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Abstra
t

Motivated by L(p; q)-labelings of graphs, we introdu
e a notion of

�-graphs: a �-graph G is a graph with two types of edges: 1-edges

and x-edges. For a parameter x 2 [0; 1℄, a proper labeling of G is a

labeling of verti
es of G by non-negative reals su
h that the labels of

the end-verti
es of a 1-edge di�er by at least 1 and the labels of the

end-verti
es of an x-edge di�er by at least x; �

G

(x) is the smallest

real su
h that G has a proper labeling by labels from the interval

[0; �

G

(x)℄.

We study properties of the fun
tion �

G

(x) for �nite and in�nite

�-graphs and establish the following results: if the fun
tion �

G

(x) is

well-de�ned, then it is a pie
ewise linear fun
tion of x with �nitely

many linear parts. Surprisingly, the set �(�; �) of all fun
tions �

G

with �

G

(0) = � and �

G

(1) = � is �nite for any � � �. We also prove

a tight upper bound on the number of segments for �nite �-graphs G

with 
onvex fun
tions �

G

(x).
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1 Introdu
tion

Several graph theory models for radio frequen
y assignment were suggested

by Hale [14℄. One of the most important models is L(p; q)-labeling of graphs,

whi
h 
an be tra
ed ba
k to the paper by Griggs and Yeh [13℄. An L(p; q)-

labeling of a graph G for 1 � q � p is a labeling of the verti
es by non-

negative integers su
h that the labels of adja
ent verti
es di�er by at least

p and the labels of verti
es at distan
e two di�er by at least q. The least

integer K su
h that there is a proper labeling using integers between 0 and

K is 
alled the span and is denoted by �

p;q

(G).

The 
ase of L(2; 1)-labelings attra
ted a spe
ial attention of resear
hers,

in parti
ular with the 
onne
tion to the 
onje
ture of Griggs and Yeh [13℄

that �

2;1

(G) � �

2

for every graph G with maximum degree �. Bounds

on the span in terms of the maximum degree have been proved in a series

of papers [13, 5, 21℄, and the 
urrently best upper bound is �

2;1

(G) �

�

2

+ � � 1. The 
onje
ture itself has been veri�ed for several 
lasses of

graphs, in
luding graphs of maximum degree two, 
hordal graphs [25℄, see

also [4, 20℄, and hamiltonian 
ubi
 graphs [17, 18℄. However, even the 
ase

of general 
ubi
 graphs remains open. Be
ause of pra
ti
al motivation of

the problem, L(p; q)-labelings are also widely studied from the algorithmi


point of view [1, 3, 7, 8, 19, 24℄.

In this paper, we study how the span �

p;q

(G) depends on the parame-

ters p and q. This is well-motivated from pra
ti
al point of view sin
e in

appli
ations, the parameters p and q are not �xed in advan
e but rather

adjusted ad ho
 depending on to the level of interferen
e experien
ed for

their di�erent 
ombinations. Our approa
h is similar to that of [22℄, but

we fo
us on the original notion of L(p; q)-labeling rather than its 
ir
ular


oloring version, and we do not determine the behavior for some parti
ular

graphs, but we rather prove general results. Also, we do not restri
t our

attention to �nite graphs. The in
lusion of in�nite graphs is motivated by

appli
ations, e.g., L(p; q)-labelings of in�nite triangular, square and hexago-

nal planar latti
es naturally arise in pra
ti
e, and have been addressed from

the theoreti
al point of view as well [16℄.

L(p; q)-labelings are 
losely related to 
hannel assignment problems. Our

de�nition of 
hannel assignment problem is slightly more general than usual:

both the weights of edges and the labels of verti
es are real numbers rather

than just integers. A 
hannel assignment problem is determined by a pair

(G;w) 
onsisting of a (�nite or in�nite) graph G and a fun
tion w : E(G)!

R

+

. A labeling 
 : V (G)! R

+

0

of the verti
es of G by non-negative reals is
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proper if j
(v)�
(v

0

)j � w(vv

0

) for ea
h edge vv

0

of G. The span of a labeling


 is the supremum of the labels used by 
 and the span �

w

(G) of a 
hannel

assignment problem (G;w) is the in�mum of the spans of proper labelings

for (G;w). An L(p; q)-labeling of a graph G 
an be viewed as the 
hannel

assignment problem for the square of G (the se
ond distan
e power): the

edges of G have weights p, and the edges of G

2

not belonging to G have

weights q. The reader is also wel
ome to see the survey [23℄ on the 
hannel

assignment problem.

The alternative view of L(p; q)-labelings presented above is a starting

point for our work. A �-graph G is a graph with two types of edges: 1-edges

and x-edges. For a parameter x 2 [0; 1℄, one forms a 
hannel assignment

problem on G by assigning the weight 1 to every 1-edge and the weight x to

every x-edge. The span of this 
hannel assignment problem is denoted by

�

G

(x); the fun
tion �

G

(x) is 
alled the �-fun
tion of G. For a graph H , let

G

H

be the �-graph on the same set of verti
es as H su
h that the verti
es

adja
ent in H are joined by 1-edges in G

H

, and the verti
es at distan
e two

in H are joined by x-edges in G

H

. Clearly, the following holds:

�

G

H

�

q

p

�

=

�

p;q

(H)

p

.

Therefore, the �-fun
tion ofG

H


an be viewed as normalized one-dimensional

fun
tion des
ribing the behavior of the two-parameter fun
tion �

p;q

(H).

Note also that �

G

(0) = �(G

(1)

) � 1 and �

G

(1) = �(G) � 1, where G

(1)

is

the spanning subgraph of G formed by the 1-edges. This approa
h re
e
ts

the pra
ti
al appli
ation of radio frequen
y assignment: the 1-edges rep-

resent the pairs of 
lose transmitters where huge interferen
e o

urs, and

the x-edges 
orrespond to more distant transmitters where smaller inter-

feren
e may appear. The value of the parameter x is then proportional

to the interferen
e experien
ed, and is adjusted a

ording to its level. To

get a
quainted with the prin
ipal 
on
epts of this paper, the reader may


onsult the Appendix, where we provide the 
omplete list of �-graphs with

four verti
es together with their �-fun
tions, as well as examples of other

interesting �-graphs.

A similar approa
h to the study of the span of L(p; q)-labeling was de-

veloped independently of us (and before us) by Griggs and Jin [10, 11, 12℄.

They presented their results, e.g., during the SIAM Conferen
e on Dis
rete

Mathemati
s in Nashville, TN, in June 2004. In parti
ular, they proved

(using a di�erent terminology) that if H is a (�nite or in�nite) graph with

bounded maximum degree, then �

G

H

is a pie
ewise linear fun
tion of x for
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x 2 [0;1) with �nitely many linear parts. Moreover, the 
oeÆ
ients of the

linear fun
tions forming �

G

H

are bounded by a 
onstant that depends solely

on the maximum degree of H . The former statement 
an be derived from

our Theorem 4 (see Corollary 5). Our Theorem 12 yields that there are only

�nitely many di�erent �-fun
tions for �-graphs of the form G

H

where H is

a graph of bounded maximum degree. Hen
e, Theorem 12 also implies that

the 
oeÆ
ients of linear fun
tions forming �

G

H

are bounded by a 
onstant

depending only on the maximum degree of H .

Our method is di�erent from that in [10℄: the arguments in [10℄ are

based on the stru
ture of optimum labelings for a graph H obeying the

given distan
e 
onstraints, whereas we use a 
lose 
orresponden
e between

orientations of graphs and their labelings, developed in Se
tion 2. Still,

some of our results, e.g., Lemma 3, have their 
ounterparts in the work [10℄.

Sin
e we prove our results in a more general setting, we de
ided, for the

sake of 
ompleteness, to in
lude full arguments even in su
h 
ases.

1.1 Our results

We study general �-graphs without restri
ting our attention to those equal

to G

H

for some H . In Se
tion 3, we show that the fun
tion �

G

(x) is a

pie
ewise linear fun
tion with �nitely many linear parts, under the assump-

tion that it is well-de�ned for some x > 0. The proof of this statement is

quite straightforward if G is �nite, but it be
omes more 
omplex for in�-

nite �-graphs. In Se
tion 4, we study �-fun
tions with pres
ribed values

for x = 0; 1. Let �(�; �) be the set of all �-fun
tions �

G

(x) of �nite and

in�nite �-graphs G with �

G

(0) = � and �

G

(1) = �. One 
ould expe
t that

the set �(�; �) is in�nite for � < �, but the opposite is true: in fa
t, the

set �(�; �) is �nite for any integers � � �. In Theorem 12, we present the

bound 2

2

(2��

2

+��+�

2

+2)

2

2

on the size of the set �(�; �). At the end of the

paper, we fo
us on �nite �-graphs whose �-fun
tion is 
onvex, and prove

an asymptoti
ally tight upper bound on the number of the linear parts of

the �-fun
tions in terms of the order of a �-graph: if G is a �nite �-graph

of order n and the fun
tion �

G

(x) is 
onvex, then �

G

(x) 
onsists of at most

O(n

2=3

) linear parts.
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2 Gallai-Roy Theorem

We establish an analogue of the Gallai-Roy Theorem for 
hannel assign-

ment problems with (�nite and) in�nite underlying graphs. The Gallai-Roy

theorem in its original form relates 
olorings and lengths of paths in a
y
li


orientations of a graph. Our proof follows the lines of a similar theorem for


hannel assignment problems with �nite graphs by M
Diarmid [24℄, but we

in
lude the proof for the sake of 
ompleteness.

First, we introdu
e some additional de�nitions ne
essary for stating and

proving the theorem. An orientation of a graph is �nitary if there is a


onstant K � 0 su
h that every oriented walk has length at most K. The

weight of a path is the sum of the weights of the edges on the path. The


hannel assignment problem (G;w) is said to be �nitary if the image set

of the fun
tion w is �nite. If (G;w) is �nitary, then there exists a proper

labeling 
 whose span is equal to the span of (G;w), and the span of the

optimum labeling 
 is equal to the maximum label used by 
 (these 
laims

will be established in the proof of Theorem 1).

We now state and prove the announ
ed analogue of the Gallai-Roy The-

orem:

Theorem 1. Let (G;w) be a �nitary 
hannel assignment problem. The

span of (G;w) is �nite if and only if G has a �nitary orientation. In this


ase, the span of (G;w) is equal to the minimum of the maximum weight of

a path in a �nitary orientation of G, where the minimum is taken over all

�nitary orientations of G.

Proof. Consider a �nitary orientation of G and let w

0

be the maximum

weight of a path in the orientation. Label a vertex v of G with the maximum

weight of an oriented path whi
h ends at v. Clearly, the span of this labeling

does not ex
eed w

0

. Moreover, the labeling is proper: 
onsider two verti
es

v and v

0

joined by an edge of G. Assume that the edge between v and v

0

is oriented from v to v

0

. Sin
e ea
h path leading to the vertex v 
an be

prolonged to v

0

, the label of v

0

is greater than the label of v and they di�er

by at least w(vv

0

). Sin
e there is a �nite number of edge weights (re
all that

both the 
hannel assignment problem and the orientation are �nitary), we


on
lude that the span of (G;w) is at most the minimum of the maximum

weight of a path taken over all �nitary orientations of G.

On the other hand, if 
 is a proper labeling of (G;w), then there is a

�nitary orientation of G su
h that the maximum weight of a path in the

orientation is at most the span of (G;w). Consider the following orientation:
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an edge between two verti
es v and v

0

is oriented from v to v

0

if 
(v) < 
(v

0

),

otherwise it is oriented from v

0

to v. Sin
e the labels of the verti
es on an

oriented path in
rease on ea
h edge at least by its weight, the maximum

weight of the path in the orientation is bounded by the maximum label

assigned to a vertex of G. The statement of the theorem now readily follows.

The next 
orollary of Theorem 1 on the �-fun
tions of �nite �-graphs

immediately follows:

Corollary 2. If G is a �nite �-graph of order n, then for ea
h x 2 [0; 1℄,

there exist non-negative integers a and b with a + b � n � 1 su
h that

�

G

(x) = a+ b � x.

Proof. Consider the 
hannel assignment problem (G

0

; w

0

) where G

0

is the

underlying graph of G, the weight w

0

(e) of a 1-edge e is one and the weight

w

0

(e) of an x-edge e is x. Sin
e the 
hannel assignment problem (G

0

; w

0

) is

�nitary, its span is equal to the maximum weight of a �nite path of a �nitary

orientation of G

0

. Therefore, �

G

(x) = a+b�x for some non-negative integers

a+ b � n� 1.

3 Pie
ewise linearity

In this se
tion, we show that the fun
tion �

G

(x) of every �-graph is a

pie
ewise linear fun
tion of x. As the �rst step, we show that the fun
tion

�

G

(x) is a linear fun
tion of x on some neighborhood of 0:

Lemma 3. Let G be a (�nite or in�nite) �-graph. If the fun
tion �

G

(x) is

�nite for some x > 0, then the fun
tion �

G

(x) is a linear fun
tion of x on

the interval [0; "℄ for some " > 0.

Proof. Sin
e �

G

(x) is �nite for some x > 0, there is a �nitary orientation

~

D

0

of G. In parti
ular, the 
hromati
 number �(G

(1)

) is �nite (re
all that

G

(1)

is the spanning subgraph of G whose edges are exa
tly the 1-edges of

G), and �

G

(0) = �(G

(1)

)� 1.

Next, we 
onstru
t a �nitary orientation of G that does not 
ontain any

oriented path with more than �

G

(0) 1-edges. Let 
 be any proper 
oloring

of G

(1)

with �(G

(1)

) 
olors 0; : : : ; �

G

(0). Consider the orientation

~

D of G

su
h that an edge vv

0

of G is

� oriented from v to v

0

, if 
(v) < 
(v

0

),

6



� oriented from v

0

to v, if 
(v) > 
(v

0

), and

� oriented as in the orientation

~

D

0

, otherwise.

Sin
e on ea
h oriented path, the 
olors of the verti
es form a non-de
reasing

sequen
e that stri
tly in
reases on ea
h 1-edge, there is no oriented path

with more than �

G

(0) 1-edges. It remains to show that the orientation

~

D

is �nitary. Let k be the maximum length of a path in

~

D

0

. As we have

observed, the 
olors assigned by 
 to the verti
es of an oriented path of

~

D

form a non-de
reasing sequen
e. A subpath formed by the verti
es of the

same 
olor is also an oriented path in

~

D

0

. Hen
e, its length is at most k. We


on
lude that ea
h oriented path in

~

D has length at most �(G

(1)

)(k + 1).

In parti
ular, the orientation

~

D is �nitary.

Choose

~

D to be a �nitary orientation of G su
h that:

1.

~

D does not 
ontain any oriented path with more than �

G

(0) 1-edges,

and

2. the maximum length of an oriented path with exa
tly �

G

(0) 1-edges

is minimal.

Sin
e the orientation of G 
onstru
ted in the previous paragraph has the

�rst property, the orientation

~

D exists and is well-de�ned.

Let k

D

be the maximum length of a path in

~

D, and let k

x

be the maxi-

mum number of x-edges on a path of

~

D that has �

G

(0) 1-edges. We show

the following:

�

G

(x) = �

G

(0) + k

x

x for every x 2 [0; "℄;

where " =

1

k

D

.

Assume, for 
ontradi
tion, that there is x 2 (0; "℄ su
h that �

G

(x) <

�

G

(0)+k

x

x. Note that this inequality implies that �

G

(x) < �

G

(0)+1 sin
e

k

x

< k

D

. By Theorem 1, G has a �nitary orientation

~

D

0

that does not


ontain any oriented path with more than �

G

(0) 1-edges, and in addition,

at least one of the following holds:

�

~

D

0

has no oriented path with �

G

(0) 1-edges, or

� any oriented path of

~

D

0

with �

G

(0) 1-edges has less than k

x

x-edges.

The former is impossible be
ause every �nitary orientation of G

(1)

, and

therefore of G, has a path with �

G

(0) edges by Theorem 1. The latter

7




ontradi
ts the 
hoi
e of the orientation

~

D. We infer that �

G

(x) � �

G

(0)+

k

x

x for all x 2 [0; "℄.

It remains to establish the opposite inequality, i.e., �

G

(x) � �

G

(0)+k

x

x

for x 2 [0; "℄. Consider an oriented path P in

~

D. If P 
ontains �

G

(0)

1-edges, then it 
ontains at most k

x

x-edges, and 
onsequently its weight

is at most �

G

(0) + k

x

x. On the other hand, if P 
ontains less than �

G

(0)

1-edges, then its weight is at most �

G

(0)� 1 + k

D

x � �

G

(0). We 
on
lude

that the maximum weight of an oriented path in

~

D is at most �

G

(0) + k

x

x.

Therefore, �

G

(x) � �

G

(0) + k

x

x by Theorem 1.

We are ready to establish the main result of this se
tion. Note that

the statement of Theorem 4 for �nite �-graphs 
an be easily derived from

Corollary 2.

Theorem 4. Let G be a (�nite or in�nite) �-graph. If the fun
tion �

G

(x) is

�nite for some x > 0, then the fun
tion �

G

(x) is a pie
ewise linear fun
tion

of x on the interval [0; 1℄ with �nitely many linear parts.

Proof. Sin
e the fun
tion �

G

(x) is �nite for some x > 0, G has a �nitary

orientation and the fun
tion �

G

(x) is �nite for all x 2 [0; 1℄ by Theorem 1.

Let " > 0 be a real su
h that the fun
tion �

G

(x) is linear for x 2 [0; "℄. Su
h

" exists by Lemma 3. We may assume that " � 1=4. Moreover, if �

G

(1) = 0,

then �

G

is identi
ally equal to 0 and the theorem holds. Therefore, we only

need to 
onsider the 
ase �

G

(1) � 1. Let K = b�

G

(1)="
. By the previous

assumptions, K � 4. Consider the set D of �nitary orientations

~

D of G

su
h that the maximum length of an oriented path in

~

D is at most K.

Note that the set D is non-empty sin
e G has a �nitary orientation with

maximum path length �

G

(1) by Theorem 1 applied to the graph G with all

edge weights equal to one.

For an orientation

~

D 2 D, let F(

~

D) be the set of all the fun
tions a+ bx

su
h that

~

D 
ontains an oriented path with a 1-edges and b x-edges. Sin
e

the maximum length of an oriented path of

~

D is at most K, the sum a+ b

is bounded by K. Therefore, the set F(

~

D) is �nite for every orientation

~

D 2 D. Let f

~

D

(x) = max

f2F(

~

D)

f(x). Sin
e the set F(

~

D) is �nite, the

fun
tion f

~

D

(x) is the maximum of a �nite number of linear fun
tions. In

parti
ular, the fun
tion f

~

D

(x) is pie
ewise linear and has �nitely many linear

parts. Let us de�ne:

f

0

(x) := min

~

D2D

f

~

D

(x) = min

~

D2D

max

f2F(

~

D)

f(x).

8



Sin
e there are at most

�

K+2

2

�

� K

2

fun
tions a + bx with 0 � a; b and

a+ b � K, there are at most 2

K

2

distin
t sets F(

~

D), and the minimum in

the de�nition of f

0

(x) is always attained. Moreover, the fun
tion f

0

(x) is

the minimum of at most 2

K

2

distin
t pie
ewise linear fun
tions, and thus

f

0

(x) is also a pie
ewise linear fun
tion. In the rest of this proof, we show

that �

G

(x) = f

0

(x) for all x 2 ["; 1℄.

Fix x 2 ["; 1℄. Let

~

D be an orientation of G su
h that f

~

D

(x) = f

0

(x). In

the orientation

~

D, the maximum weight of an oriented path is f

~

D

(x) and

�

G

(x) � f

0

(x) by Theorem 1. Assume for the sake of 
ontradi
tion that

�

G

(x) < f

0

(x) for some x 2 ["; 1℄. By Theorem 1, there exists a �nitary

orientation

~

D of G with the maximum weight of an oriented path equal to

�

G

(x). If

~

D 
ontains a path with more than K edges, then the weight of

this path is at least (K+1)x >

�

G

(1)

"

x � �

G

(1). This is impossible, be
ause

�

G

(x) � �

G

(1). Therefore, the length of ea
h oriented path in

~

D is at most

K and

~

D 2 D. Sin
e the maximum weight of an oriented path in

~

D is

f

~

D

(x), we have f

0

(x) � f

~

D

(x) = �

G

(x) < f

0

(x) | 
ontradi
tion.

We have shown that �

G

(x) = f

0

(x) for all x 2 ["; 1℄. Sin
e the fun
tion

�

G

(x) is pie
ewise linear on both the intervals [0; "℄ and ["; 1℄ and it has

�nitely many linear parts on ea
h of the two intervals, it is a pie
ewise linear

fun
tion with �nitely many linear parts on the whole interval [0; 1℄.

Let us now show how Theorem 4 implies the results of Griggs and Jin

on �-fun
tions of �-graphs of the form G

H

:

Corollary 5. Let H be a (�nite or in�nite) graph with a bounded maximum

degree, and let `

H

(x) :=

1

p

�

p;q

(H) for x = q=p. The fun
tion `

H

(x) is a

pie
ewise linear fun
tion for x 2 [0;1) with �nitely many linear parts.

Proof. For x 2 [0; 1℄, the statement follows from Theorem 4 applied to the

graph G

H

whose de�nition 
an be found in Se
tion 1. Next, 
onsider the

graph G

0

obtained from G

H

by repla
ing 1-edges by x-edges and x-edges

by 1-edges. Observe that `

H

(x) = x � �

G

0

(1=x). Again, Theorem 4 yields

that �

G

0

(x

0

) is a pie
ewise linear fun
tion with �nitely many linear parts for

x

0

2 [0; 1℄. Hen
e, `

H

(x) is a pie
ewise linear fun
tion with �nitely many

linear parts for x 2 [1;1), too.

Note that if H has bounded maximum degree, then G

H

has bounded

maximum degree as well, and in parti
ular, G

H

has bounded 
hromati


number. Our results from Se
tion 4, namely Theorem 12, imply that for

9



every �nite bound K there is a �nite set L

K

of pie
ewise linear fun
tions

de�ned on [0;1), with �nitely many linear parts, su
h that for any (�nite

or in�nite) graph H with maximum degree at most K we have `

H

2 L

K

.

Another immediate 
orollary of Theorem 4 is the following:

Corollary 6. If G is a �nite �-graph of order n, then there exist an integer

k, 1 � k � n

2

, real numbers x

0

; : : : ; x

k

, 0 = x

0

< x

1

< � � � < x

k

= 1, and

non-negative integers a

1

; : : : ; a

k

and b

1

; : : : ; b

k

with a

i

+ b

i

� n � 1, su
h

that �

G

(x) = a

i

+ b

i

x for every x 2 [x

i�1

; x

i

℄. Moreover, x

i

=




i

d

i

for some

integers 


i

; d

i

, with 0 � 


i

� d

i

� n� 1.

Proof. Sin
e the fun
tion �

G

(x) is pie
ewise linear by Theorem 4, there exist

real numbers x

0

; : : : ; x

k

, 0 = x

0

< x

1

< � � � < x

k

= 1, su
h that the fun
tion

�

G

(x) is linear on ea
h interval [x

i�1

; x

i

℄, i = 1; : : : ; k, for some integer k.

By Corollary 2, the 
oeÆ
ients of these linear fun
tions are non-negative

integers whose sum does not ex
eed n� 1.

Furthermore, ea
h of the reals x

1

; : : : ; x

k�1


an be expressed as a fra
tion

with both the numerator and denominator between 1 and n� 1: 
learly, x

i

is the (unique) solution of the equation a

i

+ b

i

x

i

= a

i+1

+ b

i+1

x. Hen
e,

x

i

=

a

i

�a

i+1

b

i+1

�b

i

=

ja

i+1

�a

i

j

jb

i+1

�b

i

j

(the latter equality follows from the fa
t that

x

i

is positive). Sin
e there are at most (n � 1)

2

fra
tions with both the

numerator and denominator between 1 and n�1, the bound on the number

k follows.

Let us remark that the bound on the number of linear parts in Corol-

lary 6 
an be improved to

3n

2

�

2

+o(n

2

) using the results on the Farey fra
tions

dis
ussed in Se
tion 5. However, we think that the order of the bound from

Corollary 6 
an be asymptoti
ally improved and 
onje
ture the following:

Conje
ture 7. If G is a �nite �-graph of order n, then the fun
tion �

G

(x)


onsists of at most n linear parts.

4 �-fun
tions with boundary 
onstraints

As the �rst step towards the proof of Theorem 12, we establish two bounds

on the growth of a �-fun
tion:

Lemma 8. Let G be a (�nite or in�nite) �-graph whose �-fun
tion is �nite,

and let �

G

(x) = a + bx for all x 2 [0; 
℄ and some 
 > 0. The following

10



inequality holds:

�

G

(x) � a+ bx

for all x 2 [0; 1=b℄, if b > 0, and for all x 2 [0; 1℄, otherwise.

Proof. If b = 0, the lemma holds trivially, be
ause �

G

(x) � �

G

(0) for all

x 2 [0; 1℄. In the rest of the proof, we 
onsider the 
ase b > 0. Assume for

the sake of 
ontradi
tion that there exists x

0

2 [0; 1=b℄ su
h that �

G

(x

0

) <

a + bx

0

� a + 1. Note that x

0

> 
 be
ause �

G

(x) is equal to a + bx for

x 2 [0; 
℄. By Theorem 1, there exists an orientation

~

D of G with the

following property: for every oriented path P in

~

D it holds that a

0

+ b

0

x

0

�

�

G

(x

0

) < a+ bx

0

, where a

0

and b

0

are the numbers of 1-edges and x-edges

of P . Sin
e a + bx

0

� a + 1, we have a

0

� a. Therefore, a

0

+ b

0


 < a + b


for ea
h su
h path P . We infer from Theorem 1 that �

G

(
) < a+ b
. This


ontradi
ts the assumptions of the lemma.

Lemma 9. Let G be a (�nite or in�nite) �-graph whose �-fun
tion is �nite.

The following inequality holds:

�

G

(x) � �+ (�+ 1)�x

where � = �

G

(0) and � = �

G

(1).

Proof. Fix vertex 
olorings 


(1)

and 
 of the graphs G

(1)

and G with 
olors

0; : : : ; � and 0; : : : ; �. Let

~

D be the following orientation of G: an edge

e = uv of G with 


(1)

(u) < 


(1)

(v) is oriented from u to v. An edge e = uv

with 


(1)

(u) = 


(1)

(v) is oriented from u to v if 
(u) < 
(v), and from v to

u, otherwise.

We now bound the maximum weight of a path in

~

D. Consider an oriented

path P in

~

D. The fun
tion 


(1)

is non-de
reasing along the path P . Sin
e

the value of 


(1)

in
reases on ea
h 1-edge of P , the path P 
ontains at

most � 1-edges. There are also at most � + 1 subpaths of P formed by

the verti
es with the same 
olor assigned by 


(1)

. On ea
h su
h subpath,

the fun
tion 
 is stri
tly in
reasing, and 
onsequently su
h a subpath 
an


onsist of at most � x-edges. We 
on
lude that ea
h oriented path in

~

D


ontains at most � 1-edges and at most (� + 1)� x-edges. By Theorem 1,

�

G

(x) � �+ (�+ 1)�x.

A key essen
e of the proof that the set �(�; �) is �nite is the following

lower bound on the length of the initial linear part of a �-fun
tion in terms

of �

G

(0) and �

G

(1):

11



Lemma 10. Let G be a (�nite or in�nite) �-graph whose �-fun
tion is

�nite. The length of the initial linear part of �

G

(x) is at least

1

2�� + �+ � + 1

where � = �

G

(0) and � = �

G

(1).

Proof. Let a and b be the non-negative integers su
h that �

G

(x) = a + bx

for all x 2 [0; 
℄ for some 
 > 0. Note that a = �. By Lemma 9, we have

0 � b � (�+1)�. We show that �

G

(x) = a+ bx for all x 2 [0;

1

2��+�+�+1

℄.

The inequality �

G

(x) � a+ bx follows from Lemma 8. In the remaining, we

fo
us on establishing the opposite inequality �

G

(x) � a+ bx.

By Theorem 1 applied to the 
hannel assignment problem derived from

G for x = minf1=(b+1); 
g, there exists a �nitary orientation

~

D of G with

the following properties:

1.

~

D 
ontains no oriented path with a+ 1 or more 1-edges, and

2. ea
h oriented path of

~

D with a 1-edges 
ontains at most b x-edges.

Let a

v

, v 2 V (G), be the maximum number of 1-edges on an oriented path

of

~

D whi
h ends at v, and let b

v

be the maximum number of x-edges on

an oriented path with a

v

1-edges whi
h ends at v. In addition, let 


�

be

a 
oloring of G with 
olors 0; : : : ; �. For x 2 [0;

1

2��+�+�+1

℄, we de�ne a

labeling 
 of G as follows:


(v) =

�

a

v

+ b

v

x if b

v

� b;

a

v

+ a

v

(� + 1)x+ (


�

(v) + b+ 1)x otherwise.

We now prove that 
 is a proper labeling of G for every x 2 [0;

1

2��+�+�+1

℄.

As the �rst step towards this goal, we show that if b

v

> b, then the label


(v) is at most a

v

+ 1� x (note that b

v

> b implies a

v

< �):


(v) = a

v

+ a

v

(� + 1)x+ (


�

(v) + b+ 1)x

� a

v

+ (�� 1)(� + 1)x+ (� + (�+ 1)� + 1)x

= a

v

+ (2�� + �+ � + 1)x� x � a

v

+ 1� x (1)

Next, we show that the labeling is proper on ea
h edge of G. Consider

an edge uv, oriented from u to v in

~

D. We distinguish two major 
ases

a

ording to the type of the edge uv:

12



� uv is an x-edge.

Clearly, a

u

� a

v

, and if a

u

= a

v

, then b

u

< b

v

. We verify that

j
(u)� 
(v)j � x by 
onsidering the following four sub
ases:

{ a

u

< a

v

By (1), 
(u) � a

u

+ 1 � x. Sin
e a

u

+ 1 � a

v

� 
(v), we have


(v)� 
(u) � x as desired.

{ a

u

= a

v

and b

u

< b

v

� b

The inequality 
(v)� 
(u) � x follows from the de�nition of 
.

{ a

u

= a

v

and b

u

� b < b

v

We have 
(v) � 
(u) � (


�

(v) + b+ 1)x� b

u

x � x.

{ a

u

= a

v

and b < b

u

< b

v

By the de�nition of 
, we have j
(v)�
(u)j = j


�

(v)�


�

(u)jx � x.

� uv is a 1-edge.

Clearly, a

u

< a

v

. If a

u

= a

v

� 1, then b

u

� b

v

. We establish that

j
(u)� 
(v)j � 1 by 
onsidering the next four sub
ases:

{ a

u

� a

v

� 2

Observe that 
(u) � a

u

+1 and a

v

� 
(v). Sin
e a

u

� a

v

� 2, we


an immediately 
on
lude that 
(v)� 
(u) � 1.

{ a

u

= a

v

� 1 and b

u

� b

v

� b

The de�nition of 
 immediately yields that 
(v)� 
(u) � 1.

{ a

u

= a

v

� 1 and b

u

� b < b

v

By the de�nition of 
, we have 
(v) � 
(u) � 1 + (


�

(v) + b +

1)x� b

u

x � 1.

{ a

u

= a

v

� 1 and b < b

u

� b

v

We again inspe
t the de�nition of 
: 
(v)� 
(u) � 1+ (�+1)x+

[(


�

(v) + b+ 1)� (


�

(u) + b+ 1)℄x � 1.

We have shown that 
 is a proper labeling of G. Note that the maximum

label assigned by 
 does not ex
eed a+ bx. The inequality �

G

(x) � a+ bx

for x 2 [0;

1

2��+�+�+1

℄ readily follows.

Before we prove Theorem 12, we observe the following proposition. Its

statement 
an be veri�ed by inspe
tion of the proof of Theorem 4.

Proposition 11. Let G be a (�nite or in�nite) �-graph whose �-fun
tion

is �nite. Furthermore, let F be the set of all linear fun
tions ax + b with

13



integral non-negative 
oeÆ
ients a and b su
h that a + b � �=
, where

� = �

G

(1) and 
 is a real su
h that �

G

(x) is linear on the interval [0; 
℄.

There exist sets F

1

; : : : ;F

k

� F su
h that the following equality holds for

all x 2 [
; 1℄ :

�

G

(x) = min

i=1;:::;k

max

f2F

i

f(x) .

Finally, we are ready to prove the main result of this se
tion:

Theorem 12. Let � � � be any two non-negative integers. The following

estimate on the size of �(�; �) holds:

j�(�; �)j � 2

2

(2��

2

+��+�

2

+2)

2

2

.

In parti
ular, the set �(�; �) is �nite.

Proof. Let f

0

2 �(�; �), i.e., there exists a �-graph G with �

G

(x) = f

0

(x)

and f

0

(0) = � and f

0

(1) = �. By Lemma 10, the fun
tion f

0

is a linear

fun
tion of x on the interval [0; 
℄ where 
 =

1

2��+�+�+1

. In parti
ular, the

values of f

0

on the interval [0; 
℄ are uniquely determined by the value of

f

0

(
) (re
all that f

0

(0) = �).

As in Proposition 11, let F be the set of all linear fun
tions ax+ b with

integral non-negative 
oeÆ
ients a and b su
h that a + b � �=
. Let us

estimate the 
ardinality of the set F :

jFj =

b�=



X

i=0

(i+ 1) �

(�=
 + 2)

2

2

=

(2��

2

+ �� + �

2

+ 2)

2

2

(2)

By Proposition 11, there exist subsets F

1

; : : : ;F

k

� F su
h that f

0

(x) =

min

i=1;:::;k

max

f2F

i

f(x) for all x 2 [
; 1℄. On
e the sets F

1

; : : : ;F

k

are

�xed, the value f

0

(
) is uniquely determined and thus the fun
tion f

0

is

uniquely determined by F

1

; : : : ;F

k

on the entire interval [0; 1℄. Sin
e F


ontains 2

jFj

subsets, there are 2

2

jFj


hoi
es of the subsets F

1

; : : : ;F

k

. The

statement of the theorem now follows from the estimate (2).

5 Convex �-fun
tions

In this se
tion, we fo
us on �-graphs with 
onvex �-fun
tions. First, we show

a simple upper bound on the number of linear parts of 
onvex �-fun
tions

of �nite �-graphs:

14



Theorem 13. Let G be a �nite �-graph of order n. If the fun
tion �

G

(x)

is 
onvex, then it 
onsists of at most 3n

2=3

+ 1 linear parts.

Proof. Let k be the number of linear parts of �

G

(x) and let the reals

x

0

; : : : ; x

k

and the integers a

1

; : : : ; a

k

and b

1

; : : : ; b

k

be as in Corollary 6.

Sin
e the fun
tion �

G

(x) is 
onvex, a

i

> a

j

and b

i

< b

j

for every 1 � i <

j � k.

Let �

i

= a

i

� a

i+1

> 0 and �

i

= b

i+1

� b

i

> 0 for i = 1; : : : ; k � 1.

In parti
ular, a

1

= a

k

+ �

1

+ : : : + �

k�1

and b

k

= b

1

+ �

1

+ : : : + �

k�1

.

Note that x

i

= �

i

=�

i

for all i = 1; : : : ; k � 1. Let I

A

be the set of the

indi
es i = 1; : : : ; k � 1 su
h that �

i

� n

1=3

, and let I

B

be the set of the

indi
es i = 1; : : : ; k � 1 su
h that �

i

� n

1=3

. Sin
e a

1

< n by Corollary 6,

jI

A

j � n

2=3

. Similarly, jI

B

j � n

2=3

.

Let I = f1; : : : ; kgn(I

A

[I

B

). Ea
h number x

i

= �

i

=�

i

is a fra
tion with

both the numerator and denominator between 1 and n

1=3

. Sin
e there are

at most n

2=3

su
h distin
t fra
tions, we infer that jI j � n

2=3

. Consequently,

k � jI j+ jI

A

j+ jI

B

j � 3n

2=3

. The statement of the theorem now follows.

In the rest of this se
tion, we 
onstru
t �-graphs whose 
onvex �-fun
tions

have 
(n

2=3

) linear parts. The �rst step towards our 
onstru
tion is the next

proposition. We leave its straightforward proof to the reader.

Proposition 14. Let G be the �-graph whi
h is the disjoint union of a


lique of order k

1

with 1-edges and a 
lique of order k

x

with x-edges. If

k

x

> k

1

, then the fun
tion �

G

(x) 
onsists of two linear parts meeting at the

point k

1

=k

x

.

The se
ond tool is the next lemma on joins of �-graphs:

Lemma 15. Let G

1

and G

2

be two disjoint �-graphs, and let G = G

1

�G

2

be the �-graph obtained from G

1

and G

2

by adding 1-edges v

1

v

2

between any

pair of verti
es v

1

2 V (G

1

) and v

2

2 V (G

2

). The following holds:

�

G

(x) = �

G

1

(x) + �

G

2

(x) + 1 .

Proof. Fix the number x 2 [0; 1℄. By Theorem 1, G

1

and G

2

have �nitary

orientations

~

D

1

and

~

D

2

with the maximum weights of an oriented path equal

to �

G

1

(x) and �

G

2

(x). Let

~

D be the orientation of G obtained from

~

D

1

and

~

D

2

by orienting all the edges between G

1

and G

2

from G

1

to G

2

. Clearly,

the maximum weight of an oriented path in

~

D is �

G

1

(x) + �

G

2

(x) + 1. By
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Theorem 1, �

G

(x) � �

G

1

(x) +�

G

2

(x) + 1. In the next paragraph, we �nish

the proof of the lemma by establishing the opposite inequality.

Assume for 
ontradi
tion that �

G

(x) < �

G

1

(x) + �

G

2

(x) + 1. By The-

orem 1, G has a �nitary orientation

~

D with the maximum weight of an

oriented path stri
tly less than �

G

1

(x) + �

G

2

(x) + 1. On the other hand,

the orientation

~

D restri
ted to G

1


ontains an oriented path P

1

with weight

at least �

G

1

(x), and

~

D restri
ted to G

2


ontains a path P

2

with weight

at least �

G

2

(x). Let G

0

be the subgraph of G indu
ed by the verti
es of

P

1

and P

2

, and let p = jV (G

0

)j. Note that the orientation

~

D is a
y
li


and any two verti
es of G

0

are 
onne
ted by an oriented path, whi
h im-

plies that there is a unique way to order the verti
es of G

0

into a sequen
e

S = (v

1

; v

2

; v

3

; : : : ; v

p

) whi
h is topologi
ally sorted with respe
t to

~

D, i.e.,

if

~

D 
ontains an edge oriented from v

i

to v

j

, then i < j. The uniqueness

of S implies that for ea
h i < p the verti
es v

i

and v

i+1

are 
onne
ted by

an oriented edge v

i

v

i+1

. Therefore, G

0


ontains an oriented Hamilton path

P = v

1

v

2

� � � v

p

. Furthermore, every x-edge of P is also an edge of P

1

or

P

2

, and thus the weight of P is at least �

G

1

(x) + �

G

2

(x) + 1. This 
ontra-

di
ts our assumption that the weight of every oriented path in

~

D is stri
tly

smaller than �

G

1

(x) + �

G

2

(x) + 1.

Finally, we re
all some results on the Farey fra
tions. The Farey se-

quen
e is formed by sets F

n

of rationals, where F

n

is the set of all irredu
ible

fra
tions a=b with 0 � a � b � n, e.g., F

4

= f0; 1=4; 1=3; 1=2; 2=3; 3=4; 1g

(note that 1=2 = 2=4). The Farey fra
tions appear, e.g., in [2, 6, 15℄. For

our 
onsiderations, the following result [9, 26, 27℄ on the Farey fra
tions is

of interest:

lim

n!1

jF

n

j

n

2

=

3

�

2

(3)

We 
an now 
onstru
t a �-graph whose �-fun
tion 
onsists of 
(n

2=3

)

linear parts:

Theorem 16. For every positive integer n, there is a �-graph G of order n

whose �-fun
tion 
onsists of

3

p

3

(2�)

2=3

n

2=3

� o(n

2=3

) � 0:42n

2=3

linear parts.

Proof. Fix a positive integer k. We 
onstru
t a graph G of order at most

2kjF

k

j whose �-fun
tion 
onsists of jF

k

j � 1 linear parts. The statement of

the theorem will then follow from the limit (3).

Let F

Æ

k

be the set of the Farey fra
tions from F

k

stri
tly between 0 and

1. For ea
h fra
tion

a

b

2 F

Æ

k

, 
onsider the graph G

a=b

from Proposition 14
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with k

1

= a and k

x

= b. Note that there are jF

k

j � 2 
hoi
es of a and b

(we ex
lude the fra
tions 0 and 1). The �-fun
tion of G

a=b


onsists of two

linear parts meeting at the point

a

b

.

Let G be the �-graph obtained from vertex-disjoint 
opies of G

a=b

,

a

b

2

F

Æ

k

, by adding 1-edges between all pairs of verti
es from distin
t 
opies,

i.e., G =

L

a

b

2F

Æ

k

G

a=b

. By Lemma 15, the �-fun
tion of G is equal to the

following:

�

G

(x) = jF

Æ

k

j � 1 +

X

a

b

2F

Æ

k

�

G

a=b

(x).

Therefore, the fun
tion �

G

(x) 
onsists of jF

k

j � 1 linear parts.

It remains to estimate the order of the �-graph G. The order of every

graph G

a=b

is at most 2k. Hen
e, the order of G does not ex
eed 2kjF

k

j as


laimed in the beginning.

We remark that the multipli
ative fa
tors both in Theorems 13 and 16


an be improved by a �ner analysis of the estimates used in the proofs. We

de
ided not to do so in order to keep our arguments simple.
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Appendix

All �-graphs on four verti
es

First, we list all non-isomorphi
 �-graphs on four verti
es together with

their �-fun
tions. The �-graphs 
orresponding to the depi
ted �-fun
tion


an be found under the graph of the fun
tion. The 1-edges are depi
ted as

solid segments, while the x-edges are represented by dashed segments.
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Other sele
ted �-graphs

We also list some other small �-graphs with interesting �-fun
tions: the �rst

one is an example of a �-graph with a 
on
ave �-fun
tion, the se
ond one

is an example of a �-graph whose �-fun
tion is neither 
onvex nor 
on
ave

(note that it even 
ontains two di�erent 
onstant parts), and the third one is

an example of a �-graph su
h that two di�erent linear parts of its �-fun
tion


orrespond to the same linear fun
tion.
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