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Abstra
t

We prove that every 
ubi
 bridgeless graph G 
ontains a 2-fa
tor

whi
h interse
ts all (minimal) edge-
uts of size 3 or 4. This generalizes

an earlier result of the authors, namely that su
h a 2-fa
tor exists

provided that G is planar. As a further extension, we show that

every graph 
ontains a 
y
le (a union of edge-disjoint 
ir
uits) that

interse
ts all edge-
uts of size 3 or 4. Motivated by this result, we

introdu
e the 
on
ept of a 
overable set of integers and dis
uss a

number of questions, some of whi
h are related to 
lassi
al problems

of graph theory su
h as Tutte's 4-
ow 
onje
ture or the Dominating


y
le 
onje
ture.

�
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1 Introdu
tion

We study the existen
e of 
y
les interse
ting all edge-
uts of pres
ribed sizes

in a graph. Throughout this paper, a 
y
le in a graph G is a union of edge-

disjoint 
ir
uits and an edge-
ut (in short, a 
ut) is an in
lusionwise minimal

set of edges whose removal in
reases the number of 
omponents of G. Our

graphs are undire
ted and 
ontain no loops, but they may 
ontain parallel

edges.

Our starting point is the main result of [7℄:

Theorem 1.1 For any planar graph G, there exists a (not ne
essarily pro-

per) 2-
oloring of V (G) su
h that there is no mono
hromati
 
ir
uit of length

3 or 4.

In an equivalent dual form, Theorem 1.1 states that every bridgeless

planar 
ubi
 graph has a 2-fa
tor interse
ting all 
uts of size 3 or 4. (A graph

is bridgeless if it is 
onne
ted and has no bridges.) In the present paper, we

extend the latter result to all bridgeless 
ubi
 graphs. Furthermore, we lift

the regularity assumption, proving the following:

Theorem 1.2 Every graph G has a 
y
le interse
ting all 
uts of size 3 or

4.

Motivated by this, we introdu
e the following 
on
ept. Let N be the

set of positive integers and A � N. We say that a 
y
le C in a graph G is

A-
overing if it interse
ts all 
uts T with jT j 2 A. If Q is a 
lass of graphs,

then A is 
overable in Q if every graph from Q 
ontains an A-
overing 
y
le.

A set that is 
overable in the 
lass of all graphs is just said to be 
overable.

Thus, an equivalent version of Theorem 1.2 is that the set f3; 4g is


overable. Whi
h other sets are 
overable? N itself is not; 
learly, a graph

has an N-
overing 
y
le if and only if it has a spanning Eulerian subgraph

(spanning 
losed trail), whi
h is not the 
ase, for instan
e, for the graph

K

2;3

(or for any graph with a bridge). In fa
t, K

2;3

shows that even the set

f2g is not 
overable.

For a less trivial example of a non-
overable set, 
onsider A = f3; 5g and

the Petersen graph P

10

. For any vertex v of P

10

, the edges in
ident with

v 
onstitute a 
ut as P

10

is 3-edge-
onne
ted. Sin
e 3 2 A, any A-
overing


y
le is a 2-fa
tor. Every 2-fa
tor F of P

10

is formed by two 
ir
uits of

length 5. The 
omplement of F is a 
ut of size 5 that is not interse
ted by

F . It follows that P

10

has no A-
overing 
y
le.
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On the other hand, it may well be that the presen
e of P

10

in a graph

G (as a minor) is the only obstru
tion to the existen
e of a f3; 5g-
overing


y
le in G. Re
all that a graph H is a minor of a graph G if H 
an be

obtained from G by a sequen
e of edge 
ontra
tions and edge deletions.

The graph G is Petersen-minor-free (or P

10

-free) if P

10

is not a minor of G.

Petersen-minor-free graphs are the subje
t of the famous 4-
ow 
onje
ture

of Tutte [13℄. Sin
e we will not need to go into the details of integer 
ows

(whi
h 
an be found in [14℄), let us state Tutte's 
onje
ture in a form that

does not refer to 4-
ows:

Conje
ture 1.1 The edges of any P

10

-free bridgeless graph 
an be 
overed

by two 
y
les.

Observe that if E(G) is 
overed by two 
y
les C

1

and C

2

, then C

1

is

(2N + 1)-
overing, where 2N + 1 = f3; 5; 7; : : :g. Indeed, any odd 
ut not

interse
ted by C

1


annot be 
overed by C

2

, for the interse
tion of a 
y
le

and a 
ut has even size. Conversely, it is not diÆ
ult to prove that if G has

a (2N + 1)-
overing 
y
le, then E(G) 
an be 
overed by two 
y
les. Thus,

Conje
ture 1.1 
an equivalently be stated in terms of 
overability:

Conje
ture 1.2 The set 2N + 1 = f3; 5; 7; : : :g is 
overable in the 
lass of

P

10

-free graphs.

Observe that Conje
ture 1.2 is not restri
ted to bridgeless graphs. The

reason is that any set A � N with 1 =2 A is 
overable in the 
lass of bridgeless

graphs if and only if it is 
overable in the 
lass of all graphs.

Conje
ture 1.1 is well known to be true for planar graphs. Indeed, this

spe
ial 
ase is equivalent to the Four Color Theorem (see, e.g., [14℄). It

follows that 2N + 1 is 
overable in the 
lass of planar graphs.

To 
on
lude this se
tion, we point out a relation to another long-standing


onje
ture. A dominating 
y
le in G is a 
ir
uit C su
h that ea
h edge of

G is in
ident with a vertex of C. (Note that in our terminology, `domi-

nating 
ir
uit' would be a more appropriate term.) The Dominating 
y
le


onje
ture has several equivalent forms [3, 8, 11℄; we state the one due to

Fleis
hner and Ja
kson [5℄ (see Se
tion 2 for a de�nition of 
y
li
ally k-


onne
ted graphs):

Conje
ture 1.3 Every 
y
li
ally 4-edge-
onne
ted 
ubi
 graph has a dom-

inating 
y
le.
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By Tutte's theorem [12℄, Conje
ture 1.3 is true for planar graphs. Note

that if G is a 
y
li
ally 4-edge-
onne
ted 
ubi
 graph, then a 
ir
uit is a

dominating 
y
le in G if and only if it is (N + 3)-
overing, where N + 3 =

f4; 5; 6; : : :g. Thus, the following is a generalization of the Dominating 
y
le


onje
ture:

Conje
ture 1.4 The set N + 3 is 
overable.

A result of Thomassen [10, Theorem 4.1℄ implies that N +3 is 
overable

in the 
lass of planar graphs. Further questions related to 
overable sets are

asked in Se
tion 6.

2 Notation and de�nitions

Let us review a few de�nitions. As mentioned above, all the graphs we


onsider are loopless multigraphs. The vertex set and the edge set of a

graph G are denoted by V (G) and E(G), respe
tively. If E = E(G), we

write E(v) for the set of edges in
ident with the vertex v. For a subset

X � V (G), let G[X ℄ denote the subgraph of G indu
ed by the verti
es of

X . If V

1

; V

2

are vertex-disjoint subsets of V (G), let [V

1

; V

2

℄ denote the set of

edges of G with one endvertex in V

1

and the other endvertex in V

2

. Re
all

that a 
ut in a 
onne
ted graph G is a subset C � E(G) su
h that G � C

is dis
onne
ted and C is minimal with this property. Note that G� C has

two 
omponents, say, G

1

and G

2

, and that C = [V (G

1

); V (G

2

)℄. If any of

the graphs G

i


onsists of a single vertex, then C is a trivial 
ut; otherwise

C is 
alled non-trivial. Similarly, if any of the graphs G

i

is a tree, then C

is an a
y
li
 
ut; otherwise C is 
y
li
.

We write G

1

(C) (G

2

(C), respe
tively) for the graph obtained from G by


ontra
ting all of X

2

(X

1

, respe
tively) into a new vertex and removing any

loops whi
h arise. Note that in both graphs thus 
onstru
ted, C 
orresponds

to a trivial 
ut.

Let v be a vertex of degree 2 in a graph. Suppressing v 
onsists in

removing v along with the in
ident edges, and joining the former neighbors

of v by an edge if they are distin
t. Note that if v is in
ident with two

parallel edges, then suppressing v is the same as removing it. To 
ontra
t

an edge means to identify its endverti
es and remove all the resulting loops.

By de�nition, the 
ontra
tion of a subgraph is the 
ontra
tion of all of its

edges.
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A

11

A

21

A

12

A

22

Y

1

Y

2

X

1

X

2

Figure 1: The regions A

ij


orresponding to 
uts C

1

= [X

1

; X

2

℄ and C

2

=

[Y

1

; Y

2

℄.

A graph G is 
y
li
ally k-edge-
onne
ted if jE(G)j > k and G has no


y
li
 
ut of size at most k � 1. A 
y
le H is spanning in G if ea
h vertex

of G is in
ident with an edge of H .

We refer to edge 
uts of size k as k-
uts. Similarly, a set of size n is

referred to as an n-set. A set of even size is an even set. The terms n-subset

and even subset are de�ned in an analogous way.

3 Interla
ed 
uts

Before proving Theorem 1.2 (in Se
tions 4 and 5), we need to obtain some

information on the possible 
on�gurations of 
uts of size 3 and 4. Through-

out this se
tion, C

1

= [X

1

; X

2

℄ and C

2

= [Y

1

; Y

2

℄ are two 
uts in a 
onne
ted

graph G. For i; j 2 f1; 2g, set A

ij

= X

i

\ Y

j

. (See Figure 1 for an illustra-

tion.) The sets A

ij

are 
alled the regions 
orresponding to C

1

and C

2

. We

say that C

1

interla
es C

2

if ea
h of G[X

1

℄ and G[X

2

℄ 
ontains an edge of

C

2

. In this se
tion, we study the interla
ement relation for small 
uts.

Proposition 3.1 With the above de�nitions,

C

1

\ C

2

= [A

11

; A

22

℄ [ [A

12

; A

21

℄:

Proof. An edge of C

1

joins a vertex of X

1

to a vertex of X

2

, and an

edge of C

2

joins a vertex of Y

1

to a vertex of Y

2

. Thus, if e 2 C

1

\ C

2

,

5



then either e has one endvertex in X

1

\ Y

1

= A

11

and the other one in

X

2

\ Y

2

= A

22

, or else e has one endvertex in X

1

\ Y

2

= A

12

and the other

one in X

2

\ Y

1

= A

21

. 2

By the following proposition, C

1

interla
es C

2

if and only if C

2

interla
es

C

1

. If these equivalent 
onditions hold, then we say that C

1

and C

2

are

interla
ed or that they form an interla
ing pair.

Proposition 3.2 The following three 
laims are equivalent:

(a) C

1

interla
es C

2

,

(b) C

2

interla
es C

1

,

(
) all the sets A

ij

(i; j 2 f1; 2g) are non-empty.

Proof. By symmetry, it is enough to prove that (a) ) (
) ) (b).

We �rst show that (a)) (
). Sin
e C

1

interla
es C

2

, there exists an edge

of C

2

with both endverti
es in X

1

. Noti
e that one of these two endverti
es

is in X

1

\ Y

1

and the other one is in X

1

\ Y

2

. Thus, A

11

6= ; and A

12

6= ;.

Similarly, one 
an show that A

21

6= ; and A

22

6= ;.

It remains to show that (
) ) (b). The graph G has an edge e

1

with

one endvertex in A

11

and the other one in A

21

. Otherwise, the assumptions

A

11

6= ; and A

21

6= ; imply that the set C

�

= [A

11

; V (G)nA

11

℄ is non-empty

and that it is a proper subset of C

2

. Thus, C

�


ontradi
ts the minimality

of C

2

. Sin
e e

1

2 [A

11

; A

21

℄ belongs to Y

1

, it follows that e

1

2 C

1

and

e

1

2 G[Y

1

℄. Similarly, one 
an show that C

1

has an edge e

2

in G[Y

2

℄. Thus,

C

2

interla
es C

1

. 2

>From the above two propositions, we easily obtain the following:

Proposition 3.3 Suppose that the 
uts C

1

and C

2

are interla
ed. Then

there exist edges e

1

; e

2

2 C

1

n C

2

and f

1

; f

2

2 C

2

n C

1

su
h that for ea
h

i 2 f1; 2g, it holds that e

i

2 [A

1i

; A

2i

℄ and f

i

2 [A

i1

; A

i2

℄. 2

Proposition 3.4 Suppose that G is a bridgeless graph, C

1

is a 2-
ut, C

2

is

a 
ut of size 3 or 4, and the 
uts C

1

and C

2

are interla
ed. Then C

1

\C

2

= ;.

Proof. Apply Propositions 3.1 and 3.3. 2

Observe that by Propositions 3.1{3.3, all the possible mutual positions

of the 
uts C

1

; C

2

from Proposition 3.4 are as shown in Figure 2.
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C

1

C

2

(a)

C

1

C

2

(b)

C

1

C

2

(
)

Figure 2: A 2-
ut C

1

(verti
al edges) interla
ed with a 
ut C

2

of size 3 or 4

(horizontal edges).

Proposition 3.5 If G is a 3-edge-
onne
ted graph, then it has no interla
-

ing pair of 3-
uts.

Proof. Suppose that C

1

and C

2

are two su
h 
uts. Propositions 3.1{3.3

imply that one of the sets A

11

; A

12

; A

21

; A

22

is 
onne
ted to the rest of G

by at most 2 edges. This 
ontradi
ts the 3-edge-
onne
tedness of G. 2

Propositions 3.1 and 3.3 imply the following:

Proposition 3.6 Suppose that G is a 3-edge-
onne
ted graph, C

1

is a 3-


ut, C

2

is a 4-
ut, and the 
uts C

1

and C

2

are interla
ed. Then C

1

\C

2

= ;.

2

The stru
ture of G with respe
t to the 
uts C

1

; C

2

from Proposition 3.6

is ne
essarily the one shown in Figure 3.

Proposition 3.7 Suppose that G is a 
y
li
ally 4-edge-
onne
ted graph and

C

1

, C

2

are interla
ed 
y
li
 4-
uts. Then C

1

\ C

2

= ;.

Proof. Suppose that C

1

\C

2

6= ;. If the set [A

11

; A

22

℄ 
ontains at least two

edges, then Proposition 3.3 implies that one of the sets A

12

; A

21

is 
onne
ted

to the rest of G by at most 2 edges; this 
ontradi
ts the edge-
onne
tivity as-

sumption of G. Thus, [A

11

; A

22

℄ and (by a symmetri
 argument) [A

12

; A

21

℄


ontain at most one edge ea
h.
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C

1

C

2

Figure 3: A 3-
ut C

1

interla
ed with a 4-
ut C

2

.

Suppose now that the set [A

12

; A

21

℄ is empty. Then [A

11

; A

22

℄ 
ontains

pre
isely one edge. Using the assumption that all 3-
uts are trivial, one 
an

easily show that either one of the sets A

ij

(i; j 2 f1; 2g) is 
onne
ted to

the rest of the graph by at most 2 edges, or one of the subgraphs G[X

i

℄,

G[Y

i

℄ (i 2 f1; 2g), is isomorphi
 to K

2

. The former possibility 
ontradi
ts

the edge-
onne
tivity assumption on G, while the latter one 
ontradi
ts the

assumption that the 
uts C

1

; C

2

are 
y
li
.

By the above, ea
h of the sets [A

11

; A

22

℄ and [A

12

; A

21

℄ 
ontains pre
isely

one edge. Proposition 3.3 implies that ea
h A

ij

is 
onne
ted to the rest of

the graph by exa
tly 3 edges. Sin
e G is 
y
li
ally 4-edge-
onne
ted, it

follows that ea
h A

ij


onsists of a single vertex, and so G is isomorphi
 to

K

4

. Hen
e, the 
uts C

1

; C

2

are a
y
li
, a 
ontradi
tion. 2

The stru
ture of G with respe
t to the 
uts C

1

; C

2

from Proposition 3.7

is as depi
ted in Figure 4.

C

1

C

2

Figure 4: Two interla
ed 4-
uts.
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Proposition 3.8 If C

1

and C

2

are distin
t non-interla
ed 
uts with C

1

\

C

2

6= ;, then pre
isely one of the sets A

11

, A

12

, A

21

, A

22

is empty.

Proof. Note that by Proposition 3.2, at least one of the sets A

ij

is empty.

Sin
e the 
uts are distin
t, no more than one of these sets 
an be empty. 2

The stru
ture of two distin
t non-interla
ed 
uts with non-empty inter-

se
tion is shown in Figure 5. Note that between any two of the 3 parts,

there must be at least one edge.

C

1

C

2

Figure 5: Non-interla
ed 
uts C

1

and C

2

with 
ommon edges.

4 Graphs with small degrees

By a well-known theorem of Petersen, every bridgeless 
ubi
 graph G has a

2-fa
tor. In this se
tion, we prove a result whi
h implies that in fa
t, G has

a 2-fa
tor whi
h is a f3; 4g-
overing 
y
le. To this end, we shall make use

of the following extension of the Petersen theorem, due to S
h�onberger [9℄:

Theorem 4.1 Let G be a 
ubi
 bridgeless multigraph and e; f 2 E(G).

Then G has a 2-fa
tor 
ontaining both e and f .

Let v be a vertex of degree 4 in a graph G = (V;E). Let Y � E(v)

be a 2-set and let X � E(v) be an even set. Note that if jX j 6= 2, then

X = E(v). We say that X 
rosses Y if X \ Y 6= ; and Y 6= X . Thus,

E(v) 
rosses ea
h of its 2-subsets. For example, if E(v) = fa; b; 
; dg and

Y = fa; bg, then the even sets whi
h 
ross Y are fa; 
g, fa; dg, fb; 
g, fb; dg

and fa; b; 
; dg.

Let w 2 V (G). We say that a subgraph H � G extends a set X � E(w)

if E(H) \ E(w) = X .

9



For a partition E

1

, E

2

of E(w), let G(w;E

1

; E

2

) denote the graph 
on-

stru
ted from G by splitting w into two new adja
ent verti
es w

1

and w

2

so

that E(w

1

) = E

1

[ fw

1

w

2

g and E(w

2

) = E

2

[ fw

1

w

2

g. Noti
e that G 
an

be obtained from G(w;E

1

; E

2

) by 
ontra
ting the edge w

1

w

2

. Furthermore,

any 
ut in G is a 
ut in G(w;E

1

; E

2

). Thus, a good 
y
le in G(w;E

1

; E

2

)

gives rise to a good 
y
le in G.

If C is a 
ut in a graph G, then we identify C with the 
orresponding

edge-sets in G

1

(C) and G

2

(C). We say that a subgraph F

1

of G

1

(C) and a

subgraph F

2

of G

2

(C) agree on C if they 
ontain pre
isely the same edges of

C (with respe
t to this identi�
ation). For su
h a pair of subgraphs, F

1

[F

2

denotes the subgraph of G 
onsisting of all edges 
orresponding to those in

F

1

or in F

2

. For brevity, we 
all a 
y
le good if it is f3; 4g-
overing.

Lemma 4.2 Let C be a 
ut of size at most 3 in a bridgeless graph G. If

ea
h graph G

i

(C) (i = 1; 2) has a good 
y
le F

i

su
h that F

1

and F

2

agree

on C, then F

1

[ F

2

is a good 
y
le of G.

Proof. Clearly, F

1

[ F

2

is a spanning 
y
le of G. We need to verify

that it interse
ts ea
h 
ut of size 3 or 4 in G. Let D be su
h a 
ut. Let

A

ij

(i; j 2 f1; 2g) be the regions 
orresponding to the 
uts C

1

= C and

C

2

= D in G as de�ned at the beginning of this se
tion. If C and D are not

interla
ed, then D 
orresponds to a 
ut D

0

of the same size in some G

i

(C)

(in G

1

(C), say). Sin
e F

1

is a good 
y
le, it interse
ts D

0

, whi
h implies

that F

1

[ F

2

interse
ts D.

We 
an thus assume that C and D are interla
ed. The stru
ture of G

with respe
t to C and D is shown in Figure 2 or 3. Observe that in ea
h of

the possible 
ases, there is a region (say, A

11

) in
ident with a single edge of

C and 2 or 3 edges of D. Let R be the set of edges of G

1

(C) with exa
tly one

endvertex in A

11

. Sin
e R is a 
ut of size 3 or 4 in G

1

(C), it is interse
ted

by F

1

. As jR \ C j = 1, F

1

must use at least one edge of D. It follows that

F

1

[ F

2

interse
ts D. 2

The following theorem deals with f3; 4g-
overing 
y
les in graphs with

maximum degree at most 4, the fo
us being on 
ubi
 graphs where any su
h


y
le is a 2-fa
tor.

Theorem 4.3 Let G be a 2-
onne
ted graph and let v be a vertex of G.

Assume that v is of degree at most 4 and all the other verti
es of G are of

degree at most 3.

10



(a) If v is of degree at most 3, then ea
h 2-set Y � E(v) 
an be extended

to a good 
y
le of G.

(b) If v is of degree 4, then there exists a 2-set X � E(v) su
h that every

even set Y � E(v) whi
h 
rosses X 
an be extended to a good 
y
le of

G.

Before proving Theorem 4.3, let us 
onsider an example. Let v be a

vertex of degree 4 and write E(v) = fa; b; 
; dg and Y = fa; bg. Part (b)

of the theorem 
laims that ea
h of the sets fa; 
g, fa; dg, fb; 
g, fb; dg, and

fa; b; 
; dg 
an be extended to a f3; 4g-
overing 
y
le of G.

Proof of Theorem 4.3. Suppose that the theorem is false and G is

a 
ounterexample with the minimum number of verti
es. Sin
e G is 2-


onne
ted, jV (G)j > 2 and G has no verti
es of degree 1. In a series of


laims, we show that G is 
y
li
ally 5-edge-
onne
ted.

Whenever we 
onsider a 
ut C = [X

1

; X

2

℄ and the graphs G

1

(C) and

G

2

(C), we write v

1

for the vertex of G

2

(C) obtained by 
ontra
ting X

1

.

Similarly, we let v

2

denote the vertex of G

1

(C) obtained by 
ontra
ting X

2

.

Claim 1 The graph G 
ontains no vertex of degree 2.

If w 6= v is a vertex of degree 2, then use the indu
tion hypothesis to �nd a

good 
y
le in the graph obtained by suppressing w and note that this yields

a suitable good 
y
le in G. We may thus assume that the only vertex of

degree 2 is v. Let z be a neighbor of v. Sin
e G is 2-
onne
ted, v and z

are joined by a single edge. Consider the graph G

0

obtained by suppressing

v and let e be the newly 
reated edge. The degree of z in G

0

is 3. Let

Y � E(G

0

) be a set 
onsisting of e and one other edge in
ident with z. Use

the indu
tion hypothesis to �nd a good 
y
le of G

0

extending Y . This yields

a suitable good 
y
le of G.

Claim 2 The degree of v is 4.

Assume that v has degree 3. Let Y = fa

1

; a

2

g � E(v) be the given 2-set,

and let b be the edge in E(v)nY . Let w be the endvertex of a

1

distin
t from

v. If the edges a

1

, a

2

are parallel, then sin
e G is bridgeless, jV (G)j > 2 and

the degree of w is 3, there is a unique edge 
 2 E(w) n Y . This implies that

fb; 
g is a 2-
ut. Let G

0

be the graph obtained from G n fv; wg by adding

11



an edge e

0

joining the endvertex v

0

6= v of b to the endvertex w

0

6= w of 
.

The edge e

0

is not a loop as otherwise G would 
ontain a bridge in
ident

with v

0

.

Note that the degree of v

0

in G

0

is 3. Let Y

0

be the set of edges in
ident

with v

0

distin
t from e

0

. By the indu
tion hypothesis (in whi
h v

0

plays the

role of v), G

0

has a good 
y
le F

0

that extends Y

0

and, therefore, does not


ontain e

0

. Sin
e any 
ut of size 3 or 4 in G 
orresponds to a 
ut of size 3

or 4 in G

0

(although not ne
essarily a 
ut of the same size), it follows that

adding the edges a

1

and a

2

to F

0

, we obtain a good 
y
le of G extending Y .

It remains to 
onsider the 
ase that a

1

and a

2

are not parallel. Let

G

00

be the graph obtained by 
ontra
ting a

1

. Note that G

00


ontains a

unique vertex v

00

of degree 4. Write E

00

for the set of edges in
ident with

v

00

. By the indu
tion hypothesis (applied to v

00

), �nd a 2-set X

00

� E

00

with the property stated in the theorem. Sin
e a subset of E

00


rosses

X

00

if and only if it 
rosses its 
omplement in E

00

, we may assume that

a

2

2 X

00

. Observe that there are exa
tly two 2-subsets of E

00


ontaining a

2

and 
rossing X

00

. It follows that one of them, 
all it Y

00

, is di�erent from

fa

2

; bg. By the assumption, Y

00


an be extended to a good 
y
le F

00

of G

00

.

The 
orresponding edges in G, together with a

1

, 
omprise a good 
y
le of

G.

Claim 3 The graph G is 
y
li
ally 4-edge-
onne
ted (hen
e, 3-edge-
onne
ted).

Assume the 
laim false. Sin
e G is bridgeless, there is a 
ut C that is either

a 2-
ut or a 
y
li
 3-
ut. Consider the graphs G

1

(C) and G

2

(C). We may

assume that v 2 V (G

1

(C)). Let E

1

be the set of edges of G

1

(C) in
ident

with v. By the minimality of G, there is a 2-set X � E

1

su
h that any

even set Y � E

1


rossing X 
an be extended to a good 
y
le of G

1

(C). We

assert that X , as a subset of E(G), has the property stated in the theorem.

Indeed, let Y � E(v) � E(G) be an even set 
rossing X . In G

1

(C), Y


an be extended to a good 
y
le F

1

. Let Y

2

be the set of edges of F

1

� G

1

(C)


ontaining the vertex v

2

of G

1

(C) (re
all that this is the vertex representing

a 
ontra
ted 
omponent of G�C). Sin
e jY

2

j = 2, we 
an use the minimality

of G to extend Y

2

to a good 
y
le F

2

of G

2

(C). The 
y
les F

1

and F

2

agree

on C. By Lemma 4.2, F

1

[ F

2

is a good 
y
le of G.

Claim 4 Every 
y
li
 4-
ut is interla
ed with some other 4-
ut.

12



Suppose that the 
laim is false. We may thus assume that a 
y
li
 4-
ut

C = fa; b; 
; dg is not interla
ed with any other 4-
ut. It follows that every


y
li
 4-
ut 
orresponds to a 4-
ut in either G

1

(C) or G

2

(C). Clearly, a

trivial 
ut in G 
orresponds to a 
ut of the same size in G

1

or G

2

. Sin
e,

by Claim 3, G has no nontrivial 3-
uts, we 
on
lude that

(*) Ea
h 
ut in G of size 3 or 4 
orresponds to a 
ut of the

same size in G

1

or G

2

.

Note that G

1

(C) and G

2

(C) are bridgeless and v

2

and v

1

are verti
es of

degree 4.

We may assume that v 2 V (G

1

). Let E

i

= E(G

i

) (i = 1; 2). By the

minimality of G, there is a 2-set X

2

� E

2

(v

1

) su
h that any even subset of

E

2

(v

1

) 
rossing X

2


an be extended to a good 
y
le of G

2

.

Let G

�

1

= G

1

(v

2

; X

2

; C n X

2

) be the result of the splitting operation

de�ned at the beginning of this se
tion. Thus, v

2

is split into two adja
ent

verti
es. Let us write v

1

2

for the vertex in
ident with the edges in X

2

and v

2

2

for the other vertex. Furthermore, we let E

�

1

denote the set E(G

�

1

). Note

that G

�

1

has fewer verti
es than G. By the minimality of G, G

�

1


ontains

a 2-set X

1

� E

�

1

(v) su
h that any even set Y

1

� E

�

1

(v) 
rossing X

1


an

be extended to a good 
y
le of G

1

. We 
laim that X = X

1

satis�es the

analogous 
ondition for G in pla
e of G

1

. Let Y � E(v) be an even set.

Extend the 
orresponding set of edges of G

�

1

to a good 
y
le F

�

1

of G

�

1

. This

determines a good 
y
le F

1

of G

1

. Consider the set Y

2

of edges of E

2

(v

1

)


orresponding to the edges in F

1

\ C.

Due to the way we split v

2

, the even set Y

2


rosses X

2

, for otherwise

F

�

1

would not pass through either v

1

2

or v

2

2

. By the 
hoi
e of X

2

, Y

2


an be

extended to a good 
y
le F

2

of G

2

. The good 
y
les F

1

and F

2

agree on C.

By (*), F

1

[ F

2

is a good 
y
le of G.

Claim 5 The graph G is 
y
li
ally 5-edge-
onne
ted.

Assume, to the 
ontrary, that G 
ontains a 
y
li
 4-
ut C. By Claim 4,

C is interla
ed with a 4-
ut C

0

. The stru
ture of G with respe
t to C

and C

0

is shown in Figure 4. Let E = (E

0

; E

1

; : : : ; E

k�1

) be an in
lusion-

maximal 
olle
tion of pairwise disjoint 2-subsets of E(G) with the following

properties:

(1) C = E

r

[E

s

and C

0

= E

r

0

[E

s

0

for some r; s; r

0

; s

0

2 f0; 1 : : : ; k� 1g,

13



(2) E

i

[ E

j

is a 4-
ut for all distin
t i; j 2 f0; 1 : : : ; k � 1g.

Noti
e that k � 4 (sin
e r; s; r

0

and s

0

are all distin
t). Let E

�

be the union

of all the sets E

i

. We may assume that E

0

; E

1

; : : : E

k�1

are enumerated in

su
h a way that for ea
h j 2 f0; 1; : : : ; k � 1g, the graph G � (E

j

[ E

j+1

)

has a 
omponent A

j


ontaining no edge from E

�

(the indi
es being taken

modulo k). Clearly, the stru
ture of G with respe
t to the sets E

i

is \
y
li
"

as shown in Figure 6.

A

0

A

1

A

2

A

3

A

4

A

k�1

:

:

:

E

0

E

1

E

2

E

3

E

4

E

5

E

k�1

Figure 6: The stru
ture of G with respe
t to the sets E

i

.

We 
laim that for ea
h j, E

j

[E

j+1

is an a
y
li
 4-
ut. Assume not. By

Claim 4, E

j

[ E

j+1

is interla
ed with a 4-
ut C

�

. From Figure 4, one sees

that the subgraph A

j


ontains a 2-
ut E

0

= C

�

\ E(A

i

) su
h that E

0

[ E

j

and E

0

[ E

j+1

are 4-
uts. Sin
e the 
olle
tion (E

0

; E

0

; : : : ; E

k�1

) satis�es

(1) and (2) above, we obtain a 
ontradi
tion with the maximality of k.

Sin
e ea
h E

j

[E

j+1

is an a
y
li
 
ut, ea
h A

j

is either a single vertex or

a 
opy of K

2

. If A

j

is a single vertex, then this vertex is v and it is adja
ent

to ea
h of the four verti
es of A

j�1

[ A

j

. In the other 
ase, ea
h of the

two verti
es fa

j

; a

0

j

g of A

j

is adja
ent to a vertex from A

j�1

and a vertex

from A

j+1

. Finally, a

j

and a

0

j

have no 
ommon neighbor ex
ept possibly

for v. Thus, we have 
ompletely determined the stru
ture of G. It 
an

be des
ribed as follows. Let B

k

be the k-prism (the Cartesian produ
t of a


y
le C

k

with K

2

). There are two 
opies of C

k

in B

k

; let a

0

; : : : ; a

k�1

be the

verti
es of one 
opy and b

0

; : : : ; b

k�1

be the verti
es of the other 
opy, with

a

i

adja
ent to b

i

in B

k

for ea
h i. By the above, G is (up to isomorphism)

the graph obtained from B

k

by 
ontra
ting the edge a

0

b

0

(see Figure 7).
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Figure 7: The prism C

7

2K

2

with a 
ontra
ted edge.

Let us determine whi
h even subsets of E(v) 
an be extended to a good


y
le. Let Y � E(v) be an even subset. Firstly, if Y = E(v), then the 
y
le


onsisting of all the edges a

i

a

i+1

and b

i

b

i+1

(indi
es modulo k) is good and

extends Y . A good 
y
le extending fva

1

; vb

1

g is va

1

a

2

: : : a

k�1

b

k�1

b

k

: : : b

1

v,

while a good 
y
le extending fva

k�1

; vb

k�1

g is obtained in a symmetri


manner. The remaining 
ases depend on the parity of k.

Assume that k is odd and Y = fva

1

; va

k�1

g. A good 
y
le extending Y

is va

1

b

1

b

2

a

2

: : : b

k�1

a

k�1

v. The 
ase Y = fvb

1

; vb

k�1

g is symmetri
. Thus,

if we de�ne X = fva

1

; vb

k�1

g, then any even subset of E(v) 
rossing X 
an

be extended to a good 
y
le.

If k is even, then Y = fva

1

; vb

k�1

g extends to the good 
y
le va

1

b

1

b

2

a

2

: : :

a

k�1

b

k�1

v, and the 
ase Y = fvb

1

; va

k�1

g is symmetri
 again. We put

X = fvb

1

; vb

k�1

g and observe that, as above, every even subset of E(v)

that 
rosses X extends to a good 
y
le. This 
ontradi
tion with the as-

sumption that G is a 
ounterexample establishes Claim 5.

By Claim 5, ea
h 
ut C of size 3 or 4 in G is a
y
li
. Thus, one 
ompo-

nent of G� C is a 
opy of K

2

(if jCj = 4) or a single vertex (if jCj = 3).

Let E(v) = fa; b; 
; dg. If every even subset Y

0

of E(v) 
an be extended

to a good 
y
le of G, then we are done. Therefore, suppose that for some

Y

0

, this is not the 
ase.

If Y

0

= E(v), then 
onsider the 
ubi
 bridgeless graphG(v; fa; bg; f
; dg).

By Theorem 4.1, fa; bg 
an be extended to a 2-fa
tor F ofG(v; fa; bg; f
; dg).

Note that F 
ontains 
 and d. Thus, F 
orresponds to a good 
y
le of G

that 
ontains all the edges of Y

0

, a 
ontradi
tion.

We may therefore assume that Y

0

is a 2-subset of E(v), say Y

0

= fa; bg,

and de�ne X = Y

0

. Let Y be an even subset of E(v) whi
h 
rosses X . Sin
e
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we have already observed that E(v) extends to a good 
y
le of G, it may be

assumed that jY j = 2, say (without loss) Y = fa; dg. Consider the graph

G(v; fa; 
g; fb; dg). Let v

1

; v

2

be the adja
ent verti
es into whi
h v is split.

Using Theorem 4.1, extend fa; v

1

v

2

g to a 2-fa
tor F of G(v; fa; 
g; fb; dg).

Noti
e that F 
ontains pre
isely one of the edges b, d. It 
annot be b, for

otherwise we obtain a good 
y
le of G with F (v) = X , and this 
ontradi
ts

the 
hoi
e of X . Thus, F must 
ontain d. Sin
e F (v) = fa; dg and F is a

good 
y
le of G, we obtain the right extension of Y . This establishes the

theorem. 2

Corollary 4.4 Every bridgeless graph with maximum degree at most 3 has

a f3; 4g-
overing 
y
le.

Theorem 4.3 implies the following strengthening of Theorem 4.1:

Corollary 4.5 Every 
ubi
 bridgeless graph has a 2-fa
tor whi
h interse
ts

all 
uts of size 3 and 4. Moreover, any two in
ident edges 
an be extended

to su
h a 2-fa
tor.

5 f3; 4g-
overing 
y
les in arbitrary graphs

In this se
tion, we generalize Corollary 4.4 to graphs with unrestri
ted de-

grees whi
h, moreover, do not need to be bridgeless.

Let v be a vertex of a 
onne
ted graph G and let E

1

; E

2

be a partition

of E(v). Re
all that the graph G(v; E

1

; E

2

) was de�ned at the beginning

of Se
tion 4. The following is an easy 
onsequen
e of Fleis
hner's Splitting

Lemma [4℄.

Lemma 5.1 Let G be a bridgeless graph and let v 2 V (G) be of degree

� 4. Then there is a partition E

1

; E

2

of E(v) with jE

1

j ; jE

2

j � 2 su
h that

G(v; E

1

; E

2

) is bridgeless. 2

With this lemma at hand, we pro
eed to prove Theorem 1.2.

Proof of Theorem 1.2. For a graph H , let �(H) denote the maximum

degree of H and let V

�

(H) be the set of verti
es of degree �(H). Let G be a


ounterexample to Theorem 1.2 
hosen so that the triple (�(G); jV

�

(G)j ; jV (G)j)

is minimal in the lexi
ographi
 ordering.
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If G 
ontains a bridge e, then let G

1

and G

2

be the 
omponents of G�e.

By the minimality of G, ea
h G

i

has a f3; 4g-
overing 
y
le C

i

. Sin
e feg

is the only 
ut in G 
ontaining e, every 
ut in G, ex
ept for feg, is a 
ut in

some G

i

. It follows that the 
y
le C

1

[ C

2

is f3; 4g-
overing in G. Thus, G

is bridgeless.

By Corollary 4.4, G 
ontains a vertex v of degree at least 4. Using

Lemma 5.1, split v into two verti
es to obtain a bridgeless graph G

�

. Every


ut of G, apart from E(v), 
orresponds to a 
ut (of the same size) in G

�

.

Thus, a f3; 4g-
overing 
y
le in G

�

(whi
h exists by the minimality of G)

indu
es a f3; 4g-
overing 
y
le in G, a 
ontradi
tion. 2

6 Con
luding remarks

By Theorem 1.2, both the sets f3g and f4g are 
overable. On the other

hand, f1g and f2g are not. How about the other single-element sets?

Question 6.1 Is it true that for all k � 3, fkg is 
overable?

We are unable to say anything for k � 5, ex
ept that Conje
ture 1.4


learly implies an aÆrmative answer to this question. On the other hand,

sin
e (as we noted in Se
tion 1) the 
onje
ture is true for planar graphs,

any set fkg is 
overable in the 
lass of planar graphs (whi
h will be denoted

by P throughout this se
tion).

Having determined whi
h sets of size 1 are 
overable in P , we may

attempt the same for sets of size 2. Let A = fa; bg be a pair of positive

integers with a < b. If a � 2 then A is not 
overable in P , and if a � 4, then

the planar 
ase of Conje
ture 1.4 implies that A is 
overable in P . Thus, we

may assume that a = 3. Sin
e the set 2N + 1 = f3; 5; 7; : : :g is 
overable in

P (by the Four Color Theorem), we may assume that b is even and b � 6.

Question 6.2 Let k � 3. Is f3; 2kg 
overable in P?

In fa
t, this is an equivalent form of a question posed by Broersma et

al. [2℄ in 
onne
tion with Theorem 1.1: For whi
h k � 3 
an one 2-
olor the

verti
es of every planar graph in su
h a way that there is no mono
hromati



ir
uit of length 3 or 2k? To our knowledge, the question is open. It may

even be that f3; 2kg (k � 3) is 
overable in the 
lass of all graphs.

One might spe
ulate that even the set 
onsisting of 3 and all the numbers

2k (k � 2) is 
overable. We show that this is not the 
ase:
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Proposition 6.1 The set A = f3; 4; 6; 8; 10; : : :g is not 
overable.

Proof. Let G be a 3-
onne
ted, non-hamiltonian, 
ubi
 bipartite graph

(whi
h exists by a result of J. D. Horton, see [1℄). Let C be an A-
overing


y
le in G. As 3 2 A, C is a 2-fa
tor. Sin
e C has more than one 
omponent,

there exists a 
ut K 
ontained in the 
omplement of C. Let G

1

denote a


omponent of G nK. The size of K must be odd sin
e jKj 6= 2 and C is

A-
overing. Thus, the number of verti
es of G

1

is odd. However, C 
overs

the verti
es of G

1

by disjoint 
ir
uits of even length, a 
ontradi
tion. 2

We remark that in the 
lass P , the above argument does not apply, for

there is no known example of a 3-
onne
ted planar 
ubi
 bipartite graph

whi
h is not hamiltonian. Indeed, a well-known 
onje
ture of D. Barnette [6,

Se
tion 2.12℄ states that there is no su
h graph. Thus, we 
on
lude our paper

with the following question:

Question 6.3 Is f3; 4; 6; 8; 10; : : :g 
overable in P?
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