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Abstra
t

We prove that there exists a 
onstant k su
h that for every n

there exist dire
ted 
ore graphs H with at least 2

n

verti
es su
h that

a dire
ted graph G is H-
olourable if and only if every subgraph of G

with at most kn log(n) verti
es is H-
olourable. Our examples show

that in general the \duals of relational stru
tures" in the sense of [11℄


an have superpolynomial size. The 
onstru
tion given in [11℄ gives

a double exponential upper bound for su
h a 
onstru
tion. Here we

improve this to an exponential upper bound.

1 Introdu
tion

A homomorphism between two dire
ted graphsG and H is a map � from the

vertex set of G to that of H su
h that (�(x); �(y)) is an ar
 of H whenever

(x; y) is an ar
 of G. We write G! H when there exists a homomorphism

from G to H . For a �xed target H , the H-
olouring problem is the following

de
ision problem:

H-
olouring problem

Instan
e: A dire
ted graph G.

Question: Does there exists a homomorphism from G to H?

The 
omplexity of the H-
olouring problem depends on H . A 
omplete


lassi�
ation seems out of rea
h for the moment, but the di
hotomy 
onje
-

ture of [2℄ (see also [1℄) states that every H-
olouring problem is polynomial

or NP-
omplete.

Here we 
on
entrate on a sub
lass of the polynomial H-
olouring prob-

lems, namely those for whi
h there exists a 
onstant m(H) su
h that the

following holds.

For every dire
ted graph G, there exists a homomorphism from

G to H if and only if every subgraph G

0

of G with at most m(H)

verti
es admits a homomorphism to H .

The H-
olouring problem 
an then be redu
ed to a polynomial sear
h for

an obstru
tion to a homomorphism among the subgraphs of G with at most
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m(H) verti
es. The best know example of this situation is the relation be-

tween the transitive tournament on n verti
es and the dire
ted path with n

forward edges (see [3, 4, 14, 16℄): A dire
ted graph G admits a homomor-

phism to the former if and only if it admits no homomorphism from the

latter, hen
e it is suÆ
ient to look for an obstru
tion among the subgraphs

of G with at most n+ 1 verti
es.

More generally, for any H-
olouring problem 
onsidered here, there is

only a �nite list O

1

; O

2

; : : : ; O

m

of dire
ted graphs with at most m(H)

verti
es whi
h do not admit a homomorphism to H . A

ording to [11,

Theorems 2.9, 3.1℄, the \minimal" obstru
tions among these are dire
ted

trees T

1

; : : : ; T

`

. For ea
h tree T

i

, there exists a \dual" dire
ted graph D

i

with the following property:

For every dire
ted graph G, there exists a homomorphism from

G to D

i

if and only if there exist no homomorphism from T

i

to

G;

and H is homomorphi
ally equivalent to the produ
t of these duals.

The 
onstru
tion given in [11℄ for the dual of a tree T gives a dire
ted

graph D whi
h 
ould have as many as 2

2

jV (T )j

verti
es, yielding m(D) '

lg(lg(jV (D)j)). However in the example 
ited above where T is the dire
ted

path with n forward ar
s and D is the transitive tournament with n verti
es,

we have m(D) = jV (D)j+1. Indeed in all known 
ases, the dual D of T 
an

be dismantled to a stru
ture with the same order of magnitude as T . Thus

questions arises as to whether polynomial 
onstru
tions would be possible

instead of the double exponential 
onstru
tion of [11℄.

In this paper, we answer these question by giving a new 
onstru
tion

whi
h always gives a dual with at most 2

n lg(n)

verti
es for a tree with

n verti
es. The new 
onstru
tion is 
on
eptually simpler and yields new

insights in the stru
ture of duals (see [15℄). On the other hand, we 
an

also exhibit trees with n verti
es whose dual must have at least 2


(n= lg(n))

verti
es, indi
ating that the new 
onstru
tion is 
lose to optimal.

Our 
onstru
tion will be presented in the general 
ontext of relational

stru
tures, that is, the original 
ontext of [11℄ whi
h is also the natural


ontext of 
onstraint satisfa
tion problems [1, 2℄. In
identally, we note

that it is a spe
i�
ation of relational examples that led to the dis
overy of
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the examples mentioned above. We give the ne
essary terminology in the

following se
tion. The new 
onstru
tion of duals is given in Se
tion 3 and

the examples with large duals are given in Se
tion 4. We will 
on
lude with

a few 
omments 
on
erning the bound m(H).

2 Relational stru
tures

Let � = (Æ

i

; i 2 I) be a sequen
e of positive integers. A relational stru
ture

of type � (or �-stru
ture) is a pair A = (X; (R

i

; i 2 I)) where X is a �nite

set and R

i

is a Æ

i

-nary relation on X (that is, R

i

� X

Æ

i

). We will denote A

the base set of A (that is, A = X when A = (X; (R

i

; i 2 I))).

Given a type � and �-stru
tures A = (X; (R

i

; i 2 I)) and A

0

=

(X

0

; (R

0

i

; i 2 I)) a homomorphism from A to A

0

is a mapping f : X 7! X

0

su
h that for every i 2 I we have

(f(x

1

); f(x

2

); : : : ; f(x

Æ

i

)) 2 R

0

i

whenever (x

1

; x

2

; : : : ; x

Æ

i

) 2 R

i

:

We write A! A

0

if there exists a homomorphism from A to A

0

.

For a �-stru
ture H , the H-
olouring problem is de�ned just as in the


ase of dire
ted graphs:

H-
olouring problem

Instan
e: A �-stru
ture A.

Question: Does there exists a homomorphism from A to H?

Two �-stru
tures H and H

0

are 
alled homomorphi
ally equivalent if H !

H

0

and from H

0

! H ; we then write H $ H

0

. Note that when H $ H

0

,

we have A ! H if and only if A ! H

0

hen
e the H-
olouring problem is

equivalent to the H

0

-
olouring problem.

A �-stru
ture is 
alled a 
ore if it is not homomorphi
ally equivalent

to any �-stru
ture on a smaller base set. Clearly, any �-stru
ture is ho-

momorphi
ally equivalent to at least one 
ore. It 
an be shown (see [11℄)

that two homomorphi
ally equivalent 
ores are isomorphi
, hen
e the 
ore

of any �-stru
ture H is well de�ned up to isomorphism. In studying H-


olouring problems, we 
an restri
t our attention to the 
ase where H is a


ore without loss of generality. Indeed, the parameter m(H) presented in

the introdu
tion is not very interesting when H is not a 
ore.

4



3 A 
onstru
tion of duals

Let A be a relational stru
ture of type � = (Æ

i

; i 2 I). We de�ne the

in
iden
e graph In
(A) of A as the bipartite graph with parts A and

Blo
k(A) = f(i; (a

1

; : : : ; a

Æ

i

)) : i 2 I; (a

1

; : : : ; a

Æ

i

) 2 R

i

(A)g;

and edges [a; (i; (a

1

; : : : ; a

Æ

i

))℄ su
h that a 2 (a

1

; : : : ; a

Æ

i

). (Here we write

x 2 (x

1

; : : : ; x

n

) when there exists an index k su
h that x = x

k

.) A is 
alled

a �-tree when In
(A) is a tree.

A �-stru
ture D is 
alled a dual of A if for every �-stru
ture X , there

exists a homomorphism � : X 7! D if and only if there is no homomorphism

� : A 7! X . In [11℄, it was shown that a stru
ture A admits a dual if and

only if A is a �-tree

1

. Note that any two duals D;D

0

of A are ne
essarily

homomophi
ally equivalent. Therefore it is possible to de�ne the dual of a

�-tree A up to homomorphi
 equivalen
e. In [11℄ a 
onstru
tion for duals

of �-trees is presented, using gaps and exponentiation. In some 
ases this


onstru
tion will yield a stru
ture of size in the order of 2

2

jAj+j�j

as the dual

of a �-tree A. We present here a new 
onstru
tion whi
h is 
on
eptually

simpler, and always yields duals of size at most 2

(jAj+j�j) lg jAj

.

De�nition 1 Let A be a �-tree. We de�ne D(A) as the stru
ture de�ned

on the base set

D(A) = ff : A 7! Blo
k(A) : [a; f(a)℄ 2 E(In
(A)) for all a 2 Ag

by putting (f

1

; : : : ; f

Æ

i

) in R

i

(D(A)) if and only if for all (x

1

; : : : ; x

Æ

i

) 2

R

i

(A) there exists j 2 f1; : : : ; Æ

i

g su
h that f

j

(x

j

) 6= (i; (x

1

; : : : ; x

Æ

i

)).

Note that D(A) has at most jAj

jAj+j�j

elements. We prove that D(A) is

indeed a dual of A:

Theorem 2 Let A be a �-tree. Then for every �-stru
ture X, there exists

a homomorphism from X to D(A) if and only if there is no homomorphism

from A to X.

1

The de�nition of �-trees given in [11℄ is a bit di�erent of the one given here, but it

is not hard to show that the two de�nitions are equivalent.
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Proof. We �rst prove by 
ontradi
tion that there is no homomorphism

from A to D(A). Suppose that there exists a homomorphism � : A 7!

D(A); for all a 2 A, put f

a

= �(a). We �x a

0

2 A and de�ne a sequen
e

(a

k

)

k�0

re
ursively as follows: If f

a

k

(a

k

) = (i; (x

1

; : : : ; x

Æ

i

)), then sin
e �

is a homomorphism, we have (f

x

1

; : : : ; f

x

Æ

i

) 2 R

i

(D(A)) hen
e f

x

j

(x

j

) 6=

(i; (x

1

; : : : ; x

Æ

i

)) for some j 2 f1; : : : ; Æ

i

g. We then put a

k+1

= x

j

The

sequen
e a

0

; f

a

0

(a

0

); a

1

; f

a

1

(a

1

); a

2

; : : : is then a trail in In
(A) su
h that

a

k+1

6= a

k

and f

a

k+1

(a

k+1

) 6= f

a

k

(a

k

) for all k � 0, whi
h is impossible

sin
e In
(A) is a �nite tree. Therefore there is no homomorphism from A

to D(A); 
onsequently if a �-stru
ture X admits a homomorphism from A,

then there is no homomorphism from X to D(A). This 
on
ludes the �rst

part of the proof.

For the se
ond part of the proof, we will need to �x some notation. For

a in A and a neighbour b = (i; (x

1

; : : : ; x

Æ

i

)) of a in In
(A), let T

a;b

be the

maximal subtree of In
(A) 
ontaining a and b, but no other neighbour of

a, and A

a;b

be the �-subtree of A su
h that In
(A

a;b

) = T

a;b

. Thus, for

a �xed a we have A = [fA

a;b

: b 2 N

T

a;b

(a)g, where for b 6= b

0

we have

A

a;b

\A

a;b

0

= fag.

We also �x a vertex-labeling ` : In
(A) 7! N with the following proper-

ties:

� u 6= v implies `(u) 6= `(v),

� for all n 2 N , fu : `(u) � ng indu
es a 
onne
ted subtree of In
(A).

(Su
h an ` is easily de�ned by repeatedly labeling and plu
king the pendant

verti
es of In
(A).)

Now, letX be a �-stru
ture su
h that there is no homomorphism from A

toX . For every x 2 X and a 2 A, there ne
essarily exists a b adja
ent to a in

In
(A) su
h that there is no homomorphism  

b

from A

a;b

to X with  (a) =

x (for otherwise the union of all of these  

b

would be a homomorphism from

A to X). We �x f

x

(a) to be su
h a b with the smallest label. This allows

us to de�ne a fun
tion � : X 7! D(A) by �(x) = f

x

; we will show that it is

a homomorphism from X to D(A).

We need to show that for i 2 I and (x

1

; : : : ; x

Æ

i

) 2 R

i

(X), we have

(f

x

1

; : : : ; f

x

Æ

i

) 2 R

i

(D(A)). By de�nition of D(A), we have (f

x

1

; : : : ; f

x

Æ

i

) 2

R

i

(D(A)) if and only if for every (a

1

; : : : ; a

Æ

i

) 2 R

i

(A), there exists an index
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j su
h that f

x

j

(a

j

) 6= (i; (a

1

; : : : ; a

Æ

i

)). It is worthwile to note that at this

point in the proof, a medium-sized brown bear burst into the oÆ
e and

made its way to the 
o�ee table in the 
orner. Though not parti
ularily

fero
ious, this animal 
an be irritated by human presen
e, and the authors

were left with no other re
ourse than to 
limb atop �ling 
abinets and wait

until the proper authorities 
ame in and restored the beast to its natural

habitat. Overall, the in
ident 
an only be des
ribed as disquieting. We

pro
eed to prove that � is a homomorphism by 
ontradi
tion, assuming

that for some (a

1

; : : : ; a

Æ

i

) 2 R

i

(A), we have f

x

j

(a

j

) = b = (i; (a

1

; : : : ; a

Æ

i

))

for all j 2 f1; : : : ; Æ

i

g. Note that there exists at most one index j su
h

that a

j

is adja
ent to some b

0

su
h that `(b

0

) > `(b). For every other index

k and every b

0

6= b adja
ent to a

k

, we have `(b

0

) < `(b), therefore there

exists a homomorphism  

a

k

;b

0

: A

a

k

;b

0

7! X su
h that  

a

k

;b

0

(a

k

) = x

k

.

The union of all these  

a

k

;b

0

is a well de�ned map  from some subset

of A to X . Now if no index j �ts the des
ription given above, then  is

in fa
t a homomorphism from A to X , whi
h 
ontradi
ts the fa
t that no

su
h homomorphism exists. On the other hand, if some index j �ts this

des
ription, then putting  (a

j

) = x

j

turns  into a homomorphism from

A

a

j

;b

to X su
h that  (a

j

) = x

j

, 
ontradi
ting the de�nition of f

x

j

(a

j

).

Therefore the Æ

i

-tuple (a

1

; : : : ; a

Æ

i

) des
ribed above 
annot exist, hen
e � is

a homomorphism from X to D(A).

4 Paths with large duals

In [11℄ we 
onstru
ted trees with exponentially large dual 
ores. More pre-


isely, we 
onstru
ted a �-tree T of type � = (1; 1; : : : ; 1; n) with n verti
es

su
h that the dual D

T

has 
ore of size 2

n

. The possible existen
e of large

dual 
ores for a �xed type � was left as an open problem. Here we answer

this question positively, already for the simplest type (2) 
orresponding to

dire
ted graphs.

We pro
eed in two steps: First we 
onsider the type (2; 2; : : : ; 2) (i.e.

binary relational systems) and then we modify this to the type (2).

De�nition 3 Let n > 2 be an integer. We de�ne P

n

as the stru
ture of

the type �

n

with n + 1 binary relations R

0

; R

1

; : : : ; R

n

on the base set

T

n

= fx

0

; y

0

; x

1

; y

1

; : : : ; x

n

; y

n

g given by

7



(i) R

0

(P

n

) = f(x

i

; y

i

) : i = 0; : : : ; ng,

(ii) R

i

(P

n

) = f(y

i�1

; x

i

)g : i = 1; : : : ; n.

In what follows, D

n

will denote the 
ore of the dual of P

n

. We will prove

the following:

Lemma 4 For every S � f1; 2; : : : ; ng, there exists an element f 2 D

n

su
h

that (f; f) 2 R

i

(D

n

) if i 2 S and (f; f) 62 R

i

(D

n

) if i 2 f1; 2; : : : ; ng n S.

Corollary 5

�

�

D

n

�

�

� 2

n

.

Proof of Lemma 4. For i 2 f1; 2; : : : ; ng, let Q

i

be the stru
ture obtained

from P

n

by removing the ar
 (y

i�1

; x

i

) from R

i

and identifying y

i�1

; x

i

in

a new point labeled t. Now for S � f1; 2; : : : ; ng, let L

S

be the stru
ture

obtained from the disjoint union of all Q

i

: i 62 S by identifying all points

labeled t, and adding the loop (t; t) in R

i

(L

S

) for all i 2 S. By 
onstru
tion,

we then have P

n

6! L

S

, but adding the loop (t; t) in R

i

(L

S

) for any i 62 S

would produ
e a stru
ture admitting a homomorphism from P

n

. Therefore,

there exists a homomorphism � : L

S

7! D

n

, and f = �(t) satis�es (f; f) 2

R

i

(D

n

) for all i 2 S, and (f; f) 62 R

i

(D

n

) for all i 2 f1; 2; : : : ; ng n S.

In Corollary 5, we use n+ 1 binary relations to 
onstru
t a path whose

dual has 2

n

elements, whi
h leaves open the possibility that polynomial


onstru
tions exist for every �xed type. In the remainder of this se
tion, we

will modify this 
onstru
tion to build dire
ted graphs with superpolynomial

duals.

Lemma 6 Let n > 2 be a �xed integer. Then there exists paths

MR

0

;MR

1

; : : : ;MR

n

with 3dlg(n + 1)e + 4 ar
s su
h that there exists a

homomorphism from MR

i

to MR

j

only if i = j.

Proof: For simpli
ity suppose that n+1 = 2

m

. Let A

0

be the path 
onsisting

of one ba
kward edge followed by two forward edges, A

1

the path 
onsisting

of two forward edges followed by one ba
kward edge, and A

2

the path


onsisting of two forward edges. Then, every i 2 f0; : : : ; ng 
orresponds to

a sequen
e (�

1

; : : : ; �

m

) 2 f0; 1g

m

. We then de�ne

MR

i

= A

2

ÆA

�

1

ÆA

�

1

Æ � � � ÆA

�

m

ÆA

2

;

8



where the 
on
atenation A

x

ÆA

y

is simply obtained by identifying the last

vertex of A

x

to the �rst vertex of A

y

. Any homomorphism � from MR

i

to

MR

j

must preserve the algebrai
 length (that is, the di�eren
e between the

number of forward edges and the number of ba
kward edges) on any path,

hen
e � must map the initial vertex of MR

i

to the initial vertex of MR

j

and the terminal vertex of MR

i

to the terminal vertex of MR

j

. Therefore

� must be bije
tive, hen
e an isomorphism, whi
h implies that i = j.

The notation MR

i

stands for \mo
k R

i

": given a stru
ture X of type

�

n

with n + 1 binary relations, we will 
onstru
t a dire
ted graph G(X)

whi
h en
odes the stru
ture ofX as follows: For ea
h u in X, G(X) 
ontains

a path MV

u

starting at a vertex labeled in followed by one ba
kward ar
,

6 forward ar
s and one ba
kward ar
, terminating at a vertex labeled out.

For ea
h (u; v) 2 R

i

(X), we add a 
opy of MR

i

to G(X), identifying its

initial vertex with the out vertex of MV

u

, and its terminal vertex with the

in vertex of MV

v

. This 
onstru
tion has the following property:

Lemma 7 Let X;Y be stru
tures of type �

n

(where n > 2). Then there

exists a homomorphism from X to Y if and only if there exists a homomor-

phism from G(X) to G(Y ).

Proof: By 
onstru
tion, a homomorphism � : X 7! Y naturally indu
es a

homomorphism  : G(X) 7! G(Y ). Conversely, suppose that there exists a

homomorphism  : G(X) 7! G(Y ). Then  must map the 6-paths of G(X)

to 6-paths of G(Y ), whi
h are pre
isely the paths 
onsisting of inner ar
s in

the subgraphs MV

v

: v 2 Y . Therefore we 
an de�ne a map � : X 7! Y by

putting �(u) = v if  (MV

u

) =MV

v

. Lemma 6 above and the 
onstru
tion

of G(X) and G(Y ) then imply that � is a homomorphism.

Note that for the stru
ture P

n

of De�nition 3, G(P

n

) is a path with

8 � (2n+ 2)+ (3dlg(n+ 1)e+4) � (2n+1) = �(n lg(n)) ar
s. Let D

0

n

be the


ore of D(G(P

n

)); we will prove the following:

Theorem 8

�

�

�

D

0

n

�

�

�

� 2

n

.

Proof: For ea
h stru
ture L

S

; S � f1; : : : ; ng de�ned in the proof of Lemma

4, we have G(P

n

) 6! G(L

S

) therefore there exists a homomorphism �

S

:

G(L

S

) 7! D

0

n

. The distinguished element t of L

S


orresponds to the path
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MV

t

in G(L

S

); we denote m

S

the midpoint of this path. For S 6= S

0

we

must have �

S

(m

S

) 6= �

S

0

(M

S

0

) for otherwise the 
ombined 
y
les would

imply the existen
e of a homomorphism from G(P

n

) to D

0

n

, just as in the

proof of Lemma 4. Therefore

�

�

�

D

0

n

�

�

�

� jP(f1; : : : ; ng)j = 2

n

.

Note that if k denotes the number of verti
es in G(P

n

), then D

0

n

must

have order 2


(k= lg(k))

as 
laimed.

5 Con
luding 
omments

For a dire
ted graph H , the parameter m(H) dis
ussed in the introdu
tion


an be de�ned as the \maximal size of a H-
riti
al graph":

m(H) = maxfjV (G)j : G 6! H and G

0

! H for every proper subgraph G

0

of Gg:

We de�ne the fun
tion m

�

: N 7! N by

m

�

(n) = minfm(H) : H is a 
ore and jV (H)j = ng:

The example of transitive tournaments shows that m

�

(n) � n+ 1, and the

graphs D

0

n

of Theorem 8 lower this bound to m

�

(n) 2 O(lg(n) lg(lg(n))).

In a sense this is 
ounterintuitive: There are dire
ted graphs H for whi
h

the H-
olouring problem is de
ided by obstru
tions mu
h smaller than H .

However the true order of m

�

may be smaller still.

The 
ategori
al produ
t �

`

i=1

H

i

of a family fH

i

g

i2f1;:::;`g

of dire
ted

graphs is the dire
ted graph whose verti
es are the n-tuples u 2 �

`

i=1

V (H

i

),

and whose ar
s are the 
ouples (u; v) su
h that (u

i

; v

i

) is an ar
 of H

i

for all i in f1; : : : ; `g. Let H be a dire
ted 
ore for whi
h m(H) is �-

nite. By [11, Theorems 2.9, 3.1℄, there exist trees T

1

; : : : ; T

`

su
h that

H $ �

`

i=1

D(T

i

). Putting n = jV (H)j and m = maxfjV (T

i

)j : 1 �

i � `g, we have ` � 2

m�1

m

m�2

by Cayley's tree enumeration formula,

when
e n � 2

(2m)

m�1

lg(m)

by Theorem 2. This shows that m

�

(n) 2


(lg(lg(n))= lg(lg(lg(n)))).

At the moment it is not known whi
h of the logarithmi
 upper bound and

the double logarithmi
 lower bound is 
loser to the true order of m

�

. The

question depends on �nding bounds on 
ores H

m

of produ
ts �fD(T ) :

T 2 F

m

g, where F

m

is an exponential family of m-trees. On one hand,

10



�nding in�nite families of examples where jV (H

m

)j 2 


�

2

2

m

�

would prove

a double logarithmi
 behaviour for m

�

. On the other hand, if su
h families

are hard to �nd, then there may be many in�nite families of examples where

jV (H

m

)j 2 O(2

m

). Now 
onsider the following de
ision problem:

Instan
e: A dire
ted graph G and an integer m.

Question: Does there exists a homomorphism from G to H

m

?

The problem is in Co-NP sin
e a homomorphism from a member of F

m

is

a polynomial 
erti�
ate for a negative answer. If jV (H

m

)j 2 O(2

m

) and a

polynomial des
ription of verti
es and adja
en
ies in H

m

exists, then the

problem is also in NP. Hen
e the hypothesis that m

�

(n) 2 
(lg(n)) would

suggest that many su
h intriguing members of NP \ Co-NP exist.
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