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Abstra
t

A 
lass of graphs C ordered by the homomorphism relation is universal

if every 
ountable partial order 
an be embedded in C. It was shown

in [1℄ that the 
lass C

k

of k-
olorable graphs, for any �xed k � 3,

indu
es a universal partial order. In [6℄, a surprisingly small sub
lass

of C

3

whi
h is a proper sub
lass of K

4

-minor-free graphs (G=K

4

) is

shown to be universal. We have shown in [8℄ that if we assume the


lass of graphs are 
losed under the minor relation, then the results

of [6℄ is a minimal set. On another note, a density result was given in

[10℄, that for ea
h rational number a=b 2 [2; 8=3℄[f3g, there is a K

4

-

minor-free graph with 
ir
ular 
hromati
 number equal to a=b. In this

note we show for ea
h rational number a=b within this interval the


lass K

a=b

of K

4

-minor-free graphs with 
ir
ular 
hromati
 number

a=b is universal if and only if a=b 6= 2, 5/2 or 3. This shows yet

another surprising ri
hness of the K

4

-minor-free 
lass that it 
ontains

universal 
lasses as dense as the rational numbers.

�
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1 Introdu
tion

We assume graphs are �nite and simple (with no loops and parallel edges

unless spe
i�ed otherwise). Let G;G

0

be graphs. A homomorphism from G

to G

0

is a mapping f :V (G) ! V (G

0

) whi
h preserves adja
en
y. That is,

ff(u); f(v)g 2 E(G

0

) whenever fu; vg 2 E(G). We write G � G

0

if there is

a homomorphism from G to G

0

. The notation G < G

0

means G � G

0

6� G,

whereas G � G

0

means G � G

0

� G. If G � G

0

, we say G and G

0

are hom-

equivalent. The smallest graph H for whi
h G � H is 
alled the 
ore of G.

For �nite graphs, the 
ore is uniquely determined up to an isomorphism. It


an also be seen that H is an indu
ed subgraph of G. This will be denoted

by H � G. Let C and C

0

be two 
lasses of graphs. We also write C � C

0

if for ea
h graph G 2 C there exists a G

0

2 C

0

su
h that G � G

0

and vi
e

versa. See [4℄ for introdu
tion to graphs and their homomorphisms.

For two integers k � d � 1, a (k; d)-
oloring of a graphG is a 
oloring 
 of the

verti
es of G with 
olors 0; 1; 2; : : : ; k�1 su
h that d � j
(x)�
(y)j � k�d,

whenever fx; yg is an edge of G. The in�mum of the ratio k=d for whi
h

there exists a (k; d)-
oloring is denoted by �




(G) and we say �




(G) is the


ir
ular 
hromati
 number of G. Note that a (k; 1)-
oloring is the usual ver-

tex 
oloring problem. An equivalent de�nition of �




(G) is the smallest k=d

su
h that G � K

k=d

, where K

k=d

is the 
ir
ular graph with K

k=d

= (V;E),

V = f0; 1; 2; : : : ; k � 1g and E = ffi; jg : d � ji� jj � k � dg.

Let K

a=b

denote the 
lass of graphs in G=K

4

with 
ir
ular-
hromati
 number

a=b. It is trivial to see the following:

Theorem 1 K

2

� fK

2

g.

It is well known that graphs in G=K

4

are 3-
olorable. Hell and Zhu have

shown that triangle-free graphs in G=K

4

have 
ir
ular 
hromati
 number at

most 8/3 in [5℄. Hen
e no graph in G=K

4

has 
ir
ular 
hromati
 number in

the interval (8/3,3). Hen
e, we have:

Theorem 2 K

3

� fC

3

g.

The main results of this note are the following two theorems establishing

ni
e di
hotomy between universality and homomorphism �niteness of the


lass K

a=b

:

Theorem 3 K

5=2

� fC

5

g.
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Theorem 4 K

a=b

is universal if a=b 2 (2; 5=2)[ (5=2; 8=3).

In se
tion 2 we prove Theorem 3 using a folding lemma. In se
tion 3, we

prove Theorem 4.

2 K

5=2

is equivalent to fC

5

g

LetG be a graph. A thread in G is a path P � G su
h that the two endpoints

of P have degree at least 3 and all internal verti
es of P are degree 2 in G.

We shall often use the fa
t that if P and P

0

are two edge-disjoint paths and

if the lengths of P and P

0

have same parity su
h that P is a thread and has

at least equal length as P

0

, then there is a homomorphism that maps P to

P

0

sending the two ends of P to the two ends of P

0

. Su
h a homomorphism

is said to fold P to P

0

. Let G be a graph and let G

s

denote the graph we

obtain from G by \smoothing" all degree 2 verti
es of G. For ea
h edge e of

G

s

, let P

e

denote the thread of G represented by e in G

s

, and let l

e

denote

the length of P

e

.

Lemma 5 (Edge folding lemma) Let G 2 G=fK

4

g be of odd-girth 2k+1

and let e; e

0

be parallel edges in G

s

, with 
ommon end verti
es x; y. If G

is not homomorphi
 to a stri
tly smaller graph of the same odd girth, then

l

e

+ l

e

0

= 2k + 1. Moreover, P

e

[ P

e

0

is the unique 
y
le of length 2k + 1


ontaining both x and y.

Proof. Assume l

e

� l

e

0

. If l

e

and l

0

e

have same parity, then P

e

0


an be

folded to P

e

to obtain a stri
tly smaller graph H of same odd girth hom-

equivalent to G, 
ontrary to assumption. Hen
e P

e

[ P

e

0

is an odd 
y
le of

length l

e

+ l

e

0

� 2k + 1. Suppose l

e

+ l

e

0

> 2k + 1. Let x

1

; x

2

; x

3

be three


onse
utive verti
es of P

e

0

, and let G

0

be obtained by identifying x

1

and

x

3

. By the 
hoi
e of G, G

0

must have odd-girth less than 2k + 1, be
ause

G � G

0

and jV (G)j > jV (G

0

)j. This implies P

e

0

is 
ontained in a 
y
le of

length 2k+1. Hen
e there is a path P of G 
onne
ting x and y with length

2k+ 1� l

e

0

. But then, P and P

e

have same parity and so P

e


an be folded

to P , 
ontrary to G being minimal. So l

e

+ l

e

0

= 2k + 1.

We also note that, if there is another 
y
le C of length 2k + 1 
ontaining

both x and y, then there is a path P distin
t from P

e

; P

e

0

, of length l

e

or

l

e

0


onne
ting x and y, where there length of P is l

e

or l

e

0

. Hen
e P

e

or P

e

0


an be folded to P , a 
ontradi
tion. The result follows. 2
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Figure 1: Unavoidable 
on�guration of G with odd-girth 2k + 1 and l

e

1

+

l

e

2

= l

e

3

+ l

e

4

= l

e

5

+ jE(P )j:

Lemma 6 Let G 2 G=K

4

be 2-
onne
ted su
h that no two degree 2 verti
es

of G are neighbors. Then, G 
ontains a triangle whi
h has a vertex of degree

2 or 
ontains a quadrangle whi
h has two verti
es y

1

; y

2

of degree 2.

Proof. Let a 2-
onne
ted G=K

4

graph G be given. By the assumption

G is not a 
y
le, and so G

s

has parallel edges fe; e

0

g. Clearly, we have

3 � l

e

+ l

e

0

� 4. 2

Let G be a graph. If v 2 V (G), we denote the degree of v in G by d

G

(x). We

also denote the simple graph we obtain from G

s

by identifying all parallel

edges by G

�

. We shall strengthen our folding lemma by the following:

Lemma 7 Let G 2 G=fK

4

g be of odd-girth 2k+1 su
h that G 6� C

2k+1

and

G is not homomorphi
 to a stri
tly smaller graph of same odd-girth. Then,

for any y 2 V (G

�

), if d

G

�

(y) = 2, then d

G

s

(y) = d

G

(y) = 4. Moreover, G

has a 
on�guration of Figure 1, where P

e

1

[ P

e

2

, P

e

3

[ P

e

4

and P

e

5

[ P are


y
les of length 2k+1, e

i

2 E(G

s

); 1 � i � 5 and E(P ) \

S

5

i=1

E(P

e

i

) = ;.

Proof. Let G 2 G=K

4

be of odd-girth g be a minimal 
ounterexample.

Sin
e G is not hom-equivalent to a 
y
le, we observe that jV (G

�

)j > 2.

Hen
e G

�

is simple and 2-
onne
ted. Also note that G

�

2 G=K

4

and so

let y be a degree 2-vertex in G

�

(d

G

�

(y) = 2). We dedu
e that d

G

(y) =

d

G

s

(y) = 3 or 4. Assume d

G

(y) = d

G

s

(y) = 3 and the 3 edges in
ident

to y are e

1

; e

2

; e

3

, where e

1

; e

2

are parallel edges and l

e

1

> l

e

2

. Assume

fy; wg = e

3

2 E(G). By Lemma 5, e

3

is not in any 
y
le of length g in

4



G. Then, we identify w with w

0

, where w

0

is a neighbor of y in V (P

e

1

),

and obtain a G

0

of odd girth g, su
h that G � G

0

and jV (G)j > jV (G

0

)j,


ontrary to the 
hoi
e of G. Hen
e, d

G

s

(y) = d

G

(y) = 4.

Next, we want to show G

�

has a triangle with a degree 2 vertex. Suppose

not and suppose G

�

has two neighbors of degree 2. Then we have three


onse
utive 
y
les of length 2k+1 in G. We 
an easily fold the three 
y
les

into two without 
hanging the odd-girth, 
ontrary to the 
hoi
e of G. In

addition, if G

�

has a 4-
y
le 
ontaining two degree 2 verti
es, then G has

four 
onse
utive 
y
les of length 2k +1. On
e again, we 
an easily fold the

four 
y
les into two or three 
y
les, 
ontrary to the 
hoi
e of G. Hen
e, by

Lemma 6, G

�

has a triangle 
ontaining y.

By Lemma 5, we have P

e

1

[ P

e

2

and P

e

3

[ P

e

4

of length 2k + 1. To see

P

e

5

[ P also has length 2k+1 for some path P in G, we �rst note that the

thread P

e

5

has length at least 2 in G (If P

e

5

has length one, then we 
an

fold P

e

1

or P

e

2

to the path P

e

5

[ P

e

i

; i = 3 or 4, a 
ontradi
tion). Hen
e

P

e

5

has a degree 2 vertex v. Sin
e G is 2-
onne
ted there exists a path P ,

E(P ) \ E(P

e

5

) = ;, 
onne
ting x and z If P

e

5

[ P does not have length

2k + 1 for any path P 
onne
ting x and z, then we 
an identify the two

neighbors of v, 
ontrary to the 
hoi
e of G. Hen
e, there is a path P of

length 2k + 1 � l

e

5

. Note also that if E(P ) \ E(P

e

i

) 6= ;, for some i, then

E(P

e

i

) � E(P ), 
ontrary to Lemma 5. The result follows. 2

We prove now for any K

4

-minor-free graph G with odd-girth at least 7, we

have a natural number m � 0 su
h that �




(G) � (7+ 5m)=(3+ 2m) < 5=2.

For short, we use a notationK

m

forK

(7+5m)=(3+2m)

. In Figure 1, we draw a

Hamilton 
y
le of K

m

by positioning the 7+5m verti
es in 
lo
kwise order

as f0; a; 2a; 3a; : : : ; (7+ 5m� 1)a; 0g. Sin
e g
d(7+5m; 3+2m) = 1, we let

a = 3+2m whi
h is a generator of the additive group Z

7+5m

. This gives us

a Hamilton 
y
le (we denote by C

m

) that is suitable for our purpose.

Lemma 8 Let G 2 G=fK

4

g be of odd-girth at least 7. Then �




(G) < 5=2.

Proof. Let G 2 G=fK

4

g be of odd-girth g � 7. To prove the lemma,

we show G � K

m

for some m � 0. Suppose the 
ontrary that there is a

minimal 
ounterexample G su
h that G 6� K

m

, for all m � 0. Then, G is

not homomorphi
 to a stri
tly smaller graph of same odd-girth. Sin
e G is

minimal, we also have g = 7. By Lemma 5 and 7, G

s

has a degree 4 vertex

y and a 
on�guration of a triangle with two sides of parallel edges, e

1

; e

2

and e

3

; e

4

and an edge e

5

(See Figure 1).

5



Then, we delete the threads P

e

i

; i = 1; 2; 3; 4 (without deleting the atta
h-

ment verti
es x and z) to obtain a smaller graph G

0

. By minimality of G,

we �nd an m � 0, su
h that G

0

� K

m

by a homomorphism f . We shall

extend f to f

�

and show that G � K

m+1

.

Note that the odd-girth of K

m

is 7. Sin
e x and z are 
ontained in a 7-
y
le

P

e

5

[ P , we dedu
e that the distan
e d = dist

G

(x; z) = dist

K

m

(f(x); f(z)).

This equality implies d 6= 1, for otherwise we 
an fold some P

e

i

to a

P

e

j

[ P

d

; i 6= j. Moreover, it implies that (assuming l

e

1

and l

e

3

are odd), if

d = 2, then l

e

1

= l

e

3

, and if d = 3 then either l

e

1

= l

e

3

= 3 or jl

e

1

� l

e

3

j = 2,

or else we 
ould on
e more fold some P

e

i

; 1 � i � 4. Re
all that by Lemma 5,

we have l

e

1

+l

e

2

= l

e

3

+l

e

4

= 7. Sin
e G is minimal, none of the four threads

have length one. That is, G has no 
lique-
ut. Hen
e, l

e

1

; l

e

3

2 f3; 5g. Let

P

d

� K

m

be the shortest path of length d from f(x) to f(z). We may as-

sume f(x) = 0. If E(P

d

) 6� E(C

m

), then we show that G � K

m

as follows:

(See Figure 2).

If d = 2, then assume f(z) = 4m+ 6 + i; 1 � i � m+ 1 (the 
ase f(z) = i

is symmetri
, see the edges shown by dashed lines in Figure 2). Now, if

l

e

1

= l

e

3

= 5, then let f

�

(y) = 4m + 6 + (i � 1) and if l

e

1

= l

e

3

= 3, then

let f

�

(y) = m + 2 + (i � 1). On the other hand, if d = 3, then assume

f(z) = m+ 2 + i; 1 � i � m+ 1 (f(z) = 3m+ 4 + i is symmetri
). Now, if

l

e

1

= l

e

3

= 3, let f

�

(y) = 3m+4+ i and if l

e

1

= 5 and l

e

3

= 3, let f

�

(y) = i.

It is 
lear now ea
h P

e

i

; i = 1; 2; 3; 4 
an be folded to the paths of the 7


y
les of K

m

shown by heavy lines in the �gure.

Finally, suppose E(P

d

) � E(C

m

), then we 
an extend K

m

to K

m+1

so that

E(P

d

) 6� E(C

m+1

) ( See Figure 3 and note that the depi
ted extension of

K

m

to K

m+1

at the edge f3m+4; 0g is without loss of generality from any

other edge on C

m

). It follows by what we just proved that G � K

m+1

. 2

Proof of Theorem 3: Let G 2 G=K

4

be of odd-girth g. Assume �rst

�




(G) = 5=2. This implies G � C

5

. By Lemma 8, we dedu
e g � 5. By

Theorem 2, g > 3. Hen
e g = 5 and so C

5

� G � C

5

. We have G � C

5

.

The 
onverse is obvious from transitivity of the `�' relation.

6
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To 
he
k the validity of the extension, it suÆ
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modulo (7+5m) = 5i(3+2(m+1)) modulo (7+5(m+1)) = i; 1 � i � m+1:
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3 Universal sets of G=K

4

are dense in (2; 5=2)[

(5=2; 8=3))

In this se
tion we shall show that we obtain a universal 
lass K

p=q

� G=K

4

for arbitrary p=q 2 (2; 5=2)[ (5=2; 8=3). We use a graph G

p=q

with �




(G) =

p=q as a generator ofK

p=q

. We assumeG

p=q

has the following two properties:

(P1) G

p=q

is not hom-equivalent a 
y
le.

(P2) if G

0

2 G=K

4

satis�es (P1) and �




(G

0

) = p=q, then jV (G

0

)j � jV (G)j.

Lemma 9 Let G 2 G=K

4

have properties (P1) and (P2) su
h that G is not


lique. Then, G is a 2-
onne
ted 
ore and non-vertex-transitive.

Proof. First, G must be 2-
onne
ted, sin
e �




(G) = max

i

(�




(H

i

)); 1 �

i � p, where ea
h H

i

is a 2-
onne
ted 
omponent of G. Here, (P2) implies

that p = 1 and so G is 2-
onne
ted. Next, note that a graph G 2 G=K

4

is vertex transitive if and only if G is an odd 
y
le or K

1

or K

2

. This

is be
ause all other 2-
onne
ted graphs in G=K

4

have at least one degree-

2 vertex and one non-degree-2 vertex. Hen
e by (P1), G is not vertex-

transitive. Moreover, by (P1) we de
ue that G is not hom-equivalent to any

vertex-transitive graph H 2 G=K

4

. Now, we 
an see the 
ore of G also is

not vertex-transitive. By minimality property (P2), we dedu
e G is a 
ore.

2

For any rational number p=q 2 (2; 8=3), Pan and Zhu have shown in [10℄ a

re
ursive method of 
onstru
ting a 2-
onne
ted graph G with �




(G) = p=q.

If p=q is not of the form (2k + 1)=k then it is easy to see the graph they


onstru
ted satisfy (P1). If p=q = (2k + 1)=k, the graph given in [10℄ is

the 
y
le C

2k+1

whi
h is the natural 
andidate. Sin
e we need (P1), we

introdu
e a graph denoted by G

(k+1)=k

of odd girth 2k + 3 (depi
ted in

Figure 4) su
h that:

Lemma 10 �




(G

(k+1)=k

) = (2k + 1)=k.

Proof. We 
an see that G

(k+1)=k

� C

2k+1

, by identifying y to a vertex y

0

of P

2k�1

with dist(x; y

0

) = k. Hen
e �




(G

(k+1)=k

) � (2k + 1)=k. It is also

easy to 
he
k that G 6� C

2k+3

. We have (2k+3)=(2k+1) < �




(G

(k+1)=k

) �

(2k + 1)=k. Suppose �




(G

(k+1)=k

) = a=b and a=b < (2k + 1)=k. Note that

g
d(4k + 4; 2k + 1) = 1. From basi
 number theory [10℄, using what is

known as the Farey sequen
e, we 
an see that any rational stri
tly between

9
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Figure 4: A graph G

(k+1)=k

of odd-girth 2k+3, �




(G

(k+1)=k

) = (2k+1)=k.

The integers on edges indi
ate length of the 
orresponding thread.

(2k + 3)=(2k + 1) and (2k + 1)=k has numerator a � 4k + 4. But then, if

k � 3 the 
ir
umferen
e of G

(k+1)=k

is 4k+3. It is well known [12℄ that the

numerator a of a 
ir
ular 
hromati
 number a=b of a graph G is at most its


ir
umferen
e. We dedu
e �




(G

(k+1)=k

) = (2k + 1)=k. 2

Lemma 11 For every rational number p=q 2 (2; 5=2) [ (5=2; 8=3) there is

a graph G

p=q

satisfying (P1) and (P2).

Proof. Let p=q 2 (2; 5=2)[ (5=2; 8=3) be given. If p=q = ((2k+1)=k, then

by Theorem 2 and 3, we have k � 3 and so we 
hoose G

(k+1)=k

. Otherwise

let G

p=q

be as given in [10℄. Clearly (P1) is satis�ed. Note that G

(2k+1)=k

is a minimal graph with respe
t to (P1). That is, if a graph G of odd

girth g > 3 has no minor of the 
on�guration in Figure 1, then it is easy

to see that G � C

g

. Hen
e for any graph G

0

, if �




(G

0

) = (2k + 1)=k then

either G

0

is at least as large as G

(2k+1)=k

(with odd girth at least 2k + 3)

or G

0

� C

2k+1

, (
ontrary to (P1)). For p=q 6= (2k + 1)=k, it is also obvious

that we 
an 
hoose a graph so that (P2) is satis�ed, without losing (P1),

by de�nition. 2

Next we prove that K

p=q

inherits universality from the 
lass of dire
ted

paths [7℄. Note that the 
ir
ular graphs are vertex-transitive. So, if we

take several 
opies of a �xed graph G

p=q

and 
onstru
t a tree like graph

G

0

where every 2-
onne
ted 
omponent is an isomorphi
 
opy of G

p=q

, then

�




(G

0

) = p=q. We 
all su
h a 
onstru
tion tree-
on
atenation.

Without going into te
hni
al details we give an outline of this asso
iation

10



of a K

1

-
on
atenation of a graph G (su
h as G

p=q

) to a dire
ted path P as

follows:

For ea
h oriented path P 2 P of length n � 1, we de�ne a 
on
atenation of

length n denoted by P � (G; a; b) where a; b 2 V (G). We assume there is no

automorphism sending a to b or b to a. By (P2), we know there exists su
h a

pair. We take n isomorphi
 
opies H

1

; H

2

; : : : ; H

n

, of G and let a

i

; b

i

be the

verti
es of H

i


orresponding to a and b. Then a

ording to the orientations

of the edges of P , we 
hose either a

i

or b

i

to be identi�ed with either a

i+1

or b

i+1

.

Lemma 12 Let G

p=q

2 G=K

4

satisfy (P1); (P2). Then, K

p=q

is universal.

Proof. Sin
e the 
lass of oriented paths P is universal we show for every

P; P

0

2 P , we have P � P

0

if and only if P � (G; a; b) � P

0

� (G; a; b). This

proves the lemma.

One dire
tion is obvious. That is if P � P

0

, then we 
an mimi
 the mapping

of P to P

0

and for ea
h 2-
onne
ted 
omponent use the identity map to

dedu
e that P (G

p=q

; a; b) � P

0

(G

p=q

; a; b). To prove the 
onverse, we show

that if f maps P (G

p=q

; a; b) to P

0

(G

p=q

; a; b) then f restri
ted to a 
opy of

G

p=q

is an automorphism of G

p=q

, sending a to a and b to b. By Lemma 9,

G

p=q

is a 
ore. Sin
e G

p=q

is not vertex transitive, if f is not as 
laimed, then

f maps a 
opy of G

p=q

to some 
onne
ted (but not 2-
onne
ted) subgraph

H of P

0

(G

p=q

; a; b). But then �




(H) = max

i

(�




(H

i

)), where H

i

is a 2-


onne
ted 
omponent of H . If �




(H

i

) = p=q we 
ontradi
t (P2) be
ause

H

i

� G

p=q

. If �




(H

i

) < �




(G

p=q

), then G

p=q

6� H . This 
ontradi
tion

proves that the restri
tion of f for ea
h 
opy of G

p=q

is an automorphism

h of G

p=q

. By the 
hoise of a and b, there is no automorphism sending a

to b and b to a. If h(a) 6= a then, we 
an see f is a trivial mapping of

P (G; a; b) to G

p=q

. Otherwise, as 
laimed the restir
ition of f to G

p=q

is

automorphism sending a to a and b to b. Hen
e, we 
an dedu
e P � P

0

,

by following the positioning of a

i

and b

i

as \indi
ators" of how the dire
ted

edges of P should be folded to P

0

. The result follows. 2

Proof of Theorem 4: Let a=b 2 (2; 5=2)[(5=2; 8=3). By Lemma 11, there

is a graph G

a=b

with properties (P1),(P2). By Lemma 12, K

a=b

is universal.

This 
on
ludes our result.
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