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Abstra
t

An L(2; 1)-labeling of a graph G is a mapping 
 : V (G)! f0; : : : ; Kg

su
h that the labels of two adja
ent verti
es di�er by at least two and

the labels of verti
es at distan
e two di�er by at least one. A hole

of 
 is an integer h 2 f0; : : : ; Kg that is not used as a label for any

vertex of G. The smallest integer K for whi
h an L(2; 1)-labeling

of G exists is denoted by �(G). The minimum number of holes in

an optimal labeling, i.e., a labeling with K = �(G), is denoted by

�(G). Georges and Mauro showed that �(G) � �, where � is the

maximum degree of G, and 
onje
tured that if �(G) = � and G is


onne
ted, then the order of G is at most �(� + 1). We disprove

this 
onje
ture by 
onstru
ting graphs G with �(G) = � and order

j

(�+1)

2

4

k

(� + 1) � �

3

=4.

�
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1 Introdu
tion

L(2; 1)-labelings of graphs form an important model for the frequen
y as-

signment problem [5℄. An L(2; 1)-labeling of a graph G is a labeling 
 :

V (G) ! f0; : : : ;Kg of the verti
es of G su
h that the labels of any two

adja
ent verti
es di�er by at least two and the labels of any two verti
es at

distan
e two are di�erent. The smallest K for whi
h there exists a proper

labeling of G is denoted by �(G).

One of the most studied problems on L(2; 1)-labelings is the famous

Delta Square Conje
ture of Griggs and Yeh [4℄: they 
onje
tured that

�(G) � �(G)

2

for every graph G where �(G) is the maximum degree

of G. Though the 
onje
ture has been veri�ed for several spe
ial 
lasses of

graphs, in
luding graphs of maximum degree two, 
hordal graphs [11℄ (see

also [1, 8℄), and hamiltonian 
ubi
 graphs [6, 7℄, it remains widely open.

The original upper bound �(G) � �(G)

2

+ 2�(G) by Griggs and Yeh [4℄

has been improved to �(G) � �(G)

2

+ �(G) in [2℄ (an analogous bound

in a more general setting of the 
hannel assignment problem was proved

by M
Diarmid [10℄). A re
ent more general result of the �rst two authors

yields the present re
ord �(G) � �(G)

2

+�(G) � 1.

In this paper, we fo
us on surje
tive L(2; 1)-labelings that was �rst stud-

ied in a more detail by Georges and Mauro [3℄. If 
 is a labeling of G, then

a number h, 0 � h � K, is a hole, if there is no vertex v of G with 
(v) = h.

The minimum number of holes in an L(2; 1)-labeling of G with K = �(G)

is denoted by �(G). Georges and Mauro [3℄ established that �(G) never ex-


eeds the maximum degree �(G) of G. In [3℄, Georges and Mauro also posed

(among others) the following 
onje
tures on L(2; 1)-labelings and holes:

Conje
ture 1. If G is a r-regular graph and �(G) � 1, then �(G) divides

r.

Conje
ture 2. If G is a 
onne
ted graph with maximum degree �(G) and

�(G) = �(G), then the order of G does not ex
eed �(� + 1).

Conje
ture 3. If G is a graph with �(G) > 2�(G), then �(G) = 0. In

other words, if G is a graph with �(G) > 0, then �(G) � 2�(G).

In this paper, we fo
us on Conje
ture 2. We provide a 
onstru
tion of


onne
ted r-regular graphs G of order (r+1)

j

(r+1)

2

4

k

� r

3

=4 with �(G) = r

(Corollary 6). This shows that Conje
ture 2 does not hold for � � 3.

Note that Conje
ture 2 trivially holds for � = 1 sin
e the only graph G
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satisfying the assumptions of the 
onje
ture is K

2

. In [3℄, it was shown that

Conje
ture 2 also holds for � = 2.

2 Previous results

In this se
tion, we survey results obtained by Georges and Mauro [3℄ on the

stru
ture of graphs G with �(G) = �(G). The following theorem shows

that the stru
ture of su
h graphs is very restri
ted:

Theorem 1. If G is a graph with �(G) = �(G), then G is a �-regular

graph with �(G) = 2�. Moreover, for every optimum L(2; 1)-labeling 
,

i.e., a labeling using the labels 0; : : : ; �(G), the following holds:

� every odd integer between 0 and �(G) is a hole of 
,

� the 
ardinality of the preimage in 
 of every even number between 0

and �(G) is the same, and

� the subgraph of G indu
ed by the preimages of any two even numbers

is a perfe
t mat
hing (union of disjoint edges).

In parti
ular, there exists an integer t > 0 su
h that the order of G is

(� + 1)t.

In [3℄, Georges and Mauro 
onstru
ted 
onne
ted �-regular graphs G

with �(G) = � of order (� + 1)t for every t = 1; : : : ;�. They 
onje
tured

that the number t (under the assumption that G is 
onne
ted) 
annot ex
eed

� (this is equivalent to Conje
ture 2 stated in Se
tion 1).

We now re
all a 
onstru
tion of an r-regular graph 


r

of order r(r + 1)

from [3℄. Consider a union of r vertex disjoint 
liques of order r and number

the verti
es of ea
h 
lique from 1 to r. Add to the graph r new verti
es and

join the i-th of them to the verti
es of the 
liques numbered with i. The

resulting graph is 


r

. Clearly, 


r

is a 
onne
ted r-regular graph. It 
an be

shown that �(


r

) = 2r and �(


r

) = r.

In order to show that �(


r

) = 2r and �(


r

) = r for the graph 


r

,

Georges and Mauro [3℄ showed that 


r

has a spe
ial property whi
h we 
all

the neighborhood property in this paper. Assume that G is a 
onne
ted

r-regular graph of order (r + 1)t. We say that G has the t-neighborhood

property if the following holds for any two (disjoint) sets V andW of verti
es

of G: if neither V nor W 
ontains two verti
es at distan
e at most two and

no vertex of V is adja
ent to a vertex of W , then jV j+ jW j � t.
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We �nish this se
tion with the following proposition whose proof is im-

pli
itly 
ontained in [3℄. We in
lude its short proof for the sake of 
omplete-

ness.

Proposition 2. If G is a 
onne
ted r-regular graph of order (r + 1)t with

�(G) � 2r that has the t-neighborhood property, then �(G) = 2r and �(G) =

r.

Proof. Let us 
onsider an L(2; 1)-labeling of G with 0; : : : ; 2r and let V

i

,

i = 0; : : : ; 2r, be the set of the verti
es labelled with i. Sin
e G has the

t-neighborhood property, it holds

jV

i

j+ jV

i+1

j � t (1)

for every i = 0; : : : ; 2r � 1.

First, we show that V

i

= ; for all odd i's. Let i

0

be an odd integer

between 0 and 2r and let � = jV

i

0

j. We now bound the sum jV

0

j+ � � �+ jV

2r

j

using (1):

2r

X

i=0

jV

i

j =

(i

0

�1)=2

X

i=0

(jV

2i

j+ jV

2i+1

j) +

r

X

i=(i

0

+1)=2

(jV

2i�1

j+ jV

2i

j)� jV

i

0

j �

(r + 1)t� � .

Sin
e the sets V

0

; : : : ; V

2r

partition the vertex set of G, the sum of their sizes

is (r + 1)t. Therefore, � = 0. Sin
e the 
hoi
e of i

0

was arbitrary, V

i

= ;

for all odd i's as 
laimed.

Note that jV

i

j � t for every i = 0; : : : ; 2r by (1). Sin
e the sum jV

0

j +

� � � + jV

2r

j is equal to (r + 1)t and the set V

i

is empty for every odd i, it

must hold that jV

i

j = t for every i = 0; 2; 4; : : : ; 2r. The statement of the

proposition now readily follows.

3 Constru
tion

In this se
tion, we present our 
onstru
tion of graphs of order �(�

3

) with

� = � (the exa
t parameters of the 
onstru
ted graphs 
an be found in

Theorem 5). First, we des
ribe the 
onsidered graphs in Subse
tion 3.1.

In Subse
tion 3.2, we analyze their properties. Finally, we slightly general-

ize our 
onstru
tion to obtain additional graphs with similar properties in

Subse
tion 3.3.
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3.1 The Graph

In this subse
tion, we 
onstru
t an (�+��1)-regular 
onne
ted graph �

�;�

of order (�+ �)�� with �(�

�;�

) = �(�

�;�

) = �+ � � 1. The vertex set of

�

�;�

is 
omprised of two sets V

g

and V

r

:

V

g

= f[a; b; a℄ j 1 � a � �; 1 � b � � & 1 � a � �g , and

V

r

= f[a; b; b℄ j 1 � a � �; 1 � b � � & 1 � b � �g .

Note that jV

g

j = �

2

� and jV

r

j = ��

2

. The verti
es of V

g

are later referred

to as green and those of V

r

as red.

We now des
ribe the edge set of �

�;�

. Two distin
t green verti
es [a; b; a℄

and [a

0

; b

0

; a

0

℄ are joined by an edge if b = b

0

and a = a

0

. Similarly, two

distin
t red verti
es [a; b; b℄ and [a

0

; b

0

; b

0

℄ are joined by an edge if a = a

0

and

b = b

0

. A green vertex [a; b; a℄ and a red vertex [a

0

; b

0

; b

0

℄ are joined by an

edge if a = a

0

and b = b

0

.

Noti
e the following: the subgraph of �

�;�

indu
ed by the green verti
es

is 
omprised of �� 
liques of order �, the subgraph indu
ed by the red

verti
es of �� 
liques of order �, and the spanning subgraph 
ontaining edges

between the red and green verti
es is 
omprised of �� 
omplete bipartite

graphs isomorphi
 to K

�;�

. It is not hard to verify that the graph �

�;�

is


onne
ted, its order is (� + �)�� and it is (� + � � 1)-regular. Examples

of graphs �

�;�

for some (small) values of � and � are given in Figure 1.

Note that the graph �

�;1

is isomorphi
 to the graph 


�

. Also note that the

graphs �

�;�

and �

�;�

are isomorphi
 for all �; � � 1.

3.2 Analysis

In this subse
tion, we analyze properties of the graphs �

�;�

. First, we show

an upper bound on �(�

�;�

):

Proposition 3. For every �; � � 1, the number �(�

�;�

) does not ex
eed

2�+ 2� � 2.

Proof. We partition green verti
es into � independent sets V

1

; : : : ; V

�

and

red verti
es into � independent sets W

1

; : : : ;W

�

. A green vertex [a; b; a℄ is


ontained in the set V

i

where i is 
ongruent to a+a modulo �. A red vertex

[a; b; b℄ is 
ontained in the set W

i

where i is 
ongruent to b+ b modulo �.

Clearly, the sets V

1

; : : : ; V

�

and W

1

; : : : ;W

�

are independent. We 
laim

that the distan
e between any two verti
es 
ontained in the same set is at

5



Figure 1: The graphs �

1;4

and �

2;3

. Green verti
es are depi
ted by empty


ir
les and red verti
es by full ones.

least three: assume the opposite. By symmetry, it is enough to 
onsider

the 
ase when V

1


ontains two distin
t green verti
es [a; b; a℄ and [a

0

; b

0

; a

0

℄

at distan
e two. If the 
ommon neighbor of [a; b; a℄ and [a

0

; b

0

; a

0

℄ is a green

vertex, then b = b

0

and a = a

0

. By the de�nition of V

1

, it follows that

a = a

0

and the verti
es [a; b; a℄ and [a

0

; b

0

; a

0

℄ are not distin
t. On the other

hand, if their 
ommon neighbor is a red vertex, then a = a

0

and b = b

0

. The

de�nition of V

1

now yields that a = a

0

and the verti
es [a; b; a℄ and [a

0

; b

0

; a

0

℄

are not distin
t as supposed.

We now 
onstru
t an L(2; 1)-labeling of �

�;�

. Label the verti
es of V

i

,

i = 1; : : : ; �, by the number 2i� 2 and the verti
es of W

i

, i = 1; : : : ; �, by

the number 2�+ 2i� 2. The obtained labeling is a proper L(2; 1)-labeling

of �

�;�

. In parti
ular, �(�

�;�

) � 2�+ 2� � 2.

We now establish the key proeprty of graphs �

�;�

:

Lemma 4. For every �; � � 1, the graph �

�;�

has the ��-neighborhood

property.

Proof. Fix � � 1 and � � 1 and let us 
onsider two sets V

1

and V

2

of

verti
es of �

�;�

. Assume that V

1


ontains no two verti
es at distan
e at

most two, V

2

no two verti
es at distan
e at most two, and no two verti
es

of V

1

and V

2

are adja
ent. We show that jV

1

j + jV

2

j � ��. The statement

of the lemma would then follow.

6



Let us 
onstru
t two auxiliary matri
es M

g

and M

r

of type � � �. For

a, 1 � a � �, and b, 1 � b � �, the entry M

g

[a; b℄ is the number of green

verti
es of the form [a; b; a℄, 1 � a � �, 
ontained in V

1

[ V

2

. Similarly, the

entry M

r

[a; b℄ is the number of red verti
es of the form [a; b; b℄, 1 � b � �,


ontained in V

1

[ V

2

. Next, several properties of the matri
es M

g

and M

r

are established. We formulate the properties as a series of 
laims:

Claim 4.1. All the entries of the matri
es M

g

and M

r

are integers 0, 1 or

2.

For �xed numbers a, 1 � a � �, and b, 1 � b � �, all the green verti
es

[a; b; a℄, 1 � a � �, of �

�;�

are at distan
e two. In parti
ular, at most one

of them is 
ontained in the set V

1

and at most one of them in V

2

. Hen
e,

M

g

[a; b℄ � 2. A symmetri
 argument applies to M

r

.

Claim 4.2. For every a, 1 � a � �, and b, 1 � b � �, at most one of the

entries M

g

[a; b℄ and M

r

[a; b℄ is non-zero.

If M

g

[a; b℄ > 0, then there is a green vertex [a; b; a℄, 1 � a � �, that is


ontained in V

1

[ V

2

. Sin
e every red vertex [a; b; b℄, 1 � b � �, is adja
ent

to the green vertex [a; b; a℄ 
ontained in V

1

[ V

2

, no red vertex of the form

[a; b; b℄, 1 � b � �, is 
ontained in V

1

[ V

2

. Hen
e, M

r

[a; b℄ is equal to zero.

An analogous argument yields that if M

r

[a; b℄ > 0, then M

g

[a; b℄ = 0.

Claim 4.3. If M

g

[a; b℄ = 2 for a, 1 � a � �, and b, 1 � b � �, then

M

r

[a

0

; b℄ =M

r

[a; b

0

℄ = 0 for every a

0

, 1 � a

0

� �, and b

0

, 1 � b

0

� �.

Let a

1

and a

2

, 1 � a

1

; a

2

� �, be two distin
t integers su
h that both

green verti
es [a; b; a

1

℄ and [a; b; a

2

℄ are 
ontained in V

1

[ V

2

. Sin
e the

distan
e between the verti
es [a; b; a

1

℄ and [a; b; a

2

℄ is two, one of them is


ontained in V

1

and the other in V

2

. By symmetry, we 
an assume that

[a; b; a

1

℄ 2 V

1

and [a; b; a

2

℄ 2 V

2

.

Let us 
onsider integers a

0

, 1 � a

0

� �, and b, 1 � b � �. If a = a

0

,

then M

r

[a

0

; b℄ = 0 by Claim 4.2. In the rest, we 
onsider the 
ase a 6= a

0

.

The green verti
es [a

0

; b; a

1

℄ and [a

0

; b; a

2

℄ are neighbors of the green verti
es

[a; b; a

1

℄ and [a; b; a

2

℄, respe
tively. Sin
e the red vertex [a

0

; b; b℄ is a neighbor

of both the green verti
es [a

0

; b; a

1

℄ and [a

0

; b; a

2

℄, the vertex [a

0

; b; b℄ 
an be

in
luded neither in V

1

nor in V

2

. Sin
e the 
hoi
e of b was arbitrary,M

r

[a

0

; b℄

must be equal to zero for every a

0

6= a, 1 � a � �. A symmetri
 argument

yields that M

r

[a; b

0

℄ = 0 for every b

0

, 1 � b

0

� �.

7



Claim 4.4. If M

r

[a; b℄ = 2 for a, 1 � a � �, and b, 1 � b � �, then

M

g

[a

0

; b℄ =M

g

[a; b

0

℄ = 0 for every a

0

, 1 � a

0

� �, and b

0

, 1 � b

0

� �.

The proof is analogous to the proof of Claim 4.3.

Claim 4.5. For every a, 1 � a � �, the sum of the entries of M

r

on the

a-th row is at most �.

For every b, 1 � b � �, the verti
es [a; b; b℄, 1 � b � �, form a 
lique in

�

�;�

. Hen
e, at most one of them 
an be 
ontained in V

1

[ V

2

. Sin
e there

are � possible 
hoi
es of b, there are at most � red verti
es with the �rst


oordinate equal to a in V

1

[ V

2

.

Claim 4.6. For every b, 1 � b � �, the sum of the entries of M

g

on the

b-th 
olumn is at most �.

The proof is analogous to the proof of Claim 4.5.

We now 
ontinue the main part of the proof of Lemma 4. Let A

g

be the

set of all integers a su
h that M

g

[a; b℄ = 2 for some b. Similarly, B

g

is the

set of all b's su
h that M

g

[a; b℄ = 2 for some a. Analogously, A

r

and B

r

are

sets of all integers a and b su
h that M

r

[a; b℄ = 2. In addition, let M be the

matrix that is the sum of the matri
esM

r

andM

g

, i.e.,M =M

r

+M

g

. Note

that the sum of all the entries of M is jV

1

j + jV

2

j. By Claims 4.3 and 4.4,

it holds that M

g

[a; b℄ = M

r

[a; b℄ = M [a; b℄ = 0 for all [a; b℄ 2 A

r

� B

g

and

[a; b℄ 2 A

g

�B

r

. On the other hand, by the de�nitions of the sets A

g

, B

g

,

A

r

and B

r

, if [a; b℄ 62 (A

g

[A

r

)� (B

g

[B

r

), M

g

[a; b℄ � 1, M

r

[a; b℄ � 1, and

at most one of M

g

[a; b℄ and M

r

[a; b℄ is non-zero by Claim 4.2. We 
on
lude

thatM [a; b℄ =M

g

[a; b℄+M

r

[a; b℄ � 1 for every [a; b℄ 62 (A

g

[A

r

)�(B

g

[B

r

).

In order to �nish the proof, we distinguish four 
ases a

ording the


ardinalities of the sets A

g

, B

g

, A

r

and B

r

:

� jA

g

j � jA

r

j and jB

g

j � jB

r

j

Observe �rst that the following holds:

jB

r

j � jB

g

j

jB

r

j(jA

r

j � jA

g

j) � jB

g

j(jA

r

j � jA

g

j)

jA

g

jjB

g

j+ jA

r

jjB

r

j � jA

g

jjB

r

j+ jA

r

jjB

g

j (2)

By Claim 4.1, it holds that M [a; b℄ � 2 for every [a; b℄ 2 (A

g

�B

g

) [

(A

r

� B

r

). Sin
e M [a; b℄ = 0 for all [a; b℄ 2 (A

g

� B

r

) [ (A

r

� B

g

),

8



the sum of the entries M [a; b℄ for [a; b℄ 2 (A

g

[ A

r

) � (B

g

[ B

r

) is at

most the following (the �rst inequality follows from (2)):

2(jA

g

jjB

g

j+ jA

r

jjB

r

j) � jA

g

jjB

g

j+ jA

r

jjB

r

j+ jA

g

jjB

r

j+ jA

g

jjB

r

j

� (jA

g

j+ jA

r

j)(jB

g

j+ jB

r

j).

Sin
e M [a; b℄ � 1 for every [a; b℄ 62 (A

g

[ A

r

)� (B

g

[ B

r

), the sum of

the entries of the matrix M is at most �� as desired.

� jA

g

j � jA

r

j and jB

g

j � jB

r

j

This 
ase is symmetri
 to the �rst one.

� jA

g

j � jA

r

j and jB

g

j � jB

r

j

For a 2 A

r

, all the entries ofM

g

on the a-th row are zero by Claim 4.3.

In parti
ular, the entries of M and M

r

on the a-th row 
oin
ide.

Hen
e, the sum of the entries of the matrix M on the rows a 2 A

r

is at most jA

r

j� by Claim 4.5. The sum of the entries M [a; b℄ with

[a; b℄ 2 A

g

� (B

g

[ B

r

) is at most 2jA

g

jjB

g

j � jA

g

j(jB

g

j + jB

r

j) by

Claim 4.2. Finally, all the remaining entries of M are at most one.

We infer that the sum of all the entries of M does not ex
eed ��.

� jA

g

j � jA

r

j and jB

g

j � jB

r

j

An argument that is similar to that in the previous 
ase and that

involves Claim 4.6 applies.

Sin
e the sum of the entries of M is equal to jV

1

j + jV

2

j, we 
on
lude that

jV

1

j+ jV

2

j � ��.

The following theorem readily follows from Propositions 2 and 3 and

Lemma 4:

Theorem 5. For every �; � � 1, the graph �

�;�

has the following proper-

ties:

� the order of �

�;�

is (�+ �)��,

� the graph �

�;�

is 
onne
ted,

� the graph �

�;�

is (�+ � � 1)-regular, and

� its hole number �(�

�;�

) is �+ � � 1.

An immediate 
orollary of Theorem 5 is the following:

9



Corollary 6. For every r � 1, there exists an r-regular 
onne
ted graph G

of order (r + 1)

j

(r+1)

2

4

k

� r

3

=4 with �(G) = r.

Proof. Set � = br=2
+1 and � = dr=2e, and 
onsider the graph �

�;�

. Note

that ��(� + �) = (r + 1)

j

(r+1)

2

4

k

.

3.3 Generalization

In this subse
tion, we slightly generalize our 
onstru
tion. If G is a graph

with the vertex set V (G), then G

[s℄

is the graph whose vertex set is V (G)�

f1; : : : ; sg and two distin
t verti
es [v; i℄ and [v

0

; i

0

℄ of G

[s℄

are joined by an

edge if v = v

0

or v 6= v

0

and vv

0

is an edge of G. Clearly, if G is an r-regular

graph of order n, then G

[s℄

is an (rs + s � 1)-regular graph of order ns.

Note that G

[s℄

is the lexi
ographi
 produ
ts of G and the 
omplete graph

of order s.

We now formulate the following lemma:

Lemma 7. Let G be a 
onne
ted r-regular graph of order (r+1)t. If G has

the t-neighborhood property, then G

[s℄

has also the t-neighborhood property

for every s � 1.

Proof. Let V and W be two sets of verti
es of G

[s℄

su
h that the distan
e

between any two verti
es in ea
h of the sets is at least two and no vertex of

V is adja
ent to a vertex of W . Let V

0

be the set of verti
es v of G su
h

that [v; i℄ 2 V for some i, 1 � i � s. Similarly, W

0

is the set of verti
es w

su
h that [w; i℄ 2W . Note that the sets V

0

and W

0

are disjoint, jV j = jV

0

j

and jW j = jW

0

j. Moreover, V

0

and W

0

do not 
ontain any two verti
es at

distan
e two and no vertex of V

0

is ajda
ent to a vertex of W

0

. Sin
e G

has the t-neighborhood property, jV

0

j + jW

0

j � t. Hen
e, jV j + jW j � t.

Be
ause the 
hoi
e of V and W was arbitrary, G

[s℄

has the t-neighborhood

property.

Fix �; � � 1 and s � 2. Consider the labeling of �

�;�

with the labels

0; 2; : : : ; 2� + 2� � 2 
onstru
ted in Proposition 3. We now 
onstru
t an

L(2; 1)-labeling of �

[s℄

�;�

. If v is a vertex of �

�;�

that is labeled with 
, then

a vertex [v; i℄, i = 1; : : : ; s, of �

[s℄

�;�

is labeled with 
 + 2(i� 1)(�+ �). The

obtained labeling is a proper L(2; 1)-labeling of �

[s℄

�;�

. Hen
e, �(�

[s℄

�;�

) �

2s(�+ �) � 2.

The following theorem readily follows from Lemmas 4 and 7:

10



Theorem 8. For every �; �; s � 1, the graph �

[s℄

�;�

has the following prop-

erties:

� the order of �

[s℄

�;�

is (�+ �)��s,

� the graph �

[s℄

�;�

is 
onne
ted,

� the graph �

[s℄

�;�

is ((�+ �)s� 1)-regular, and

� its hole number �(�

[s℄

�;�

) is (�+ �)s� 1.

Note that Theorem 8 yields a 
onstru
tion of 
onne
ted r-regular graphs

G of order (r+1)t for some (but not all) numbers t between r and

j

(r+1)

2

4

k

.

4 Con
lusion

We 
on
lude the paper with several problems in the spirit of Conje
ture 2.

The �rst problem that 
omes to one's mind is the following:

Problem 1. Is it true that there exists a fun
tion f(r) with the following

property: if G is a 
onne
ted r-regular graph of order (r+1)t with �(G) = r,

then t � f(r)? Does there exist a polynomial f(r) with this property?

Georges and Mauro [3℄ 
onstru
ted 
onne
ted r-regular graphs of order

(r+1)t for every t = 1; : : : ; r. We 
onstru
ted su
h graphs for some numbers

t larger than r, but we were not able to 
onstru
t su
h graphs for all t =

1; : : : ;

j

(r+1)

2

4

k

. This leads us to the following problem:

Problem 2. Assume that G is a 
onne
ted r-regular graph of order (r+1)t

0

with �(G) = r. Is it true that for every t = 1; : : : ; t

0

, there exists a 
onne
ted

r-regular graph of order (r + 1)t with �(G) = r? In parti
ular, is this true

for t

0

=

j

(r+1)

2

4

k

?

In the 
ase of 
ubi
 graphs, we are aware of 
onstru
tions of 
onne
ted


ubi
 graphsG of orders 4, 8, 12 and 16 with �(G) = 3. We have a 
omputer-

assisted proof that there is no su
h 
ubi
 graph of order 20. If the answer

to Problem 2 were positive, then the answer to the following problem would

also be positive:

Problem 3. Is it true that there is no 
onne
ted 
ubi
 graph G with �(G) =

3 whose order is at least 20?
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