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Abstra
t

Let S be a d-dimensional separoid of (k�1)(d+1)+1 
onvex sets

in some `large-dimensional' Eu
lidean spa
e IE

N

. We prove a theorem

that 
an be interpreted as follows: if the separoid S 
an be mapped

with a monomorphism to a d-dimensional separoid of points P in

general position, then there exists a k-
olouring &:S ! K

k

su
h that,

for ea
h pair of 
olours i; j 2 K

k

, the 
onvex hulls of their preimages

do interse
t |they are not separated. Here, by a monomorphism we

mean an inje
tive fun
tion su
h that the preimage of separated sets

are separated. In a sense, this result is `dual' to the Hadwiger-type

theorems proved by Goodman & Polla
k (1988) and Aro
ha, Bra
ho,

Montejano, Olivereros & Strausz (2002).

We also introdu
e #(k; d), the minimum number n su
h that all d-

dimensional separoids of order at least n 
an be k-
oloured as before.
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By means of examples and expli
it 
olourings, we show that for all

k > 2 and d > 0,

(k � 1)(d+ 1) + 1 < #(k; d) <

 

k

2

!

(d+ 1) + 1:

Furthermore, by means of a probabilisti
 argument, we show that

for ea
h d there exists a 
onstant C = C(d) su
h that for all k,

#(k; d) � Ck log k.

Key Words: Abstra
t Convexity; Hadwiger's theorem; Tverberg's

theorem; Graphs; Separoids; Order Types; Oriented Matroids; Pseu-

doa
hromati
 number.

1 Introdu
tion and statement of results

As suggested by Danzer, Gr�unbaum & Klee (1963) [4℄, the relationship

between Helly's, Radon's and Carath�eodory's theorems \
ould be best un-

derstood by formulating various axiomati
 settings for the theory of 
on-

vexity". The �rst attempt to give su
h an axiomati
 setting was made by

Levi (1951) [11℄, who uses Helly's theorem (1923) [10℄ as a starting point.

More re
ently, the 
on
ept of a separoid was introdu
ed [1, 3, 12, 13, 16,

17, 18℄ as a new attempt in this dire
tion that is instead based on Radon's

theorem (1921) [14℄.

A separoid is a (�nite) set S endowed with a symmetri
 relation y �

�

2

S

2

�

de�ned on its family of subsets, whi
h satis�es the following properties for

all A;B � S:

Æ A yB =) A \ B = ;

ÆÆ A yB and B � B

0

(� S nA) =) A yB

0

A pair A y B is 
alled a Radon partition. Ea
h part (A and B) is 
alled

a 
omponent and the union A [ B is the support of the partition. The

(
ombinatorial) dimension of S, denoted by d(S), is the minimum d su
h

that every subset of S with at least d + 2 elements is the support of a

Radon partition. By the se
ond 
ondition, the minimal Radon partitions

determines the separoid. A pair of disjoint subsets �; � � S that are not a

Radon partition are said to be separated , and denoted by � j � (
f. [1℄).

Now, given a family of 
onvex sets F = fC

1

; : : : ; C

n

g in some Eu
lidean

spa
e IE

d

, a separoid S(F) on f1; : : : ; ng 
an be de�ned by the following
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relation: for all �; � � S(F),

� j � () hfC

i

: i 2 �gi \ hfC

j

: j 2 �gi = ;;

where h�i denotes the 
onvex hull. Analogously, the Radon partitions are

de�ned by

A yB () A \ B = ; and hfC

i

: i 2 Agi \ hfC

j

: j 2 Bgi 6= ;:

Conversely, as proved by Aro
ha et al. [1℄, every (abstra
t) separoid 
an

be represented in su
h a way by a family of 
onvex sets in some Eu
lidean

spa
e. Therefore ea
h separoid S has a minimum dimension where it 
an be

represented 
alled the geometri
 dimension of S, denoted by gd(S). Fur-

thermore, as proved by Strausz [18℄, if the separoid S is a
y
li
 (i.e., if

; j S), then gd(S) � jSj � 1 (see also [17℄).

The following theorem is an easy 
orollary of Tverberg's theorem [19℄

(see also [5℄ and the referen
es therein).

Theorem 1 Let S be a separoid of order jSj = (k � 1)(d + 1) + 1, where

d = gd(S). Then there exists a k-
olouring & :S ! K

k

su
h that every pair

of 
olour 
lasses are not separated; i.e., the preimage of every pair of 
olours

i; j 2 K

k

, are a Radon partition &

�1

(i) y &

�1

(j).

Indeed, a stronger 
on
lusion 
an be rea
hed. Represent the separoid S

with 
onvex sets in IE

d

, where d = gd(S). If we 
hoose a point in ea
h


onvex set and apply Tverberg's theorem to this set of points, then we 
an

�nd a k-
olouring of S su
h that there is a point that is in the 
onvex hull

of every 
hromati
 
lass. �

Following [16℄, if the 
on
lusion of Theorem 1 holds, we will say that

there exists a 
hromomorphism onto the 
omplete separoid K

k

of order k (
f.

Figure 1). If su
h a 
hromomorphism exists for a given S, we write S �!

K

k

; otherwise we write S 6�! K

k

. In this note we are interested in purely


ombinatorial 
onditions that guarantee the existen
e of 
hromomorphisms

onto 
omplete separoids.
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Figure 1. Two representations of K

3

in IE

2

.

As shown by Figure 2, in Theorem 1 the geometri
 dimension 
annot be

repla
ed by the 
ombinatorial dimension without adding a new ingredient

|observe that d(S) � gd(S). Thus, while repla
ing gd(S) by d(S), we may

add a Hadwiger-type hypothesis that allows us to prove the following

Theorem 2 Let S be a d-dimensional separoid of order jSj = (k � 1)(d +

1) + 1. Suppose that in addition, there exists a monomorphism �:S ! P

into a d-dimensional separoid of points in general position. Then S �! K

k

.

Figure 2. A 1-dimensional separoid S of 5 
onvex sets in IE

2

su
h that

S 6�! K

3

.

Aro
ha et al. [1℄ proved a Hadwiger-type theorem that, supposing the

existen
e of a monomorphism `from the left' �:P ! S, 
on
ludes the exis-

ten
e of a virtual `-transversal . That is, there are \as many" hyperplanes

transversal to the family as there are hyperplanes through an `-
at (e.g.,

while the family in Figure 1(b) has a 0-transvesal, that of Figure 1(a) has a

virtual 0-transversal). This result extends ideas from Goodman & Polla
k
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[7℄ who used the notion of order type to 
hara
terise the existen
e of hyper-

plane transversals. On the other hand, Theorem 2 supposes the existen
e of

a monomorphism `to the right', and 
on
ludes that there is a virtual Tver-

berg partition (i.e., a partition with a virtual 0-transversal). Thus these

theorems may be seen as `dual' |at least in the 
ase ` = d(S).

However, the Hadwiger-type hypotheses are `geometri
' in nature; that

is, they restri
t the 
onvex sets that represent the separoid to be in some

`spe
ial position'. (See [4℄ for the early work on su
h `spe
ial position'

hypotheses, and see [5, 8℄ for ex
elent updates on the subje
t.) The following

questions arise. How far 
an the hypothesis of Theorem 2 be weakened

without 
hanging the 
on
lusion? Is there a purely 
ombinatorial Tverberg-

type theorem?

We now introdu
e the following new 
on
ept. The (k; d)-Tverberg num-

ber #(k; d), is the minimum number n 2 IN su
h that every d-dimensional

separoid of order at least n maps onto K

k

with a 
hromomorphism; that is,

#(k; d) is minimal with the property

jSj � #(k; d(S)) =) S �! K

k

:

Analogously, if S denotes a 
lass of separoids, we denote by #

S

(k; d) the

(k; d)-Tverberg number restri
ted to the 
lass S. Thus, Tverberg's theorem


an be rewriten as

#

P

(k; d) = (k � 1)(d+ 1) + 1;

where P denotes the 
lass of separoids of points. Analogously, using the

notion of pseudo
on�guration of points, Roudne� [15℄ proved that

#

M

(k; 2) = 3k � 2;

whereM denotes the 
lass of oriented matroids. In this dire
tion, we prove

the following

Proposition 1 If G denotes the 
lass of (simple) graphs |thought of as

separoids whose minimal Radon partitions are pairs of singletons| then

#

G

(k; d) � (k � 1)(d+ 1) + 1:

(Observe the 
lose relation between #

G

(k; d) and the so-
alled pseu-

doa
hromati
 number [9℄).

However, in general the (k; d)-Tverberg number is greater than that.

Indeed, we will prove that
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Theorem 3 For all pairs of natural numbers k > 2 and d > 0 it follows

that

(k � 1)(d+ 1) + 1 < #(k; d) <

�

k

2

�

(d+ 1) + 1:

Furthermore, by means of a probabilisti
 argument, we will prove that

Theorem 4 For ea
h d > 0, the 
onstant C = 2

d+4

is su
h that for all

k � d+ 2,

#(k; d) � Ck log k:

2 De�nitions and Proof of Theorem 2

In order to be self-
ontained, we start with some basi
 notions and examples.

Every (�nite and a
y
li
) separoid S 
an be represented by a family of

(
onvex) polytopes in the (jSj � 1)-dimensional Eu
lidian spa
e [17, 18℄.

The 
onstru
tion is as follows. Let S be identi�ed with the set f1; : : : ; ng.

For ea
h element i 2 S and ea
h minimal Radon partition A y B su
h that

i 2 A, 
onsider the point

�

i

AyB

= e

i

+

1

2

"

1

jBj

X

b2B

e

b

�

1

jAj

X

a2A

e

a

#

;

where e

i

denotes the i-th ve
tor of the 
anoni
al basis of IR

n

. Then, ea
h

element i is represented by the 
onvex hull of all su
h elements:

i 7! K

i

=




�

i

AyB

: i 2 A and A yB

�

:

Observe that the 
onvex sets K

i

live in the aÆne hyperplane spanned by

the basis. It is simple to verify that this 
onstru
tion is 
orre
t and that

the impli
it bound n� 1 is tight.

Thus there is a minimum dimension in whi
h S 
an be represented,


alled the geometri
 dimension of S and denoted by gd(S). Furthermore,

if the separoid 
an be represented by a family of points in some Eu
lidian

spa
e, it is 
alled a point separoid [3, 12℄ (also known as a linear oriented

matroid [2℄ or as an order type [6℄).

The order of the separoid S is the 
ardinal jSj and its size is the 
ardinal

j y j (i.e., the number of Radon partitions). The separoid of order d +

1 and size 0 is 
alled the d-dimensional simploid ; that is, a separoid is
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a simploid if every subset is separated from its 
omplement. Simploids


an be represented by the vertex sets of simpli
es |hen
e the name. The

(
ombinatorial) dimension of a separoid S is the maximum dimension of its

indu
ed simploids and is denoted by d(S).

We say that the separoid is in general position if every set of d(S) + 1

elements indu
e a simploid. Thus, a d-dimensional separoid of 
onvex sets

is in general position if (and only if) every d + 2 elements admit a d-
at

transversal but no d+1 elements do. Furthermore, d is the minimum number

with that property.

A separoid is 
alled a Radon separoid if for ea
h minimal Radon partition

is unique in its support; i.e., if A yB, C yD are minimal then

A [ B = C [D =) fA;Bg = fC;Dg:

Observe that if S is a point separoid, then d(S) = gd(S) and it is a Radon

separoid. Furthermore, a separoid S in general position is a point separoid

if and only if d(S) = gd(S) (see [3℄).

The (a
y
li
) separoid K is 
omplete if for all i; j 2 K we have that iy j;

i.e., if its size is as big as possible. We denote by K

k

the 
omplete separoid

of order k. Observe that a separoid is 
omplete if and only if its dimension

is zero.

Given two separoids S and P , a fun
tion ':S ! P is a morphism if the

preimage of separations are separations (see [1, 17℄ for several important

examples of morphisms); that is, for all �; � � P ,

� j � =) '

�1

(�) j '

�1

(�):

If the fun
tion ' is inje
tive (resp. surje
tive), the morphism is 
alled a

monomorphism (resp. an epimorphism). An epimorphism is a 
hromomor-

phism if the preimage of minimal Radon partitions are Radon partitions.

The main example to have in mind while thinking about 
hromomor-

phisms is the following |it motivates the name of su
h morphisms. Con-

sider a family of 
onvex sets S = fC

1

; : : : ; C

n

g. Given an (e�e
tive) k-


olouring & :S ! f1; : : : ; kg, let D

i

=




&

�1

(i)

�

be the 
onvex hull of the

union of those 
onvex sets 
oloured i, for i = 1; : : : ; k. Let T = fD

1

; : : : ; D

k

g.

The indu
ed fun
tion, also denoted by & :S �! T , is a 
hromomorphism be-

tween those separoids.

Given a (simple and undire
ted) graph G = (V;E), a separoid S on V


an be de�ned with the relation, for i; j 2 V

i y j is minimal () ij 2 E:
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Indeed this de�nition indu
es a fun
toral embedding from the 
ategory of

graphs into that of separoids when both 
lasses are endowed with homo-

morphisms (see [13℄). Conversely, given a separoid S, we say that S is a

graph if, for A;B � S,

A yB is minimal =) jAjjBj = 1:

Clearly K

k

is the 
omplete graph of order k |hen
e the notation. Observe

that a graph H is a minor of a 
onne
ted graph G if and only if there exists

a 
hromomorphism G �! H with all its �bers 
onne
ted.

Proof of Proposition 1. Let G be a d-dimensional graph. We need to

prove that

jGj � (k � 1)(d+ 1) + 1 =) G �! K

k

:

For, denote by �(G) = d+1 the independen
e number and by �(G) the 
hro-

mati
 number. Using the well-known Erd}os inequality, jGj � �(G)�(G), we

have that

(k � 1)�(G) + 1 � jGj < �(G)�(G) + 1;

whi
h implies that k � �(G). Observe that any homomorphism |or proper


olouring if you will|

':G! K

�(G)

is also a 
hromomorphism. Furthermore, for all n � m there is a 
hromo-

morphismK

m

�! K

n

. Therefore, there is a 
hromomorphism  :K

�(G)

�!

K

k

and we have that & =  Æ ' is the desired 
hromomorphism. �

Proof of Theorem 2. Let S be a d-dimensional separoid of order (k �

1)(d + 1) + 1. Suppose there is a monomorphism �:S ! P into a d-

dimensional point separoid in general position. Due to Tverberg's theorem,

there exists a 
hromomorphism � :P �! K

k

. We now show that & = � Æ �

is a 
hromomorphism.

For, let i y j be an edge of K

k

. Sin
e � is 
hromomorphism, we have

that �

�1

(i) y �

�1

(j). Then there exist A � �

�1

(i) and B � �

�1

(j) su
h

that A y B is minimal. Sin
e P is in general position, jA [ Bj = d + 2.

Sin
e � is inje
tive, j�

�1

(A [ B)j = d + 2 and there exist C yD su
h that

C [D = �

�1

(A [B). Therefore, sin
e � is a monomorphism, �(C) y �(D).

Sin
e P is a point separoid, it is a Radon separoid and we may suppose that

�(C) = A and �(D) = B. Finally, sin
e C � &

�1

(i) and D � &

�1

(j), we

have that &

�1

(i) y &

�1

(j), whi
h 
on
ludes the proof. �

Figure 3 shows that the hypothesis of general position 
annot be dropped

without adding a new ingredient. On the other hand, if we suppose |as
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did Goodman & Polla
k [7℄ and Aro
ha et al. [1℄| that the monomorphism


omes `from the left' �:P ! S, then su
h a hypothesis is not needed and

the argument is mu
h simpler (see the proof of Lemma 1). Observe that

Figure 3 also shows that the existen
e of a virtual line does not imply the

existen
e of the 
orresponding 
hromomorphism.

Figure 3. A 1-dimensional separoid S of 5 
onvex sets in IE

3

su
h that

S 6�! K

3

.

3 Proofs of Theorems 3 and 4

We start this se
tion with a simple, but useful, stru
tural result that allows

us to restri
t our attention to Radon separoids in general position.

Lemma 1 Given a d-dimensional separoid S, there exists a d-dimensional

Radon separoid R in general position su
h that

R �! K

k

=) S �! K

k

:

For, let R be de�ned on the same set as S, and with the following set

of minimal Radon partitions: for ea
h subset X 2

�

S

d+2

�

, 
hoose a single

9



Radon partiton Ay(X nA) of S to be in R. Clearly R is a Radon separoid in

general position and d(R) = d(S). Furthermore, the identity map �:R! S

is a monomorphism.

Now, suppose that & :R �! K

k

is a 
hromomorphism; that is, suppose

that for ea
h edge i y j of K

k

it follows that &

�1

(i) y &

�1

(j). Sin
e � is a

monomorphism, we have that � Æ&

�1

(i)y� Æ&

�1

(j). Therefore, & Æ�

�1

:S �!

K

k

is a 
hromomorphism whi
h 
on
ludes the proof. �

In the sequel, given a partition X

1

; : : : ; X

k

we say that it has type

(jX

1

j; : : : ; jX

k

j). In parti
ular, given a Radon partitions AyB we denote its

type as the pair (jAj; jBj).

Theorem 3 follows immediately from the following two lemmas.

Lemma 2 For all k > 2 and d > 0 there exists a d-dimensional separoid S

of order

jSj = (k � 1)(d+ 1) + 1

su
h that S 6�! K

k

.

For, let S = f0; 1; : : : ; (k�1)(d+1)g be endowed with the following minimal

Radon partitions: for ea
h A 2

�

S

d+2

�

let x y (A n x), where x 2 A is 
hosen

su
h that

x =

8

>

<

>

:

0 if 0; 1 2 A,

1 if 0 62 A and 1 2 A,

a 6= 0 if 0 2 A and 1 62 A,

a if 0; 1 62 A.

Sin
e ea
h minimal Radon partition has type (1; d+1), if S �! K

k

then

the indu
ed partition must have type (1; d + 1; : : : ; d + 1). That isolated

element in the partition will be 
alled the singleton.

Now, suppose that S �! K

k

and look at the partition indu
ed by su
h

a 
olouring. The singleton 
annot be 0 be
ause 0 y (A n 0) only if 1 2 A,

and 1 
an only be in one part. The singleton 
annot be 1 be
ause 1 y (An1)

only if 0 62 A and 0 must be in some part. Thus suppose a 62 f0; 1g is the

singleton. But then, a j [[1℄℄, where [[1℄℄ denotes the 
hromati
 
lass of 1; this

is a 
ontradi
tion. �

Lemma 3 Let S be a d-dimensional separoid. Then

jSj =

�

k

2

�

(d+ 1) =) S �! K

k

:

10



For, let H = H

k

denote the graph resulting from deleting an edge to K

k

;

that is, H is the set (of 
olours) f1; : : : ; kg and for ea
h pair ij 2

�

k

2

�

ex
ept

for one, say 1k, there is an edge i y j. Let

S =

[

ij2

(

k

2

)

S

ij

be a partition of type (d + 2; d + 1; : : : ; d + 1; d). Furthermore, suppose

that jS

12

j = d + 2 and jS

1k

j = d. Below we exhibit a 
hromomorphism

& :S n S

1k

�! H . Then we extend it to a 
hromomorphism onto K

k

using

the remaining d elements of S.

Sin
e jS

12

j = d + 2, there is a Radon partition A y B whose support is

S

12

. Assign 
olours respe
tively (i.e., let &(A) = 1 and &(B) = 2).

Remark. We may suppose that A has the maximum size that a 
omponent

may have in S n S

1k

.

Choose any element of 
olour 1, say a 2 A. We now use a to extend

the 
olouring to the parts S

1j

(with 1 < j 6= k) so that & be
omes onto the

edges in
ident to 1. That is, for ea
h pair 1j 2

�

k

2

�

n 1k, the set S

1j

[ a,

whi
h 
onsists of d+2 elements, de�nes a Radon partition A

0

yB

0

(we may

suppose a 2 A

0

). Thus, we 
an assign 
olours by &(A

0

) = 1 and &(B

0

) = j.

Now, 
hoose an element 
oloured 2, say b 2 &

�1

(2), and use it to extend

all parts S

2j

, with 2 < j (i.e., 
onsider S

2j

[ b, take its Radon partition,

and assign 
olours). Then repeat for 
olour 3, 
olour 4, and so on. At the

end of su
h a pro
ess the 
olouring & is the desired 
hromomorphism.

In order to extend & to a 
hromomorphism onto K

k

, there is one possible

obstru
tion: if we 
hoose two elements 
oloured 1, say a; b 2 &

�1

(1), and


onsider the set S

1k

[ fa; bg of d + 2 elements, then the de�ned Radon

partition A

0

y B

0

is su
h that a 2 A

0

and b 2 B

0

(analogously if both

elements are 
oloured k). Also, if we 
hoose one element of ea
h 
olour, say

a 2 &

�1

(1) and b 2 &

�1

(k), and 
onsider S

1k

[ fa; bg, then the respe
tive

Radon partition A

0

yB

0


ontains both elements on the same 
omponent, say

fa; bg � A

0

.

However, by the Remark, we may suppose that j&

�1

(1)[&

�1

(k)j � d+2.

Then there is a minimal Radon partition C yD whose support is 
ontained

in the preimage of this \missing edge". Furthermore, sin
e &

�1

(1) j &

�1

(k),

there exist a pair of elements a 2 &

�1

(1) and b 2 &

�1

(k) whi
h appears on

the same side of that Radon partition, say fa; bg � C. Therefore, we 
an

apply the previous method, but starting with S

12

= C [D, to �nd another


hromomorphism &

0

:S n S

12

�! H su
h that &

0

(C) = 1. Then &

0


an be

11



extended to a 
hromomorphism S �! K

k

. �

Given a separoid S of order 2

t

k, we will denote by 
 the set of all k-


olourings of S su
h that ea
h 
hromati
 
lass 
onsists of exa
tly 2

t

elements.

Analogously, given a Radon separoid T of order 2

t+1

in general position

we denote by

b


 the set of all 2-partitions of T into two sets of order 2

t

.

Furthermore, a pair (�; �) 2

b


 is 
alled a halving of T . We denote by p

T

the probability that � j �, for a randomly and uniformly 
hoosen (�; �) 2

b


.

The proof of Theorem 4 is mainly based on the following

Lemma 4 If T is a d-dimensional Radon separoid of order 2

t+1

in general

position, then

p

T

� (d+ 2)=2

2

t�d�1

:

Before proving this lemma, we see how it is used.

Proof of Theorem 4. Let t = d + 4 + blog log k
 and let S be a d-

dimensional Radon separoid of order 2

t

k. Sin
e 2

t

� 2

d+4

log k it is enough

to prove that S �! K

k

.

Let S = S

1

[ � � � [ S

k

be a random partition of S. Let E

i;j

� 
 be the

event that S

i

j S

j

. We 
laim that


 n

[

ij2

(

k

2

)

E

i;j

6= ;:

It is 
lear that all events E

i;j

have the same probability. Now, we 
an obtain

S

1

and S

2

as follows. Randomly 
hoose a set T � S of order 2

t+1

and let

(S

1

; S

2

) 2

b


 be a random halving of T. By Lemma 4, the probability that

S

1

j S

2

is at most (d+ 2)=2

2

t�d�1

. Therefore

Prob

2

6

4

[

ij2

(

k

2

)

E

i;j

3

7

5

�

X

ij2

(

k

2

)

Prob [E

i;j

℄ =

�

k

2

�

Prob [E

1;2

℄

�

k

2

2

(d+ 2)2

�2

t�d�1

�

k

2

2

(d+ 2)2

�2

2+log log k

=

k

2

2

(d+ 2)k

�4

< 1:

�

Proof of Lemma 4. We prove the lemma by indu
tion on d. If d = �1

and t � 0 then every element of T is not separated from the empty set.

Thus p

T

= 0. Now, let d � 0 and suppose the lemma is true for all d

0

< d.

If t � d we have that (d+ 2)=2

2

t�d�1

> 1; thus let t > d.

12



We 
an a
hieve a random halving of T as follows: in the �rst step, halve

the set T into two equal parts T

1

and T

2

; later, randomly halve ea
h T

i

(i = 1; 2) into two equal sets �

i

and �

i

. Let � = �

1

[ �

2

and � = �

1

[ �

2

.

The halving (�; �) 2

b


 is random (and uniform).

Let us de�ne a (d�1)-dimensional separoid on T

1

as follows (we will use

k and z to denote the separations and Radon partitions on T

1

, respe
tively).

For ea
h X 2

�

T

1

d+1

�

and ea
h A � X , let

T (X;A) = fx 2 T

2

: (A [ x) y (X nA)g:

Observe that for two di�erent subsetsA;A

0

� X we have T (X;A)\T (X;A

0

) =

;. Furthermore, sin
e for ea
h element x 2 T

2

there is a Radon partition of

the set X [ x, the sets T (X;A), with A 2 2

X

, are a partition of T

2

. Thus,

for some A

X

� X we have that jT (X;A

X

)j �

jT

2

j

j2

X

j

= 2

t�d�1

. We de�ne z

as the relation A

X

z(X nA

X

), for all subsets X � T

1

of order d+1. Observe

that z de�nes a (d� 1)-dimensional Radon separoid in general position on

T

1

.

Let E be the event that � j � and E

1

be the event that �

1

k �

1

. By

the indu
tion hypothesis we have that Prob [E

1

℄ � (d+1)=2

2

(t�1)�(d�1)�1

=

(d+ 1)=2

2

t�d�1

.

Take the halving (�; �) in E nE

1

. Sin
e �

1

z �

1

, there exists X � T

1

of

order d+1 su
h that (X\�

1

)z(X\�

1

). We may assume that A

X

= X\�

1

.

We 
laim that T (X;A

X

) \ �

2

= ;. For, suppose that there exists an

x 2 T (X;A

X

)\�

2

. Sin
e (A

X

[x)y(X nA

X

), A

X

[x � � and X nA

X

� �,

we have that � y �; this is a 
ontradi
tion and the 
laim follows.

Now, let s = 2

t�d�1

� jT (X;A

X

)j and let E

1

= 
 n E

1

. In order for

� j �, the set T (X;A

X

) has to be 
ontained in �

2

. Thus the 
onditional

probability is

Prob

�

E \E

1

�

Prob

�

E

1

�

= Prob

�

E j E

1

�

�

�

2

t

�s

2

t�1

�s

�

�

2

t

2

t�1

�

� 2

�s

= 2

�2

t�d�1

:

Therefore,

p

T

= Prob [E℄ � Prob [E

1

℄ + Prob [E nE

1

℄

� Prob [E

1

℄ +

Prob [E nE

1

℄

Prob

�

E

1

�

� (d+ 2)=2

2

t�d�1

:

�

13
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