Channel assignment problem with variable
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Abstract

A A-graph G is a (finite or infinite) graph with k types of edges,
x1-edges, ..., rrp-edges. A labeling ¢ of the vertices of G by non-
negative reals is proper with respect to reals z1,...,z, if the labels
of the end-vertices of an z;-edge differ by at least ;. The span of the
labeling ¢ is the supremum of the labels used by c. The A-function
Aa(z1,...,xy) is the infimum of the spans of all the proper labelings
with respect to zi,...,xk.

We show that the A-function of any graph G is piecewise linear
in z1,...,x, with finitely many linear parts. Moreover, we show
that for every integers k and A, there exist constants Cj,a and Dy a
such that the A-function of every A-graph G with k types of edges
and chromatic number at most A is comprised of at most Cj A linear
parts, and the coefficients of x1, . ..,z of the linear functions compris-
ing Ag(z1,...,zr) are integers between 0 and Dy a. Among others,
our results yield proofs of Piecewise Linearity Conjecture, Coefficient
Bound Conjecture and Delta Bound Conjecture of Griggs and Jin.

1 Introduction

Radio frequency problems can be expressed as various graph labeling prob-
lems [12, 18]. A prominent role among such graph labeling problems plays
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the notion of L(pi,...,pr)-labelings, graph labelings with distance con-
straints. Several approaches to study the dependence of the span of op-
timum labelings on the parameters p1, ..., pr have recently been proposed:
an approach based on real-value relaxation of L(py, ..., px)-labelings can be
found in the work of Griggs and Jin [8, 9, 10], another approach based on
the notion of A-graphs can be found in [2]. In the present paper, we gener-
alize the notion of A-graphs introduced in [2] from k = 2 to arbitrary k and
provide structural results for the general model. The obtained results yield
proofs of Piecewise Linearity Conjecture, Coefficient Bound Conjecture and
Delta Bound Conjecture of Griggs and Jin stated in [8].

A labeling ¢ of the vertices of a (finite or infinite) graph G by non-
negative integers is an L(py, . .., px)-labeling for positive integers py, ..., p,
if the labels of any two vertices v and v at distance (exactly) ¢ differ by
at least p;. Let us remark here that all graphs as well as A-graphs con-
sidered in this paper can be finite or infinite unless stated otherwise. The
maximum label used by ¢ is said to be the span of ¢ and the least span
of an L(py,...,pr)-labeling of a graph G is denoted by Ag(p1,...,pr) (we
deviate from the standard notation in order to emphasize the dependence
on the parameters py,...,pr). There is an enormous amount of literature
on algorithms for L(py,. .., px)-labelings of graphs [1, 3, 6, 7, 15, 19]. From
the structural point of view, the attention of researchers focused mainly on
the case of L(2,1)-labelings, partly because of the following conjecture of
Griggs and Yeh [11]:

Conjecture 1 (A? Conjecture) IfG is a finite graph of mazimum degree
A, then \g(2,1) < A2,

Conjecture 1 was verified for several special classes of graphs, including
graphs of maximum degree two, chordal graphs [20], see also [4, 16], and
hamiltonian cubic graphs [13, 14]. In the general case, the original bound
Ac(2,1) < A%+ 2A from [11] has been improved to A2 1 (G) < A%+ A in [5]
and a recent more general result of the author and Skrekovski [17] yields
the present record A2 1(G) < A? + A — 1.

In order to capture the dependence of the optimum spans on the pa-
rameters, Griggs and Jin [8] allowed both the parameters py, ..., py and the
labels used by a labeling ¢ to be any non-negative reals. Similarly to the
original notion, they define the span of a labeling ¢ as the supremum of the
labels used by ¢, and Ag(p1, - - ., pr) denotes the span of an optimum labeling
of a graph G, i.e., the minimum (that is always attained if Ag(p1,...,pk) is
finite) of the spans of all L(py, ..., pr)-labelings of G. In this setting, Griggs



and Jin [8] prove that for any reals pi,...,pk, the value of A\g(p1,...,pr)
can be expressed as Zle «;p; for some non-negative integers a;. Moreover,
ifall py, ..., pr are integers, the values Ag(p1, .- ., pr) in the original and the
relaxed settings coincide. They also show that the function Ag(p1,...,Dk)
is a continuous function piecewise linear in the parameters p1,...,pg, and
conjecture the following [8]:

Conjecture 2 (Piecewise Linearity Conjecture) For any graph G, the
graph of the function Ag(p1,...,pr) is comprised by finitely many linear
parts, i.e., there exist finitely many hyperplanes in RF through the origin
such that the function Ag(p1,-..,pr) s linear in each of the convez polyhe-
dral cones (formed by non-negative reals) that are determined by the hyper-
planes.

Conjecture 3 (Coefficient Bound Conjecture) For every graph G and
every integer k, there exists a constant Dy g such that the following holds
for all reals py,...,pr: the value of the function Ag(p1,...,pr) is equal

to Zle a;p; for some integer coefficients ai,...,ay between 0 and Dy g
(the integers ai,...,qr may depend on py,...,pr). Moreover, there is a
labeling ¢ with span Ag(p1,...,pr) such that c(v) = Ele a;(v)p; where
a1 (v),...,ax(v) are integers between 0 and Dy, .

Conjecture 4 (Delta Bound Conjecture) For every integers A and k,
there exists a constant Dy a such that, for every graph G with mazimum
degree at most A and every reals p1,...,pr the following holds: the value
of the function A\g(p1,--.,pr) is equal to Zle a;p; for some integer coeffi-
cients ai, ..., ax between 0 and Dy A (the integers aa,. .., o may depend
on p1,-..,pr). Moreover, there is a labeling ¢ with span Mg (p1,- .., pr) such
that c(v) = Zle a;(v)p; where aq(v),...,ax(v) are integers between 0 and
Dia.

Note that Delta Bound Conjecture implies Coefficient Bound Conjecture.
Griggs and Jin [8] proved all the three Conjectures 2, 3 and 4 for k = 2 (for
k =1, the conjectures are trivial) and Conjecture 2 also for finite graphs G.

In the present paper, we consider the problems posed in [8] in the more
general setting of A-graphs that was introduced for k¥ = 2 in [2]. A A-graph
G with k types of edges is a graph G whose edges are labeled by variables
Z1,.-.,TE. An edge labeled by a variable z; is called x;-edge. Two vertices
of G may be joined by edges of several types. A proper labeling c of G with
respect to the real numbers z, ...,z is a labeling of the vertices of G by



non-negative reals such that the labels of the end-vertices of an x;-edge uv
differ by at least z;, i.e., |c(u) — ¢(v)| > ;. The span of the labeling c is the
supremum of the labels used by ¢ and Ag(x1,...,x) is defined to be the
infimum of the spans of all proper labelings with respect to z1,...,z;. The
results of [2] yield that for every reals z1,...,z, if Ag(z1,...,z) is finite,
then there exists a proper labeling ¢ with span Ag(z1,...,z) and the span
of ¢ is equal to the maximum label used by ¢, i.e., both the infimum and the
supremum in the definitions are attained. The A-function of a A-graph G is
Ag(x1, ..., xp) viewed as a function of variables @1, ..., x. The chromatic
number of a A-graph G is the chromatic number of the underlying graph,
ie, Ag(l,...,1)+ 1.

L(p1,...,pr)-labelings of graphs can be modeled as A-graphs as follows:
if G is a graph, form a A-graph G(*) with the vertex set V(@) such that
two vertices v and v are joined by an z;-edge in G*), i =1,... k, if their
distance in G is exactly i. Clearly, the optimum span Ag(p1,-..,pk) iS
equal to the value Agw) (z1,...,2k) of the A-function of G"® for z; = p;,
i =1,...,k. Because of this close relation, we decided to use the notation
Ac(-..) both for the spans of optimum L(py,...,px)-labelings and the \-
functions of A-graphs. Since it is always clear throughout the paper whether
G is a graph (in which case, Ag(p1,-.-,pr) stands for the span of an opti-
mum L(py,...,pr)-labeling) or a A-graph (in which case, Ag stands for the
A-function of G), the confusion of the notations is avoided.

Similarly as in the case of L(p,...,pr)-labeling [8], A-functions of A-
graphs have the scaling property, i.e., for every non-negative reals x1, . .., xy
and §, the following holds: Ag(Bx1,...,Bzr) = BAc(x1,- .., 2k). Therefore,
the A-function of any A-graph is linear on every ray through the origin in R*.
In Section 4, we show that the A-function Ag of any A-graph G is comprised
of finitely many linear parts, i.e., the subset of R* formed by non-negative
reals can be partitioned into finitely many (infinite) polyhedral cones (with
the tips at the origin of R*) such that Ag is linear on each of these cones.

Our main result is Theorem 9 that asserts the existence of the constants
Ck,a and Dy p such that the A-function of any A-graph G with k types of
edges and chromatic number at most A is comprised of at most Cj A linear
parts and the coefficients of x1,...,xy of the linear functions comprising
the A-function are integers between 0 and Dy a. In this paper, we solely
focus on proving the existence of the constants Cy a and Dy a without at-
tempting to optimize their growth. Let us remark that the existence of the
constants Ci a and Dy p for k = 2 follows from the results of [2]. However,
the technique used in [2] does not seem to generalize to k£ > 2. As demon-



strated in Section 5, our main result yields the proofs of Piecewise Linearity
Conjecture, Coefficient Bound Conjecture and Delta Bound Conjecture for
L(p1,- .., pr)-labelings (Conjectures 2, 3 and 4).

2 Preliminaries

In [2], an analogue of Gallai-Roy Theorem for infinite graphs with edges
of different weights was proved. We will not state the theorem in its full
generality but just in the form restricted to A-graphs. An orientation of an
infinite graph G is said to be finitary if it does not contain a directed walk
of arbitrary length. In particular, a finitary orientation of G is acyclic. A
weight of a finite directed path P in an orientation of a A-graph G with
respect to w1, ...,z is the sum of the variables assigned to its edges, i.e.,
Zle a;x; if P contains «; w;-edges. The weight of a finitary orientation G
of a A-graph G is the maximum weight of a directed path in G (note that
the maximum is always attained since the lengths of directed paths in G are
bounded in a finitary orientation and there are only finitely many different
types of edges in G). We now state the version of Gallai-Roy Theorem for
A-graphs:

Theorem 1 Let G be a A-graph with k types of edges. For any real numbers
X1,y Th, A (X1, ..., xk) @s equal to the minimum weight of a finitary ori-
entation G of G (in particular, there ezists a finitary orientation of weight
AG(wla v 73316))'

IfGis a finitary orientation of a A-graph G, then the labeling ¢, where
¢(v) is the maximum weight of a directed path ending at a vertex v, is a
proper labeling of G with respect to z1,...,z;. We say that the labeling c,
defined in this way, corresponds to the orientation G. Clearly, the span of
the labeling corresponding to G is the weight of G. On the other hand, for a
proper labeling ¢ of G for positive reals z1,. .., x, whose span is finite, one
may define a (finitary) orientation G of G such that an edge uv is directed
from u to v if ¢(u) < ¢(v). Such orientation G corresponds to the labeling
c. Observe that the weight of the orientation corresponding to a proper
labeling ¢ is at most the span of ¢ (in general, it can be strictly smaller).

If G is a A-graph with & types of edges, we say that an edge wv is an
z<¢-edge if uv is an z;-edge where ¢ < £. The set of all z<,-edges of G is the
set of all z;-edges with ¢ = 1,...,¢. Similarly, we use the terms x.,-edges,



z>¢-edges, etc. We demonstrate this notation in the next auxiliary lemma
that will be used later:

Lemma 2 Let G be a A-graph with k types of edges and with chromatic
number at most A, and let 0 < £ < k. If there exist an integer D and a
finitary orientation G of G such that every directed path in G contains at
most D w<-edges, then:

Aa(z1, .y 2k) < dmax + (L + 1)DA-max{a:g+1,...,a:k}

where dmax 5 the mazimum sum of weights of x<¢-edges on a directed path
in é, i.e., dmax would be the weight ofC_j if the parameters xo41,. .., T were
equal to zero.

In particular, it holds that Ag(z1,...,zr) < A-max{zy,...,zt}.

Proof: Fix a finitary orientation G that has the properties described in the
statement of the lemma (if £ = 0, fix any finitary orientation G of G). Let
d(v) be the maximum sum of the weights of x<s-edges on a directed path
in G ending at a vertex v. Clearly, diyax = max,cy () d(v). Let D be the
set of all different values of d(v) and let (v) be the number of the elements
of D smaller than d(v). Since every directed path in G contains at most D
w<-edges, it holds that |D| < (¢+1)P, and thus 0 < 6(v) < |D| < (£+1)P
for every vertex v of G. Finally, let u be a coloring of the vertices of G with
colors 1,...,A.
Let us define a labeling ¢’ of the vertices of G as follows:

d'(v) =d(v) + (§(v)A + p(v)) - max{zet1, ..., Tk} -
Since d(v) < |D| for every vertex v of G, the span of ¢ does not exceed:
dmax + | DA - max{xpt1,..., 2} < dmax + (£ + I)DA ~max{Tet1,..., T}

In the rest, we show that ¢’ is a proper labeling with respect to 1, ..., z.

Consider an z;-edge uv of G. By symmetry, we may assume that the
edge uv is directed from  to v in G. In particular, it holds that d(u) < d(v)
and 0(u) < 0(v). We distinguish two major cases: the first one is i < Z.
In this case, d(u) + z; < d(v) and thus §(u) < d(v). We can immediately
conclude:

() =) = dv)—d(u)+ ((0(v) = d(W)A + u(v) — p(u)) - max{we, ...
> d(v) — d(w) + (A + p(v) — p(w)) - max{oes, 21}
> d(v) —d(u) > z; .



Therefore, the edge uwv is properly colored in the first case.
The other case is that ¢ > £. If d(u) = d(v), then §(u) = 6(v) and the
following holds (similarly to the first case):

¢ (w) = ¢ @) = lu(u) = p(o)] - max{eess, ... 25} > 2

If d(u) < d(v), then §(u) < §(v) and we have the following:

d(v) =) = dv)—d(u)+ ((0(v) = d(W)A + p(v) — p(u)) - max{wes, ...

> (A4 p(w) — p(w) -max{zp1,..., 26} > x; .

Hence, the labels of u and v also differ by at least x; in the second case.
|

3 Orientations with Minimum Weight

In this section, we construct orientations of A-graphs with minimum weight
such that the maximum length of a directed path in the constructed orien-
tation is bounded. First, let us define numbers D;  and K; 5 for integer A
and i as follows:

Dian = A
Kin = (i+1)Pua
Digin = (QKi,zx)K"2”‘+3 A

Next, we state several propositions that can be verified directly from the
definitions of D; x and K; p. Their proofs are left to the reader.

Proposition 3 For integers A > 2 and i, the number of multisets that
consist of at most D; o numbers 1,...,¢ does not exceed K; » — 1.

Proposition 4 The following holds for every integers A and i:
Dit1a > (2Ki7A)Ki2-A+2 A+ K - A

We now introduce some notations used in the proof the main lemma
of this section (Lemma 7). For an integer M and positive reals z1, ..., zg,

7$k}



Tp(xy,...,xk) denotes the set of all combinations of zy, ...,z with non-
negative integer coefficients whose sum does not exceed M, i.e.:

k k
FM(.’L'l,...,.’I;k): Zaj:vj|0§a1,...,ozk& ZajSM
j=1

j=1

The set Iy (21, . . ., k) is then defined to be the set of all non-negative reals
that can be expressed as a difference of two numbers from Ty (z1,. .., zg),
ie.:

[y(xe,...,xp) ={a—Bla,B € Tar(x1,...,2) & a— >0} .

Since 0 € T'y/(zy,...,zx), the set T'p(xy,...,x,) is contained in the set
Iy (z1,. .., 2). The following estimates on the sizes of I'ps(z1, ..., zx) and
Iy (x1,...,xy) directly follow from Proposition 3:

Proposition 5 Let x1,...,x; be any positive real numbers and let A > 2
be a positive integer. The following two estimates hold:

|FDk,A(l’17"‘7mk)| < Kpa
|F’Dk)A(JJ1,...,l’k)| < K}i/\

We now establish an auxiliary lemma that will be extremely useful in
the proof of Lemma, 7:

Lemma 6 Let zy,...,x, x1 > --- > x > 0, be real numbers, A > 2 a
positive integer, and y another positive real number. There exists a real
number t,

Kiahy <t < (2K,0) 5k aAy

such that the set I,  (x1,...,7k) contains no element strictly between t
and K a(t + Ay). In particular, the real t has the following property (x):
ify €T, (w1,...,x) and v > t, then v > Ky a(t + Ay).

Proof: By Proposition 5, the set I',  (21,...,2)) contains less than Kl%,A
real numbers. Let us define reals ¢;, j = 1,.. ., K,iA, as follows:

tj = (2Kk7A)jAy .



Since Ky a(tj + Ay) < 2Ky atj = tjq forall j = 1,..., K7, — 1, all the
open intervals I;,

Ij = (tjaKkJ\(tj +Ay)) J = 17---7KI%,A7

are disjoint. Since all the K7 , intervals I; are disjoint and Iy, (21, ..., %) <
K,%’A, there exists jo such that no element of I', (21, .., %) is contained
in Ij,. The number ¢, is the desired number .

|

We state and prove the key lemma of this section:

Lemma 7 Let G be a (finite or infinite) A\-graph G with k types of edges
and with chromatic number at most A. Fix real numbers x1,...,x, v1 >
oo >wp > 0. Foreach £ =1,...,k, there exists a finitary orientation G of
G of weight A\g(z1,...,xk) such that every directed path in G contains at
most Dy n x<¢-edges.

Proof: If A = 1, there is nothing to prove since G contains no edges and
the statement of the lemma holds vacuously. Therefore, we assume A > 2
in the remaining. For the rest of the proof, let us fix a proper coloring u (in
the usual sense) of the vertices of G with colors 1,..., A.

The proof of the lemma proceeds by induction on the number ¢. First,
we have to deal with the case £ = 1. Consider any finitary orientation G of
G of weight Ag(z1,...,z). Such an orientation exists by Theorem 1. By
Lemma 2, it holds Ag(z1,...,zr) < Az;. Since the weight of any directed
path in G does not exceed A (x1,...,2,) < Axq, every directed path in G
contains at most Di o = A wi-edges.

We now deal with the case ¢ > 1. By the induction, there exists a finitary
orientation G of G of weight Ag(x1,...,x;) such that any directed path
contains at most Dy_1 A £<¢—1-edges. Let ¢(v) be the labeling corresponding
to @, and let d(v) be the maximum sum of weights of z<,_;-edges on a
directed path in G ending at a vertex v. Clearly, d(v) < ¢(v) for every
vertex v of G. Finally, let §(v) be the number of the elements of I'p,_, ,
smaller or equal to d(v). Since |I'p, , ,| < Ky—1,a by Proposition 5, 1 <
d(v) < Ky—1 4 — 1 for every vertex v of G.

By Lemma 6 (applied for y = xy and k = ¢ — 1), there exists a real
number £,

KA <t < (2K 2) K10 Axy



such that the set I, (21,...,2¢-1) contains no element strictly between
t and Ky A(t+ Axy), i.e., ¢ has the property (%) from Lemma 6. We define
a new labeling ¢’ and show that it is is a proper labeling with respect to
L1yeeny Lk

1. If e(v) — d(v) < (K¢—1,a — d(v))t, then '(v) = c(v).
2. Otherwise, ¢/(v) = d(v) + (Ke—1a — 1)t 4+ 6(v)Azp + p(v)zy.

Fix an z;-edge uv of G. In order to verify that ¢’ is a proper labeling on
the edge uv, we distinguish five major cases:

e Both the labels ¢/(u) and ¢'(v) are defined by the first rule.
Since ¢/(u) = ¢(u) and ¢'(v) = ¢(v), we have | (u) — ¢'(v)| = |e(u) —
c(v)| > z;.

e The label ¢'(u) is defined by the first rule, the label ¢/(v) is
defined by the second rule and i < /.
We distinguish two cases according to the orientation of the edge uv
in G. If the edge is directed from u to v, we have d(u) + z; < d(v).
Because the label of u is defined by the first rule, the label ¢’ (u) = ¢(u)
is at most d(u) + (K;_1,o — 1)t. On the other hand, the label ¢'(v)
is larger than d(v) + (Ky—1,o — 1)t. We infer that ¢'(v) — ¢'(u) >
d(v) — d(u) > ;.
The other case is that the edge uwv is directed from v to u. In particular,
d(v) + z; < d(u), 6(v) < §(u) and c¢(v) < ¢(u). First, we show that
d(u) — d(v) — x; > t. Assume for contrary that d(u) — d(v) — z; < t.
Since c¢ is a proper labeling of G, ¢(v) < ¢(u) —x;. Since the label to u
was defined by the first rule, we have c(u) < d(u) + (Kp—1,4 — d(u))t.
Therefore, the following holds:

c(v) < clu) —
< d(u) + (K1 p —0(u)t —x;
< d(v) + (Kp-1,a —0(u)t +1t
< d(v) + (Kg—1,a —6(v))t

However, this yields that the label of u should have been defined by
the first rule. We conclude that d(u) — d(v) —z; > t. Moreover, since
¢ has the property (x) and d(u) —d(v) —z; € I'p, | (@1,...,@¢-1), it
holds that d(u) — d(v) —z; > Ke_1 A (t + Axyg).

10



We now bound the label ¢/ (v) assigned to the vertex v from above
(recall that p(v)z, < Axy < t):

dw) = dw)+ (K1 a — 1)t +0(v)Az + p(v)z,
< d(w) + Keaat+ K aAxyg
< duw)—x; < clu)—x; = ¢ (u) —x; .

Hence, the labels of the vertices v and v differ by at least z; as required.

The label ¢'(u) is defined by the first rule, the label ¢'(v) is
defined by the second rule and i > /.
If d(u) < d(v), then ¢'(u) < d(u) + (K¢—1,o — 1)t and ¢'(v) > d(v) +
(Kp—1a — Dt +p)ze > d(u) + (K¢—1,4 — 1)t + x. Therefore, ¢'(v) —
¢ (u) >z, as desired.
In the rest, we focus on the case d(u) > d(v). This implies that
0(u) > 6(v), the edge wv is directed from v to u and c¢(u) > ¢(v). First,
we exclude the case d(u) — d(v) < t. Since the label of the vertex u
was defined by the first rule, we have c(u) < d(u) + (K1, — d(w))t.
We infer the following upper bound on ¢(v):

c(v) c(u) < d(u) + (Kp—1.a —0(u))t
d(v) +t+ (Kp—1,a — 6(u))t
d(’l)) + (Klfl,A - 5(’1)))t .

ININ A

Then the label to v should have been defined by the first rule not by
the second one. We may conclude that d(u) — d(v) > t. Since ¢ has
the property (x) and d(u) —d(v) € Iy, | (x1,...,@¢-1), it holds that
d(u) —d(v) > Ky_1,A(t + Az;). The following upper bound on ¢ (v)
readily follows (recall that 6(v) < Ky_1.a — 1):

c(v)

d(w) + (Ke—1,a — 1)t +6(v)Axy + p(v)xe
d() + Ke_qat —t + Koy aAxy
diu)—t < clu)—xzp = (u) —z¢ < (u) —z; .

IAIA

Hence, the labels of the end-vertices of the x;-edge uv differ by at least
x; as required.

Both the labels ¢/(u) and ¢/(v) are defined by the second rule
and 7 < £.

11



By symmetry, we may assume that the edge uv is directed from u to
v in G. In such case, d(u) + z; < d(v) and §(u) < 6(v). We now
estimate the difference of the labels ¢/(u) and ¢ (v):

d(v) —c'(u) = d(v)—d(u)+ (6(v) — 6(u) Az + (u(v) — p(u))ze
> i+ Aze — (o) — pu)lze > ;.
We conclude that the edge uv is properly colored.

e Both the labels ¢'(u) and ¢/(v) are defined by the second rule
and ¢ > /(.
By symmetry, we may assume that the edge uv is directed from u to
v in G. In such case, d(u) < d(v). If d(u) = d(v), then:

|c'(v) = ()] = |n(v) = pu)|ze 2 we 2 @i

In the rest, we deal with the case d(u) < d(v). In particular, é(u) <
0(v). We bound the difference between ¢’ (u) and ¢’ (v) as follows (recall
that 1 < p(v), p(v) < A):

d(v) =c'(u) = dv)—du)+(6(v) = 6(u)Aze + (u(v) — p(u))z
> Az —|u(v) —p(u)|ze > 0 > ;.

Therefore, the difference of the labels ¢/ (u) and ¢'(v) is at least z; as

desired.
As the next step, we show that the span of ¢’ is equal to Ag(z1,-. -, zk)-
In order to do so, it is enough to show that ¢'(v) < Ag(z1,...,z) for every

vertex v of G. Let cpax and dpax be the maximums of the values ¢(v) and
d(v) taken over all the vertices v of G. Clearly, cmax = Ag(z1,...,2k). By
Lemma 2, the following holds:

Cmax < dmax + elel’AA - T¢ = dmax + KZ—LAA c &Ly -

Fix a vertex v of G. In order to show that ¢/(v) < ¢pax, we distinguish
three cases according to difference between d(v) and dpmax:

o d(v) = dmax
Since ¢(v) < emax < d(v) + Kp—1 aAzy < d(v) +t < d(v) + (Kp—1.a —
d(v))t, the label of the vertex v was defined by the first rule. Conse-
quently, ¢/(v) = c(v) < Cax.

12



o dyax —d(v) <t
First, let us observe that 6(v) < Ky_1 o — 2. Again, we bound the
original label ¢(v) from above:

c(v) < emax < dmax + 1 < d(v) + 2t < d(v) + (Kp—1.4 — ()t .

Therefore, the label of the vertex v was defined by the first rule, and
c'(v) = ¢(v) < Cmax-

o dpax —d(v) >t
Since ¢ has the property (x) and dwax — d(v) € I'p, | (z1,...,2¢-1),
max —d(v) > Ko_1 A(t+ Azg). If the first rule applies to the vertex v,
then ¢/ (v) = ¢(v) < emax- If the second rule applies, then the following
estimate on ¢(v) holds:

dw) = dw)+ (K1 a — 1)t +0(v)Az + p(v)z,
< d(w) + Keaat+ Ke o aAxg
< dmax < Cmax -

Hence, the label ¢/(v) does not exceed cpax-

Let G’ be the orientation of G corresponding to the labeling ¢’. Since

all x1,...,x are positive, the orientation G is finitary and its weight is at
most the span of ¢’. Since the span of ¢' is Ag(z1,-..,zk), the weight of
G' is exactly Ag(z1,...,2k). In order to finish the proof of the lemma, we

establish that each directed path in G' contains at most Dy p z<e-edges.
All the labels ¢ (v) defined by the first rule are contained in the following
union of intervals:

U (v,7 + Ke—1,at)

YETD,_y A (@150sTe—1)

< U <77'7 + (2Kl717A)K‘32_1’A+1Al’[)
’YEFDefl‘A(zh...,x[,l)
The labels ¢(v) assigned by the second rule are from the following set:

U i+ (Ke1a — Dt +idae + jze,j = 1,..., A}

Vi€lD,_y 5 (@150 @e—1)

13



where 71,72, ... are all the elements of I'p,_, , listed in the increasing order.
Consider a directed path P in G" and let C' be the set of labels of the end-
vertices of w<¢-edges on P. Since any two labels in C differ by at least
xz¢ and [I'p, , ,(z1,...,2¢-1)] < K¢_1,a by Proposition 5, we have the
following upper bound on the number of labels contained in C' that were
defined by the first rule:

(2K3_17A)K‘”2*1>A+1A:Ue

< (2K g 0)KE1at2p
Ty

|FDZ—1.A (-751: e :-Té—l)|

Similarly, the number of the labels defined by the second rule does not
exceed:
ITpy ia (@1, me1)|A < Kpoq AN

Combining both the bounds, we infer from Proposition 4 that the size of
2
C does not exceed Dy = (2Kg,1,A)Kf-’—1,A+3A. Therefore, every directed
path in G' contains at most Dy p z<¢-edges as desired.
| |

We modify Lemma 7 to a version used in Section 4:

Lemma 8 Let G be a (finite or infinite) A\-graph with k types of edges
and chromatic number at most A. For any k-tuple of non-negative reals
x1,.-., Tk, there exists a finitary orientation of G with weight Ag(x1, . .., %)
with mazimum length of a directed path at most Dy, a.

Proof: By symmetry, we can assume that z; > --- > z (otherwise,
permute the types of the edges of G). If z; > 0, the statement of the
lemma follows directly from Lemma 7. In the rest, we deal with the case
when z > 0 and zg 41 =--- =z = 0.

Fix a coloring p of G with A colors 1,...,u. Let G’ be the subgraph of
G formed by z<p-edges. By Lemma 7, there exists a finitary orientation

G' of G with weight A\g (z1,...,2) = Ag(z1, ..., 2,) and with maximum
path length at most Dy o. Let c¢(v) be the labeling of G’ corresponding to
G'. Observe that ¢(v) € Lp, ,(z1,...,2p) for every vertex v of G.

We extend G' to a finitary orientation G of G. An T p-edge uv is
directed from u to v if c(u) < ¢(v), from v to w if c(u) > c(v). If c¢(u) = ¢(v),
then the edge uv is directed from w to v if p(u) < p(v), and from u to v,
otherwise. Clearly, the weight of G is the same as the weight of G

14



Let P be a directed path in G. Clearly, the labels c¢(v) of vertices v
does not decrease along the path P. Moreover, each subpath of P formed
by vertices v with the same label has length at most A — 1 as the labels
u(v) of the vertices comprising the subpath strictly increase. Since all the
labels ¢(v) are from the set I‘Dk,)A(ml, ..., Zp), P contains at most K/ A

such subpaths. Hence, the length of a directed P in G does not exceed
Ky a-A. Therefore, the maximum length of a directed path in G is at most
Kprn - A< Dpp.

|

4 Main Result

In this section, we prove our main result on the structure of the A-functions
of A-graphs. Before doing so, we introduce several definitions. Fj o denotes
the set of all linear functions of k variables with integer coefficients between
0 and Dy, a, ie.,

k
Fra = {Zaiﬂ?i,o <a; < Dk,A} .

=0

Next, Fi'3* is the set of all functions ¢ that are equal to the maximum of
some of the functions from Fy 4, i.e.,

Fin =A{e(@1, ..., zp) :I?g%cf(ml,...,xp) for F C Fra, F#0}.

Finally, f,‘g‘:}\“max is the set of all functions that are equal to the minimum

of some of the functions from F}'§*, i.e.,

E}\nmax ={p(x1,...,2p) = r}lealg(f(;vl,...,wp) for FF C FPY, F # 0} .
Observe Fja C ]—',’J}XX - f,‘c‘:}\“max. Clearly, all the three sets Fj a, ,‘c“f{x
and f,‘c‘:}\“max are finite. Therefore, the subset of R¥ formed by k-tuples of
non-negative reals can be partitioned into finitely many closed polyhedral
cones (with the tips at the origin of R¥) such that every function contained
in ]-',?jj\nmax is linear on each of the cones. Let C} s be the number of such
cones.

We now state and prove the main result of the paper (note that both
the numbers Cj o and Dy, 5 just depend on k and A):
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Theorem 9 For every A-graph G with k types of edges and chromatic num-
ber at most A, Ag(x1,...,x) is a piecewise linear function of x1,...,xy
with at most Cy n linear parts formed by linear function with integer coef-
ficients between 0 and Dy n. Moreover, the subset of RE formed by non-
negative integers can be partitioned into at most Ci p (closed) polyhedral
cones such that for each of the cones the following holds: there exist inte-
gers a;(v) between 0 and Dy, 5 such that the labeling ¢, c(v) = Zle a;(v)x;,
is a proper labeling of G with respect to x1,...,x; and the span of ¢ is
Ag(l'l, ce ,.I'k).

Proof: Let D be the set of all finitary orientations of G' with maximum
length of a directed path at most Dy . For an orientation G € D, let F(G)
be the set of all the functions Zf 1 ;i such that G contains a directed path
w1th precisely «; x;-edges. Since the maximum length of a directed path in
G does not exceed Dy, A, the set F(G) is a subset of Fy, 4, i.e. F(G) C Frn-
By the definition, the weight of the orientation G with respect to x1,..., Ty
is the following:

wg(zT1,. .., 7)) = max f(xy,...,T) .
fer(a)

Let W be the set of all the functions wy(z1, . .., zx) where G ranges through

all the orientations contained in D. Clearly, W C F;"{*. For w € W, let Guw
be one of the orientations in D with wz = w. By Theorem 1 and Lemma 8§,
the following equality holds:

Ag(1,. .., o) = minwg(wy,. .., o) = min w(z,..., o)
GeD weWw
Similarly as before, we have A\g(x1,...,x) € Frpmax.

Consider the partition of k-tuples of non-negative reals into Cj o polyhe-
dral cones such that every function of f,‘c‘:jxnmax is linear on each of the cones.
In particular, Ag(z1,...,zr) € ]-',?jj\nmax is linear on each of the cones. Fix
one such cone and let w € W be a function such that Ag(z1,...,z) =
w(zy, .. mk) on the fixed cone. Let ¢ be the labehng correspondlng to the
orientatlon Guw. Since no directed path of G,, € D has length more than
Dy a, ¢(v) for a s1ngle vertex v when viewed as a function of zq,...,zy be-
longs to Fi*4*. In particular, every function c(v) is linear on the fixed cone.
Therefore, the considered polyhedral cones form a possible partition of R¥
with the properties from the statement of the theorem. The bounds on the
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integers coefficients of linear functions readily follows from the definitions
of Fia, Fiiy* and Fpmax.
|

Since only the functions from ]-',?"}\“max could be the A-function of a A-
graph with k types of edges and with chromatic number at most A, we have
the following;:

Corollary 10 There exists only finitely many piecewise linear functions
that could be the A-function of a A-graph with k types of edges and with
chromatic number at most A.

Another immediate corollary is the following somewhat surprising state-
ment:

Corollary 11 Let z1,...,x be a fized k-tuple of positive reals and let
be a non-negative real. There exist only finitely many different k-parameter
A-functions Ag such that Ag(z1,...,zr) = 7.

Proof: If G is a \-graph with k types of edges such that A\g(z1,...,x¢) =7,

then the chromatic number of G does not exceed M + 1 by the
scaling property. By Corollary 10, A-graphs with k types of edges with
bounded chromatic number have only finitely many different A-functions.

Note that Corollary 11 includes the result of [2] that the number of
A-functions with prescribed boundary values is finite.

5 Labelings with Distance Constraints

In this section, we infer from Theorem 9 Piecewise Linearity Conjecture,
Coefficient Bound Conjecture and Delta Bound Conjecture stated in [8].
First, let us state the following simple proposition that can be found in [8]
(note that its proof employs the Axiom of Choice):

Proposition 12 If G is a graph of mazimum degree A and k is a positive
integer, then the chromatic number of the k-th power of G does not exceed
AF +1.
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We can now state the theorem from that the three conjectures mentioned
above readily follow:

Theorem 13 For every integers A and k, there exist constants C,’c’A and
D;c,A with the following property: for any graph G with maximum degree A,
there exist finitely many hyperplanes in R* through the origin such that the
function Ag(p1, ..., pr) is linear in each of at most C}  convex polyhedral
cones that are determined by the hyperplanes. Moreover, for each of the
cones the following is true: there exist integers a;(v) between 0 and Dy, 5
such that the labeling c, c(v) = Zle a;(v)pi, is a proper L(pi,...,pk)-
labeling of G with respect to x1,...,z, and the span of ¢ is A\g(p1,...,Pk)-

Proof: Set C} o = Cp arq1 and Dy o = Dy axy1. Let G be a graph with
maximum degree A and form the A-graph G*) as described in Section 1.
By Proposition 12, the chromatic number of G*) does not exceed A¥ + 1.
Theorem 13 now follows from Theorem 9.

|

An immediate corollary of Theorem 13 (alternatively, of Corollary 10)
is the following:

Corollary 14 For every integers A and k, the set A A, that consists of
all (piecewise linear) functions Ag(p1,--.,pr) where G is a finite or infinite
graph of mazimum degree A, is finite.
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