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Abstra
t

For two bipartite graphs G and G

0

, a bije
tion  : E(G)! E(G

0

)

is 
alled a (perfe
t) mat
hing preserver provided that M is a perfe
t

mat
hing in G if and only if  (M) is a perfe
t mat
hing in G

0

. We


hara
terize bipartite graphsG andG

0

whi
h are related by a mat
hing

preserver and the mat
hing preservers between them.

1 Introdu
tion

A subset M � E(G) of the edge set E(G) of a graph G is 
alled a mat
hing

provided that no two edges inM have a vertex in 
ommon. A perfe
t mat
h-

ingM is a mat
hing with the property that ea
h vertex of G is in
ident with

an edge in M . For k a positive integer, a graph G is k-extendable provided

that G has a mat
hing of size k and every mat
hing in G of size at most k


an be extended to a perfe
t mat
hing in G.

In this paper we 
hara
terize the bipartite graphs G and G

0

that are re-

lated by a mat
hing preserver and so, with appropriate labeling of edges,

have the same perfe
t mat
hings. We will a
hieve this by a full des
ription

of mat
hing preservers de�ned as follows: A bije
tion  : E(G) ! E(G

0

) is

mat
hing preserving, or is a mat
hing preserver, provided thatM is a perfe
t
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mat
hing in G if and only if  (M) is a perfe
t mat
hing in G

0

. Mat
hing

preservers for bipartite graphs G were investigated in [2℄ (see also [1℄) in

the 
ontext of the diagonals of a matrix and the asso
iated diagonal hyper-

graph. Let A be the bi-adja
en
y matrix of G. Then A is a (0; 1)-matrix,

and the mat
hings of G are in one-to-one 
orresponden
e with the permu-

tation matri
es P satisfying P � A (entrywise order). The property that

G is 1-extendable is equivalent to the property that the bi-adja
en
y matrix

A has total support. The property that G is 
onne
ted and 1-extendable

is equivalent to the property that A is fully inde
omposable. See [3℄ for a

dis
ussion of these matrix properties. The verti
es of the hypergraph men-

tioned above 
orrespond to the edges of G (the positions of the 1's in A) and

the hyperedges are the perfe
t mat
hings of G (the permutations matri
es

P � A, more properly, the set of the n positions of P that are o

upied by

1's).

Let G be a 
onne
ted, 1-extendable, bipartite graph with parts X and Y

of size n. The edges of G are pairs xy of verti
es with x 2 X and y 2 Y .

Let u and v be verti
es belonging to di�erent parts of G su
h that fu; vg

forms a vertex 
ut of G. Thus there are bipartite graphs G

1

with parts X

1

�

X; Y

1

� Y , and G

2

with parts X

2

� X; Y

2

� Y , su
h that X

1

\ X

2

= fug

and Y

1

\ Y

2

= fvg and ea
h edge of G belongs to either G

1

or G

2

(if uv is

an edge of G, then uv is the only 
ommon edge of G

1

and G

2

). Let G

0

be

the bipartite graph G

0

obtained from G by repla
ing ea
h o

urren
e of u in

an edge of G

1

with v and ea
h o

urren
e of v in an edge of G

1

with u (the

neighbors of u and v in G

1

are inter
hanged). Then G

0

is a bipartite graph

with parts Y

1

[ (X

2

n fug) and X

1

[ (Y

2

n fvg). We say that the graph G

0

is

obtained from G by a bi-twist with respe
t to the verti
es u and v, and G

0

is

a bi-twist of G (again with respe
t to verti
es u and v). It is easy to verify

that bi-twists preserve both 
y
les and perfe
t mat
hings [2℄.

In the language of matri
es, a bi-twist is des
ribed as follows. Let A be

the labeled bi-adja
en
y of order n of G. By this we mean that the 1's of

the ordinary bi-adja
en
y matrix (the 1's 
orrespond to the edges of G) are

repla
ed by distin
t elements of some set. Sin
e fu; vg is a vertex 
ut of G, we

may 
hoose an ordering for the rows and 
olumns of A, with u 
orresponding

to the �rst row and v 
orresponding to the �rst 
olumn, so that A has the
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form

2

6

6

6

6

6

6

6

6

4

� � �


 A

1

O

Æ O A

2

3

7

7

7

7

7

7

7

7

5

; (1)

where

(i)

2

6

6

4

� �


 A

1

3

7

7

5

and (ii)

2

6

6

4

� �

Æ A

2

3

7

7

5

(2)

are labeled bi-adja
en
y matri
es of G

1

and G

2

, respe
tively. Sin
e G is

1-extendable and so has a perfe
t mat
hing, the matri
es A

1

and A

2

are

square. A labeled bi-adja
en
y matrix of G

0

is the matrix obtained from (1)

by repla
ing (2)(i) with its transpose

2

6

6

4

� 


T

�

T

A

T

1

3

7

7

5

(3)

resulting in the matrix

2

6

6

6

6

6

6

6

6

4

� 


T

�

�

T

A

T

1

O

Æ O A

2

3

7

7

7

7

7

7

7

7

5

: (4)

This matrix operation is 
alled partial transposition in [1℄ and [2℄. It follows

from (1) that in order that a bipartite graph with parts of size n have a

bi-twist, its (labeled) adja
en
y matrix must have a p by q zero submatrix

and a 
omplementary q by p zero submatrix for some positive integers p and

q with p+ q = n� 1.

In the language of bipartite graphs, the 
onje
ture in [1℄ and [2℄ 
an be

stated as follows.
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Conje
ture 1.1 Let G and G

0

be two 1-extendable, bipartite graphs and let

 : E(G) ! E(G

0

) be a mat
hing preserver. Then there is a sequen
e of

bi-twists of G resulting in a graph isomorphi
 to G

0

and  is indu
ed by this

isomorphism.

As bi-twists do not suÆ
e to des
ribe all mat
hing preservers between

bipartite graphs, this 
onje
ture is not true.

Example 1.2 Let G be the bipartite graph with labeled bi-adja
en
y matrix

A =

2

6

6

6

6

6

6

4

a b 
 0 0 0

d e f 0 0 0

0 0 k l m 0

0 0 r s t 0

w 0 0 0 u v

z 0 0 0 x y

3

7

7

7

7

7

7

5

with parts of size n = 6. No bi-twist of G (partial transposition of A) is

possible. Yet the bipartite graph G

0

with labeled bi-adja
en
y matrix

B =

2

6

6

6

6

6

6

4

a b 
 0 0 0

d e f 0 0 0

0 0 u v w 0

0 0 x y z 0

m 0 0 0 k l

t 0 0 0 r s

3

7

7

7

7

7

7

5

has the same 
olle
tion of mat
hings as G. In fa
t, in both 
ases, the set

of mat
hings is the union of the sets of mat
hings 
orresponding to the two

labeled adja
en
y matri
es

2

6

6

6

6

6

6

4

a b 0 0 0 0

d e 0 0 0 0

0 0 k l 0 0

0 0 r s 0 0

0 0 0 0 u v

0 0 0 0 x y

3

7

7

7

7

7

7

5

and

2

6

6

6

6

6

6

4

0 b 
 0 0 0

0 e f 0 0 0

0 0 0 l m 0

0 0 0 s t 0

w 0 0 0 0 v

z 0 0 0 0 y

3

7

7

7

7

7

7

5

�

4



The operation in Example 1.2 in going from G to G

0

is an instan
e of

what we 
all bi-transposition and whi
h we now de�ne. It is the only other

operation in addition to bi-twists that is needed in order to des
ribe mat
hing

preservers.

Let G

1

; G

2

; G

3

be bipartite graphs having pairwise disjoint vertex sets,

and let a

i

; b

i

be verti
es from the same part of G

i

, i = 1; 2; 3. Let G be

the bipartite graph obtained from G

1

; G

2

; G

3

by identifying the verti
es in

ea
h of the three pairs fb

1

; a

2

g, fb

2

; a

3

g, and fb

3

; a

1

g. Let G

0

be the bipartite

graph obtained fromG

1

; G

2

; G

3

by identifying the verti
es in ea
h of the three

pairs fb

1

; a

3

g, fb

2

; a

1

g, and fb

3

; a

2

g. Then graph G

0

is said to be obtained

from G by a bi-transposition of G

1

and G

2

. It is straightforward to verify

that the operation of bi-transposition also preserves both 
y
les and perfe
t

mat
hings. The following is the main result of this paper. It is proved in the

last se
tion.

Theorem Let G and G

0

be two 1-extendable, bipartite graphs and let  :

E(G) ! E(G

0

) be a mat
hing preserver. Then there is a sequen
e of bi-

twists and bi-transpositions of G resulting in a graph isomorphi
 to G

0

and

 is indu
ed by this isomorphism.

2 Preliminaries

In this se
tion we review some fa
ts that will be used in our proof of Theorem

4.1. Let G and G

0

be 1-extendable bipartite graphs, and suppose that  :

E(G) ! E(G

0

) is a mat
hing preserver. By Theorem 2.4 of [2℄, and it

is not diÆ
ult to prove, there is a bije
tion between the 
omponents of G

and G

0

su
h that  indu
es a mat
hing preserver between 
orresponding


omponents. Hen
e we may restri
t our attention to 
onne
ted, 1-extendable

bipartite graphs|in matrix terms, to fully inde
omposable matri
es.

The next lemma follows from the indu
tive stru
ture of a nearly de
om-

posable matrix (see [3℄), equivalently from the ear stru
ture of elementary

bipartite graphs (see [4℄). For 
onvenien
e, we give a short self-
ontained

proof.

Lemma 2.1 Let G = (V;E) be a 1-extendable, 
onne
ted bipartite graph.

Then G has a perfe
t mat
hingM su
h that for ea
h edge e ofM , the verti
es

of e do not form a 
ut in G.
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Proof: It suÆ
es to show that if fu; vg is a vertex 
ut su
h that e = uv

is an edge, then the graph G n e obtained from G by deleting edge e is 1-

extendable and 
onne
ted. By re
ursively deleting su
h edges we arrive at a

1-extendable, 
onne
ted bipartite graph G

0

, where G

0

has a perfe
t mat
hing

M and for all edges e

0

= u

0

v

0

of G

0

, in parti
ular for those in M , fu

0

; v

0

g is

not a 
ut of G

0

and hen
e not a 
ut of G.

Sin
e 1-extendable, 
onne
ted graphs are always 2-
onne
ted, it suÆ
es

to show that Gne is 1-extendable. There are subgraphs G

1

and G

2

su
h that

V (G

1

) [ V (G

2

) = V (G), V (G

1

) \ V (G

2

) = fu; vg, E(G

1

) [ E(G

2

) = E(G)

and E(G

1

)\E(G

2

) = feg. Ea
h perfe
t mat
hing not 
ontaining e has both

of the edges in
ident with fu; vg 
ontained in the same G

i

.

Let e

0

be an edge of Gne. LetM

0

be a perfe
t mat
hing of G 
ontaining e

0

.

If e 62M

0

, then M

0

is also a perfe
t mat
hing of G

0

and 
ontains e

0

. Assume

that e 2 M

0

, and that e.g. e

0

is an edge of G

1

. Let M

00

be the restri
tion of

M

0

to a perfe
t mat
hing of G

1

. Let f 6= e be an edge 0f G

2

in
ident with

fu; vg and let N be a perfe
t mat
hing of G 
ontaining f . Then N 
ontains

a perfe
t mat
hing N

2

of G

2

. Thus (M

00

n feg) [N

2

is a perfe
t mat
hing of

G n e 
ontaining e

0

, and this 
ompletes the proof.

�

We now review a 
lassi
al theorem of Whitney [8℄. Let G be a 2-
onne
ted

graph with vertex 
ut fu; vg. There are subgraphs G

1

and G

2

su
h that

V (G

1

) [ V (G

2

) = V (G), V (G

1

) \ V (G

2

) = fu; vg, E(G

1

) [ E(G

2

) = E(G)

and E(G

1

) \ E(G

2

) = fuvg or ; depending on whether or not uv is an edge

of G. De�ne a graph G

0

as follows: Let G

0

be the graph obtained from G by

repla
ing ea
h o

urren
e of u in an edge of G

1

with v and ea
h o

urren
e of

v in an edge of G

1

with u (the neighbors of u and v in G

1

are inter
hanged).

Then G

0

is obtained from G by a twist, and G

0

is a twist of G (again with

respe
t to verti
es u and v). (If uv is an edge of G, then it is also an edge of

G

0

.) It was proved by Whitney [8℄ that ea
h graph with the same 
y
les as

the 2-
onne
ted graph G|that is, a graph that is 2-isomorphi
 to G|
an be

obtained from G by a sequen
e of twists. Truemper [6℄ simpli�ed the proof

and obtained a bound on the number of twists needed.

Theorem 2.2 Let G be a 2-
onne
ted graph with n � 2 verti
es, and let H

be a graph 2-isomorphi
 to G. Then G 
an be transformed into a graph G

�

whi
h is isomorphi
 to H by a sequen
e of at most n� 2 twists.
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The te
hnique of Truemper uses the 
on
ept of generalized 
y
les. A

graph G is a generalized 
y
le with 
onstituents G

1

; G

2

; : : : ; G

k

(k � 2) pro-

vided that the following hold:

(i) ea
h G

i

is a 
onne
ted subgraph of G having nonempty edge set E

i

;

additionally, if k = 2 then both G

1

and G

2


ontain at least three

verti
es;

(ii) the edge sets E

i

, 1 � i � k, partition the edge set E(G), and ea
h

G

i

has exa
tly two verti
es in 
ommon with [

j 6=i

G

j

(these verti
es are


alled the 
onta
t verti
es of G

i

);

(iii) repla
ing ea
h G

i

by an edge joining the 
onta
t verti
es of G

i

produ
es

an ordinary 
y
le.

The generalized 
y
le G is a 
onne
ted graph. If k � 3 and ea
h G

i

has

only two verti
es (sin
e G

i

is 
onne
ted, these two verti
es are joined by an

edge), then G is an ordinary 
y
le.

The �rst assertion in the next lemma is due to Tutte [7℄; the se
ond

assertion is due to Truemper [6℄. In the lemma, a G

i


onsisting of a single

edge is regarded as 2-
onne
ted.

Lemma 2.3 If a graph G is 2-
onne
ted but not 3-
onne
ted, then there

exists a representation of G as a generalized 
y
le where ea
h 
onstituent is

2-
onne
ted.

Moreover, let G be a 2-
onne
ted, generalized 
y
le as above. If  :

E(G)! E(H) is a 2-isomorphism of G to H, then H is a generalized 
y
le

with 
onstituents H

1

; H

2

; : : : ; H

k

, where H

i

is the subgraph of H indu
ed by

 (E

i

) for 1 � i � k.

3 Dire
ted graphs

There is a well-known 
orresponden
e between mat
hings in a bipartite graph

G and 
ir
uits in a dire
ted graph (digraph)D 
onstru
ted fromG and a spe
-

i�ed perfe
t mat
hing of G. This 
orresponden
e 
an be easily understood

by using adja
en
y matri
es. Let M = fu

1

v

1

; u

2

v

2

; : : : ; u

n

v

n

g be a perfe
t

mat
hing of G and let A = [a

ij

℄ be the bi-adja
en
y matrix of G where

a

ij

= 1 if and only if u

i

v

j

is an edge of G, 1 � i; j � n. Thus A has all 1's on

its main diagonal and these 1's 
orrespond to the edges of M . The matrix

7



A� I

n

is the adja
en
y matrix of a digraph D(G;M). The digraph 
an also

be understood as obtained from G by orienting ea
h edge from one part of

G to its other part,and then 
ontra
ting all of the edges of M .

A 
ir
uit of a digraph is a 
ir
ular sequen
e of distin
t edges su
h that the

terminal vertex of ea
h edge is the initial vertex of the edge that follows. As

su
h, a 
ir
uit may be identi�ed with its 
olle
tion of edges, sin
e its 
ir
ular

arrangement is unique. Similarly, we may identify a path in a digraph with

its 
olle
tion of edges.

Let M

0

be another perfe
t mat
hing in G. Then (M nM

0

) [ (M

0

nM)

is a 
olle
tion of pairwise vertex disjoint 
y
les of G of even length whose

edges alternate between M and M

0

. In D(G;M) these 
y
les 
orrespond to

pairwise vertex-disjoint 
ir
uits (not ne
essarily a spanning set sin
e M and

M

0

may have edges in 
ommon). Using the mat
hing M , we may reverse

this 
onstru
tion to obtain, given a 
olle
tion of pairwise vertex-disjoint 
ir-


uits of D(G;M), a perfe
t mat
hing M

0

of G. Thus, there is a one-to-one


orresponden
e between perfe
t mat
hings in G and 
olle
tions of pairwise-

vertex disjoint 
ir
uits in D(G;M). This well-known observation allows us

to reformulate our problem in terms of digraphs and pairwise vertex-disjoint


ir
uits.

A digraph is strongly 
onne
ted provided that for ea
h ordered pair of

verti
es u; v, there is a path from u to v. The 1-extendability of the 
onne
ted

bipartite graph is equivalent to the strong 
onne
tivity of D(G;M). We

formalize this well-known property in the next lemma (see e.g. [3℄). (In

matrix terms this property is usually stated as: A (0; 1)-matrix A of order

n with all 1's on its main diagonal is fully inde
omposable if and only if the

matrix A� I

n

is irredu
ible.

Lemma 3.1 Let G be a 
onne
ted bipartite graph and let M be a perfe
t

mat
hing of G. Then G is 1-extendable if and only if the digraph D(G;M)

is strongly 
onne
ted.

The analogue of Whitney's theorem for digraphs was proved by Thomassen

[5℄. First, re
all that an isomorphism, respe
tively, an anti-isomorphism, of

a digraph D onto a digraph D

0

is a bije
tion f : V (D) ! V (D

0

) su
h that,

for all u; v 2 V (D), there is an ar
 in D from vertex u to vertex v if and only

if there is an ar
 in D

0

from vertex f(u) to vertex f(v), respe
tively, from

f(v) to f(u).

A dire
ted twist of a digraph D is de�ned in a similar way to a twist

in a graph. Let D

1

, D

2

be subgraphs of D of order at least 3, su
h that

8



V (D

1

) [ V (D

2

) = V (D), V (D

1

) \ V (D

2

) = fu; vg, E(D

1

) [E(D

2

) = E(D).

Let D

0

be obtained from D by repla
ing ar
s of the form uw, wu, vw, and wv

by, respe
tively, wv, vw, wu and uw for ea
h w 2 V (D

2

) and then reversing

the dire
tion of all the remaining ar
s of D

2

. Then D

0

is obtained from D by

a dire
ted twist (or di-twist), with respe
t to the verti
es u and v, and D

0

is

a di-twist of D (again with respe
t to the verti
es u and v). Clearly, D and

D

0

have the same 
ir
uits and D is strongly 
onne
ted if and only if D

0

is.

In the language of matri
es, a dire
ted twist is des
ribed as follows. Let

A be the adja
en
y matrix of the digraph D where the verti
es have been

ordered so that u and v 
ome �rst followed by the remaining verti
es of D

1

and then the remaining verti
es of D

2

. Thus A has the form

2

6

6

6

6

6

6

6

6

6

6

4

a b �

1

�

2


 d �

1

�

2




1

Æ

1

A

1

O




2

Æ

2

O A

2

3

7

7

7

7

7

7

7

7

7

7

5

; (5)

where

(i)

2

6

6

6

6

4

a b �

1


 d �

1




1

Æ

1

A

1

3

7

7

7

7

5

and (ii)

2

6

6

6

6

4

a b �

2


 d �

2




2

Æ

2

A

2

3

7

7

7

7

5

(6)

are the adja
en
y matri
es of D

1

and D

2

, respe
tively. An adja
en
y matrix

of the digraph D

0

is obtained from (5) by repla
ing (6)(ii) in (5) with

2

6

6

6

6

4

a 
 Æ

T

2

b d 


T

2

�

T

2

�

T

2

A

T

2

3

7

7

7

7

5

(7)

Thomassen [5℄ proved a analogue of Whitney's theorem for digraphs,

applying Whitney's theorem to the underlying graph. If D is a digraph,

then G

D

denotes the underlying graph of G.

9



Theorem 3.2 Let D and D

0

be two strongly 
onne
ted digraphs with 2-


onne
ted underlying graphs G

D

and G

D

0

. Let ' : E(D) ! E(D

0

) be a

bije
tion su
h that ' and '

�1

preserve 
ir
uits. Then there exist a sequen
e

of di-twists of D resulting in a digraph D

�

su
h that ' is indu
ed by an

isomorphism or anti-isomorphism of D

�

onto D

0

.

Note that the requirement of the 2-
onne
tivity of the underlying graphs

is ne
essary only for G

D

. That G

D

0

is 2-
onne
ted then follows from Whit-

ney's theorem.

LetD be a digraph. Then D is a generalized 
ir
uit providedD is strongly


onne
ted and the underlying graph G

D

is a generalized 
y
le. Let D be a

generalized 
ir
uit su
h that the 
onstituents of its underlying graph G are

G

1

; G

2

; : : : ; G

k

, and the 
onta
t verti
es in G

i

are u

i

and v

i

, i = 1; 2; : : : ; k.

Then the 
orresponding digraphs D

1

; D

2

; : : : ; D

k

are 
alled the 
onstituents

of the generalized 
ir
uit D, and the verti
es u

i

; v

i

in D

i

are 
alled its 
onta
t

verti
es, i = 1; 2; : : : ; k. Note that v

i

= u

i+1

where the subs
ripts are inter-

preted modulo k. Sin
e D is assumed to be strongly 
onne
ted, it follows

that, for ea
h 
onstituent D

i

, either D

i

is strongly 
onne
ted or the digraph

obtained from D

i

by 
ontra
ting ea
h strong 
omponent to a vertex is a

path with initial vertex 
orresponding to the strong 
omponent 
ontaining

u

i

and �nal vertex 
orresponding to the strong 
omponent 
ontaining v

i

, or

the other way around. The following lemma is now easily veri�ed.

Lemma 3.3 If D is a generalized 
ir
uit, then D has a 
ir
uit C 
ontaining

all of the 
onta
t verti
es, and passing through all of its 
onstituents.

In a generalized 
ir
uit D, we always assume that its 
onstituents have

been labeled D

1

; D

2

; : : : ; D

k

in su
h a way that the 
ir
uit C in Lemma 3.3


omes into D

i

at u

i

(=v

i�1

) and leaves D

i

at v

i

(=u

i+1

).

The 
onta
t verti
es of the generalized 
ir
uit D are partitioned into

three types. If there is a 
ir
uit in D

i

meeting one of its 
onta
t verti
es

u

i

; v

i

but not the other, then we say that that 
onta
t vertex is heavy in D

i

.

If there is no 
ir
uit in D

i


ontaining a parti
ular 
onta
t vertex, then we


all that 
onta
t vertex light in D

i

; in this 
ase, the strong 
omponent of D

i


ontaining the 
onta
t vertex 
ontains no other vertex. If a 
onta
t vertex in

D

i

is neither light nor heavy, then it is 
alled 
y
li
 in D

i

; if e.g. u

i

is 
y
li


in D

i

, then there is a 
ir
uit 
ontaining u

i

, and ea
h 
ir
uit in D

i


ontaining

u

i

also 
ontains v

i

. Note that if one of the 
onta
t verti
es is 
y
li
 in D

i

,

then the se
ond one 
learly 
annot be light.
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Next we state a dire
ted analogue of the se
ond assertion in Lemma 2.3.

Lemma 3.4 Let D be a generalized 
ir
uit with 
onstituents D

1

; D

2

; : : : ; D

k

.

Let E

i

denote the edge-set of D

i

. Let ' : E(D) ! E(D

0

) be a bije
tion

su
h that ' and '

�1

preserve 
ir
uits. Then D

0

is a generalized 
ir
uit with


onstituents D

0

1

; D

0

2

; : : : ; D

0

k

(not ne
essarily ordered in this way), where D

0

i

is the subgraph of D

0

indu
ed by '(E

i

) for 1 � i � k.

Proof: The 
orresponding underlying graphs G

D

and G

D

0

are 2-isomorphi


by Theorem 3.2. The lemma now follows by applying Lemma 2.3.

�

Let D be a generalized 
ir
uit with 
onstituents D

i

and 
onta
t verti
es

u

i

; v

i

, i = 1; 2; : : : ; k, and let � be a permutation of f1; 2; : : : ; kg. Let the di-

graphD

�

be obtained fromD by rearranging the 
onstituents in the following

way: we 
y
li
ally 
onne
t 
onstituents D

�(i)

and D

�(i+1)

by identifying 
or-

responding 
onta
t verti
es in pairs. If we identify v

�(i)

and u

�(j)

, we do not


hange the 
onstituents; if we identify v

�(i)

and v

�(j)

, or u

�(i)

and u

�(j)

, then

we reverse the dire
tions of the edges of the 
onstituent D

�(j)

, respe
tively,

D

�(i)

. The digraph D

�

is an admissible rearrangement of D provided that

the following property holds:

(*) If v

i

is heavy or 
y
li
 in D

i

and u

i+1

is heavy or 
y
li
 in D

i+1

, then

D

i+1

follows D

i

in D

�

as it does in D or D

i

follows D

i+1

, i = 1; 2; : : : ; k. If,

in addition, v

i

(u

i+1

respe
tively) is a
tually heavy in D

i

(D

i+1

respe
tively)

then v

i

(u

i+1

respe
tively) is one of the 
onta
t verti
es of D

i

and D

i+1

in

D

�

.

It follows, in parti
ular, that an admissible rearrangement of a 
ir
uit

produ
es either the 
ir
uit itself or its reversal (as, by our 
onvention, a set

of edges).

The de�nition of an admissible rearrangement de�nes impli
itly a par-

tition of the 
onstituents of D into super
onstituents, where ea
h super
on-

stituent is a maximal sequen
e of 
onse
utive 
onstituents of D with the

property that no inner 
onta
t vertex is light. It follows that a 
ommon


onta
t vertex of two di�erent super
onstituents is light in at least one of

them.

It is straightforward to verify the following lemma.
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Lemma 3.5 Let D be a generalized 
ir
uit. A rearrangement of the 
on-

stituents of D does not 
hange the set of 
ir
uits in
ident to any vertex of D

if and only if it is an admissible rearrangement.

The following theorem is a �rst step towards 
hara
terizing bije
tions

between the edges of two digraphs that preserve the union of vertex-disjoint


ir
uits.

Theorem 3.6 Let D and D

0

be two strongly 
onne
ted digraphs and let

' : E(D) ! E(D

0

) be a bije
tion. Then ' indu
es a bije
tion between

unions of vertex-disjoint 
ir
uits of D and unions of vertex-disjoint 
ir
uits

of D

0

(that is, ' and '

�1

preserve unions of vertex-disjoint 
ir
uits) if and

only if, starting with D, there is a sequen
e of admissible rearrangements of

generalized 
ir
uits that results in a digraph D

y

su
h that ' is indu
ed by an

isomorphism or anti-isomorphism of D

y

onto D

0

.

Proof: It follows from Lemma 3.5 that admissible rearrangements do not


hange the set of vertex-disjoint 
ir
uits. We now 
onsider the 
onverse.

First we note that the 
onverse holds when D (and hen
e D

0

) is a 
ir
uit.

Let D be a minimal 
ounterexample, and let � be a generalized 
ir
uit of

D. Lemma 3.4 implies that the image �

0

of � under ' is a generalized 
ir-


uit of D

0

whose 
onstituents �

0

i

are images under ' of the 
onstituents �

i

of �. Let �

�

i

be the strongly 
onne
ted digraph obtained from �

i

by adding

a new edge from its 
onta
t vertex v

i

to its 
onta
t vertex u

i

, and let �

0�

i

be de�ned in a similar way using 
onta
t verti
es u

0

i

and v

0

i

. Let '

�

i

be the

extension of 'j�

i

to �

�

i

whi
h maps the edge (v

i

; u

i

) to the edge (v

0

i

; u

0

i

). In

parti
ular, '

�

i

is a bije
tion from the edges of �

�

i

to those of �

0�

i

preserving

the set of unions of vertex-disjoint 
ir
uits of �

�

i

. Hen
e, by minimality of

D, ea
h '

�

i

is realized by admissible rearrangements of 
onstituents of gen-

eralized 
ir
uits of �

�

i

. Ea
h admissible rearrangement of �

�

i


orresponds to

an admissible rearrangement of �. It follows that the generalized 
ir
uit �

0

is obtained by a rearrangement of the 
onstituents of the generalized 
ir-


uit whose 
onstituents are admissible rearrangements of the 
onstituents

of �. By Lemma 3.5, this rearrangement must be admissible, sin
e a non-

admissible rearrangement would 
hange the set of unions of vertex-disjoint


ir
uits.

�

By Theorem 3.6, to fully 
hara
terize mappings that preserve unions of

vertex-disjoint 
ir
uits, it suÆ
es to des
ribe how admissible rearrangements
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an be 
arried out. To do this, we introdu
e two operations, that of a 
y
li


di-twist and of a supertransposition.

A di-twist of a strongly 
onne
ted digraph D with parts D

1

and D

2

is


y
li
 if both twist verti
es are light in one of the parts, say inD

1

(here we re-

gard D as a generalized 
ir
uit with two 
onstituents ea
h with at least three

verti
es). What this means is the following: Let V (D

1

) \ V (D

2

) = fu; vg

where u and v are light in D

1

. Then fug and fvg are strong 
omponents of

D

1

with, say, ea
h edge of D

1

in
ident with u dire
ted from u and ea
h edge

of D

1

in
ident with v dire
ted to v. Then the di-twist with respe
t to the

parts D

1

and D

2

is a 
y
li
 di-twist. It follows dire
tly that a 
y
li
 di-twist

of a digraph preserves unions of vertex-disjoint 
ir
uits.

Now let D be a generalized 
ir
uit. Let S and S

0

be 
onse
utive super-


onstituents and let u and v (respe
tively, u

0

and v

0

) be the 
onta
t verti
es

of S (respe
tively, of S

0

), where u

0

= v. Further, let T be the union of all

remaining super
onstituents with 
onta
t verti
es u

T

and v

T

where u

T

= v

0

and v

T

= u. Assume that u, u

0

, and u

T

are light in, respe
tively, S, S

0

, and

T . Then the operation of supertransposition of super
onstituents S and S

0

results in the digraphD

0


onstru
ted by transposing S and S

0

in the following

way: D

0

is obtained from the disjoint union of S, S

0

, and T by identifying

u with v

0

, u

0

with v

T

and u

T

with v. It is straightforward to verify that

supertransposition does not 
hange vertex-disjoint unions of 
ir
uits. Our

goal is now to show that 
y
li
 di-twists and supertransposition 
an be used

to 
ompletely des
ribe edge bije
tions between strongly 
onne
ted digraphs

whi
h preserve vertex-disjoint unions of 
ir
uits.

Consider a generalized 
ir
uit D with 
onstituents D

1

; : : : ; D

k

and su-

per
onstituents S

1

; S

2

; : : : ; S

l

. We asso
iate with D an obje
t 
alled an aux-

iliary 
ir
uit that 
aptures the relationship between the super
onstituents.

The auxiliary 
ir
uit has length l and an edge e

i

, joining the 
onta
t ver-

ti
es u

i

; v

i

of S

i

, i = 1; 2; : : : ; l; thus, ea
h super
onstituent is 
ontra
ted to

an edge joining its two 
onta
t verti
es, and these edges are of three types.

Edge e

i

is a fat-edge provided that neither u

i

nor v

i

is a light vertex of S

i

(fat-edges have no dire
tion); e

i

is a thin-edge and is dire
ted from u

i

to v

i

provided that v

i

is a light vertex of S

i

while u

i

is not: e

i

is a two-way edge

dire
ted to both u

i

and v

i

provided both u

i

and v

i

are light verti
es of S

i

.

Important properties of the auxiliary 
ir
uit, following from the de�nition of

super
onstituents, are:

AC1. There is at least one edge dire
ted to ea
h of the verti
es of an auxiliary
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ir
uit. Hen
e:

AC2. If an auxiliary 
ir
uit has at least one fat-edge, then it has a two-way

edge.

AC3. If an auxiliary 
ir
uit 
ontains no two-way edges, then it is just an

ordinary dire
ted 
ir
uit.

We now de�ne admissible rearrangements for auxiliary 
ir
uits. A two-

way path is a path of the auxiliary 
ir
uit whi
h starts and ends with a

two-way edge. An admissible rearrangement of the edges of an auxiliary


ir
uit C is an auxiliary 
ir
uit C

0

obtained by arbitrarily rearranging the

fat-edges amongst themselves, arbitrarily rearranging the two-way paths

amongst themselves, and removing thin-edges from their pla
es and rein-

serting them in other pla
es with orientations reversed (with respe
t to the


lo
kwise orientation). Note that fat-edge rearrangements and two-way path

rearrangements applied to an auxiliary 
ir
uit always result in an auxiliary


ir
uit; a thin-edge shift requires that the property that at least one edge is

dire
ted to ea
h of the verti
es be maintained. The next lemma shows that

two auxiliary 
ir
uits, with the same number of edges of ea
h of the three

types and with at least one two-way edge, are admissible rearrangements of

one another.

Lemma 3.7 Let C and C

0

be auxiliary 
ir
uits 
ontaining the same number

of edges of ea
h type, with at least one two-way edge. For C and C

0

, let there

be assigned labels so that for ea
h of the three types of edges, the edges have

the same set of labels in C as in C

0

. Then C

0


an be obtained from C by

fat-edge rearrangements, two-way path rearrangements, and thin-edge shifts.

Proof: First we rearrange the labeled fat-edges and rearrange the labeled

two-way paths of C so that the fat edges and the two-way edges agree with

their 
y
li
 positioning in C

0

. As remarked above, the result is an auxiliary


ir
uit. Then by shifting the labeled thin-edges of C, we get them to be in

the right position in C

0

: if the orientation of a thin-edge needs to be 
hanged,

then one shift is suÆ
ient; otherwise, we shift the thin edge next to a two-

way edge, thereby 
hanging its orientation and then shift it to its right pla
e,

thereby 
hanging its orientation ba
k to what it was.

�
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We next 
onsider how a 
y
li
 di-twist of a generalized 
ir
uit D relates

to the 
orresponding auxiliary 
ir
uit C. Let T

1

and T

2

be a partition of the

super
onstituents of D into two 
onse
utive parts, where V (T

1

) \ V (T

2

) =

fu; vg. The di-twist with respe
t to T

1

and T

2

is 
y
li
 provided that u and

v are light in one of the parts, say T

1

. Denote by P

i

the set of edges of

the auxiliary 
ir
uit 
orresponding to the super
onstituents in T

i

, i = 1; 2.

Then P

1

and P

2

partition the edges of the auxiliary 
ir
uit into two paths

(
onsisting of the three types of edges). Sin
e u and v are light in T

1

, the edge

of P

1

at u, respe
tively, v is either a two-way edge or a thin edge dire
ted to u,

respe
tively, to v. Conversely, when we have su
h a partition of the auxiliary


ir
uit with these properties, the di-twist with respe
t to 
orresponding parts

of D is 
y
li
.

Lemma 3.8 Let C and C

0

be auxiliary 
ir
uits 
ontaining the same number

of edges of ea
h type, with at least one two-way edge. For C and C

0

, let there

be assigned labels so that for ea
h of the three types of edges, the edges have

the same set of labels in C as in C

0

. Then C

0


an be obtained from C by a

sequen
e of 
y
li
 di-twists.

Proof: First 
onsider an ex
hange of two fat-edges edges e

i

and e

j

. Let S

i

and S

j

be 
orresponding super
onstituents. Sin
e no fat-edges are 
onse
u-

tive in C, C n fe

i

; e

j

g 
onsists of two paths P

1

and P

2

. Denote by T

m

the

union of super
onstituents 
orresponding to edges of P

m

, m = 1; 2. Then the

ex
hange of e

i

and e

j


an be 
onstru
ted by two 
y
li
 di-twists: �rst twist

with parts T

1

and S

i

[ T

2

[ S

j

and then twist with parts T

2

and S

i

[ T

1

[ S

j

.

Now 
onsider an ex
hange of two two-way paths e

i

and e

j

. Their ex
hange

by 
y
li
 di-twists is similar to that for fat-edges. Let S

i

and S

j

be the


orresponding super
onstituents. First suppose that the two-way paths e

i

; e

j

are 
onse
utive so that P = C n fe

i

; e

j

g is a path. Denote by T the union of

the 
orresponding super
onstituents. Then the ex
hange of e

i

and e

j


an be


arried out by the 
y
li
 di-twist with parts T and S

i

[S

j

. Now suppose that

e

i

; e

j

are not 
onse
utive. Let P

1

and P

2

be the two paths of C nfe

0

i

; e

0

j

g, and

let T

1

and T

2

be the 
orresponding unions of super
onstituents. Then the

ex
hange of e

i

and e

j


an be 
arried out by two 
y
li
 di-twists: �rst twist

with parts T

1

and S

i

[ T

2

[ S

j

and then twist with parts T

2

and S

i

[ T

1

[ S

j

.

Finally, we show how a thin-edge shift 
an be 
arried out by 
y
li
 di-

twists. Let e be a thin-edge, and let v be the vertex of C (and so a 
onta
t

vertex of the 
orresponding generalized 
ir
uit) to whi
h e is to be shifted.
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Let S

e

be the super
onstituent 
orresponding to e. Finally, let P

1

and P

2

be

the paths from v to the 
losest vertex of e in both dire
tions of C, and let

T

1

and T

2

be the 
orresponding unions of super
onstituents. Then the shift

of e 
an be 
onstru
ted by two 
y
li
 di-twists: �rst twist with parts T

1

and

T

2

[ S

e

and then twist with parts T

2

and T

1

[ S

e

.

�

We now apply the previous two lemmas to admissible rearrangements

of generalized 
ir
uits. An admissible rearrangement of a generalized 
ir-


uit is an admissible super
onstituent rearrangement provided that it only

rearranges the super
onstituents.

Lemma 3.9 Let D be a generalized 
ir
uit. Then ea
h admissible super
on-

stituent rearrangement D

0

of D 
an be a

omplished by a sequen
e of 
y
li


di-twists and supertranspositions.

Proof: Let C and C

0

be the auxiliary 
ir
uits 
orresponding to D and D

0

,

respe
tively. Then the super
onstituent rearrangement indu
es a bije
tion

between the edges of C and those of C

0

that preserves edge types. If the aux-

iliary 
ir
uit C of D 
ontains at least one two-way edge, then by Lemma 3.7,

C

0

may be obtained from C by a sequen
e of fat-edge ex
hanges, two-way

edge ex
hanges, and thin-edge shifts. By Lemma 3.8, this 
an be a

om-

plished by a sequen
e of 
y
li
 di-twists. Suppose that C does not 
ontain

any two-way edges. Then C is an ordinary 
ir
uit, and C

0

is also an ordinary


ir
uit obtained by a rearrangement of the edges of C. But then C

0


an be

obtained from C by a sequen
e of transpositions of 
onse
utive edges. Ea
h

su
h transposition of edges 
an be a

omplished by a supertransposition.

�

We now 
hara
terize bije
tions between the edges of digraphs that pre-

serve unions of vertex-disjoint 
ir
uits.

Theorem 3.10 Let D and D

0

be two strongly 
onne
ted digraphs, and let

' : E(D)! E(D

0

) be a bije
tion. Then ' indu
es a bije
tion between unions

of vertex-disjoint 
ir
uits of D and unions of vertex-disjoint 
ir
uits of D

0

if and only if, starting with D, there is a sequen
e of 
y
li
 di-twists and

supertranspositions that results in a digraph D

y

su
h that ' is indu
ed by an

isomorphism or anti-isomorphism of D

y

onto D

0

.
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Proof: Ea
h admissible rearrangement 
onsists of an admissible rearrange-

ment of super
onstituents and admissible rearrangements within a super
on-

stituent. Moreover, admissible rearrangements within a super
onstituent 
an

be a

omplished by 
y
li
 di-twists. Hen
e the theorem follows by Theorem

3.6 and Lemma 3.9.

�

4 Perfe
t Mat
hing Preservers

We 
an now prove the main result of this paper.

Theorem 4.1 Let G and G

0

be two 1-extendable, bipartite graphs and let

 : E(G)! E(G

0

) be a mat
hing preserver. Then there is a sequen
e of bi-

twists and bi-transpositions of G resulting in a graph isomorphi
 to G

0

and

 is indu
ed by this isomorphism.

Proof: By Lemma 2.1, G has a perfe
t mat
hing M with the property that

the two verti
es of ea
h edge do not form a 
ut of G. A bi-twist of the bi-

partite graph G 
orresponds to a 
y
li
 twist of the digraph D(G;M), and

a bi-transposition of G 
orresponds to a supertransposition of D(G;M). As

observed previously, bi-twists and bi-transpositions preserve perfe
t mat
h-

ings.

For the 
onverse, assume that  : E(G)! E(G

0

) is a mat
hing preserver.

Let M

0

=  (M). Let ' : E(D(G;M))! E(D(G

0

;M

0

)) be the bije
tion nat-

urally determined by  . From the 
orresponden
e between mat
hings in G,

respe
tively, G

0

, and unions of vertex-disjoint 
ir
uits of D(G;M), respe
-

tively D(G

0

;M

0

), ' indu
es a bije
tion between pairwise vertex-disjoint 
ir-


uits ofD(G;M) and those ofD(G

0

;M

0

). Hen
e by Theorem 3.10, D(G

0

;M

0

)

may be obtained fromD(G;M) by 
y
li
 twists and supertranspositions, and

so G

0

may be obtained from G by bi-twists and bi-transpositions.

�
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