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Abstra
t

In 1955 Kotzig proved that every planar 3-
onne
ted graph 
on-

tains an edge su
h that sum of degrees of its endverti
es is at most

13. Moreover, if the graph does not 
ontain 3-verti
es, then this sum

is at most 11. Su
h an edge is 
alled light. The well-known result of

Steinitz that the 3-
onne
ted planar graphs are pre
isely the skele-

tons of 3-polytopes, gives an additional trump to Kotzig's theorem.

On the other hand, in 1961, Tutte proved that every 3-
onne
ted

graph, distin
t from K

4

, 
ontains a 
ontra
tible edge. In this paper,

we strengthen Kotzig's theorem by showing that every 3-
onne
ted

planar graph distin
t from K

4


ontains an edge whi
h is both light

and 
ontra
tible. A 
onsequen
e is that every 3-polytope 
an be 
on-

stru
ted from the Tetrahedron by a sequen
e of splittings of verti
es

of degree at most 11.

�
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1 Light Edges

Throughout the paper, we 
onsider 3-
onne
ted planar graphs without loops

and multiple edges. The weight of an edge is the sum of the degrees of its

endverti
es. It is well-known that every planar graph 
ontains a vertex of

degree at most 5. Kotzig [5℄ proved a similar result for the edge weight:

Theorem 1 (Kotzig) Every 3-
onne
ted planar graph G 
ontains an edge

of weight at most 13. Moreover, if G has minimum degree at least 4, then

G 
ontains an edge of weight at most 11.

Regarding the above theorem, an edge of a 3-
onne
ted planar graph is


alled light if it satis�es the requirements of the above theorem. In parti
-

ular, if the graph has minimum degree � 4, then an edge is light only if it

is of weight � 11.

The bounds of 13 and 11 from Kotzig's theorem are the best possible

in the sense that there exist a planar 3-
onne
ted graph G

1

su
h that ea
h

edge of G

1

has weight at least 13, and a planar 3-
onne
ted graph G

2

of

minimum degree 4 su
h that ea
h edge of G

2

has weight at least 11. As for

G

1

, 
onsider a 
opy of the I
osahedron and insert into ea
h fa
e a vertex

and 
onne
t it with the three verti
es of the fa
e. As for G

2

, 
onsider any

fulleren where no two verti
es of degree 5 are adja
ent.

The well-known theorem of Steinitz [9, 10℄ states that the 3-
onne
ted

planar graphs are pre
isely the skeletons of 3-dimensional polytopes. This

gives an additional importan
e to Theorem 1.

Kotzig's Theorem has been generalized in many dire
tions. It served as

a starting point for looking for other subgraphs of small weight in plane

graphs, whi
h later developed the subje
t into Light Graph Theory: let H

be a family of graphs, and let H be a 
onne
ted graph su
h that in�nitely

many members of H 
ontain a subgraph isomorphi
 to H . Let H

H

be the

subfamily of graphs in H that 
ontain H as a subgraph. We say that H is

a light graph in the family H if there exists a 
onstant 
 for that ea
h graph

G 2 H

H


ontains a subgraph K

�

=

H su
h that d

G

(v) � 
 for every vertex

v 2 K. Just to mention a few results from Light Graph Theory: Fabri
i and

Jendrol' [2℄ proved that only paths are light in the family of all 3-
onne
ted

plane graphs; the same holds also for the family of all 3-
onne
ted plane

graphs of minimum degree 4 (see [3℄). A survey on light graphs in various

families of plane, proje
tive plane, and general graphs 
an be found in the

paper by Jendrol' and Voss [4℄.
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Figure 1: A double wheel

1.1 Light Edge Avoiding Pres
ribed Triangle

Here we prove the existen
e of a light edge whi
h avoids verti
es of a pre-

s
ribed triangle fa
e.

Lemma 1 Let G 6= K

4

be a plane 3-
onne
ted graph with an outer-fa
e

O = x

1

x

2

x

3

. Let Æ

0

be the minimum degree of verti
es of G distin
t from

x

1

, x

2

and x

3

. Let d be 13 if Æ

0

= 3, and 11 otherwise. Then G 
ontains

an edge of weight at most d not in
ident with x

1

, x

2

and x

3

.

Proof: Suppose that the statement of the lemma is false and G is a


ounterexample on n verti
es. Obviously, n � 5. In addition, we may

assume that G has the maximum number of edges among all su
h graphs.

We 
laim that every fa
e in
ident with x

1

; x

2

, or x

3

is a triangle. Oth-

erwise, we may assume that x

1

lies on a fa
e f

0

of length � 4. Next insert

an edge between x

1

and some vertex of f

0

that is not adja
ent to x

1

. This

is always possible sin
e G is 3-
onne
ted. Let G

0

be the resulting graph.

Noti
e that if G is of minimum degree � 4, then G

0

is also of minimum

degree � 4. Hen
e G

0

is a 
ounterexample to the lemma with the same

number of verti
es but it has more edges than G, a 
ontradi
tion.

By the above 
laim, it easily follows that at most one of x

1

; x

2

and

x

3

is of degree 3. Thus, we may assume that d(x

1

) � 4 and d(x

2

) � 4.

Furthermore, d(x

3

) � 3 sin
e G is 3-
onne
ted.

Consider the double wheel W of order 8 depi
ted in Figure 1. Let w

1

and w

2

be the verti
es of W of degree 6. We 
onstru
t the graph W

G

by

gluing a 
opy of G in ea
h fa
e of W in su
h a way that the vertex x

3

of

the 
opy is identi�ed with either w

1

or w

2

. Noti
e that W

G

is a planar
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3-
onne
ted graph and that ea
h vertex of W has degree � 12 in W

G

(this

follows from the assumption on the degrees of verti
es x

1

; x

2

and x

3

in G).

By Kotzig's Theorem, the graphW

G


ontains a light edge e

w

. This edge

is not in
ident with any vertex of the 
opy of W , sin
e these verti
es are of

degree � 12. Thus, e

w


orresponds to an edge e of G, that is not in
ident

with x

1

, x

2

and x

3

. Noti
e that if Æ

0

� 4, then W

G

has minimum degree

� 4. This implies that weight of e satis�es requirements of the lemma.

2 Contra
tible Edges

A subset S of verti
es of a graphG is a 
ut, if the graphG�S is dis
onne
ted

and S is a minimal set with this property. In addition, if S is of size k, then

it is 
alled a k-
ut. A graph G is k-
onne
ted if it has at least k+1 verti
es

and it has no 
uts of size < k.

Let e = ab be an edge in a 3-
onne
ted graph G. Let G=e be the

graph obtained by identifying the verti
es a and b into a new vertex w, and

removing the arising loop and multiple edges (in order to obtain a simple

graph). We say that G=e is obtained from G by 
ontra
ting the edge e.

Similarly, we say that G is obtained from G=e by splitting w. If G=e is a 3-


onne
ted graph, then we say that the edge e is 
ontra
tible, and otherwise

that e is non-
ontra
tible. It is easy to see that e is non-
ontra
tible if and

only if G has a 3-
ut S su
h that fa; bg � S.

Tutte [11℄ proved that every 3-
onne
ted graph, distin
t from K

4

, 
on-

tains a 
ontra
tible edge and as a 
onsequen
e, it follows:

Theorem 2 (Tutte) A graph G is 3-
onne
ted if and only if there exists

a sequen
e G

0

; : : : ; G

n

of graphs with the following properties:

(a) G

0

= K

4

and G

n

= G;

(b) G

i+1

has an edge xy with d(x); d(y) � 3 and G

i

= G

i+1

=xy, for every

i < n.

In fa
t, every 3-
onne
ted graph on � 5 verti
es has more then just one


ontra
tible edge, see the survey of Kriesell [6℄ for results of this kind.

Noti
e that if G is a 3-
onne
ted planar graph and S is a 3-
ut, thenG�S


omprises of pre
isely two 
omponents: there 
annot be more than two,

otherwise we obtain a subdivision of K

3;3

in G. Let these two 
omponents
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be denoted by G

1

(S) and G

2

(S). Let G

�

i

(S) be the subgraph of G indu
ed

by V (G

1

(S))[ S. Thus, G

i

(S) = G

�

i

(S)� S, for i 2 f1; 2g. Observe that if

x; y 2 S are non-adja
ent, then there exists pre
isely one fa
e in
ident with

both of them. When the graph G is 
lear from the 
ontext, its fa
e whi
h


ontains these two verti
es is denoted by f

x;y

.

A triangle v

1

v

2

v

3

in a graph is 
alled separating if fv

1

; v

2

; v

3

g is a 
ut.

If v

1

v

2

v

3

is a separating triangle in G, then ea
h of the edges v

1

v

2

, v

1

v

3

and v

2

v

3

is obviously non-
ontra
tible. But it is not ne
essarily true that

every non-
ontra
tible edge of G belongs to a separating triangle. However,

in this se
tion we show that unless G 
ontains a light 
ontra
tible edge, we

may extend G to a supergraph that satis�es this 
ondition by adding new

non-
ontra
tible edges and without 
reating any new 
ontra
tible edges, see

Lemma 8.

The proofs of the following three folklore lemmas 
an be found in [1, 7, 8℄:

Lemma 2 Let G be a 3-
onne
ted graph of order at least �ve. Suppose x is

a 3-vertex of G whose neighbors are a; b and 
. If ab is an edge of G, then

x
 is 
ontra
tible.

If H is a subgraph of G, then we denote by G=H the graph 
onstru
ted

from G by 
ontra
ting all edges of H .

Lemma 3 Let x be a 3-vertex in a 3-
onne
ted graph G 6= K

4

. If xa and

xb are two non-
ontra
tible edges of G, then a and b are adja
ent verti
es

of degree 3. Moreover, G

�

= G=axb is 3-
onne
ted.

Lemma 4 Let G be a 3-
onne
ted graph and let C = x

1

x

2

x

3

be a 3-
y
le

of G with all verti
es of degree 3. An edge e of G=C is 
ontra
tible if and

only if its 
orresponding edge e in G is 
ontra
tible.

Now, we are ready to prove the following lemma about smallest possible

3-
onne
ted graphs without a light 
ontra
tible edge.

Lemma 5 Suppose that G 6= K

4

is a 3-
onne
ted planar with the small-

est possible number n � 5 of verti
es su
h that every light edge is non-


ontra
tible. Then, G does not 
ontain a 3-
y
le whose all verti
es are of

degree 3.

Proof: Suppose �rst that n < 7. Then degree of ea
h vertex of G is at

most 5, and therefore ea
h edge of G is light. Sin
e every 3-
onne
ted graph
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on at least 5 verti
es 
ontains a 
ontra
tible edge, the graph G 
ontains a

light 
ontra
tible edge.

Therefore we may assume that n � 7. Suppose that C = x

1

x

2

x

3

is a

3-
y
le of G su
h that all verti
es of C are of degree 3.

Let y

i

be the neighbor of x

i

that does not belong to C. Note that

the verti
es y

1

, y

2

and y

3

are mutually distin
t, sin
e G is 3-
onne
ted.

Let G

�

= G=C and let w be the vertex of G

�

into whi
h C is 
ontra
ted.

By Lemma 3, the graph G

�

is 3-
onne
ted. Then w is a 3-vertex whose

neighbors are y

1

; y

2

and y

3

. Also noti
e that ea
h edge e

�

of G

�

has the

same weight as the 
orresponding edge e of G. Lemma 4 
laims that e

�

is


ontra
tible in G

�

if and only if e is 
ontra
tible in G. This implies that

every light edge of G

�

is non-
ontra
tible. Sin
e G

�

has at least 5 verti
es,

it 
ontradi
ts the minimality of G.

The following two lemmas des
ribe the stru
ture of a graph 
ontaining

a non-
ontra
tible edge xy that be
omes 
ontra
tible after a new edge b
 is

added to the graph.

Lemma 6 Let G be a planar 3-
onne
ted graph, xy a non-
ontra
tible edge

of G, and b and 
 two non-adja
ent verti
es of G that lie on a 
ommon fa
e.

Suppose that xy is 
ontra
tible in G [ fb
g. Then for ea
h vertex z su
h

that S = fx; y; zg is a 3-
ut the following four 
laims hold:

(a) b and 
 are distin
t from x; y and z, and belong to distin
t 
omponents

of G� S;

(b) z belongs to f

b;


, and pre
isely one of x and y belongs to f

b;


(let this

vertex be denoted by w);

(
) f

b;


= w � � � b � � � z � � � 
 � � �w in the 
lo
kwise or anti-
lo
kwise orienta-

tion;

(d) w and z are non-adja
ent.

Proof: Let z be an arbitrary vertex of G su
h that S = fx; y; zg is a 3-
ut.

Sin
e xy is 
ontra
tible in G [ fb
g but not in G, it follows that b and 


belong to distin
t 
omponents of G� S. Therefore the verti
es b and 
 are

distin
t from x; y and z.

Sin
e S is a 
ut and the edge b
 
onne
ts the two 
omponents of G�S,

it follows that b; 
 and z belong to a 
ommon fa
e. Moreover, one of x and

6
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x

G

�

1

(S

1

) G

�

2

(S

1

)

a � x

b




z

y

G

�

1

(S

1

) G

�

2

(S

1

)

Figure 2: Con�gurations in Lemma 7

y lie on that fa
e as well (but not both sin
e no fa
e may 
ontain all three

verti
es of a 3-
ut in G). The order of the verti
es w; z; b and 
 that appear

around the fa
e must be as des
ribed in the 
laim, be
ause b and 
 belong

to distin
t 
omponents of G� S. Sin
e G is 3-
onne
ted, it follows that w

and z are non-adja
ent.

Lemma 7 Let ab and xy be two non-
ontra
tible edges and let S

1

= fa; b; 
g

and S

2

= fx; y; zg be two 3-
uts of G. Suppose that the edge xy is 
on-

tra
tible in G [ fb
g. Then, the following two 
laims hold:

(i) If a 62 fx; yg, then 
 is a vertex of degree 3 with N(
) = fz; x; yg and


xy is a 3-fa
e.

(ii) If a = x, then y is a vertex of degree 3 with N(y) = fa; b; 
g and aby

is a 3-fa
e.

Proof: First noti
e that G [ fb
g is a planar graph, sin
e the verti
es b

and 
 lie on a 
ommon fa
e in G. Also noti
e that b and 
 are non-adja
ent

in G. By Lemma 6, the verti
es b and 
 belong to di�erent 
omponents of

G�S

2

and they are distin
t from x, y and z. By the same lemma, without

loss of generality, we may assume that y and z are non-adja
ent and lie on

the same fa
e with b and 
 (i.e., f

b;


= f

y;z

) and f

y;z

= y � � � 
 � � � z � � � b � � � y.

We may also assume that z is a vertex of G

�

1

= G

�

1

(S

1

) and x; y are verti
es

of G

�

2

= G

�

2

(S

1

). Consider now both the 
ases separately and see Figure 2

for illustration:

7
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a � x
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z

y

Figure 3: Con�gurations in Lemma 8

(i) Observe that z is a 
ut-vertex in G

�

1

, whi
h separates a; b from 
;

otherwise we infer that S

2

is not a 
ut of G. Sin
e G is a 3-
onne
ted

it follows that 
 is adja
ent only to z in G

�

1

.

Similarly one 
an show that fx; yg is a 
ut in G

�

2

, whi
h also separates

a; b from 
. To show the minimality of fx; yg observe that if x or y is

a vertex-
ut in G

�

2

, then fx; zg or fy; zg is a 2-
ut in G.

If there is a vertex adja
ent to 
 in G

�

2

whi
h is distin
t from x and

y, then f
; x; yg is a 3-
ut in G [ fb
g but this is a 
ontradi
tion

with the assumption that xy is a 
ontra
tible edge in G[ fb
g. Sin
e

fx; yg is a 
ut in G

�

2

, both x and y are adja
ent to 
. Thus, x; y are

the only neighbors of 
 in G

�

2

. This implies that 
xy is a 3-fa
e and

N(
) = fz; x; yg.

(ii) Sin
e fx; y; bg is not a 3-
ut in G [ fb
g, we infer that aby is a 3-fa
e.

Similarly, sin
e fx; y; 
g is not a 3-
ut in G [ fb
g, it follows that 
y

is an edge of G, and hen
e N(y) = fa; b; 
g.

Now we are ready to show that in a maximal graph whi
h does not


ontain a light 
ontra
tible edge, every non-
ontra
tible edge belongs to a

separating 3-
y
le.

Lemma 8 Suppose that there exists a planar graph on n � 5 verti
es su
h

that ea
h of its light edges is non-
ontra
tible. Suppose that G is su
h a

8



graph on n verti
es with maximum number of edges. Then, every non-


ontra
tible edge of G belongs to a separating 3-
y
le.

Proof: Suppose that the 
laim is false and G is a 
ounterexample with

minimum number of verti
es n � 5. Let ab be a non-
ontra
tible edge whi
h

does not belong to a separating 
y
le and let S = fa; b; 
g be a 3-
ut of G.

Without loss of generality, we may assume that b and 
 are non-adja
ent.

Consider the graph G [ fb
g. By the maximality of jE(G)j the graph

G [ fb
g 
ontains a light 
ontra
tible edge xy. Obviously the edge xy is

distin
t from b
, sin
e b
 is non-
ontra
tible. The edge xy is light in G as

well, thus it must be non-
ontra
tible in G. Let fx; y; zg be a 3-
ut of G.

We may assume that x; y 2 V (G

�

2

(S)) and z 2 V (G

�

1

(S)). By Lemma 6, we

may assume that b; y; 
 and z belong to a 
ommon fa
e. Consider now the

following two 
ases and see Figure 3 for illustration:

� Case 1: a 62 fx; yg. Then, by Lemma 7(a), we may assume that 
 is

a vertex of degree 3 with neighbors x, y and z. By the maximality of

G, the graph G[fyzg must 
ontain a light 
ontra
tible edge e = a

0

b

0

.

Noti
e that this edge is non-
ontra
tible in G. By Lemma 6 one of

the endverti
es of e must be in
ident with f

y;z

, say b

0

. Observe that

the only 3-
ut that shows non-
ontra
tibility of e is fa

0

; b

0

; 
g. If e

belongs to G

�

2

(S), then fa

0

; b

0

; zg is a 
ut of G[ fyzg whi
h separates

a or b from y; x or 
, and a

0

b

0

would be non-
ontra
tible in G [ fyzg.

Therefore we may assume that e belongs to G

�

1

(S). See the left graph

of Figure 3. In parti
ular the edges a

0

b

0

and xy are not in
ident.

Hen
e, by Lemma 7(a), z is a 3-vertex and za

0

b

0

is a 3-fa
e of G.

Finally, Lemma 2 implies that z
 is a 
ontra
tible edge of weight 6.

� Case 2: a 2 fx; yg, say a = x. We assume that no 
hoi
e of x; y; z; a; b

and 
 may satisfy Case 1. By Lemma 7(b), y is a 3-vertex with

neighbors a; b; 
 and aby is a fa
e. Due to the maximality of G, the

graph G [ fyzg 
ontains a light 
ontra
tible edge a

0

b

0

. The edge a

0

b

0

must be non-
ontra
tible in G and distin
t from ay. Ex
luding Case

1, the edge a

0

b

0

must be in
ident with the edge ay. However, adding

the edge yz does not a�e
t 
ontra
tibility of any edge in
ident with y

or z, therefore the edge a

0

b

0

must be in
ident with a.

We may assume that a = a

0

. Noti
e that b

0

is a vertex of G

�

1

(S) and

by Lemma 7(b), we 
on
lude that ayb

0

is a 3-fa
e and b

0

is of degree

3. Hen
e b

0

= b or b

0

= 
.

9



If b

0

= 
, then the edge 
y has weight 6 and by Lemma 2 it is 
on-

tra
tible in G.

Consider now the 
ase b = b

0

and see the right graph of Figure 3.

The vertex b has degree 3 and the edge by has weight 6. If by is a

non-
ontra
tible edge, then b is a vertex of degree 3 and in
ident with

two non-
ontra
tible edges ab and by. Lemma 3 implies that a is also

of degree 3. Thus, G 
ontains a 3-
y
le with ea
h vertex of degree 3,

but Lemma 5 ex
ludes su
h a subgraph in G. Thus we 
on
lude that

by is a 
ontra
tible light edge in G. This �nishes the proof.

3 Contra
tible Light Edge

If C is a 
y
le of a plane graph G, then Int(C) denotes the subgraph of G

indu
ed by the verti
es and edges of G whi
h lie on C or in its interior. We

are now ready to prove the theorem.

Theorem 3 Every 3-
onne
ted planar graph, distin
t from K

4

, 
ontains a

light and 
ontra
tible edge.

Before we pro
eed with the proof of the theorem, let us emphasize that

this result strengthens Theorem 1, i.e., we show pre
isely the same bounds

on the weight of 
ontra
tible edges.

Proof: Suppose that the theorem is false and G is a 
ounterexample with

the minimum number of verti
es n � 5. Thus, every light edge of G is

non-
ontra
tible. We may additionally assume that G has the maximum

number of edges between all su
h graphs of order n.

By Lemma 8, every non-
ontra
tible edge of G belongs to a separating

3-
y
le. Sin
e G is 3-
onne
ted, it follows that every vertex that belongs to

a separating 3-
y
le is of degree � 4. Therefore every 3-vertex is in
ident

only to 
ontra
tible edges. This implies that every 3-vertex of G is adja
ent

only to verti
es of degree � 11. In order to 
omplete the proof 
onsider the

following two possibilities:

Suppose �rst that every separating 3-
y
le C of G satis�es Int(C) = K

4

.

By Theorem 1, the graph G 
ontains a light edge e = uv. This edge e does
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not lie on a separating 3-
y
le; otherwise u and v are adja
ent with a 3-

vertex, and ea
h of them is of degree � 11 by the argument in the above

paragraph. Thus we 
on
lude that e is a 
ontra
tible light edge.

Suppose now that G has a separating 3-
y
le C su
h that Int(C) 6= K

4

.

We may additionally assume that C = x

1

x

2

x

3

is 
hosen so that G

0

:= Int(C)

has the smallest possible number of verti
es. The graph G

0

has at least 5

verti
es. By the 
hoi
e of C, ea
h separating 3-
y
le C

0

of G

0

satis�es

Int(C

0

) = K

4

. By Lemma 1, G

0


ontains an edge e

0

that is not in
ident

with x

1

, x

2

and x

3

su
h that e

0

is light in G. Applying a similar argument

as in the previous paragraph, one 
an observe that e

0

is also 
ontra
tible.

This establishes the theorem.

Theorems 2 and 3 imply the following result:

Corollary 1 Every 3-polytope G 
an be 
onstru
ted from Tetrahedron by a

sequential splittings of verti
es of degree at most 11.
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