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Abstract

Motivated by L(p, g)-labelings of graphs, we introduce a notion of
A-graphs: a A-graph G is a graph with two types of edges: 1-edges
and z-edges. For a parameter z € [0, 1], a proper labeling of G is a
labeling of vertices of G’ by non-negative reals such that the labels of
the end-vertices of a 1-edge differ by at least 1 and the labels of the
end-vertices of an z-edge differ by at least z; Ag(z) is the smallest
real such that G has a proper labeling by labels from the interval
[0, A ()]

We study properties of the function Ag(z) for finite and infinite
A-graphs and establish the following results: if the function Ag(z) is
well-defined, then it is a piecewise linear function of z with finitely
many linear parts. Surprisingly, the set A(«, ) of all functions A¢
with Ag(0) = @ and Ag(1) = B is finite for any o < 5. We also prove
a tight upper bound on the number of segments for finite A-graphs G
with convex functions Aa ().
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1 Introduction

Several graph theory models for radio frequency assignment were suggested
by Hale [14]. One of the most important models is L(p, ¢)-labeling of graphs,
which can be traced back to the paper by Griggs and Yeh [13]. An L(p,q)-
labeling of a graph G for 1 < ¢ < p is a labeling of the vertices by non-
negative integers such that the labels of adjacent vertices differ by at least
p and the labels of vertices at distance two differ by at least q. The least
integer K such that there is a proper labeling using integers between 0 and
K is called the span and is denoted by Ap 4(G).

The case of L(2,1)-labelings attracted a special attention of researchers,
in particular with the connection to the conjecture of Griggs and Yeh [13]
that A2 (G) < A? for every graph G with maximum degree A. Bounds
on the span in terms of the maximum degree have been proved in a series
of papers [13, 5, 21], and the currently best upper bound is A2 1(G) <
A% + A — 1. The conjecture itself has been verified for several classes of
graphs, including graphs of maximum degree two, chordal graphs [25], see
also [4, 20], and hamiltonian cubic graphs [17, 18]. However, even the case
of general cubic graphs remains open. Because of practical motivation of
the problem, L(p,q)-labelings are also widely studied from the algorithmic
point of view [1, 3, 7, 8, 19, 24].

In this paper, we study how the span A, ,(G) depends on the parame-
ters p and ¢. This is well-motivated from practical point of view since in
applications, the parameters p and q are not fixed in advance but rather
adjusted ad hoc depending on to the level of interference experienced for
their different combinations. Our approach is similar to that of [22], but
we focus on the original notion of L(p,q)-labeling rather than its circular
coloring version, and we do not determine the behavior for some particular
graphs, but we rather prove general results. Also, we do not restrict our
attention to finite graphs. The inclusion of infinite graphs is motivated by
applications, e.g., L(p, q)-labelings of infinite triangular, square and hexago-
nal planar lattices naturally arise in practice, and have been addressed from
the theoretical point of view as well [16].

L(p, q)-labelings are closely related to channel assignment problems. Our
definition of channel assignment problem is slightly more general than usual:
both the weights of edges and the labels of vertices are real numbers rather
than just integers. A channel assignment problem is determined by a pair
(G, w) consisting of a (finite or infinite) graph G and a function w : E(G) —
R*. A labeling ¢ : V(G) — R of the vertices of G' by non-negative reals is



properif |c(v) —c(v")| > w(vv') for each edge vv’ of G. The span of a labeling
¢ is the supremum of the labels used by ¢ and the span A\, (G) of a channel
assignment problem (G, w) is the infimum of the spans of proper labelings
for (G,w). An L(p, q)-labeling of a graph G can be viewed as the channel
assignment problem for the square of G (the second distance power): the
edges of G have weights p, and the edges of G? not belonging to G have
weights ¢. The reader is also welcome to see the survey [23] on the channel
assignment problem.

The alternative view of L(p,q)-labelings presented above is a starting
point for our work. A A-graph G is a graph with two types of edges: 1-edges
and z-edges. For a parameter z € [0,1], one forms a channel assignment
problem on G by assigning the weight 1 to every 1-edge and the weight z to
every z-edge. The span of this channel assignment problem is denoted by
A (z); the function \g(x) is called the A-function of G. For a graph H, let
G g be the A\-graph on the same set of vertices as H such that the vertices
adjacent in H are joined by 1-edges in G, and the vertices at distance two
in H are joined by z-edges in Gg. Clearly, the following holds:
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Therefore, the A-function of G can be viewed as normalized one-dimensional
function describing the behavior of the two-parameter function A, ,(H).
Note also that A¢(0) = x(GM) — 1 and Ag(1) = x(G) — 1, where G is
the spanning subgraph of G formed by the 1-edges. This approach reflects
the practical application of radio frequency assignment: the 1l-edges rep-
resent the pairs of close transmitters where huge interference occurs, and
the x-edges correspond to more distant transmitters where smaller inter-
ference may appear. The value of the parameter = is then proportional
to the interference experienced, and is adjusted according to its level. To
get acquainted with the principal concepts of this paper, the reader may
consult the Appendix, where we provide the complete list of A\-graphs with
four vertices together with their A-functions, as well as examples of other
interesting A-graphs.

A similar approach to the study of the span of L(p, ¢)-labeling was de-
veloped independently of us (and before us) by Griggs and Jin [10, 11, 12].
They presented their results, e.g., during the STAM Conference on Discrete
Mathematics in Nashville, TN, in June 2004. In particular, they proved
(using a different terminology) that if H is a (finite or infinite) graph with
bounded maximum degree, then Ag,, is a piecewise linear function of x for



x € [0,00) with finitely many linear parts. Moreover, the coefficients of the
linear functions forming A\, are bounded by a constant that depends solely
on the maximum degree of H. The former statement can be derived from
our Theorem 4 (see Corollary 5). Our Theorem 12 yields that there are only
finitely many different A-functions for A-graphs of the form Gy where H is
a graph of bounded maximum degree. Hence, Theorem 12 also implies that
the coefficients of linear functions forming Ag,, are bounded by a constant
depending only on the maximum degree of H.

Our method is different from that in [10]: the arguments in [10] are
based on the structure of optimum labelings for a graph H obeying the
given distance constraints, whereas we use a close correspondence between
orientations of graphs and their labelings, developed in Section 2. Still,
some of our results, e.g., Lemma 3, have their counterparts in the work [10].
Since we prove our results in a more general setting, we decided, for the
sake of completeness, to include full arguments even in such cases.

1.1 Our results

We study general A-graphs without restricting our attention to those equal
to Gy for some H. In Section 3, we show that the function Ag(z) is a
piecewise linear function with finitely many linear parts, under the assump-
tion that it is well-defined for some x > 0. The proof of this statement is
quite straightforward if G is finite, but it becomes more complex for infi-
nite A-graphs. In Section 4, we study A-functions with prescribed values
for x = 0,1. Let A(a, 8) be the set of all A\-functions Ag(z) of finite and
infinite A-graphs G with Ag(0) = @ and Ag(1) = 8. One could expect that
the set A(a, ) is infinite for a < 3, but the opposite is true: in fact, the
set A(a, B) is finite for any integers a < 8. In Theorem 12, we present the
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bound 22 2 on the size of the set A(a,3). At the end of the
paper, we focus on finite A\-graphs whose A-function is convex, and prove
an asymptotically tight upper bound on the number of the linear parts of
the A-functions in terms of the order of a A-graph: if G is a finite A-graph
of order n and the function Ag(z) is convex, then Ag(z) consists of at most
O(n?/?) linear parts.



2 Gallai-Roy Theorem

We establish an analogue of the Gallai-Roy Theorem for channel assign-
ment problems with (finite and) infinite underlying graphs. The Gallai-Roy
theorem in its original form relates colorings and lengths of paths in acyclic
orientations of a graph. Our proof follows the lines of a similar theorem for
channel assignment problems with finite graphs by McDiarmid [24], but we
include the proof for the sake of completeness.

First, we introduce some additional definitions necessary for stating and
proving the theorem. An orientation of a graph is finitary if there is a
constant K > 0 such that every oriented walk has length at most K. The
weight of a path is the sum of the weights of the edges on the path. The
channel assignment problem (G, w) is said to be finitary if the image set
of the function w is finite. If (G, w) is finitary, then there exists a proper
labeling ¢ whose span is equal to the span of (G,w), and the span of the
optimum labeling ¢ is equal to the maximum label used by ¢ (these claims
will be established in the proof of Theorem 1).

We now state and prove the announced analogue of the Gallai-Roy The-
orem:

Theorem 1. Let (G,w) be a finitary channel assignment problem. The
span of (G,w) is finite if and only if G has a finitary orientation. In this
case, the span of (G, w) is equal to the minimum of the maximum weight of
a path in a finitary orientation of G, where the minimum is taken over all
finitary orientations of G.

Proof. Consider a finitary orientation of G' and let wy be the maximum
weight of a path in the orientation. Label a vertex v of G with the maximum
weight of an oriented path which ends at v. Clearly, the span of this labeling
does not exceed wy. Moreover, the labeling is proper: consider two vertices
v and v’ joined by an edge of G. Assume that the edge between v and v’
is oriented from v to v’. Since each path leading to the vertex v can be
prolonged to v’, the label of v’ is greater than the label of v and they differ
by at least w(vv'). Since there is a finite number of edge weights (recall that
both the channel assignment problem and the orientation are finitary), we
conclude that the span of (G,w) is at most the minimum of the maximum
weight of a path taken over all finitary orientations of G.

On the other hand, if ¢ is a proper labeling of (G, w), then there is a
finitary orientation of G such that the maximum weight of a path in the
orientation is at most the span of (G, w). Consider the following orientation:



an edge between two vertices v and v’ is oriented from v to v' if ¢(v) < ¢(v'),
otherwise it is oriented from v’ to v. Since the labels of the vertices on an
oriented path increase on each edge at least by its weight, the maximum
weight of the path in the orientation is bounded by the maximum label
assigned to a vertex of G. The statement of the theorem now readily follows.

O

The next corollary of Theorem 1 on the A-functions of finite A-graphs
immediately follows:

Corollary 2. If G is a finite A-graph of order n, then for each x € [0,1],
there exist mon-negative integers a and b with a +b < n — 1 such that
Ag(z) =a+b-z.

Proof. Consider the channel assignment problem (G',w') where G’ is the
underlying graph of G, the weight w'(e) of a 1-edge e is one and the weight
w'(e) of an z-edge e is x. Since the channel assignment problem (G',w') is
finitary, its span is equal to the maximum weight of a finite path of a finitary
orientation of G'. Therefore, Ag(z) = a+b-x for some non-negative integers
a+b<n-—1. [l

3 Piecewise linearity

In this section, we show that the function Ag(z) of every A-graph is a
piecewise linear function of z. As the first step, we show that the function
A¢ () is a linear function of x on some neighborhood of 0:

Lemma 3. Let G be a (finite or infinite) A\-graph. If the function \g(x) is
finite for some x > 0, then the function \g(x) is a linear function of x on
the interval [0, €] for some e > 0.

Proof. Since A\g(x) is finite for some x > 0, there is a finitary orientation
Dy of G. In particular, the chromatic number x(G*) is finite (recall that
G is the spanning subgraph of G whose edges are exactly the 1-edges of
G), and A¢(0) = x(GM) — 1.

Next, we construct a finitary orientation of G that does not contain any
oriented path with more than Az (0) 1-edges. Let ¢ be any proper coloring
of GW with x(G™) colors 0,...,Ag(0). Consider the orientation D of G
such that an edge vv’ of G is

e oriented from v to v', if ¢(v) < ¢(v'),



e oriented from v’ to v, if ¢(v) > ¢(v'), and
e oriented as in the orientation 50, otherwise.

Since on each oriented path, the colors of the vertices form a non-decreasing
sequence that strictly increases on each 1l-edge, there is no oriented path
with more than Ag(0) 1-edges. It remains to show that the orientation D
is finitary. Let k be the maximum length of a path in Dy. As we have
observed, the colors assigned by ¢ to the vertices of an oriented path of D
form a non-decreasing sequence. A subpath formed by the vertices of the
same color is also an oriented path in Dp. Hence, its length is at most k. We
conclude that each oriented path in D has length at most x(GM)(k + 1).
In particular, the orientation Dis finitary.
Choose D to be a finitary orientation of G such that:

1. D does not contain any oriented path with more than Az (0) 1-edges,
and

2. the maximum length of an oriented path with exactly A\g(0) 1-edges
is minimal.

Since the orientation of G constructed in the previous paragraph has the
first property, the orientation D exists and is well-defined.

Let kp be the maximum length of a path in ﬁ, and let k, be the maxi-
mum number of z-edges on a path of D that has Ac(0) l-edges. We show
the following:

Ac(z) = Ag(0) + kyz for every x € [0,¢],

where e = ;L.

Assume, for contradiction, that there is € (0,¢] such that Ag(z) <
Ac(0) + k,z. Note that this inequality implies that Ag(z) < Ag(0) + 1 since
k. < kp. By Theorem 1, G has a finitary orientation D’ that does not
contain any oriented path with more than A\g(0) 1-edges, and in addition,

at least one of the following holds:
e D' has no oriented path with Ag(0) 1-edges, or
e any oriented path of D' with Ag(0) 1-edges has less than k, z-edges.

The former is impossible because every finitary orientation of G), and
therefore of G, has a path with Ag(0) edges by Theorem 1. The latter



contradicts the choice of the orientation D. We infer that Ag(z) > Ag(0) +
kyx for all z € [0,¢].

It remains to establish the opposite inequality, i.e., Ag(z) < Ag(0) + &,z
for z € [0,]. Consider an oriented path P in D. If P contains Ag(0)
1-edges, then it contains at most k, x-edges, and consequently its weight
is at most Ag(0) + kyz. On the other hand, if P contains less than Ag(0)
1-edges, then its weight is at most Ag(0) — 1 + kpz < Ag(0). We conclude
that the maximum weight of an oriented path in D is at most Ag(0) + kp .
Therefore, Ag(x) < Ag(0) + kzz by Theorem 1. O

We are ready to establish the main result of this section. Note that
the statement of Theorem 4 for finite A-graphs can be easily derived from
Corollary 2.

Theorem 4. Let G be a (finite or infinite) A-graph. If the function Ag(z) is
finite for some x > 0, then the function A (x) is a piecewise linear function
of © on the interval [0,1] with finitely many linear parts.

Proof. Since the function Ag(z) is finite for some x > 0, G has a finitary
orientation and the function Ag(z) is finite for all z € [0, 1] by Theorem 1.
Let € > 0 be a real such that the function Ag(z) is linear for 2 € [0, ]. Such
¢ exists by Lemma 3. We may assume that ¢ < 1/4. Moreover, if Ag(1) =0,
then A\g is identically equal to 0 and the theorem holds. Therefore, we only
need to consider the case Ag(1) > 1. Let K = |Ag(1)/e]. By the previous
assumptions, K > 4. Consider the set D of finitary orientations Dof G
such that the maximum length of an oriented path in D is at most K.
Note that the set D is non-empty since G has a finitary orientation with
maximum path length A\g(1) by Theorem 1 applied to the graph G with all
edge weights equal to one.

For an orientation D € D, let ]—'(5) be the set of all the functions a + bz
such that D contains an oriented path with a 1-edges and b z-edges. Since
the maximum length of an oriented path of D is at most K , the sum a + b
is bounded by K. Therefore, the set F(D) is finite for every orientation
D € D. Let fplx) = max ;. r 5, f(z). Since the set F(D) is finite, the
function fz(z) is the maximum of a finite number of linear functions. In
particular, the function fz(x) is piecewise linear and has finitely many linear
parts. Let us define:

fo(x) := min f5(z) = min max f(z).
DeD DeD feF(D)



Since there are at most (K;'2) < K? functions a + bz with 0 < a,b and

a+b < K, there are at most 25 distinct sets F(D), and the minimum in
the definition of fo(x) is always attained. Moreover, the function fo(x) is
the minimum of at most 2% distinct piecewise linear functions, and thus
fo(x) is also a piecewise linear function. In the rest of this proof, we show
that Ag(z) = fo(z) for all z € [¢,1].

Fix z € [¢,1]. Let D be an orientation of G such that () = fo(z). In
the orientation D, the maximum weight of an oriented path is f(x) and
Ac(z) < fo(z) by Theorem 1. Assume for the sake of contradiction that
Ac(x) < fo(z) for some z € [g,1]. By Theorem 1, there exists a finitary
orientation D of G with the maximum weight of an oriented path equal to
Ag(z). If D contains a path with more than K edges, then the weight of
this path is at least (K +1)z > AGT(D@“ > A(1). This is impossible, because
A () < Ag(1). Therefore, the length of each oriented path in D is at most
K and D € D. Since the maximum weight of an oriented path in D is
fi(x), we have fo(z) < f5(x) = Ag(x) < fo(xz) — contradiction.

We have shown that A\g(z) = fo(z) for all z € [, 1]. Since the function
Ac(z) is piecewise linear on both the intervals [0,e] and [e,1] and it has
finitely many linear parts on each of the two intervals, it is a piecewise linear
function with finitely many linear parts on the whole interval [0, 1]. O

Let us now show how Theorem 4 implies the results of Griggs and Jin
on A-functions of A-graphs of the form Gy:

Corollary 5. Let H be a (finite or infinite) graph with a bounded mazimum
degree, and let ly(z) = %/\pﬂ(H) for © = q/p. The function ly(z) is a
piecewise linear function for x € [0,00) with finitely many linear parts.

Proof. For x € [0,1], the statement follows from Theorem 4 applied to the
graph Gy whose definition can be found in Section 1. Next, consider the
graph G’ obtained from Gy by replacing l-edges by z-edges and z-edges
by 1-edges. Observe that £g(z) = - Ag'(1/z). Again, Theorem 4 yields
that Mg (z') is a piecewise linear function with finitely many linear parts for
x' € [0,1]. Hence, {g(x) is a piecewise linear function with finitely many
linear parts for z € [1, 00), too. O

Note that if H has bounded maximum degree, then G has bounded
maximum degree as well, and in particular, Gy has bounded chromatic
number. Our results from Section 4, namely Theorem 12, imply that for



every finite bound K there is a finite set L of piecewise linear functions

defined on [0, 00), with finitely many linear parts, such that for any (finite

or infinite) graph H with maximum degree at most K we have £y € Lk.
Another immediate corollary of Theorem 4 is the following:

Corollary 6. If G is a finite A-graph of order n, then there exist an integer
k, 1 <k <n?, real numbers xo,...,zp, 0 =29 <21 < --- <z} = 1, and
non-negative integers ai,...,ar and by,...,by with a; +b; < n — 1, such
that A\g(x) = a; + biz for every x € [x;_1,z;]. Moreover, z; = 2—'; for some
integers c;,d;, with 0 < ¢; <d; <n —1.

Proof. Since the function \g () is piecewise linear by Theorem 4, there exist
real numbers g, ..., T, 0 = 19 < 1 < --- < x = 1, such that the function
Ag(z) is linear on each interval [z;—1,z;], 7 = 1,...,k, for some integer k.
By Corollary 2, the coefficients of these linear functions are non-negative
integers whose sum does not exceed n — 1.

Furthermore, each of the reals z1, ..., zr_1 can be expressed as a fraction
with both the numerator and denominator between 1 and n — 1: clearly, z;

is the (unique) solution of the equation a; + b;x; = a;+1 + bir12z. Hence,
ai—Qit1 lait1—ail
biy1—0b; [big1—b:]
z; is positive). Since there are at most (n — 1)? fractions with both the
numerator and denominator between 1 and n — 1, the bound on the number

k follows. O

T; = (the latter equality follows from the fact that

Let us remark that the bound on the number of linear parts in Corol-
lary 6 can be improved to 37%2 +o0(n?) using the results on the Farey fractions
discussed in Section 5. However, we think that the order of the bound from
Corollary 6 can be asymptotically improved and conjecture the following:

Conjecture 7. If G is a finite A-graph of order n, then the function Ag(z)
consists of at most n linear parts.

4 A-functions with boundary constraints

As the first step towards the proof of Theorem 12, we establish two bounds
on the growth of a A-function:

Lemma 8. Let G be a (finite or infinite) A\-graph whose A-function is finite,
and let A\g(xz) = a + bz for all x € [0,7] and some v > 0. The following

10



inequality holds:
Ag(z) > a+bx

for all x € [0,1/0], if b > 0, and for all x € [0,1], otherwise.

Proof. If b = 0, the lemma holds trivially, because Ag(z) > Ag(0) for all
x € [0,1]. In the rest of the proof, we consider the case b > 0. Assume for
the sake of contradiction that there exists zy € [0,1/b] such that Ag(zo) <
a+ bxy < a+ 1. Note that o > 7 because A\g(z) is equal to a + bz for
@ € [0,7]. By Theorem 1, there exists an orientation D of G with the
following property: for every oriented path P in D it holds that a + b’ zo <
Ac (o) < a + bxg, where o' and b’ are the numbers of 1-edges and z-edges
of P. Since a + bzxg < a + 1, we have a’ < a. Therefore, a’ + b’y < a + by
for each such path P. We infer from Theorem 1 that Ag(y) < a + by. This
contradicts the assumptions of the lemma. O

Lemma 9. Let G be a (finite or infinite) A\-graph whose A-function is finite.
The following inequality holds:

Aa(z) <a+ (a+1)8z
where a = A\g(0) and B = Ag(1).

Proof. Fix vertex colorings ¢! and ¢ of the graphs G(!) and G with colors
0,...,a and 0,...,3. Let D be the following orientation of G: an edge
e =wv of G with ¢ (u) < ¢V (v) is oriented from u to v. An edge e = uv
with ¢V (u) = ¢M(v) is oriented from u to v if ¢(u) < ¢(v), and from v to
u, otherwise.

We now bound the maximum weight of a path in D. Consider an oriented
path P in D. The function ¢ is non-decreasing along the path P. Since
the value of ¢(!) increases on each l-edge of P, the path P contains at
most « 1-edges. There are also at most « + 1 subpaths of P formed by
the vertices with the same color assigned by ¢(!). On each such subpath,
the function c is strictly increasing, and consequently such a subpath can
consist of at most 8 z-edges. We conclude that each oriented path in D
contains at most a l-edges and at most (a + 1)3 z-edges. By Theorem 1,
Aa(z) <a+ (a+1)8z. O

A key essence of the proof that the set A(q, 3) is finite is the following
lower bound on the length of the initial linear part of a A-function in terms
of Ag(0) and Ag(1):

11



Lemma 10. Let G be a (finite or infinite) A\-graph whose \-function is
finite. The length of the initial linear part of Mg (x) is at least

1
20 +a+p8+1

where a = A\g(0) and 8 = Ag(1).

Proof. Let a and b be the non-negative integers such that Ag(z) = a + bz
for all = € [0,~] for some v > 0. Note that a = a. By Lemma 9, we have
0 <b < (a+1)B. We show that Ag(z) = a + ba for all = € [0, grgrargrr)-
The inequality Ag(z) > a + bz follows from Lemma 8. In the remaining, we
focus on establishing the opposite inequality Ag(z) < a + bx.

By Theorem 1 applied to the channel assignment problem derived from
G for & = min{1/(b+1),~}, there exists a finitary orientation D of G with
the following properties:

1. D contains no oriented path with a + 1 or more 1-edges, and
2. each oriented path of D with a 1-edges contains at most b x-edges.

Let a,, v € V(G), be the maximum number of 1-edges on an oriented path
of D which ends at v, and let b, be the maximum number of z-edges on
an oriented path with a, 1-edges which ends at v. In addition, let cg be
a coloring of G with colors 0,...,8. For z € [0 we define a
labeling ¢ of G as follows:

1
) 2aBTaTATT)

(v) = ay + by if b, <D,
A= an + ay(B+ 1)z + (cg(v) + b+ 1)z otherwise.

We now prove that c is a proper labeling of G for every z € [0, m]
As the first step towards this goal, we show that if b, > b, then the label
c¢(v) is at most a, + 1 — x (note that b, > b implies a, < a):

c(w) =ay+a,(B+ 1Dz + (cg(v) +b+ 1)z
<apy+(a-1D)B+z+ B+ (a+1)f+1)z
=a,+QRaf+a+B8+l)z—zv<a,+1—=x (1)

Next, we show that the labeling is proper on each edge of G. Consider
an edge wv, oriented from v to v in D. We distinguish two major cases
according to the type of the edge uv:

12



e uv is an z-edge.
Clearly, a, < a,, and if a, = a,, then b, < b,. We verify that
|e(uw) — ¢(v)| > « by considering the following four subcases:

Uy < Ay

By (1), ¢c(u) < ay +1 — z. Since a, + 1 < a, < ¢(v), we have
c(v) — e(u) > z as desired.

Gy = @y and b, < by, < b

The inequality ¢(v) — ¢(u) > x follows from the definition of c.
ay, = a, and b, < b < b,

We have c(v) — c¢(u) > (cg(v) + b+ 1)z — byx > x.

a, =a, and b < b, < b,

By the definition of ¢, we have |c(v)—c(u)| = |cg(v) —cg(u)|z > z.

e uv is a l-edge.
Clearly, a, < ay,. If a, = a, — 1, then b, < b,. We establish that
|e(u) — e(v)| > 1 by considering the next four subcases:

Ay < Qy — 2
Observe that ¢(u) < a, +1 and a, < ¢(v). Since a, < a, — 2, we
can immediately conclude that c¢(v) — c¢(u) > 1.

Gy =ay, —1 and b, < b, <b
The definition of ¢ immediately yields that ¢(v) — c¢(u) > 1.

ay, =a, —1 and b, <b< b,

By the definition of ¢, we have c¢(v) — c(u) > 1+ (cg(v) +b +
1)a —byz > 1.

ay, =a, —1and b < b, <b,

We again inspect the definition of ¢: ¢(v) —c(u) > 1+ (8+ 1)z +
[(cg(v) +b+1) — (ca(u) +b+1)]z > 1.

We have shown that ¢ is a proper labeling of G. Note that the maximum
label assigned by ¢ does not exceed a + bx. The inequality A\g(x) < a + bz

for z € [0

1
) SaBTaTATT]

readily follows. O

Before we prove Theorem 12, we observe the following proposition. Its
statement can be verified by inspection of the proof of Theorem 4.

Proposition 11. Let G be a (finite or infinite) A-graph whose A-function
is finite. Furthermore, let F be the set of all linear functions ax + b with
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integral non-negative coefficients a and b such that a + b < /v, where
B = Aa(1) and v is a real such that Ag(x) is linear on the interval [0,7].
There exist sets F1,...,Fr C F such that the following equality holds for
all x € [y,1]:
Ag(r) = min max f (z) .
Finally, we are ready to prove the main result of this section:

Theorem 12. Let a < 8 be any two non-negative integers. The following
estimate on the size of A(a, 8) holds:

(2% +ap+p2+2)2
|Aa, B)] < 2 ’

In particular, the set A(a, 5) is finite.

Proof. Let fo € Aa, 8), i.e., there exists a A-graph G with Ag(z) = fo(z)
and fo(0) = « and fo(1) = 8. By Lemma 10, the function fy is a linear
function of z on the interval [0,~] where v = m In particular, the
values of fo on the interval [0, ] are uniquely determined by the value of

fo(7) (recall that fo(0) = «).

As in Proposition 11, let F be the set of all linear functions az + b with
integral non-negative coefficients a and b such that a + b < /7. Let us
estimate the cardinality of the set F:

Al B/v+2)° (2082 +af + 2 + 22

7= Y k) < TR - : ©)

By Proposition 11, there exist subsets Fi,...,F, C F such that fy(z) =
min;—, . pmaxser, f(x) for all « € [y,1]. Once the sets Fi,...,F) are
fixed, the value fo(7y) is uniquely determined and thus the function fy is
uniquely determined by Fi,...,F, on the entire interval [0,1]. Since F
contains 2!71 subsets, there are 227! choices of the subsets Fi,...,Fi. The
statement of the theorem now follows from the estimate (2). O

5 Convex A-functions
In this section, we focus on A-graphs with convex A-functions. First, we show

a simple upper bound on the number of linear parts of convex A-functions
of finite A-graphs:
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Theorem 13. Let G be a finite A\-graph of order n. If the function Ag(z)
is convex, then it consists of at most 3n/®> + 1 linear parts.

Proof. Let k be the number of linear parts of Ag(z) and let the reals
Zg,--., T and the integers aj,...,ar and by,...,b; be as in Corollary 6.
Since the function A\g(z) is convex, a; > a; and b; < b; for every 1 < i <
J<k.

Let a; = a; — a;41 > 0 and Bi = biy1 —b; >0 fori =1,...,k— 1.
In particular, a; = ap + a1 + ... + a1 and by = by + 51 + ...+ Br_1.
Note that z; = «;/f; for all i = 1,...,k — 1. Let I4 be the set of the
indices i = 1,...,k — 1 such that a; > n'/3, and let Ip be the set of the
indices i = 1,...,k — 1 such that 8; > n!/3. Since a; < n by Corollary 6,
|Ia| < n?/3. Similarly, |I5| < n?/3.

Let I ={1,...,k}\({aUlp). Each number z; = a;/f; is a fraction with
both the numerator and denominator between 1 and n'/3. Since there are
at most n%/3 such distinct fractions, we infer that |I| < n?/®. Consequently,
k <|I|+ |14+ |I5| < 3n%/?. The statement of the theorem now follows. [

In the rest of this section, we construct A-graphs whose convex A-functions
have Q(n?/?) linear parts. The first step towards our construction is the next
proposition. We leave its straightforward proof to the reader.

Proposition 14. Let G be the A-graph which is the disjoint union of a
cliqgue of order ki with l-edges and a clique of order k, with x-edges. If
ky > k1, then the function A (x) consists of two linear parts meeting at the
point ky [k .

The second tool is the next lemma on joins of A-graphs:

Lemma 15. Let G1 and G2 be two disjoint A-graphs, and let G = G1 & G»
be the A-graph obtained from G1 and G5 by adding 1-edges vivs between any
pair of vertices v1 € V(G1) and vy € V(G2). The following holds:

Ac(x) = Ag, () + Ag,(z) + 1.

Proof. Fix the number z € [0,1]. By Theorem 1, G; and G» have finitary
orientations D and D» with _:che maximum weights of an oriented path_}equal
to Ag, () and Mg, (z). Let D be the orientation of G obtained from D; and
52 by orienting all the edges between G an(i G from Gy to Gy. Clearly,
the maximum weight of an oriented path in D is Ag, () + Ag,(z) + 1. By
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Theorem 1, A¢(z) < Ag, (2) + Ag, (2) + 1. In the next paragraph, we finish
the proof of the lemma by establishing the opposite inequality.

Assume for contradiction that Ag(x) < Ag, (z) + Ag,(x) + 1. By The-
orem 1, G has a finitary orientation D with the maximum weight of an
oriented path strictly less than Aq, (z) + Ag,(z) + 1. On the other hand,
the orientation D restricted to (G1 contains an oriented path P; with weight
at least Ag, (z), and D restricted to G contains a path P, with weight
at least Ag,(z). Let G' be the subgraph of G induced by the vertices of
P, and Py, and let p = |V(G')|. Note that the orientation D is acyclic
and any two vertices of G' are connected by an oriented path, which im-
plies that there is a unique way to order the vertices of G' into a sequence
S = (vi,v2,v3,...,vp) which is topologically sorted with respect to D, ie.,
if D contains an edge oriented from v; to v;, then ¢ < j. The uniqueness
of S implies that for each ¢ < p the vertices v; and v;y1 are connected by
an oriented edge v;v;y1. Therefore, G' contains an oriented Hamilton path
P = vjvy---v,. Furthermore, every z-edge of P is also an edge of P, or
P,, and thus the weight of P is at least A\g, (z) + Ag, (z) + 1. This contra-
dicts our assumption that the weight of every oriented path in Dis strictly
smaller than Ag, (z) + Ag, (z) + 1. O

Finally, we recall some results on the Farey fractions. The Farey se-
quence is formed by sets Fj, of rationals, where F}, is the set of all irreducible
fractions a/b with 0 < a < b < mn, e.g., Fy = {0,1/4,1/3,1/2,2/3,3/4,1}
(note that 1/2 = 2/4). The Farey fractions appear, e.g., in [2, 6, 15]. For
our considerations, the following result [9, 26, 27] on the Farey fractions is

of interest: " 5
lim [l = — (3)

n—oo n? 2

We can now construct a A-graph whose A-function consists of Q(n?/3)
linear parts:

Theorem 16. For every positive integer n, there is a A-graph G of order n
3
whose \-function consists of %Mﬁ —o(n?/?) ~ 0.42n>/3 linear parts.

Proof. Fix a positive integer k. We construct a graph G of order at most
2k|Fi| whose A-function consists of |Fy| — 1 linear parts. The statement of
the theorem will then follow from the limit (3).

Let F} be the set of the Farey fractions from Fj, strictly between 0 and
1. For each fraction § € Fy, consider the graph G/, from Proposition 14

16



with k1 = a and k, = b. Note that there are |Fj| — 2 choices of a and b
(we exclude the fractions 0 and 1). The A-function of G/, consists of two
linear parts meeting at the point ¢.

Let G be the A-graph obtained from vertex-disjoint copies of G, § €
Fy?, by adding l-edges between all pairs of vertices from distinct copies,
ie, G = ®%GF§ Gasp- By Lemma 15, the A-function of G is equal to the
following:

Aa(z) = |FE| =14 D Aa., (@)

TEFY

Therefore, the function Ag(x) consists of |Fj| — 1 linear parts.

It remains to estimate the order of the A-graph G. The order of every
graph G is at most 2k. Hence, the order of G' does not exceed 2k|Fy| as
claimed in the beginning. |

We remark that the multiplicative factors both in Theorems 13 and 16
can be improved by a finer analysis of the estimates used in the proofs. We
decided not to do so in order to keep our arguments simple.

Acknowledgements

The authors would like to thank Peter Bella for discussions on the Farey
fractions.

References

[1] G. AGNARSSON, R. GREENLAW, M. M. HALLDORSSON: Powers of
chordal graphs and their coloring, to appear in Congressus Numeran-
tium.

[2] T. M. AposToL: Modular functions and Dirichlet series in number
theory, Springer, 1997, pp. 97-99.

[3] H. L. BODLAENDER, T. KLOKS, R. B. TAN, J. VAN LEEUWEN: A-

coloring of graphs, in: G. Goos, J. Hartmanis, J. van Leeuwen (eds.),
Proc. STACS’00, LNCS vol. 1770 (2000), pp. 395-406.

[4] G. J. CuaNG, W.-T. Kg, D. D.-F. Liv, R. K. YEH: On L(d,1)-
labellings of graphs, Discrete Math., 3(1) (2000), pp. 57-66.

17



[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

G. J. CHANG, D. Kvo: The L(2,1)-labeling problem on graphs, STAM
J. Discrete Math., 9(2) (1996), pp. 309-316.

J. H. Conway, R. K. Guy: The book of numbers, Springer, 1996,
pp- 152-156.

J. F1avLA, J. KraTOCHVIL, T. KLOKS, Fized-parameter complexity of
A-labelings, Discrete Appl. Math. 113(1) (2001), pp. 59-72.

D. A. Forakis, S. E. NIKOLETSEAS, V. G. PapaDoPoOULOU, P. G.
SPIRAKIS: NP-Completeness results and efficient approzimations for
radiocoloring in planar graphs, in: B. Rovan (ed.), Proc. MFCS’00,
LNCS vol. 1893 (2000), pp. 363-372.

R. L. GRaHAM, D. E. KNUTH, O. PATASHNIK: Concrete mathemat-
ics: a foundation for computer science, Addison-Wesley, 1994, pp. 118—
119.

J. R. Gricas, T. X. JIN: Real number graph labellings with distance
conditions, in preparation.

J. R. Gricas, T. X. JiIN: Real number graph labellings of paths and
cycles, in preparation.

J. R. Gricags, T. X. JiN: Real number graph labellings of infinite
graphs, in preparation.

J. R. GriGcGs, R. K. YEH: Labeling graphs with a condition at distance
2, STAM J. Discrete Math., 5 (1992), pp. 586-595.

W. K. HALE: Frequency assignment: Theory and applications, Pro-
ceedings of the IEEE 68 (1980), pp. 1497-1514.

G. H. HArDY, E. M. WRIGHT: An introduction to the theory of
numbers, Clarendon Press, 1979, pp. 23-37.

T. X. Jin: Ph.D. dissertation, University of South Carolina, in prepa-
ration.

J.-H. KANG: L(2,1)-labeling of 8-regular Hamiltonian graphs, submit-
ted for publication.

J.-H. Kana: L(2,1)-labelling of 3-reqular Hamiltonian graphs, Ph.D
Thesis, University of Illinois at Urbana-Champaign (2004).

18



[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

D. KRAL: An exact algorithm for channel assignment problem, Dis-
crete Appl. Math. 145(2) (2004), 326-331.

D. KRAL: Coloring powers of chordal graphs, to appear in STAM J.
Discrete Math.

D. KRAL, R. SKREKOVSKI: A theorem about channel assignment prob-
lern, STAM J. Discrete Math. 16(3) (2003), 426-437.

R. A. LEESE, S. D. NOBLE: Cyclic labellings with constraints at two
distances, Electronic Journal of Combinatorics 11(1) (2004), 16 pages.

C. McDIARMID: Discrete mathematics and radio channel assignment,
in: C. Linhares-Salas, B. Reed (eds.), Recent advances in theoretical
and applied discrete mathematics, Springer, 2001.

C. McDIARMID: On the span in channel assignment problems: bounds,
computing and counting, Discrete Math. 266 (2003), 387-397.

D. SAKATL: Labeling chordal graphs: distance two condition, SIAM J.
Discrete Math. 7 (1994), pp. 133-140.

I. VARDI: Computational recreations in Mathematica, Addison-Wesley,
1991, p. 155.

E. W. WEISSTEIN: Farey Sequence, available on-line at
http://mathworld.wolfram.com/FareySequence.html.

19



Appendix

All \-graphs on four vertices

First, we list all non-isomorphic A-graphs on four vertices together with
their A-functions. The A-graphs corresponding to the depicted A-function
can be found under the graph of the function. The 1-edges are depicted as
solid segments, while the z-edges are represented by dashed segments.
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Other selected \-graphs

We also list some other small A-graphs with interesting A-functions: the first
one is an example of a A-graph with a concave A-function, the second one
is an example of a A-graph whose A-function is neither convex nor concave
(note that it even contains two different constant parts), and the third one is
an example of a A-graph such that two different linear parts of its A-function
correspond to the same linear function.
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