
Channel assignment problem with variable

weights

Daniel Kr�al'

�y

Abstra
t

A �-graph G is a (�nite or in�nite) graph with k types of edges,

x

1

-edges, . . . , x

k

-edges. A labeling 
 of the verti
es of G by non-

negative reals is proper with respe
t to reals x

1

; : : : ; x

k

, if the labels

of the end-verti
es of an x

i

-edge di�er by at least x

i

. The span of the

labeling 
 is the supremum of the labels used by 
. The �-fun
tion

�

G

(x

1

; : : : ; x

k

) is the in�mum of the spans of all the proper labelings

with respe
t to x

1

; : : : ; x

k

.

We show that the �-fun
tion of any graph G is pie
ewise linear

in x

1

; : : : ; x

k

with �nitely many linear parts. Moreover, we show

that for every integers k and �, there exist 
onstants C

k;�

and D

k;�

su
h that the �-fun
tion of every �-graph G with k types of edges

and 
hromati
 number at most � is 
omprised of at most C

k;�

linear

parts, and the 
oeÆ
ients of x

1

; : : : ; x

k

of the linear fun
tions 
ompris-

ing �

G

(x

1

; : : : ; x

k

) are integers between 0 and D

k;�

. Among others,

our results yield proofs of Pie
ewise Linearity Conje
ture, CoeÆ
ient

Bound Conje
ture and Delta Bound Conje
ture of Griggs and Jin.

1 Introdu
tion

Radio frequen
y problems 
an be expressed as various graph labeling prob-

lems [12, 18℄. A prominent role among su
h graph labeling problems plays

�

Institute for Mathemati
s, Te
hni
al University Berlin, Strasse des 17. Juni 136, D-

10623 Berlin, Germany. E-mail: kral�math.tu-berlin.de. The author is a postdo
toral

fellow at TU Berlin within the framework of the European training network COMBSTRU.

y

Institute for Theoreti
al Computer S
ien
e (ITI), Fa
ulty of Mathemati
s and

Physi
s, Charles University, Malostransk�e n�am�est�� 25, 118 00 Prague, Cze
h Republi
.

E-mail: kral�kam.mff.
uni.
z. Institute for Theoreti
al Computer S
ien
e is supported

by Ministry of Edu
ation of Cze
h Republi
 as proje
t LN00A056.

1



the notion of L(p

1

; : : : ; p

k

)-labelings, graph labelings with distan
e 
on-

straints. Several approa
hes to study the dependen
e of the span of op-

timum labelings on the parameters p

1

; : : : ; p

k

have re
ently been proposed:

an approa
h based on real-value relaxation of L(p

1

; : : : ; p

k

)-labelings 
an be

found in the work of Griggs and Jin [8, 9, 10℄, another approa
h based on

the notion of �-graphs 
an be found in [2℄. In the present paper, we gener-

alize the notion of �-graphs introdu
ed in [2℄ from k = 2 to arbitrary k and

provide stru
tural results for the general model. The obtained results yield

proofs of Pie
ewise Linearity Conje
ture, CoeÆ
ient Bound Conje
ture and

Delta Bound Conje
ture of Griggs and Jin stated in [8℄.

A labeling 
 of the verti
es of a (�nite or in�nite) graph G by non-

negative integers is an L(p

1

; : : : ; p

k

)-labeling for positive integers p

1

; : : : ; p

k

,

if the labels of any two verti
es u and v at distan
e (exa
tly) i di�er by

at least p

i

. Let us remark here that all graphs as well as �-graphs 
on-

sidered in this paper 
an be �nite or in�nite unless stated otherwise. The

maximum label used by 
 is said to be the span of 
 and the least span

of an L(p

1

; : : : ; p

k

)-labeling of a graph G is denoted by �

G

(p

1

; : : : ; p

k

) (we

deviate from the standard notation in order to emphasize the dependen
e

on the parameters p

1

; : : : ; p

k

). There is an enormous amount of literature

on algorithms for L(p

1

; : : : ; p

k

)-labelings of graphs [1, 3, 6, 7, 15, 19℄. From

the stru
tural point of view, the attention of resear
hers fo
used mainly on

the 
ase of L(2; 1)-labelings, partly be
ause of the following 
onje
ture of

Griggs and Yeh [11℄:

Conje
ture 1 (�

2

Conje
ture) If G is a �nite graph of maximum degree

�, then �

G

(2; 1) � �

2

.

Conje
ture 1 was veri�ed for several spe
ial 
lasses of graphs, in
luding

graphs of maximum degree two, 
hordal graphs [20℄, see also [4, 16℄, and

hamiltonian 
ubi
 graphs [13, 14℄. In the general 
ase, the original bound

�

G

(2; 1) � �

2

+2� from [11℄ has been improved to �

2;1

(G) � �

2

+� in [5℄

and a re
ent more general result of the author and

�

Skrekovski [17℄ yields

the present re
ord �

2;1

(G) � �

2

+�� 1.

In order to 
apture the dependen
e of the optimum spans on the pa-

rameters, Griggs and Jin [8℄ allowed both the parameters p

1

; : : : ; p

k

and the

labels used by a labeling 
 to be any non-negative reals. Similarly to the

original notion, they de�ne the span of a labeling 
 as the supremum of the

labels used by 
, and �

G

(p

1

; : : : ; p

k

) denotes the span of an optimum labeling

of a graph G, i.e., the minimum (that is always attained if �

G

(p

1

; : : : ; p

k

) is

�nite) of the spans of all L(p

1

; : : : ; p

k

)-labelings of G. In this setting, Griggs

2



and Jin [8℄ prove that for any reals p

1

; : : : ; p

k

, the value of �

G

(p

1

; : : : ; p

k

)


an be expressed as

P

k

i=1

�

i

p

i

for some non-negative integers �

i

. Moreover,

if all p

1

; : : : ; p

k

are integers, the values �

G

(p

1

; : : : ; p

k

) in the original and the

relaxed settings 
oin
ide. They also show that the fun
tion �

G

(p

1

; : : : ; p

k

)

is a 
ontinuous fun
tion pie
ewise linear in the parameters p

1

; : : : ; p

k

, and


onje
ture the following [8℄:

Conje
ture 2 (Pie
ewise Linearity Conje
ture) For any graph G, the

graph of the fun
tion �

G

(p

1

; : : : ; p

k

) is 
omprised by �nitely many linear

parts, i.e., there exist �nitely many hyperplanes in R

k

through the origin

su
h that the fun
tion �

G

(p

1

; : : : ; p

k

) is linear in ea
h of the 
onvex polyhe-

dral 
ones (formed by non-negative reals) that are determined by the hyper-

planes.

Conje
ture 3 (CoeÆ
ient Bound Conje
ture) For every graph G and

every integer k, there exists a 
onstant D

k;G

su
h that the following holds

for all reals p

1

; : : : ; p

k

: the value of the fun
tion �

G

(p

1

; : : : ; p

k

) is equal

to

P

k

i=1

�

i

p

i

for some integer 
oeÆ
ients �

1

; : : : ; �

k

between 0 and D

k;G

(the integers �

1

; : : : ; �

k

may depend on p

1

; : : : ; p

k

). Moreover, there is a

labeling 
 with span �

G

(p

1

; : : : ; p

k

) su
h that 
(v) =

P

k

i=1

�

i

(v)p

i

where

�

1

(v); : : : ; �

k

(v) are integers between 0 and D

k;G

.

Conje
ture 4 (Delta Bound Conje
ture) For every integers � and k,

there exists a 
onstant D

k;�

su
h that, for every graph G with maximum

degree at most � and every reals p

1

; : : : ; p

k

the following holds: the value

of the fun
tion �

G

(p

1

; : : : ; p

k

) is equal to

P

k

i=1

�

i

p

i

for some integer 
oeÆ-


ients �

1

; : : : ; �

k

between 0 and D

k;�

(the integers �

1

; : : : ; �

k

may depend

on p

1

; : : : ; p

k

). Moreover, there is a labeling 
 with span �

G

(p

1

; : : : ; p

k

) su
h

that 
(v) =

P

k

i=1

�

i

(v)p

i

where �

1

(v); : : : ; �

k

(v) are integers between 0 and

D

k;�

.

Note that Delta Bound Conje
ture implies CoeÆ
ient Bound Conje
ture.

Griggs and Jin [8℄ proved all the three Conje
tures 2, 3 and 4 for k = 2 (for

k = 1, the 
onje
tures are trivial) and Conje
ture 2 also for �nite graphs G.

In the present paper, we 
onsider the problems posed in [8℄ in the more

general setting of �-graphs that was introdu
ed for k = 2 in [2℄. A �-graph

G with k types of edges is a graph G whose edges are labeled by variables

x

1

; : : : ; x

k

. An edge labeled by a variable x

i

is 
alled x

i

-edge. Two verti
es

of G may be joined by edges of several types. A proper labeling 
 of G with

respe
t to the real numbers x

1

; : : : ; x

k

is a labeling of the verti
es of G by

3



non-negative reals su
h that the labels of the end-verti
es of an x

i

-edge uv

di�er by at least x

i

, i.e., j
(u)� 
(v)j � x

i

. The span of the labeling 
 is the

supremum of the labels used by 
 and �

G

(x

1

; : : : ; x

k

) is de�ned to be the

in�mum of the spans of all proper labelings with respe
t to x

1

; : : : ; x

k

. The

results of [2℄ yield that for every reals x

1

; : : : ; x

k

, if �

G

(x

1

; : : : ; x

k

) is �nite,

then there exists a proper labeling 
 with span �

G

(x

1

; : : : ; x

k

) and the span

of 
 is equal to the maximum label used by 
, i.e., both the in�mum and the

supremum in the de�nitions are attained. The �-fun
tion of a �-graph G is

�

G

(x

1

; : : : ; x

k

) viewed as a fun
tion of variables x

1

; : : : ; x

k

. The 
hromati


number of a �-graph G is the 
hromati
 number of the underlying graph,

i.e., �

G

(1; : : : ; 1) + 1.

L(p

1

; : : : ; p

k

)-labelings of graphs 
an be modeled as �-graphs as follows:

if G is a graph, form a �-graph G

(k)

with the vertex set V (G) su
h that

two verti
es u and v are joined by an x

i

-edge in G

(k)

, i = 1; : : : ; k, if their

distan
e in G is exa
tly i. Clearly, the optimum span �

G

(p

1

; : : : ; p

k

) is

equal to the value �

G

(k)

(x

1

; : : : ; x

k

) of the �-fun
tion of G

(k)

for x

i

= p

i

,

i = 1; : : : ; k. Be
ause of this 
lose relation, we de
ided to use the notation

�

G

(: : :) both for the spans of optimum L(p

1

; : : : ; p

k

)-labelings and the �-

fun
tions of �-graphs. Sin
e it is always 
lear throughout the paper whether

G is a graph (in whi
h 
ase, �

G

(p

1

; : : : ; p

k

) stands for the span of an opti-

mum L(p

1

; : : : ; p

k

)-labeling) or a �-graph (in whi
h 
ase, �

G

stands for the

�-fun
tion of G), the 
onfusion of the notations is avoided.

Similarly as in the 
ase of L(p

1

; : : : ; p

k

)-labeling [8℄, �-fun
tions of �-

graphs have the s
aling property, i.e., for every non-negative reals x

1

; : : : ; x

k

and �, the following holds: �

G

(�x

1

; : : : ; �x

k

) = ��

G

(x

1

; : : : ; x

k

). Therefore,

the �-fun
tion of any �-graph is linear on every ray through the origin in R

k

.

In Se
tion 4, we show that the �-fun
tion �

G

of any �-graph G is 
omprised

of �nitely many linear parts, i.e., the subset of R

k

formed by non-negative

reals 
an be partitioned into �nitely many (in�nite) polyhedral 
ones (with

the tips at the origin of R

k

) su
h that �

G

is linear on ea
h of these 
ones.

Our main result is Theorem 9 that asserts the existen
e of the 
onstants

C

k;�

and D

k;�

su
h that the �-fun
tion of any �-graph G with k types of

edges and 
hromati
 number at most � is 
omprised of at most C

k;�

linear

parts and the 
oeÆ
ients of x

1

; : : : ; x

k

of the linear fun
tions 
omprising

the �-fun
tion are integers between 0 and D

k;�

. In this paper, we solely

fo
us on proving the existen
e of the 
onstants C

k;�

and D

k;�

without at-

tempting to optimize their growth. Let us remark that the existen
e of the


onstants C

k;�

and D

k;�

for k = 2 follows from the results of [2℄. However,

the te
hnique used in [2℄ does not seem to generalize to k > 2. As demon-
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strated in Se
tion 5, our main result yields the proofs of Pie
ewise Linearity

Conje
ture, CoeÆ
ient Bound Conje
ture and Delta Bound Conje
ture for

L(p

1

; : : : ; p

k

)-labelings (Conje
tures 2, 3 and 4).

2 Preliminaries

In [2℄, an analogue of Gallai-Roy Theorem for in�nite graphs with edges

of di�erent weights was proved. We will not state the theorem in its full

generality but just in the form restri
ted to �-graphs. An orientation of an

in�nite graph G is said to be �nitary if it does not 
ontain a dire
ted walk

of arbitrary length. In parti
ular, a �nitary orientation of G is a
y
li
. A

weight of a �nite dire
ted path P in an orientation of a �-graph G with

respe
t to x

1

; : : : ; x

k

is the sum of the variables assigned to its edges, i.e.,

P

k

i=1

�

i

x

i

if P 
ontains �

i

x

i

-edges. The weight of a �nitary orientation

~

G

of a �-graph G is the maximum weight of a dire
ted path in

~

G (note that

the maximum is always attained sin
e the lengths of dire
ted paths in

~

G are

bounded in a �nitary orientation and there are only �nitely many di�erent

types of edges in G). We now state the version of Gallai-Roy Theorem for

�-graphs:

Theorem 1 Let G be a �-graph with k types of edges. For any real numbers

x

1

; : : : ; x

k

, �

G

(x

1

; : : : ; x

k

) is equal to the minimum weight of a �nitary ori-

entation

~

G of G (in parti
ular, there exists a �nitary orientation of weight

�

G

(x

1

; : : : ; x

k

)).

If

~

G is a �nitary orientation of a �-graph G, then the labeling 
, where


(v) is the maximum weight of a dire
ted path ending at a vertex v, is a

proper labeling of G with respe
t to x

1

; : : : ; x

k

. We say that the labeling 
,

de�ned in this way, 
orresponds to the orientation

~

G. Clearly, the span of

the labeling 
orresponding to

~

G is the weight of

~

G. On the other hand, for a

proper labeling 
 of G for positive reals x

1

; : : : ; x

k

, whose span is �nite, one

may de�ne a (�nitary) orientation

~

G of G su
h that an edge uv is dire
ted

from u to v if 
(u) < 
(v). Su
h orientation

~

G 
orresponds to the labeling


. Observe that the weight of the orientation 
orresponding to a proper

labeling 
 is at most the span of 
 (in general, it 
an be stri
tly smaller).

If G is a �-graph with k types of edges, we say that an edge uv is an

x

�`

-edge if uv is an x

i

-edge where i � `. The set of all x

�`

-edges of G is the

set of all x

i

-edges with i = 1; : : : ; `. Similarly, we use the terms x

<`

-edges,

5



x

�`

-edges, et
. We demonstrate this notation in the next auxiliary lemma

that will be used later:

Lemma 2 Let G be a �-graph with k types of edges and with 
hromati


number at most �, and let 0 � ` < k. If there exist an integer D and a

�nitary orientation

~

G of G su
h that every dire
ted path in

~

G 
ontains at

most D x

�`

-edges, then:

�

G

(x

1

; : : : ; x

k

) � d

max

+ (`+ 1)

D

� �maxfx

`+1

; : : : ; x

k

g

where d

max

is the maximum sum of weights of x

�`

-edges on a dire
ted path

in

~

G, i.e., d

max

would be the weight of

~

G if the parameters x

`+1

; : : : ; x

k

were

equal to zero.

In parti
ular, it holds that �

G

(x

1

; : : : ; x

k

) � � �maxfx

1

; : : : ; x

k

g.

Proof: Fix a �nitary orientation

~

G that has the properties des
ribed in the

statement of the lemma (if ` = 0, �x any �nitary orientation

~

G of G). Let

d(v) be the maximum sum of the weights of x

�`

-edges on a dire
ted path

in

~

G ending at a vertex v. Clearly, d

max

= max

v2V (G)

d(v). Let D be the

set of all di�erent values of d(v) and let Æ(v) be the number of the elements

of D smaller than d(v). Sin
e every dire
ted path in

~

G 
ontains at most D

x

�`

-edges, it holds that jDj � (`+1)

D

, and thus 0 � Æ(v) < jDj � (`+1)

D

for every vertex v of G. Finally, let � be a 
oloring of the verti
es of G with


olors 1; : : : ;�.

Let us de�ne a labeling 


0

of the verti
es of G as follows:




0

(v) = d(v) + (Æ(v)� + �(v)) �maxfx

`+1

; : : : ; x

k

g .

Sin
e Æ(v) < jDj for every vertex v of G, the span of 


0

does not ex
eed:

d

max

+ jDj� �maxfx

`+1

; : : : ; x

k

g � d

max

+ (`+ 1)

D

� �maxfx

`+1

; : : : ; x

k

g:

In the rest, we show that 


0

is a proper labeling with respe
t to x

1

; : : : ; x

k

.

Consider an x

i

-edge uv of G. By symmetry, we may assume that the

edge uv is dire
ted from u to v in

~

G. In parti
ular, it holds that d(u) � d(v)

and Æ(u) � Æ(v). We distinguish two major 
ases: the �rst one is i � `.

In this 
ase, d(u) + x

i

� d(v) and thus Æ(u) < Æ(v). We 
an immediately


on
lude:




0

(v)� 


0

(u) = d(v) � d(u) + ((Æ(v)� Æ(u))� + �(v)� �(u)) �maxfx

`+1

; : : : ; x

k

g

� d(v) � d(u) + (� + �(v)� �(u)) �maxfx

`+1

; : : : ; x

k

g

� d(v) � d(u) � x

i

.

6



Therefore, the edge uv is properly 
olored in the �rst 
ase.

The other 
ase is that i > `. If d(u) = d(v), then Æ(u) = Æ(v) and the

following holds (similarly to the �rst 
ase):

j


0

(u)� 


0

(v)j = j�(u)� �(v)j �maxfx

`+1

; : : : ; x

k

g � x

i

.

If d(u) < d(v), then Æ(u) < Æ(v) and we have the following:




0

(v)� 


0

(u) = d(v) � d(u) + ((Æ(v)� Æ(u))� + �(v)� �(u)) �maxfx

`+1

; : : : ; x

k

g

� (� + �(v)� �(u)) �maxfx

`+1

; : : : ; x

k

g � x

i

.

Hen
e, the labels of u and v also di�er by at least x

i

in the se
ond 
ase.

3 Orientations with Minimum Weight

In this se
tion, we 
onstru
t orientations of �-graphs with minimum weight

su
h that the maximum length of a dire
ted path in the 
onstru
ted orien-

tation is bounded. First, let us de�ne numbers D

i;�

and K

i;�

for integer �

and i as follows:

D

1;�

= �

K

i;�

= (i+ 1)

D

i;�

D

i+1;�

= (2K

i;�

)

K

2

i;�

+3

� �

Next, we state several propositions that 
an be veri�ed dire
tly from the

de�nitions of D

i;�

and K

i;�

. Their proofs are left to the reader.

Proposition 3 For integers � � 2 and i, the number of multisets that


onsist of at most D

i;�

numbers 1; : : : ; i does not ex
eed K

i;�

� 1.

Proposition 4 The following holds for every integers � and i:

D

i+1;�

� (2K

i;�

)

K

2

i;�

+2

� �+K

i;�

� � .

We now introdu
e some notations used in the proof the main lemma

of this se
tion (Lemma 7). For an integer M and positive reals x

1

; : : : ; x

k

,

7



�

M

(x

1

; : : : ; x

k

) denotes the set of all 
ombinations of x

1

; : : : ; x

k

with non-

negative integer 
oeÆ
ients whose sum does not ex
eed M , i.e.:

�

M

(x

1

; : : : ; x

k

) =

8

<

:

k

X

j=1

�

j

x

j

j 0 � �

1

; : : : ; �

k

&

k

X

j=1

�

j

�M

9

=

;

.

The set �

0

M

(x

1

; : : : ; x

k

) is then de�ned to be the set of all non-negative reals

that 
an be expressed as a di�eren
e of two numbers from �

M

(x

1

; : : : ; x

k

),

i.e.:

�

0

M

(x

1

; : : : ; x

k

) = f�� �j�; � 2 �

M

(x

1

; : : : ; x

k

) & �� � � 0g .

Sin
e 0 2 �

M

(x

1

; : : : ; x

k

), the set �

M

(x

1

; : : : ; x

k

) is 
ontained in the set

�

0

M

(x

1

; : : : ; x

k

). The following estimates on the sizes of �

M

(x

1

; : : : ; x

k

) and

�

0

M

(x

1

; : : : ; x

k

) dire
tly follow from Proposition 3:

Proposition 5 Let x

1

; : : : ; x

k

be any positive real numbers and let � � 2

be a positive integer. The following two estimates hold:

j�

D

k;�

(x

1

; : : : ; x

k

)j < K

k;�

j�

0

D

k;�

(x

1

; : : : ; x

k

)j < K

2

k;�

We now establish an auxiliary lemma that will be extremely useful in

the proof of Lemma 7:

Lemma 6 Let x

1

; : : : ; x

k

, x

1

� � � � � x

k

> 0, be real numbers, � � 2 a

positive integer, and y another positive real number. There exists a real

number t,

K

k;�

�y � t � (2K

k;�

)

K

2

k;�

�y

su
h that the set �

0

D

k;�

(x

1

; : : : ; x

k

) 
ontains no element stri
tly between t

and K

k;�

(t + �y). In parti
ular, the real t has the following property ( ?):

if 
 2 �

0

D

k;�

(x

1

; : : : ; x

k

) and 
 > t, then 
 � K

k;�

(t+�y).

Proof: By Proposition 5, the set �

0

D

k;�

(x

1

; : : : ; x

k

) 
ontains less than K

2

k;�

real numbers. Let us de�ne reals t

j

, j = 1; : : : ;K

2

k;�

, as follows:

t

j

= (2K

k;�

)

j

�y .
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Sin
e K

k;�

(t

j

+ �y) � 2K

k;�

t

j

= t

j+1

for all j = 1; : : : ;K

2

k;�

� 1, all the

open intervals I

j

,

I

j

= (t

j

;K

k;�

(t

j

+�y)) ; j = 1; : : : ;K

2

k;�

;

are disjoint. Sin
e all theK

2

k;�

intervals I

j

are disjoint and �

0

D

k;�

(x

1

; : : : ; x

k

) <

K

2

k;�

, there exists j

0

su
h that no element of �

0

D

k;�

(x

1

; : : : ; x

k

) is 
ontained

in I

j

0

. The number t

j

0

is the desired number t.

We state and prove the key lemma of this se
tion:

Lemma 7 Let G be a (�nite or in�nite) �-graph G with k types of edges

and with 
hromati
 number at most �. Fix real numbers x

1

; : : : ; x

k

, x

1

�

� � � � x

k

> 0. For ea
h ` = 1; : : : ; k, there exists a �nitary orientation

~

G of

G of weight �

G

(x

1

; : : : ; x

k

) su
h that every dire
ted path in

~

G 
ontains at

most D

`;�

x

�`

-edges.

Proof: If � = 1, there is nothing to prove sin
e G 
ontains no edges and

the statement of the lemma holds va
uously. Therefore, we assume � � 2

in the remaining. For the rest of the proof, let us �x a proper 
oloring � (in

the usual sense) of the verti
es of G with 
olors 1; : : : ;�.

The proof of the lemma pro
eeds by indu
tion on the number `. First,

we have to deal with the 
ase ` = 1. Consider any �nitary orientation

~

G of

G of weight �

G

(x

1

; : : : ; x

k

). Su
h an orientation exists by Theorem 1. By

Lemma 2, it holds �

G

(x

1

; : : : ; x

k

) � �x

1

. Sin
e the weight of any dire
ted

path in

~

G does not ex
eed �

G

(x

1

; : : : ; x

k

) � �x

1

, every dire
ted path in

~

G


ontains at most D

1;�

= � x

1

-edges.

We now deal with the 
ase ` > 1. By the indu
tion, there exists a �nitary

orientation

~

G of G of weight �

G

(x

1

; : : : ; x

k

) su
h that any dire
ted path


ontains at mostD

`�1;�

x

�`�1

-edges. Let 
(v) be the labeling 
orresponding

to

~

G, and let d(v) be the maximum sum of weights of x

�`�1

-edges on a

dire
ted path in

~

G ending at a vertex v. Clearly, d(v) � 
(v) for every

vertex v of G. Finally, let Æ(v) be the number of the elements of �

D

`�1;�

smaller or equal to d(v). Sin
e j�

D

`�1;�

j < K

`�1;�

by Proposition 5, 1 �

Æ(v) � K

`�1;�

� 1 for every vertex v of G.

By Lemma 6 (applied for y = x

`

and k = ` � 1), there exists a real

number t,

K

k;�

�x

`

� t � (2K

k;�

)

K

2

`�1;�

�x

`

,
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su
h that the set �

0

D

`�1;�

(x

1

; : : : ; x

`�1

) 
ontains no element stri
tly between

t and K

`�1;�

(t+�x

`

), i.e., t has the property (?) from Lemma 6. We de�ne

a new labeling 


0

and show that it is is a proper labeling with respe
t to

x

1

; : : : ; x

k

:

1. If 
(v) � d(v) � (K

`�1;�

� Æ(v))t, then 


0

(v) = 
(v).

2. Otherwise, 


0

(v) = d(v) + (K

`�1;�

� 1)t+ Æ(v)�x

`

+ �(v)x

`

.

Fix an x

i

-edge uv of G. In order to verify that 


0

is a proper labeling on

the edge uv, we distinguish �ve major 
ases:

� Both the labels 


0

(u) and 


0

(v) are de�ned by the �rst rule.

Sin
e 


0

(u) = 
(u) and 


0

(v) = 
(v), we have j


0

(u) � 


0

(v)j = j
(u) �


(v)j � x

i

.

� The label 


0

(u) is de�ned by the �rst rule, the label 


0

(v) is

de�ned by the se
ond rule and i < `.

We distinguish two 
ases a

ording to the orientation of the edge uv

in

~

G. If the edge is dire
ted from u to v, we have d(u) + x

i

� d(v).

Be
ause the label of u is de�ned by the �rst rule, the label 


0

(u) = 
(u)

is at most d(u) + (K

`�1;�

� 1)t. On the other hand, the label 


0

(v)

is larger than d(v) + (K

`�1;�

� 1)t. We infer that 


0

(v) � 


0

(u) �

d(v) � d(u) � x

i

.

The other 
ase is that the edge uv is dire
ted from v to u. In parti
ular,

d(v) + x

i

� d(u), Æ(v) < Æ(u) and 
(v) � 
(u). First, we show that

d(u) � d(v) � x

i

> t. Assume for 
ontrary that d(u) � d(v) � x

i

� t.

Sin
e 
 is a proper labeling of G, 
(v) � 
(u)�x

i

. Sin
e the label to u

was de�ned by the �rst rule, we have 
(u) � d(u) + (K

`�1;�

� Æ(u))t.

Therefore, the following holds:


(v) � 
(u)� x

i

� d(u) + (K

`�1;�

� Æ(u))t� x

i

� d(v) + (K

`�1;�

� Æ(u))t+ t

� d(v) + (K

`�1;�

� Æ(v))t .

However, this yields that the label of u should have been de�ned by

the �rst rule. We 
on
lude that d(u)� d(v)� x

i

> t. Moreover, sin
e

t has the property (?) and d(u)� d(v)�x

i

2 �

0

D

`�1;�

(x

1

; : : : ; x

`�1

), it

holds that d(u)� d(v) � x

i

� K

`�1;�

(t+�x

`

).
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We now bound the label 


0

(v) assigned to the vertex v from above

(re
all that �(v)x

`

� �x

`

� t):




0

(v) = d(v) + (K

`�1;�

� 1)t+ Æ(v)�x

`

+ �(v)x

`

� d(v) +K

`�1;�

t+K

`�1;�

�x

`

� d(u)� x

i

� 
(u)� x

i

= 


0

(u)� x

i

.

Hen
e, the labels of the verti
es u and v di�er by at least x

i

as required.

� The label 


0

(u) is de�ned by the �rst rule, the label 


0

(v) is

de�ned by the se
ond rule and i � `.

If d(u) � d(v), then 


0

(u) � d(u) + (K

`�1;�

� 1)t and 


0

(v) � d(v) +

(K

`�1;�

� 1)t+�(v)x

`

� d(u)+ (K

`�1;�

� 1)t+x

`

. Therefore, 


0

(v)�




0

(u) � x

`

as desired.

In the rest, we fo
us on the 
ase d(u) > d(v). This implies that

Æ(u) > Æ(v), the edge uv is dire
ted from v to u and 
(u) > 
(v). First,

we ex
lude the 
ase d(u) � d(v) � t. Sin
e the label of the vertex u

was de�ned by the �rst rule, we have 
(u) � d(u) + (K

`�1;�

� Æ(u))t.

We infer the following upper bound on 
(v):


(v) � 
(u) � d(u) + (K

`�1;�

� Æ(u))t

� d(v) + t+ (K

`�1;�

� Æ(u))t

� d(v) + (K

`�1;�

� Æ(v))t .

Then the label to v should have been de�ned by the �rst rule not by

the se
ond one. We may 
on
lude that d(u) � d(v) > t. Sin
e t has

the property (?) and d(u)�d(v) 2 �

0

D

`�1;�

(x

1

; : : : ; x

`�1

), it holds that

d(u) � d(v) � K

`�1;�

(t + �x

`

). The following upper bound on 


0

(v)

readily follows (re
all that Æ(v) � K

`�1;�

� 1):




0

(v) = d(v) + (K

`�1;�

� 1)t+ Æ(v)�x

`

+ �(v)x

`

� d(v) +K

`�1;�

t� t+K

`�1;�

�x

`

� d(u)� t � 
(u)� x

`

= 


0

(u)� x

`

� 


0

(u)� x

i

.

Hen
e, the labels of the end-verti
es of the x

i

-edge uv di�er by at least

x

i

as required.

� Both the labels 


0

(u) and 


0

(v) are de�ned by the se
ond rule

and i < `.
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By symmetry, we may assume that the edge uv is dire
ted from u to

v in

~

G. In su
h 
ase, d(u) + x

i

� d(v) and Æ(u) < Æ(v). We now

estimate the di�eren
e of the labels 


0

(u) and 


0

(v):




0

(v) � 


0

(u) = d(v)� d(u) + (Æ(v)� Æ(u))�x

`

+ (�(v) � �(u))x

`

� x

i

+�x

`

� j�(v)� �(u)jx

`

� x

i

.

We 
on
lude that the edge uv is properly 
olored.

� Both the labels 


0

(u) and 


0

(v) are de�ned by the se
ond rule

and i � `.

By symmetry, we may assume that the edge uv is dire
ted from u to

v in

~

G. In su
h 
ase, d(u) � d(v). If d(u) = d(v), then:

j


0

(v) � 


0

(u)j = j�(v)� �(u)jx

`

� x

`

� x

i

.

In the rest, we deal with the 
ase d(u) < d(v). In parti
ular, Æ(u) <

Æ(v). We bound the di�eren
e between 


0

(u) and 


0

(v) as follows (re
all

that 1 � �(v); �(v) � �):




0

(v) � 


0

(u) = d(v)� d(u) + (Æ(v)� Æ(u))�x

`

+ (�(v) � �(u))x

`

� �x

`

� j�(v)� �(u)jx

`

� x

`

� x

i

.

Therefore, the di�eren
e of the labels 


0

(u) and 


0

(v) is at least x

i

as

desired.

As the next step, we show that the span of 


0

is equal to �

G

(x

1

; : : : ; x

k

).

In order to do so, it is enough to show that 


0

(v) � �

G

(x

1

; : : : ; x

k

) for every

vertex v of G. Let 


max

and d

max

be the maximums of the values 
(v) and

d(v) taken over all the verti
es v of G. Clearly, 


max

= �

G

(x

1

; : : : ; x

k

). By

Lemma 2, the following holds:




max

� d

max

+ `

D

`�1;�

� � x

`

= d

max

+K

`�1;�

� � x

`

.

Fix a vertex v of G. In order to show that 


0

(v) � 


max

, we distinguish

three 
ases a

ording to di�eren
e between d(v) and d

max

:

� d(v) = d

max

Sin
e 
(v) � 


max

� d(v) +K

`�1;�

�x

`

� d(v) + t � d(v) + (K

`�1;�

�

Æ(v))t, the label of the vertex v was de�ned by the �rst rule. Conse-

quently, 


0

(v) = 
(v) � 


max

.
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� d

max

� d(v) � t

First, let us observe that Æ(v) � K

`�1;�

� 2. Again, we bound the

original label 
(v) from above:


(v) � 


max

� d

max

+ t � d(v) + 2t � d(v) + (K

`�1;�

� Æ(v))t .

Therefore, the label of the vertex v was de�ned by the �rst rule, and




0

(v) = 
(v) � 


max

.

� d

max

� d(v) > t

Sin
e t has the property (?) and d

max

� d(v) 2 �

0

D

`�1;�

(x

1

; : : : ; x

`�1

),

d

max

�d(v) � K

`�1;�

(t+�x

`

). If the �rst rule applies to the vertex v,

then 


0

(v) = 
(v) � 


max

. If the se
ond rule applies, then the following

estimate on 


0

(v) holds:




0

(v) = d(v) + (K

`�1;�

� 1)t+ Æ(v)�x

`

+ �(v)x

`

� d(v) +K

`�1;�

t+K

`�1;�

�x

`

� d

max

� 


max

.

Hen
e, the label 


0

(v) does not ex
eed 


max

.

Let

~

G

0

be the orientation of G 
orresponding to the labeling 


0

. Sin
e

all x

1

; : : : ; x

k

are positive, the orientation G is �nitary and its weight is at

most the span of 


0

. Sin
e the span of 


0

is �

G

(x

1

; : : : ; x

k

), the weight of

~

G

0

is exa
tly �

G

(x

1

; : : : ; x

k

). In order to �nish the proof of the lemma, we

establish that ea
h dire
ted path in

~

G

0


ontains at most D

`;�

x

�`

-edges.

All the labels 


0

(v) de�ned by the �rst rule are 
ontained in the following

union of intervals:

[


2�

D

`�1;�

(x

1

;:::;x

`�1

)

h
; 
 +K

`�1;�

ti

�

[


2�

D

`�1;�

(x

1

;:::;x

`�1

)

D


; 
 + (2K

`�1;�

)

K

2

`�1;�

+1

�x

`

�

The labels 


0

(v) assigned by the se
ond rule are from the following set:

[




i

2�

D

`�1;�

(x

1

;:::;x

`�1

)

f


i

+ (K

`�1;�

� 1)t+ i�x

`

+ jx

`

; j = 1; : : : ;�g
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where 


1

; 


2

; : : : are all the elements of �

D

`�1;�

listed in the in
reasing order.

Consider a dire
ted path P in

~

G

0

and let C be the set of labels of the end-

verti
es of x

�`

-edges on P . Sin
e any two labels in C di�er by at least

x

`

and j�

D

`�1;�

(x

1

; : : : ; x

`�1

)j � K

`�1;�

by Proposition 5, we have the

following upper bound on the number of labels 
ontained in C that were

de�ned by the �rst rule:

j�

D

`�1;�

(x

1

; : : : ; x

`�1

)j

(2K

`�1;�

)

K

2

`�1;�

+1

�x

`

x

`

� (2K

`�1;�

)

K

2

`�1;�

+2

� .

Similarly, the number of the labels de�ned by the se
ond rule does not

ex
eed:

j�

D

`�1;�

(x

1

; : : : ; x

`�1

)j� � K

`�1;�

� .

Combining both the bounds, we infer from Proposition 4 that the size of

C does not ex
eed D

`;�

= (2K

`�1;�

)

K

2

`�1;�

+3

�. Therefore, every dire
ted

path in

~

G

0


ontains at most D

`;�

x

�`

-edges as desired.

We modify Lemma 7 to a version used in Se
tion 4:

Lemma 8 Let G be a (�nite or in�nite) �-graph with k types of edges

and 
hromati
 number at most �. For any k-tuple of non-negative reals

x

1

; : : : ; x

k

, there exists a �nitary orientation of G with weight �

G

(x

1

; : : : ; x

k

)

with maximum length of a dire
ted path at most D

k;�

.

Proof: By symmetry, we 
an assume that x

1

� � � � � x

k

(otherwise,

permute the types of the edges of G). If x

k

> 0, the statement of the

lemma follows dire
tly from Lemma 7. In the rest, we deal with the 
ase

when x

k

0

> 0 and x

k

0

+1

= � � � = x

k

= 0.

Fix a 
oloring � of G with � 
olors 1; : : : ; �. Let G

0

be the subgraph of

G formed by x

�k

0

-edges. By Lemma 7, there exists a �nitary orientation

~

G

0

of G

0

with weight �

G

0

(x

1

; : : : ; x

k

0

) = �

G

(x

1

; : : : ; x

k

) and with maximum

path length at most D

k

0

;�

. Let 
(v) be the labeling of G

0


orresponding to

~

G

0

. Observe that 
(v) 2 �

D

k

0

;�

(x

1

; : : : ; x

k

0

) for every vertex v of G.

We extend

~

G

0

to a �nitary orientation

~

G of G. An x

>k

0

-edge uv is

dire
ted from u to v if 
(u) < 
(v), from v to u if 
(u) > 
(v). If 
(u) = 
(v),

then the edge uv is dire
ted from u to v if �(u) < �(v), and from u to v,

otherwise. Clearly, the weight of

~

G is the same as the weight of

~

G

0

.
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Let P be a dire
ted path in

~

G. Clearly, the labels 
(v) of verti
es v

does not de
rease along the path P . Moreover, ea
h subpath of P formed

by verti
es v with the same label has length at most � � 1 as the labels

�(v) of the verti
es 
omprising the subpath stri
tly in
rease. Sin
e all the

labels 
(v) are from the set �

D

k

0

;�

(x

1

; : : : ; x

k

0

), P 
ontains at most K

k

0

;�

su
h subpaths. Hen
e, the length of a dire
ted P in

~

G does not ex
eed

K

k

0

;�

��. Therefore, the maximum length of a dire
ted path in

~

G is at most

K

k

0

;�

� � � D

k;�

.

4 Main Result

In this se
tion, we prove our main result on the stru
ture of the �-fun
tions

of �-graphs. Before doing so, we introdu
e several de�nitions. F

k;�

denotes

the set of all linear fun
tions of k variables with integer 
oeÆ
ients between

0 and D

k;�

, i.e.,

F

k;�

=

(

k

X

i=0

�

i

x

i

; 0 � �

i

� D

k;�

)

.

Next, F

max

k;�

is the set of all fun
tions ' that are equal to the maximum of

some of the fun
tions from F

k;�

, i.e.,

F

max

k;�

= f'(x

1

; : : : ; x

p

) = max

f2F

f(x

1

; : : : ; x

p

) for F � F

k;�

; F 6= ;g .

Finally, F

minmax

k;�

is the set of all fun
tions that are equal to the minimum

of some of the fun
tions from F

max

k;�

, i.e.,

F

minmax

k;�

= f'(x

1

; : : : ; x

p

) = max

f2F

f(x

1

; : : : ; x

p

) for F � F

max

k;�

; F 6= ;g .

Observe F

k;�

� F

max

k;�

� F

minmax

k;�

. Clearly, all the three sets F

k;�

, F

max

k;�

and F

minmax

k;�

are �nite. Therefore, the subset of R

k

formed by k-tuples of

non-negative reals 
an be partitioned into �nitely many 
losed polyhedral


ones (with the tips at the origin of R

k

) su
h that every fun
tion 
ontained

in F

minmax

k;�

is linear on ea
h of the 
ones. Let C

k;�

be the number of su
h


ones.

We now state and prove the main result of the paper (note that both

the numbers C

k;�

and D

k;�

just depend on k and �):
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Theorem 9 For every �-graph G with k types of edges and 
hromati
 num-

ber at most �, �

G

(x

1

; : : : ; x

k

) is a pie
ewise linear fun
tion of x

1

; : : : ; x

k

with at most C

k;�

linear parts formed by linear fun
tion with integer 
oef-

�
ients between 0 and D

k;�

. Moreover, the subset of R

k

formed by non-

negative integers 
an be partitioned into at most C

k;�

(
losed) polyhedral


ones su
h that for ea
h of the 
ones the following holds: there exist inte-

gers �

i

(v) between 0 and D

k;�

su
h that the labeling 
, 
(v) =

P

k

i=1

�

i

(v)x

i

,

is a proper labeling of G with respe
t to x

1

; : : : ; x

k

and the span of 
 is

�

G

(x

1

; : : : ; x

k

).

Proof: Let D be the set of all �nitary orientations of G with maximum

length of a dire
ted path at most D

k;�

. For an orientation

~

G 2 D, let F (

~

G)

be the set of all the fun
tions

P

k

i=1

�

i

x

i

su
h that

~

G 
ontains a dire
ted path

with pre
isely �

i

x

i

-edges. Sin
e the maximum length of a dire
ted path in

~

G does not ex
eed D

k;�

, the set F (

~

G) is a subset of F

k;�

, i.e., F (

~

G) � F

k;�

.

By the de�nition, the weight of the orientation

~

G with respe
t to x

1

; : : : ; x

k

is the following:

w

~

G

(x

1

; : : : ; x

k

) = max

f2F (

~

G)

f(x

1

; : : : ; x

k

) .

LetW be the set of all the fun
tions w

~

G

(x

1

; : : : ; x

k

) where

~

G ranges through

all the orientations 
ontained in D. Clearly,W � F

max

k;�

. For w 2W , let

~

G

w

be one of the orientations in D with w

~

G

= w. By Theorem 1 and Lemma 8,

the following equality holds:

�

G

(x

1

; : : : ; x

k

) = min

~

G2D

w

~

G

(x

1

; : : : ; x

k

) = min

w2W

w(x

1

; : : : ; x

k

) .

Similarly as before, we have �

G

(x

1

; : : : ; x

k

) 2 F

minmax

k;�

.

Consider the partition of k-tuples of non-negative reals into C

k;�

polyhe-

dral 
ones su
h that every fun
tion of F

minmax

k;�

is linear on ea
h of the 
ones.

In parti
ular, �

G

(x

1

; : : : ; x

k

) 2 F

minmax

k;�

is linear on ea
h of the 
ones. Fix

one su
h 
one and let w 2 W be a fun
tion su
h that �

G

(x

1

; : : : ; x

k

) =

w(x

1

; : : : ; x

k

) on the �xed 
one. Let 
 be the labeling 
orresponding to the

orientation

~

G

w

. Sin
e no dire
ted path of

~

G

w

2 D has length more than

D

k;�

, 
(v) for a single vertex v when viewed as a fun
tion of x

1

; : : : ; x

k

be-

longs to F

max

k;�

. In parti
ular, every fun
tion 
(v) is linear on the �xed 
one.

Therefore, the 
onsidered polyhedral 
ones form a possible partition of R

k

with the properties from the statement of the theorem. The bounds on the

16



integers 
oeÆ
ients of linear fun
tions readily follows from the de�nitions

of F

k;�

, F

max

k;�

and F

minmax

k;�

.

Sin
e only the fun
tions from F

minmax

k;�


ould be the �-fun
tion of a �-

graph with k types of edges and with 
hromati
 number at most �, we have

the following:

Corollary 10 There exists only �nitely many pie
ewise linear fun
tions

that 
ould be the �-fun
tion of a �-graph with k types of edges and with


hromati
 number at most �.

Another immediate 
orollary is the following somewhat surprising state-

ment:

Corollary 11 Let x

1

; : : : ; x

k

be a �xed k-tuple of positive reals and let 


be a non-negative real. There exist only �nitely many di�erent k-parameter

�-fun
tions �

G

su
h that �

G

(x

1

; : : : ; x

k

) = 
.

Proof: IfG is a �-graph with k types of edges su
h that �

G

(x

1

; : : : ; x

k

) = 
,

then the 
hromati
 number of G does not ex
eed

�

G

(x

1

;:::;x

k

)

minfx

1

;:::;x

k

g

+ 1 by the

s
aling property. By Corollary 10, �-graphs with k types of edges with

bounded 
hromati
 number have only �nitely many di�erent �-fun
tions.

Note that Corollary 11 in
ludes the result of [2℄ that the number of

�-fun
tions with pres
ribed boundary values is �nite.

5 Labelings with Distan
e Constraints

In this se
tion, we infer from Theorem 9 Pie
ewise Linearity Conje
ture,

CoeÆ
ient Bound Conje
ture and Delta Bound Conje
ture stated in [8℄.

First, let us state the following simple proposition that 
an be found in [8℄

(note that its proof employs the Axiom of Choi
e):

Proposition 12 If G is a graph of maximum degree � and k is a positive

integer, then the 
hromati
 number of the k-th power of G does not ex
eed

�

k

+ 1.
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We 
an now state the theorem from that the three 
onje
tures mentioned

above readily follow:

Theorem 13 For every integers � and k, there exist 
onstants C

0

k;�

and

D

0

k;�

with the following property: for any graph G with maximum degree �,

there exist �nitely many hyperplanes in R

k

through the origin su
h that the

fun
tion �

G

(p

1

; : : : ; p

k

) is linear in ea
h of at most C

0

k;�


onvex polyhedral


ones that are determined by the hyperplanes. Moreover, for ea
h of the


ones the following is true: there exist integers �

i

(v) between 0 and D

k;�

su
h that the labeling 
, 
(v) =

P

k

i=1

�

i

(v)p

i

, is a proper L(p

1

; : : : ; p

k

)-

labeling of G with respe
t to x

1

; : : : ; x

k

and the span of 
 is �

G

(p

1

; : : : ; p

k

).

Proof: Set C

0

k;�

= C

k;�

k

+1

and D

0

k;�

= D

k;�

k

+1

. Let G be a graph with

maximum degree � and form the �-graph G

(k)

as des
ribed in Se
tion 1.

By Proposition 12, the 
hromati
 number of G

(k)

does not ex
eed �

k

+ 1.

Theorem 13 now follows from Theorem 9.

An immediate 
orollary of Theorem 13 (alternatively, of Corollary 10)

is the following:

Corollary 14 For every integers � and k, the set �

k;�

, that 
onsists of

all (pie
ewise linear) fun
tions �

G

(p

1

; : : : ; p

k

) where G is a �nite or in�nite

graph of maximum degree �, is �nite.
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