Density of Universal classes in G/ K}y

Jaroslav Nesetiil* Yared Nigussie '
Department of Applied Mathematics
Institute for Theoretical Computer Science(ITI)
Charles University
Malostranské nam.25
11800 Praha 1 Czech Republic
{nesetril, yared } @kam.mff.cuni.cz

Abstract

A class of graphs C ordered by the homomorphism relation is universal
if every countable partial order can be embedded in C. It was shown
in [1] that the class Cy of k-colorable graphs, for any fixed k > 3,
induces a universal partial order. In [6], a surprisingly small subclass
of C3 which is a proper subclass of K4-minor-free graphs (G/K4) is
shown to be universal. We have shown in [8] that if we assume the
class of graphs are closed under the minor relation, then the results
of [6] is a minimal set. On another note, a density result was given in
[10], that for each rational number a/b € [2,8/3]U {3}, there is a K4-
minor-free graph with circular chromatic number equal to a/b. In this
note we show for each rational number a/b within this interval the
class ICy/p of K4-minor-free graphs with circular chromatic number
a/b is universal if and only if a/b # 2, 5/2 or 3. This shows yet
another surprising richness of the K4-minor-free class that it contains
universal classes as dense as the rational numbers.
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1 Introduction

We assume graphs are finite and simple (with no loops and parallel edges
unless specified otherwise). Let G, G’ be graphs. A homomorphism from G
to G' is a mapping f:V(G) — V(G') which preserves adjacency. That is,
{f(u), f(v)} € E(G") whenever {u,v} € E(G). We write G < G if there is
a homomorphism from G to G'. The notation G < G' means G < G' £ G,
whereas G ~ G’ means G < G' < G. If G ~ G', we say G and G' are hom-
equivalent. The smallest graph H for which G ~ H is called the core of G.
For finite graphs, the core is uniquely determined up to an isomorphism. It
can also be seen that H is an induced subgraph of G. This will be denoted
by H C G. Let C and C' be two classes of graphs. We also write C ~ ('
if for each graph G € C there exists a G’ € C' such that G ~ G' and vice
versa. See [4] for introduction to graphs and their homomorphisms.

For two integers k > d > 1, a (k, d)-coloring of a graph G is a coloring ¢ of the
vertices of G with colors 0,1,2,...,k—1 such that d < |¢(z) —c(y)| < k—d,
whenever {z,y} is an edge of G. The infimum of the ratio k/d for which
there exists a (k, d)-coloring is denoted by x.(G) and we say x.(G) is the
circular chromatic number of G. Note that a (k, 1)-coloring is the usual ver-
tex coloring problem. An equivalent definition of x.(G) is the smallest k/d
such that G < Kj,/q, where Ky /4 is the circular graph with Ky 4 = (V, E),
V={0,1,2,....k—1} and E = {{4,j} : d < |i — j| < k —d}.

Let K,y denote the class of graphs in G /K, with circular-chromatic number
a/b. It is trivial to see the following:
Theorem 1 K, ~ {K5}.

It is well known that graphs in G/K, are 3-colorable. Hell and Zhu have
shown that triangle-free graphs in G/K, have circular chromatic number at
most 8/3 in [5]. Hence no graph in G/K, has circular chromatic number in
the interval (8/3,3). Hence, we have:

Theorem 2 K3 ~ {C3}.

The main results of this note are the following two theorems establishing
nice dichotomy between universality and homomorphism finiteness of the
class KCy/p:

Theorem 3 K5/, ~ {C5}.



Theorem 4 K,/ is universal if a/b € (2,5/2) U (5/2,8/3).

In section 2 we prove Theorem 3 using a folding lemma. In section 3, we
prove Theorem 4.

2 K5/, is equivalent to {C5}

Let G be a graph. A threadin G is a path P C G such that the two endpoints
of P have degree at least 3 and all internal vertices of P are degree 2 in G.
We shall often use the fact that if P and P’ are two edge-disjoint paths and
if the lengths of P and P’ have same parity such that P is a thread and has
at least equal length as P’, then there is a homomorphism that maps P to
P' sending the two ends of P to the two ends of P’. Such a homomorphism
is said to fold P to P'. Let G be a graph and let G* denote the graph we
obtain from G by “smoothing” all degree 2 vertices of G. For each edge e of
G?, let P, denote the thread of G represented by e in G?, and let [, denote
the length of P.

Lemma 5 (Edge folding lemma) Let G € G/{K4} be of odd-girth 2k +1
and let e, e’ be parallel edges in G*, with common end vertices x,y. If G
is mot homomorphic to a strictly smaller graph of the same odd girth, then
le + 1l = 2k + 1. Moreover, P, U P, is the unique cycle of length 2k + 1
containing both x and y.

Proof. Assume I, < l.. If I, and I, have same parity, then P, can be
folded to P, to obtain a strictly smaller graph H of same odd girth hom-
equivalent to G, contrary to assumption. Hence P, U P, is an odd cycle of
length I, +le > 2k + 1. Suppose I, + 1o > 2k + 1. Let x1,x2,z3 be three
consecutive vertices of P, and let G' be obtained by identifying z; and
x3. By the choice of G, G' must have odd-girth less than 2k + 1, because
G < G and |V(G)| > |V(G")|. This implies P.s is contained in a cycle of
length 2k + 1. Hence there is a path P of G connecting z and y with length
2k +1 — .. But then, P and P, have same parity and so P, can be folded
to P, contrary to G being minimal. So [, + lo» = 2k + 1.

We also note that, if there is another cycle C' of length 2k + 1 containing
both z and y, then there is a path P distinct from P,., P.r, of length [, or
ler connecting z and y, where there length of P is [, or [.,. Hence P, or P.
can be folded to P, a contradiction. The result follows. O



Figure 1: Unavoidable configuration of G with odd-girth 2k + 1 and [, +
le; = leg +ley =les + |E(P)].

Lemma 6 Let G € G/K4 be 2-connected such that no two degree 2 vertices
of G are neighbors. Then, G contains a triangle which has a vertex of degree
2 or contains a quadrangle which has two vertices yy,ys of degree 2.

Proof. Let a 2-connected G/K, graph G be given. By the assumption
G is not a cycle, and so G*° has parallel edges {e,e’'}. Clearly, we have
3< 1, 41, <A O

Let G be a graph. If v € V(G), we denote the degree of v in G by dg(z). We
also denote the simple graph we obtain from G?® by identifying all parallel
edges by G*. We shall strengthen our folding lemma by the following:

Lemma 7 Let G € G/{K4} be of odd-girth 2k +1 such that G # Cagy1 and
G is not homomorphic to a strictly smaller graph of same odd-girth. Then,
for any y € V(G*), if dg~(y) = 2, then dg=(y) = da(y) = 4. Moreover, G
has a configuration of Figure 1, where Pe, U P,,, Pe, UP,, and P,, UP are
cycles of length 2k + 1, e; € E(G®),1 <i <5 and E(P)NJ)_, E(P.,) = 0.

Proof. Let G € G/K, be of odd-girth g be a minimal counterexample.
Since G is not hom-equivalent to a cycle, we observe that |V (G*)| > 2.
Hence G* is simple and 2-connected. Also note that G* € G/K, and so
let y be a degree 2-vertex in G* (dg-(y) = 2). We deduce that dg(y) =
dgs(y) = 3 or 4. Assume dg(y) = dgs(y) = 3 and the 3 edges incident
to y are e, ez, e3, where e, es are parallel edges and I, > l.,. Assume
{y,w} = e3 € E(G). By Lemma 5, e3 is not in any cycle of length ¢ in



G. Then, we identify w with w’, where w' is a neighbor of y in V(P,),
and obtain a G’ of odd girth g, such that G < G' and |V(G)| > |V(G')],
contrary to the choice of G. Hence, dg:(y) = dg(y) = 4.

Next, we want to show G* has a triangle with a degree 2 vertex. Suppose
not and suppose G* has two neighbors of degree 2. Then we have three
consecutive cycles of length 2k + 1 in G. We can easily fold the three cycles
into two without changing the odd-girth, contrary to the choice of G. In
addition, if G* has a 4-cycle containing two degree 2 vertices, then G has
four consecutive cycles of length 2k + 1. Once again, we can easily fold the
four cycles into two or three cycles, contrary to the choice of G. Hence, by
Lemma 6, G* has a triangle containing y.

By Lemma 5, we have P,, U P,, and P., U P, of length 2k + 1. To see
P., U P also has length 2k 4 1 for some path P in G, we first note that the
thread P,, has length at least 2 in G (If P,, has length one, then we can
fold P,, or P., to the path P,; U P.,,i = 3 or 4, a contradiction). Hence
P,, has a degree 2 vertex v. Since G is 2-connected there exists a path P,
E(P)N E(P.,;) = 0, connecting z and z If P,, U P does not have length
2k + 1 for any path P connecting xz and z, then we can identify the two
neighbors of v, contrary to the choice of G. Hence, there is a path P of
length 2k + 1 — [.,. Note also that if E(P) N E(P.,) # 0, for some i, then
E(P.,) C E(P), contrary to Lemma 5. The result follows. i

We prove now for any K4-minor-free graph G with odd-girth at least 7, we
have a natural number m > 0 such that x.(G) < (74 5m)/(3 +2m) < 5/2.
For short, we use a notation K™ for K (7, 5m)/(34+2m)- In Figure 1, we draw a
Hamilton cycle of K™ by positioning the 7 4+ 5m vertices in clockwise order
as {0,a,2a,3a,...,(7T+5m—1)a,0}. Since ged(7 + 5m,3+2m) = 1, we let
a = 3+ 2m which is a generator of the additive group Zrsm,,. This gives us
a Hamilton cycle (we denote by C™) that is suitable for our purpose.

Lemma 8 Let G € G/{K4} be of odd-girth at least 7. Then x.(G) < 5/2.

Proof. Let G € G/{K.} be of odd-girth ¢ > 7. To prove the lemma,
we show G < K™ for some m > 0. Suppose the contrary that there is a
minimal counterexample G such that G £ K™, for all m > 0. Then, G is
not homomorphic to a strictly smaller graph of same odd-girth. Since G is
minimal, we also have g = 7. By Lemma 5 and 7, G* has a degree 4 vertex
y and a configuration of a triangle with two sides of parallel edges, ej, e
and e3, eq and an edge e5 (See Figure 1).



Then, we delete the threads P.,,i = 1,2, 3,4 (without deleting the attach-
ment vertices z and z) to obtain a smaller graph G'. By minimality of G,
we find an m > 0, such that G’ < K™ by a homomorphism f. We shall
extend f to f* and show that G < K™*t!.

Note that the odd-girth of K™ is 7. Since z and z are contained in a 7-cycle
P,, U P, we deduce that the distance d = distg(x, z) = distgm (f(x), f(2)).
This equality implies d # 1, for otherwise we can fold some P, to a
P, U Py,i # j. Moreover, it implies that (assuming l., and l., are odd), if
d =2, then l,, =l.,, and if d = 3 then either l,, =1., =3 or |lo, — ;| = 2,
or else we could once more fold some P,;,1 < ¢ < 4. Recall that by Lemma 5,
we have [, +1., = lc; +1., = 7. Since G is minimal, none of the four threads
have length one. That is, G has no clique-cut. Hence, l.,,l., € {3,5}. Let
P; C K™ be the shortest path of length d from f(x) to f(z). We may as-
sume f(z) =0. If E(P;) € E(C™), then we show that G < K™ as follows:
(See Figure 2).

If d = 2, then assume f(z) =4m +6 +i,1 <i <m + 1 (the case f(z) =i
is symmetric, see the edges shown by dashed lines in Figure 2). Now, if
le, =le; =5, then let f*(y) =4m +6 + (i — 1) and if l,, = I, = 3, then
let f*(y) = m+ 2+ (i —1). On the other hand, if d = 3, then assume
f)=m+2+i,1<i<m+1(f(z) =3m+4+iis symmetric). Now, if
le, =ley =3, let f*(y) =3m+4+iandifl,, =5andl., =3,let f*(y) = 1.
It is clear now each FP.,,i = 1,2,3,4 can be folded to the paths of the 7
cycles of K™ shown by heavy lines in the figure.

Finally, suppose E(P;) C E(C™), then we can extend K™ to K™ so that
E(P;) ¢ E(C™*L) ( See Figure 3 and note that the depicted extension of
K™ to K™ at the edge {3m +4,0} is without loss of generality from any
other edge on C™). It follows by what we just proved that G < K™*!, 0O

Proof of Theorem 3: Let G € G/K4 be of odd-girth g. Assume first
Xc(G) = 5/2. This implies G < C5. By Lemma 8, we deduce g < 5. By
Theorem 2, g > 3. Hence ¢ = 5 and so C5 < G < C5. We have G ~ C5.
The converse is obvious from transitivity of the ‘<’ relation.
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Figure 2: The subgraph of K™ with the Hamilton cycle {0, a, 2a,..., (5m+
6)a} where a = 2m + 3 and all of the m + 2 edges adjacent to 0.
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Figure 3: Extending K™ to K™T! at the edge {3m + 4,0} of K,,,. The
vertices of K™T! are distinguished from vertices of K™ by the “[]” symbol.
To check the validity of the extension, it suffices to see that 5i(3 + 2m)
modulo (7+5m) = 5i(3+2(m+1)) modulo (7+5(m+1)) =i,1 <i <m+1.



3 Universal sets of G/K, are dense in (2,5/2)U
(5/2,8/3))

In this section we shall show that we obtain a universal class K,,;, C G/K,4
for arbitrary p/q € (2,5/2)U(5/2,8/3). We use a graph G/, with x.(G) =
p/q as a generator of K, /,. We assume G/, has the following two properties:

(P1) G/, is not hom-equivalent a cycle.
(P2) if G' € G/ K, satisfies (P1) and x.(G') = p/q, then |V(G')| > |[V(G)].

Lemma 9 Let G € G/K4 have properties (P1) and (P2) such that G is not
clique. Then, G is a 2-connected core and non-vertex-transitive.

Proof. First, G must be 2-connected, since x.(G) = max;(x.(H;)),1 <
i < p, where each H; is a 2-connected component of G. Here, (P2) implies
that p = 1 and so G is 2-connected. Next, note that a graph G € G/K,
is vertex transitive if and only if G is an odd cycle or K; or K». This
is because all other 2-connected graphs in G/K, have at least one degree-
2 vertex and one non-degree-2 vertex. Hence by (P1), G is not vertex-
transitive. Moreover, by (P1) we decue that G is not hom-equivalent to any
vertex-transitive graph H € G/K,. Now, we can see the core of G also is
not vertex-transitive. By minimality property (P2), we deduce G is a core.
O

For any rational number p/q € (2,8/3), Pan and Zhu have shown in [10] a
recursive method of constructing a 2-connected graph G with x.(G) = p/q.
If p/q is not of the form (2k + 1)/k then it is easy to see the graph they
constructed satisfy (P1). If p/q = (2k + 1)/k, the graph given in [10] is
the cycle Cogy1 which is the natural candidate. Since we need (P1), we
introduce a graph denoted by G (r41)/x of odd girth 2k + 3 (depicted in
Figure 4) such that:

Lemma 10 x.(Gxy1)/%) = (2k+1)/k.

Proof. We can see that G(y11)/x < Cart1, by identifying y to a vertex y’
of Poy_1 with dist(x,y’) = k. Hence x¢(G(p41y/6) < (2K +1)/k. It is also
easy to check that G £ Capy3. We have (2k+3)/(2k+1) < xe(Gg41)/5) <
(2k + 1)/k. Suppose x¢(G(k+1)/k) = a/b and a/b < (2k + 1)/k. Note that
ged(4k + 4,2k + 1) = 1. From basic number theory [10], using what is
known as the Farey sequence, we can see that any rational strictly between
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Figure 4: A graph G (41)/1 of odd-girth 2k + 3, xo(G (x41)/x) = 2k +1)/k.
The integers on edges indicate length of the corresponding thread.

(2k 4+ 3)/(2k + 1) and (2k + 1)/k has numerator a > 4k + 4. But then, if
k > 3 the circumference of G (j41) /), is 4k + 3. It is well known [12] that the
numerator a of a circular chromatic number a/b of a graph G is at most its
circumference. We deduce x.(G(r41)/1) = (2k +1)/k. ad

Lemma 11 For every rational number p/q € (2,5/2) U (5/2,8/3) there is
a graph G, satisfying (P1) and (P2).

Proof. Let p/q € (2,5/2)U(5/2,8/3) be given. If p/q = ((2k +1)/k, then
by Theorem 2 and 3, we have k > 3 and so we choose G 1)/ Otherwise
let G/, be as given in [10]. Clearly (P1) is satisfied. Note that G ap41)/k
is a minimal graph with respect to (P1). That is, if a graph G of odd
girth ¢ > 3 has no minor of the configuration in Figure 1, then it is easy
to see that G ~ C,. Hence for any graph G’, if x.(G') = (2k + 1)/k then
either G' is at least as large as G (ap4+1)/ (With odd girth at least 2k + 3)
or G' ~ Cspy1, (contrary to (P1)). For p/q # (2k + 1)/k, it is also obvious
that we can choose a graph so that (P2) is satisfied, without losing (P1),
by definition. a

Next we prove that K/, inherits universality from the class of directed
paths [7]. Note that the circular graphs are vertex-transitive. So, if we
take several copies of a fixed graph G/, and construct a tree like graph
G' where every 2-connected component is an isomorphic copy of Gip,/,, then
Xc(G') = p/q. We call such a construction tree-concatenation.

Without going into technical details we give an outline of this association

10



of a K-concatenation of a graph G' (such as G)/,) to a directed path P as
follows:

For each oriented path P € P of length n > 1, we define a concatenation of
length n denoted by P x (G, a,b) where a,b € V(G). We assume there is no
automorphism sending a to b or b to a. By (P2), we know there exists such a
pair. We take n isomorphic copies Hy, Ho, ..., H,, of G and let a;, b; be the
vertices of H; corresponding to a and b. Then according to the orientations
of the edges of P, we chose either a; or b; to be identified with either a;11
or bH—l .

Lemma 12 Let G/, € G/ Ky satisfy (P1),(P2). Then, K;/, is universal.

Proof. Since the class of oriented paths P is universal we show for every
P,P" € P, we have P < P’ if and only if P % (G,a,b) < P' %« (G, a,b). This
proves the lemma.

One direction is obvious. That is if P < P’, then we can mimic the mapping
of P to P’ and for each 2-connected component use the identity map to
deduce that P(G/q,a,b) < P'(G)p/q,a,b). To prove the converse, we show
that if f maps P(G)p/4,a,b) to P'(G,/,,a,b) then f restricted to a copy of
Gp/q 1s an automorphism of G/, sending a to a and b to b. By Lemma 9,
Gp/q is a core. Since G/, is not vertex transitive, if f is not as claimed, then
f maps a copy of G/, to some connected (but not 2-connected) subgraph
H of P'(Gp/q,a,b). But then x.(H) = max;(x.(H;)), where H; is a 2-
connected component of H. If x.(H;) = p/q we contradict (P2) because
H; C Gpjq- If xc(H;) < Xe(Gpyq), then Gy £ H. This contradiction
proves that the restriction of f for each copy of G/, is an automorphism
h of Gp/q. By the choise of a and b, there is no automorphism sending a
to b and b to a. If h(a) # a then, we can see f is a trivial mapping of
P(G,a,b) to Gy, Otherwise, as claimed the restircition of f to G/, is
automorphism sending a to a and b to b. Hence, we can deduce P < P’,
by following the positioning of a; and b; as “indicators” of how the directed
edges of P should be folded to P’. The result follows. a

Proof of Theorem 4: Let a/b € (2,5/2)U(5/2,8/3). By Lemma 11, there

is a graph G, with properties (P1),(P2). By Lemma 12, K,/ is universal.
This concludes our result.
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