Short answers to exponentially long questions: Extremal aspects of homomorphism duality

Jaroslav Nešetřil^∗ Department of Applied Mathematics and Institute for Theoretical Computer Science (ITI) Charles University Malostranské nám.25, 11800 Praha 1 Czech Republic

Email: nesetril@kam.ms.mff.cuni.cz

Claude Tardif^† Department of Mathematics and Computer Science Royal Military College of Canada Kingston ON, K7K-7B4 Canada

Email: Claude.Tardif@rmc.ca

AMS classification: 05C15 (primary : graph colouring) 68R05 (secondary: combinatorics) 03C13 (secondary: finite model theory) 06A07 (secondary: partially ordered sets), 05E99 (secondary: algebraic combinatorics) Keywords: Homomorphisms duality, graphs, relational structures, duals, colourings. finite models

∗Partially supported by the Project LN00A056 of the Czech Ministery of Education. †Partially supported by the grant 261525-03 of the Natural Sciences and Engineering Research Council of Canada, and by a grant from the Academic Research Program

Abstract

We prove that there exists a constant k such that for every n there exist directed core graphs H with at least 2^n vertices such that a directed graph G is H-colourable if and only if every subgraph of G with at most kn log(n) vertices is H-colourable. Our examples show that in general the “duals of relational structures” in the sense of [11] can have superpolynomial size. The construction given in [11] gives a double exponential upper bound for such a construction. Here we improve this to an exponential upper bound.

1 Introduction

A homomorphism between two directed graphs G and H is a map ϕ from the vertex set of G to that of H such that (ϕ(x), ϕ(y)) is an arc of H whenever (x, y) is an arc of G. We write G → H when there exists a homomorphism from G to H. For a fixed target H, the H-colouring problem is the following decision problem:

H-colouring problem Instance: A directed graph G.

Question: Does there exists a homomorphism from G to H?

The complexity of the H-colouring problem depends on H. A complete classification seems out of reach for the moment, but the dichotomy conjecture of [2] (see also [1]) states that every H-colouring problem is polynomial or NP-complete.

Here we concentrate on a subclass of the polynomial H-colouring problems, namely those for which there exists a constant m(H) such that the following holds.

For every directed graph G, there exists a homomorphism from G to H if and only if every subgraph G^′ of G with at most m(H) vertices admits a homomorphism to H.

The H-colouring problem can then be reduced to a polynomial search for an obstruction to a homomorphism among the subgraphs of G with at most m(H) vertices. The best know example of this situation is the relation between the transitive tournament on n vertices and the directed path with n forward edges (see [3, 4, 14, 16]): A directed graph G admits a homomorphism to the former if and only if it admits no homomorphism from the latter, hence it is sufficient to look for an obstruction among the subgraphs of G with at most n + 1 vertices.

More generally, for any H-colouring problem considered here, there is only a finite list O_1, O_2, . . . , O_m of directed graphs with at most m(H) vertices which do not admit a homomorphism to H. According to [11, Theorems 2.9, 3.1], the “minimal” obstructions among these are directed trees T_1, . . . , T_ℓ. For each tree T_i, there exists a “dual” directed graph D_i with the following property:

For every directed graph G, there exists a homomorphism from G to D_i if and only if there exist no homomorphism from T_i to G; and H is homomorphically equivalent to the product of these duals.

The construction given in [11] for the dual of a tree T gives a directed graph D which could have as many as 2^{2|V (T )|} vertices, yielding m(D) ≃ lg(lg(|V (D)|)). However in the example cited above where T is the directed path with n forward arcs and D is the transitive tournament with n vertices, we have m(D) = |V (D)|+1. Indeed in all known cases, the dual D of T can be dismantled to a structure with the same order of magnitude as T . Thus questions arises as to whether polynomial constructions would be possible instead of the double exponential construction of [11].

In this paper, we answer these question by giving a new construction which always gives a dual with at most 2^{n lg(n)} vertices for a tree with n vertices. The new construction is conceptually simpler and yields new insights in the structure of duals (see [15]). On the other hand, we can also exhibit trees with n vertices whose dual must have at least 2^{Ω(n/ lg(n))} vertices, indicating that the new construction is close to optimal.

Our construction will be presented in the general context of relational structures, that is, the original context of [11] which is also the natural context of constraint satisfaction problems [1, 2]. Incidentally, we note that it is a specification of relational examples that led to the discovery of the examples mentioned above. We give the necessary terminology in the following section. The new construction of duals is given in Section 3 and the examples with large duals are given in Section 4. We will conclude with a few comments concerning the bound m(H).

2 Relational structures

Let Δ = (δ_i; i ∈ I) be a sequence of positive integers. A relational structure of type Δ (or Δ-structure) is a pair A = (X, (R_i; i ∈ I)) where X is a finite set and R_i is a δ_i-nary relation on X (that is, R_i ⊂ X^{δi} ). We will denote A the base set of A (that is, A = X when A = (X, (R_i; i ∈ I))).

Given a type Δ and Δ-structures A = (X, (R_i; i ∈ I)) and A^′ = (X^′, (R^′_i; i ∈ I)) a homomorphism from A to A^′ is a mapping f : X → X^′ such that for every i ∈ I we have

(f(x_1), f(x_2), . . . , f(x_{δi} )) ∈ R^′_i whenever (x_1, x_2, . . . , x_{δi} ) ∈ R_i.

We write A → A^′ if there exists a homomorphism from A to A^′.

For a Δ-structure H, the H-colouring problem is defined just as in the case of directed graphs:

H-colouring problem Instance: A Δ-structure A.

Question: Does there exists a homomorphism from A to H?

Two Δ-structures H and H^′ are called homomorphically equivalent if H → H^′ and from H^′ → H; we then write H ↔ H^′. Note that when H ↔ H^′, we have A → H if and only if A → H^′ hence the H-colouring problem is equivalent to the H^′-colouring problem.

A Δ-structure is called a core if it is not homomorphically equivalent to any Δ-structure on a smaller base set. Clearly, any Δ-structure is homomorphically equivalent to at least one core. It can be shown (see [11]) that two homomorphically equivalent cores are isomorphic, hence the core of any Δ-structure H is well defined up to isomorphism. In studying Hcolouring problems, we can restrict our attention to the case where H is a core without loss of generality. Indeed, the parameter m(H) presented in the introduction is not very interesting when H is not a core.

3 A construction of duals

Let A be a relational structure of type Δ = (δ_i; i ∈ I). We define the incidence graph Inc(A) of A as the bipartite graph with parts A and Block(A) = {(i, (a_1, . . . , a_{δi} )) : i ∈ I, (a_1, . . . , a_{δi} ) ∈ R_i(A)}, and edges [a, (i, (a_1, . . . , a_{δi} ))] such that a ∈ (a_1, . . . , a_{δi} ). (Here we write x ∈ (x_1, . . . , x_n) when there exists an index k such that x = x_k.) A is called a Δ-tree when Inc(A) is a tree.

A Δ-structure D is called a dual of A if for every Δ-structure X, there exists a homomorphism ϕ : X → D if and only if there is no homomorphism ϕ : A → X. In [11], it was shown that a structure A admits a dual if and only if A is a Δ-tree^1. Note that any two duals D, D^′ of A are necessarily homomophically equivalent. Therefore it is possible to define the dual of a Δ-tree A up to homomorphic equivalence. In [11] a construction for duals of Δ-trees is presented, using gaps and exponentiation. In some cases this construction will yield a structure of size in the order of 2^{2|A|+|Δ|} as the dual of a Δ-tree A. We present here a new construction which is conceptually simpler, and always yields duals of size at most 2^{(|A|+|Δ|) lg |A|}.

Definition 1 Let A be a Δ-tree. We define D(A) as the structure defined on the base set

D(A) = {f : A → Block(A) : [a, f(a)] ∈ E(Inc(A)) for all a ∈ A}

by putting (f_1, . . . , f_{δi} ) in R_i(D(A)) if and only if for all (x_1, . . . , x_{δi} ) ∈ R_i(A) there exists j ∈ {1, . . . , δ_i} such that f_j (x_j ) ≠ (i, (x_1, . . . , x_{δi} )).

Note that D(A) has at most |A|^{|A|+|Δ|} elements. We prove that D(A) is indeed a dual of A:

Theorem 2 Let A be a Δ-tree. Then for every Δ-structure X, there exists a homomorphism from X to D(A) if and only if there is no homomorphism from A to X.

1The definition of Δ-trees given in [11] is a bit different of the one given here, but it is not hard to show that the two definitions are equivalent.

Proof. We first prove by contradiction that there is no homomorphism from A to D(A). Suppose that there exists a homomorphism ϕ : A → D(A); for all a ∈ A, put f_a = ϕ(a). We fix a_0 ∈ A and define a sequence (a_k)_{k≥0} recursively as follows: If f_{ak} (a_k) = (i, (x_1, . . . , x_{δi} )), then since ϕ is a homomorphism, we have (f_{x1} , . . . , f_{xδi} ) ∈ R_i(D(A)) hence f_{xj} (x_j ) ≠ (i, (x_1, . . . , x_{δi} )) for some j ∈ {1, . . . , δ_i}. We then put a_{k+1} = x_j The sequence a_0, f_{a0} (a_0), a_1, f_{a1} (a_1), a_2, . . . is then a trail in Inc(A) such that a_{k+1} ≠ a_k and f_{ak+1} (a_{k+1}) ≠ f_{ak} (a_k) for all k ≥ 0, which is impossible since Inc(A) is a finite tree. Therefore there is no homomorphism from A to D(A); consequently if a Δ-structure X admits a homomorphism from A, then there is no homomorphism from X to D(A). This concludes the first part of the proof.

For the second part of the proof, we will need to fix some notation. For a in A and a neighbour b = (i, (x_1, . . . , x_{δi} )) of a in Inc(A), let T_{a,b} be the maximal subtree of Inc(A) containing a and b, but no other neighbour of a, and A_{a,b} be the Δ-subtree of A such that Inc(A_{a,b}) = T_{a,b}. Thus, for a fixed a we have A = ∪{A_{a,b} : b ∈ N_{Ta,b} (a)}, where for b ≠ b^′ we have A_{a,b} ∩ A_{a,b}′ = {a}. We also fix a vertex-labeling ℓ : Inc(A) → N with the following properties:

• u ≠ v implies ℓ(u) ≠ ℓ(v),

• for all n ∈ N , {u : ℓ(u) ≥ n} induces a connected subtree of Inc(A).

(Such an ℓ is easily defined by repeatedly labeling and plucking the pendant vertices of Inc(A).)

Now, let X be a Δ-structure such that there is no homomorphism from A to X. For every x ∈ X and a ∈ A, there necessarily exists a b adjacent to a in Inc(A) such that there is no homomorphism ψ_b from A_{a,b} to X with ψ(a) = x (for otherwise the union of all of these ψ_b would be a homomorphism from A to X). We fix f_x(a) to be such a b with the smallest label. This allows us to define a function ϕ : X → D(A) by ϕ(x) = f_x; we will show that it is a homomorphism from X to D(A).

We need to show that for i ∈ I and (x_1, . . . , x_{δi} ) ∈ R_i(X), we have (f_{x1} , . . . , f_{xδi} ) ∈ R_i(D(A)). By definition of D(A), we have (f_{x1} , . . . , f_{xδi} ) ∈ R_i(D(A)) if and only if for every (a_1, . . . , a_{δi} ) ∈ R_i(A), there exists an index j such that f_{xj} (a_j ) ≠ (i, (a_1, . . . , a_{δi} )). It is worthwile to note that at this point in the proof, a medium-sized brown bear burst into the office and made its way to the coffee table in the corner. Though not particularily ferocious, this animal can be irritated by human presence, and the authors were left with no other recourse than to climb atop filing cabinets and wait until the proper authorities came in and restored the beast to its natural habitat. Overall, the incident can only be described as disquieting. We proceed to prove that ϕ is a homomorphism by contradiction, assuming that for some (a_1, . . . , a_{δi} ) ∈ R_i(A), we have f_{xj} (a_j ) = b = (i, (a_1, . . . , a_{δi} )) for all j ∈ {1, . . . , δ_i}. Note that there exists at most one index j such that a_j is adjacent to some b^′ such that ℓ(b^′) > ℓ(b). For every other index k and every b^′ ≠ b adjacent to a_k, we have ℓ(b^′) < ℓ(b), therefore there exists a homomorphism ψ_{ak ,b}′ : A_{ak ,b}′ → X such that ψ_{ak ,b}′ (a_k) = x_k. The union of all these ψ_{ak ,b}′ is a well defined map ψ from some subset of A to X. Now if no index j fits the description given above, then ψ is in fact a homomorphism from A to X, which contradicts the fact that no such homomorphism exists. On the other hand, if some index j fits this description, then putting ψ(a_j ) = x_j turns ψ into a homomorphism from A_{aj ,b} to X such that ψ(a_j ) = x_j , contradicting the definition of f_{xj} (a_j ). Therefore the δ_i-tuple (a_1, . . . , a_{δi} ) described above cannot exist, hence ϕ is a homomorphism from X to D(A).

4 Paths with large duals

In [11] we constructed trees with exponentially large dual cores. More precisely, we constructed a Δ-tree T of type Δ = (1, 1, . . . , 1, n) with n vertices such that the dual D_T has core of size 2^n. The possible existence of large dual cores for a fixed type Δ was left as an open problem. Here we answer this question positively, already for the simplest type (2) corresponding to directed graphs.

We proceed in two steps: First we consider the type (2, 2, . . . , 2) (i.e. binary relational systems) and then we modify this to the type (2).

Definition 3 Let n > 2 be an integer. We define P_n as the structure of the type Δ_n with n + 1 binary relations R_0, R_1, . . . , R_n on the base set T_n = {x_0, y_0, x_1, y_1, . . . , x_n, y_n} given by

(i) R_0(P_n) = {(x_i, y_i) : i = 0, . . . , n},

(ii) R_i(P_n) = {(y_{i−1}, x_i)} : i = 1, . . . , n.

In what follows, D_n will denote the core of the dual of P_n. We will prove the following:

Lemma 4 For every S ⊆ {1, 2, . . . , n}, there exists an element f ∈ D_n such that (f, f) ∈ R_i(D_n) if i ∈ S and (f, f) ∉ R_i(D_n) if i ∈ {1, 2, . . . , n} \ S. Corollary 5 | |D_n | | ≥ 2^n.

Proof of Lemma 4. For i ∈ {1, 2, . . . , n}, let Q_i be the structure obtained from P_n by removing the arc (y_{i−1}, x_i) from R_i and identifying y_{i−1}, x_i in a new point labeled t. Now for S ⊆ {1, 2, . . . , n}, let L_S be the structure obtained from the disjoint union of all Q_i : i ∉ S by identifying all points labeled t, and adding the loop (t, t) in R_i(L_S ) for all i ∈ S. By construction, we then have P_n ↛ L_S , but adding the loop (t, t) in R_i(L_S ) for any i ∉ S would produce a structure admitting a homomorphism from P_n. Therefore, there exists a homomorphism ϕ : L_S → D_n, and f = ϕ(t) satisfies (f, f) ∈ R_i(D_n) for all i ∈ S, and (f, f) ∉ R_i(D_n) for all i ∈ {1, 2, . . . , n} \ S.

In Corollary 5, we use n + 1 binary relations to construct a path whose dual has 2^n elements, which leaves open the possibility that polynomial constructions exist for every fixed type. In the remainder of this section, we will modify this construction to build directed graphs with superpolynomial duals.

Lemma 6 Let n > 2 be a fixed integer. Then there exists paths MR_0, MR_1, . . . , MR_n with 3⌈lg(n + 1)⌉ + 4 arcs such that there exists a homomorphism from MR_i to MR_j only if i = j.

Proof: For simplicity suppose that n+1 = 2^m. Let A_0 be the path consisting of one backward edge followed by two forward edges, A_1 the path consisting of two forward edges followed by one backward edge, and A_2 the path consisting of two forward edges. Then, every i ∈ {0, . . . , n} corresponds to a sequence (ϵ_1, . . . , ϵ_m) ∈ {0, 1}^m. We then define

MR_i = A_2 ∘ A_{ϵ1} ∘ A_{ϵ1} ∘ · · · ∘ A_{ϵm} ∘ A_2, where the concatenation A_x ∘ A_y is simply obtained by identifying the last vertex of A_x to the first vertex of A_y. Any homomorphism ϕ from MR_i to MR_j must preserve the algebraic length (that is, the difference between the number of forward edges and the number of backward edges) on any path, hence ϕ must map the initial vertex of MR_i to the initial vertex of MR_j and the terminal vertex of MR_i to the terminal vertex of MR_j . Therefore ϕ must be bijective, hence an isomorphism, which implies that i = j.

The notation MR_i stands for “mock R_i”: given a structure X of type Δ_n with n + 1 binary relations, we will construct a directed graph G(X) which encodes the structure of X as follows: For each u in X, G(X) contains a path MV_u starting at a vertex labeled in followed by one backward arc, 6 forward arcs and one backward arc, terminating at a vertex labeled out. For each (u, v) ∈ R_i(X), we add a copy of MR_i to G(X), identifying its initial vertex with the out vertex of MV_u, and its terminal vertex with the in vertex of MV_v. This construction has the following property:

Lemma 7 Let X, Y be structures of type Δ_n (where n > 2). Then there exists a homomorphism from X to Y if and only if there exists a homomorphism from G(X) to G(Y ).

Proof: By construction, a homomorphism ϕ : X → Y naturally induces a homomorphism ψ : G(X) → G(Y ). Conversely, suppose that there exists a homomorphism ψ : G(X) → G(Y ). Then ψ must map the 6-paths of G(X) to 6-paths of G(Y ), which are precisely the paths consisting of inner arcs in the subgraphs MV_v : v ∈ Y . Therefore we can define a map ϕ : X → Y by putting ϕ(u) = v if ψ(MV_u) = MV_v . Lemma 6 above and the construction of G(X) and G(Y ) then imply that ϕ is a homomorphism.

Note that for the structure P_n of Definition 3, G(P_n) is a path with 8 · (2n + 2) + (3⌈lg(n + 1)⌉ + 4) · (2n + 1) = Θ(n lg(n)) arcs. Let D^′_n be the core of D(G(P_n)); we will prove the following:

Theorem 8 | |D^′_n | | ≥ 2^n.

Proof: For each structure L_S, S ⊆ {1, . . . , n} defined in the proof of Lemma 4, we have G(P_n) ↛ G(L_S ) therefore there exists a homomorphism ϕ_S : G(L_S ) → D^′_n. The distinguished element t of L_S corresponds to the path

MV_t in G(L_S ); we denote m_S the midpoint of this path. For S ≠ S^′ we must have ϕ_S (m_S ) ≠ ϕ_S′ (M_S′ ) for otherwise the combined cycles would imply the existence of a homomorphism from G(P_n) to D^′_n, just as in the proof of Lemma 4. Therefore | | |D^′_n | | | ≥ |P({1, . . . , n})| = 2^n. Note that if k denotes the number of vertices in G(P_n), then D^′_n must have order 2^{Ω(k/ lg(k))} as claimed.

5 Concluding comments

For a directed graph H, the parameter m(H) discussed in the introduction can be defined as the “maximal size of a H-critical graph”:

m(H) = max{|V (G)| : G ↛ H and G^′ → H for every proper subgraph G^′ of G}.

We define the function m^∗ : N → N by

m^∗(n) = min{m(H) : H is a core and |V (H)| = n}.

The example of transitive tournaments shows that m^∗(n) ≤ n + 1, and the graphs D^′_n of Theorem 8 lower this bound to m^∗(n) ∈ O(lg(n) lg(lg(n))). In a sense this is counterintuitive: There are directed graphs H for which the H-colouring problem is decided by obstructions much smaller than H. However the true order of m^∗ may be smaller still.

The categorical product Π^ℓ_{i=1}H_i of a family {H_i}_{i∈{1,...,ℓ}} of directed graphs is the directed graph whose vertices are the n-tuples u ∈ Π^ℓ_{i=1}V (H_i), and whose arcs are the couples (u, v) such that (u_i, v_i) is an arc of H_i for all i in {1, . . . , ℓ}. Let H be a directed core for which m(H) is finite. By [11, Theorems 2.9, 3.1], there exist trees T_1, . . . , T_ℓ such that H ↔ Π^ℓ_{i=1}D(T_i). Putting n = |V (H)| and m = max{|V (T_i)| : 1 ≤ i ≤ ℓ}, we have ℓ ≤ 2^{m−1}m^{m−2} by Cayley’s tree enumeration formula, whence n ≤ 2^{(2m)m−1 lg(m)} by Theorem 2. This shows that m^∗(n) ∈ Ω(lg(lg(n))/ lg(lg(lg(n)))).

At the moment it is not known which of the logarithmic upper bound and the double logarithmic lower bound is closer to the true order of m^∗. The question depends on finding bounds on cores H_m of products Π{D(T ) : T ∈ F_m}, where F_m is an exponential family of m-trees. On one hand, finding infinite families of examples where |V (H_m)| ∈ Ω ( 2^{2m} ) would prove a double logarithmic behaviour for m^∗. On the other hand, if such families are hard to find, then there may be many infinite families of examples where |V (H_m)| ∈ O(2^m). Now consider the following decision problem:

Instance: A directed graph G and an integer m. Question: Does there exists a homomorphism from G to H_m?

The problem is in Co-NP since a homomorphism from a member of F_m is a polynomial certificate for a negative answer. If |V (H_m)| ∈ O(2^m) and a polynomial description of vertices and adjacencies in H_m exists, then the problem is also in NP. Hence the hypothesis that m^∗(n) ∈ Ω(lg(n)) would suggest that many such intriguing members of NP ∩ Co-NP exist.

References

[1] A. Bulatov, A. Krokhin, P. Jeavons, Constraint Satisfaction Problems and Finite Algebras, Lecture Notes in Computer Science, vol. 1853, Springer Verlag 2000, p. 272–282.

[2] T. Feder, M. Vardi: The computational structure of monotone monadic SNP and constraint satisfaction: A study through datalog and group theory. SIAM J. of Computing 28 (1998), 57–104.

[3] T. Gallai, On directed paths and circuits, Theory of Graphs (Proc.

Colloq., Tihany, 1966) Academic Press, New York, 1968, 115–118.

[4] M. Hasse: Zur algebraischen Begründung der Graphentheorie. I., Math Nachr. 28 (1964/1965), 275 - 290.

[5] P. Hell, J. Nešetřil, On the complexity of H-coloring, J. Combin. Theory Ser. B 48 (1990), 92–110.

[6] P. Hell, J. Nešetřil, Graphs and Homomorphisms, Oxford University Press, 2003 (to appear).

[7] P. Hell, J. Nešetřil, X. Zhu, Duality and polynomial testing of tree homomorphisms. Trans. Amer. Math. Soc. 348 (1996), 1281–1297.

[8] P. Komárek, Good characterisations in the class of oriented graphs (in czech), Ph. D. Thesis, Charles University, Prague, 1987.

[9] P. Komárek, Some new good characterizations for directed graphs.

Časopis Pěst. Mat. 109 (1984), 348–354.

[10] J. Nešetřil, A. Pultr: On Classes of Relations and Graphs Determined by Subobjects and Factorobjects, Discrete Math. 22 (1978), 287–300.

[11] J. Nešetřil, C. Tardif, Duality Theorems for Finite Structures (Characterizing Gaps and Good Characterizations), J. Combin. Theory Ser B 80 (2000), 80–97.

[12] J. Nešetřil, C. Tardif, A dualistic approach to bounding the chromatic number of a graph, ITI Series 2001-036.

[13] J. Nešetřil, C. Tardif, Density via Duality, Theoretical Comp. Sci. 287, 2 (2002), 585–591.

[14] B. Roy, Nombre chromatique et plus longs chemins d’un graphe, Rev.

Francaise Informat. Recherche Opérationelle 1 (1967), 129–132.

[15] I. Švejdarová, Colouring of graphs and dual objects (in Czech), thesis, Charles University 2003.

[16] L. M. Vitaver, Determination of minimal colouring of vertices of a graph by means of Boolean powers of the incidence matrix (in Russian), Dokl. Akad. Nauk SSSR 147 (1962), 758–759.