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Abstra
t

Free toroidal graphs are examined whether they may be aug-

mented unboundedly retaining freeness. Two types of augment are

distinguished where both so 
alled punkah and ladder augments ap-

plied unboundedly 
an retain freeness for graphs that are not proje
-

tive planar.

Most of de�nitions of the topologi
al graph theory are the same as in

[1℄.

Let us denote by A

Pl

; A

P

; A

T


lasses of graphs on plane, proje
tive

plane and torus respe
tively. Of 
ourse these are minor 
losed 
lasses. Let

us say that a graph is free-planar with respe
t to surfa
e S if it itself and

augmented with arbitrary edge 
an be embedded in S. There are only

two non-trivial tri
onne
ted free-planar graphs[one graph - envelope graph

and one graph 
lass: wheel graphs℄ on sphere that are shown in �g.1, where

only the se
ond one[
lass℄,W

k

; k > 2 
an be unboundedly augmented with a

punkah like augment retaining its tri
onne
tivity and freeness on the sphere.

First one, the envelope graph may be augmented with ladder like augment

only when it is on Mobius strip.

Further we are going to examine tri
onne
ted graphs from 
lass Free(A

T

)

for unbounded augmentability.

Let two auxiliary graphs (see �g.2) be 
alled punkah-graph and ladder-

graph, in punkah-graph a vertex being 
onne
ted with verti
es on subdivided

edge adding new edges, but in ladder-graph verti
es on two subdivided edges


oupled 
onne
ted adding new edges.
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Figure 1: The only possible tri
onne
ted free planar graphs on sphere: a)

envelope graph 
an not be augmented retaining tri
onne
tivity and free

planarity; b) wheel graphs may be augmented only with punkah like aug-

ment.; 
) envelope graph on Mobius strip may be augmented with ladder

like augment.

Let a graph belonging to free-minor 
losed 
lass Free(A) be 
alled

punkah-augmentable [or ladder-augmentable℄ if a vertex and an edge[or

two edges℄ in it may be repla
ed with arbitrary large punkah-graph [or

ladder-graph ℄ and graph will remain to belong to Free(A).

For A = A

Pl

the only tri
onne
ted punkah-augmentable graph is wheel-

graph W

k

; k > 2. No tri
onne
ted graph there is ladder-augmentable.

Envelope-graph is ladder augmentable on Mobius strip.

Let us study the 
lass A

T

.

Pi
ture �g. 3 shows two simple examples of ladder-augment, i.e. in K

3;3

and in K

5

.

It is easy to see that free toroidal graph that is ladder augmentable

to the extent of some anti
ipated supposition should be non-proje
tive-

planar. Nevertheless there exists a graph [graph D

17

in [2℄℄ that violates

this supposition, i. e. it is ladder augmentable unboundedly on torus and

it is not proje
tive planar in the same time.

Let us �rst go through 
onsiderations that suppose nonexisten
e of the

last situation as more anti
ipated.

If graph G is not proje
tive planar then there always exist two paths

p

1

and p

2

that are non-
ontra
tible. If graph is ladder augmentably free-
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ladder augmentpunkah augment

Figure 2: a) Punkah augment subgraph repla
ing operation. b)Ladder aug-

ment subgraph repla
ing operation. A

ording both augments' de�nitions,

after these repla
ements graph is supposed to retain its freeness.

toroidal then G+ e is toroidal but e we 
hoose to join two opposite ends of

two rungs[r

1

; r

2

℄ of ladder with at least one rung[r

3

℄ between them. Then

in G+ e there should be two non-
ontra
tible 
y
les [be
ause of K

3;3

that

ne
essarily arise℄: one [q

e

℄ going through e and r

1

; r

2

and se
ond [q℄ through

r

3

and all ends of rungs on one side before r

3

and other side after r

3

. Then q

must ne
essarily 
ross both paths p

1

and p

2

otherwise path q

e

would not be

possible in toroidal implementation: either q is disjoined from p

1

and p

2

or


ross only one of them q

e

would be for
ed to 
ross it at least in two pla
es

but it is impossible[be
ause it goes through 
hanging part of ladder and

e℄. Thus, to 
onstru
t 
ounterexample to supposition, q

e

should 
ross both

p

1

and p

2

. Just su
h pathes 
on�guration is pro
ured in the graph D

17

in

[2℄. This 
onsideration shows that these 
ounterexample graphs are rather

rear. Nevertheless the graph D

17

is not unique. This same graph may be

punkah augmented as in 5. Either graph C

7

from [2℄ is ladder-augmentably

free-toroidal.

An interesting example to the more anti
ipated 
ase when G is free

ladder augmentable on torus and proje
tive planar is demonstrated in �g.

6. In �g. 6. a) there is shown one forbidden minor on A

T

. This graph is

deferred 3*3+1-latti
e on torus with one torus planar edge repla
ed with

torus non-planar edge. It is easy to see that it 
ontains two disjoined K

2;3

-

graphs [1℄ and therefore it is not proje
tive planar. G without two edges

(s; u) and (u; v) is free-toroidal (= G

0

) [in b)℄. As a 
onsequen
e G

0


an not

be ladder-augmented but it 
an be punkah-augmented, see 
).

Non-trivial example is shown in �g. 7. Here in a) proje
tive planar
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K

5

ladder

augmented

K

3;3

ladder augmented

K

3;3

ladder augmented

on proje
tive plane

Figure 3: In a) inner vertex may be pla
ed outside if ne
essary.

4*4-latti
e is shown that is minimal forbidden minor for torus [1℄. In b)

this same graph with two eliminated horizontal edges, be
oming toroidal

free planar. But it is not proje
tive free planar. Toroidal freeness is 
he
ked

using 
omputer.

Some generalization of the above result is possible. Both types of aug-

mentability may be assumed to be applied not only to single punkah and

ladder subgraph but for set of su
h subgraphs.
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Figure 4: Counterexample to the supposition: forbidden graph for proje
-

tive plane that is free ladder-augmentable on torus, in too embeddings. Free

planarity is easy dis
ernable.
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Figure 5: Counterexample graph punkah augmented.
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Figure 6: a) Toroidal planar latti
e with 10 verti
es with one edge repla
e-

ment be
omes forbidden minor for torus. b) Its toroidal free subgraph


ontains two disjoined K

2;3

-graphs[1℄[drawn bold℄, thus it is not proje
tive

planar. 
) It 
an not be ladder augmented, but 
an be punkah augmented.

a) b) 
)

Figure 7: a) 4*4-latti
e on proje
tive plane that is forbidden minor for

torus. 
) Its free subgraph [on torus℄ 
an be ladder augmented[
he
ked on


omputer℄. b) It is not proje
tive free planar.
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Figure 8: Illustration to �g. 7 
) that, say, edge (2,13) may be added.

Figure 9: Illustration to �g. 7 b) that graph is not proje
tive free planar.

Two K

3;2

-graphs are drawn bold.
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