and no vertex of V^′ is ajdacent to a vertex of W^′. Since G has the t-neighborhood property, |V^′| + |W^′| ≤ t. Hence, |V | + |W | ≤ t. Because the choice of V and W was arbitrary, G^{[s]} has the t-neighborhood property.

Fix α, β ≥ 1 and s ≥ 2. Consider the labeling of Γ_{α,β} with the labels 0, 2, . . . , 2α + 2β − 2 constructed in Proposition 3. We now construct an L(2, 1)-labeling of Γ^{[s]}_{α,β}. If v is a vertex of Γ_{α,β} that is labeled with γ, then a vertex [v, i], i = 1, . . . , s, of Γ^{[s]}_{α,β} is labeled with γ + 2(i − 1)(α + β). The obtained labeling is a proper L(2, 1)-labeling of Γ^{[s]}_{α,β} . Hence, λ(Γ^{[s]}_{α,β} ) ≤ 2s(α + β) − 2.

The following theorem readily follows from Lemmas 4 and 7:

Theorem 8. For every α, β, s ≥ 1, the graph Γ^{[s]}_{α,β} has the following properties:

• the order of Γ^{[s]}_{α,β} is (α + β)αβs,

• the graph Γ^{[s]}_{α,β} is connected,

• the graph Γ^{[s]}_{α,β} is ((α + β)s − 1)-regular, and

• its hole number ρ(Γ^{[s]}_{α,β} ) is (α + β)s − 1.

Note that Theorem 8 yields a construction of connected r-regular graphs G of order (r +1)t for some (but not all) numbers t between r and

⌊_{(r+1)2} 4 ⌋ . 4 Conclusion

We conclude the paper with several problems in the spirit of Conjecture 2. The first problem that comes to one’s mind is the following:

Problem 1. Is it true that there exists a function f(r) with the following property: if G is a connected r-regular graph of order (r +1)t with ρ(G) = r, then t ≤ f(r)? Does there exist a polynomial f(r) with this property?

Georges and Mauro [3] constructed connected r-regular graphs of order (r+1)t for every t = 1, . . . , r. We constructed such graphs for some numbers t larger than r, but we were not able to construct such graphs for all t = 1, . . . , ⌊_{(r+1)2} 4 ⌋ . This leads us to the following problem:

Problem 2. Assume that G is a connected r-regular graph of order (r+1)t_0 with ρ(G) = r. Is it true that for every t = 1, . . . , t_0, there exists a connected r-regular graph of order (r + 1)t with ρ(G) = r? In particular, is this true for t_0 =

⌊_{(r+1)2} 4 ⌋ ? In the case of cubic graphs, we are aware of constructions of connected cubic graphs G of orders 4, 8, 12 and 16 with ρ(G) = 3. We have a computerassisted proof that there is no such cubic graph of order 20. If the answer to Problem 2 were positive, then the answer to the following problem would also be positive:

Problem 3. Is it true that there is no connected cubic graph G with ρ(G) = 3 whose order is at least 20?

References

[1] G. J. Chang, W.-T. Ke, D. D.-F. Liu, R. K. Yeh, On L(d, 1)- labellings of graphs, Discrete Math., 3(1) (2000), pp. 57–66.

[2] G. J. Chang, D. Kuo, The L(2, 1)-labeling problem on graphs, SIAM J. Discrete Math., 9(2) (1996), pp. 309–316.

[3] J. P. Georges, D. W. Mauro, On the structure of graphs with nonsurjective L(2, 1)-labelings, to appear in SIAM J. Discrete Math.

[4] J. R. Griggs, R. K. Yeh, Labeling graphs with a condition at distance 2 , SIAM J. Discrete Math. 5 (1992), pp. 586–595.

[5] W. K. Hale: Frequency assignment: Theory and applications, Proceedings of the IEEE 68 (1980), pp. 1497–1514.

[6] J.-H. Kang, L(2, 1)-labeling of 3-regular Hamiltonian graphs, submitted for publication.

[7] J.-H. Kang, L(2, 1)-labelling of 3-regular Hamiltonian graphs, Ph.D.

thesis, University of Illinois, Urbana-Champaign, IL, 2004.

[8] D. Král’, Coloring powers of chordal graphs, SIAM J. Discrete Math., 18(3) (2004), pp. 451–461.

[9] D. Král’, R. Škrekovski, A theorem about channel assignment problem, SIAM J. Discrete Math., 16(3) (2003), pp. 426–437.

[10] C. McDiarmid, On the span in channel assignment problems: bounds, computing and counting, Discrete Math., 266 (2003), pp. 387–397.

[11] D. Sakai, Labeling chordal graphs: distance two condition, SIAM J.

Discrete Math., 7 (1994), pp. 133–140.