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Abstra
t. In our 
ontribution to the study of graph labelings with

three distan
e 
onstraints we introdu
e a 
on
ept of elegant label-

ings: labelings where labels appearing in a neighborhood of a vertex


an be 
ompleted into intervals su
h that these intervals are disjoint

for adja
ent verti
es.

We justify introdu
tion of this notion by showing that use of these

labelings provides good estimates for the span of the label spa
e, and

also provide a polynomial time algorithm to �nd an optimal elegant

labeling of a tree for distan
e 
onstraints (p; 1; 1). In addition several


omputational 
omplexity issues are dis
ussed.

1 Introdu
tion

In the past de
ades graph theoreti
 models of tele
ommuni
ation networks

be
ame natural and frequent subje
t both in theory and in pra
ti
e. One of

the possible appli
ations 
onsiders an allo
ation of frequen
ies to transmit-

ters, su
h that a possible interferen
e is minimized. The notion of distan
e


onstrained labeling re
e
ts the fa
t that interferen
e de
reases with in-


reasing distan
e between transmitters, hen
e 
lose frequen
ies should be

used only on distant transmitters.
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For given integral parameters p

1

� � � � � p

k


alled distan
e 
onstraints,

an

L(p

1

; p

2

; : : : ; p

k

)-labeling of a graph G assigns integers to verti
es of G su
h

that any pair of verti
es that are at distan
e at most i � k get labels

that di�er by at least p

i

. The span of a labeling is the di�eren
e between

the lowest and the highest labels used in the labeling. The graph invariant

�

(p

1

;:::;p

k

)

(G) is the minimum span among all L(p

1

; p

2

; : : : ; p

k

)-labelings of

G.

Clearly, L(1)-labelings are graph 
olorings, L(1; : : : ; 1)-labelings are 
ol-

orings of the k-th distan
e power of the underlying graph G. A 
onsiderable

attention was paid to the �rst "non-
hromati
" 
olle
tion of distan
e 
on-

straints, namely (p

1

; p

2

) = (2; 1), suggested by Roberts and formally intro-

du
ed by Griggs and Yeh in 1992 [1℄. A variety of results appeared, among

others we shall mention a nontrivial dynami
-programming algorithm for


omputing �

(2;1)

(T ) for trees by Chang and Kuo [2℄ and a long lasting 
on-

je
ture stating that for any graph G, it holds that �

(2;1)

(G) � �(G)

2

, where

�(G) stands for the maximum degree of a vertex in G.

From the 
omputational 
omplexity point of view it is also interesting

that for an arbitrary 
onstant 
, the problem of testing whether �

(2;1)

(G) � 


is solvable in linear time when restri
ted to graphs of bounded treewidth,

while the 
omputational 
omplexity of determining �

(2;1)

(G) for the same


lass of graphs remains open.

Other 
olle
tions of distan
e 
onstraints were also 
onsidered by several

authors. Labelings of meshes were 
onsidered in [3, 4℄ while L(p

1

; 1; : : : )-

labelings of trees and interval graphs were studied in [5℄. Further hardness

results on L(2; 1; : : : ; 1)-labelings of restri
ted 
lasses of graphs 
an be found

in [6℄.

The 
omputational 
omplexity of �nding �

(p

1

;p

2

)

(T ) is not fully resolved

yet even for trees. For example, this problem be
omes tra
table when p

2

divides p

1

, but the pre
oloring extension and the list-
oloring versions of

this problem are both NP-
omplete otherwise [7℄. On the other hand, as

follows from works on graph properties expressible in Monadi
 Se
ond Order

Logi
 [8, 9℄, if the span of a possible labeling is bounded by 
onstant 
 the

test whether �

(p

1

;:::;p

k

)

(G) � 
 
an be performed in linear time for a graph

of bounded treewidth (an expli
ite algorithm is presented in [10℄).

Distan
e 
onstrained labelings 
an be generalized in several ways | one

of the possible dire
tions is the use of di�erent metri
s on the label spa
e.

Su
h labelings with 
onstraints (2; 1) were 
onsidered in [11℄ as spe
ial graph

homomorphisms that are required to be lo
ally inje
tive. In our study we
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follow this 
on
ept and prove several of our results also for the 
y
li
 metri


on the label spa
e.

In this paper we show that with an additional requirement on the label-

ing | that label spa
e of the neighborhood of ea
h vertex 
an be 
ompleted

into an interval su
h that these intervals are disjoint for adja
ent verti
es

| we 
an obtain both good estimates on the graph invariants �

(p

1

;p

2

;p

3

)

(T )

for trees, but moreover an optimal so 
alled elegant L(p; 1; 1)-labeling of a

tree 
an be 
omputed in a polynomial time.

Besides the results on 
omputational 
omplexity we provide also a ne
-

essary and a suÆ
ient 
onditions for a tree to allow an elegant C(2; 1; 1)-

labeling of the minimal possible span. The main motivation of this study is

our belief that further exploration of properties of elegant and non-elegant

labelings of trees might bring a new insight and new methods to �nally re-

solve the 
omputational 
omplexity of the problem of determining �

(p

1

;:::;p

k

)

and in parti
ular �

(p

1

;p

2

)

on this 
lass of graphs.

Our results on trees are �nally a

ompanied with an NP-hardness proof

of the L(2; 1; 1)-labeling problem on general graphs, whi
h is presented in

the appendix.

2 Preliminaries

All graphs 
onsidered in this paper are simple, i.e. without loops and mul-

tiple edges. For a vertex u 2 V

G

the set of all neighbors of u in G is denoted

by N(u), the size of N(u) is the degree deg(u) of the vertex u.

A 
onne
ted graph without a 
y
le as a subgraph is 
alled a tree, its

verti
es of degree one are 
alled leaves, the other are inner verti
es. A star

is a graph isomorphi
 to the 
omplete bipartite graph K

1;n

, n � 1. The

symbol !(G) denotes the size of a maximum 
omplete subgraph of G.

The graph distan
e dist(u; v) is the number of edges in a shortest path


onne
ting verti
es u and v. The k-th distan
e power G

k

of a graph G is

the graph on the same vertex set V

G

k = V

G

where edges of G

k


onne
t

distin
t verti
es that are at distan
e at most k in G, i.e. E

G

k
= f(u; v) : 1 �

dist

G

(u; v) � kg.

For integers 0 � a � b � t, we de�ne dis
rete intervals (mod t+1) in the

following way: [a; b℄ = fa; a+1; : : : ; bg and [b; a℄ = fb; b+1; : : : ; t; 0; 1; : : : ag.

The term [t℄-labeling of G stands for a mapping V

G

! [0; t℄.

For our purposes we use both linear and 
y
li
 metri
 spa
es in the

de�nition of distan
e 
onstrained labelings.
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De�nition 1. Let p

1

� p

2

� � � � � p

k

� 1 be a k-tuple of integral distan
e


onstraints. A [t℄-labeling f of G is said to be an L(p

1

; p

2

; : : : ; p

k

)-labeling

of span t if jf(u)� f(v)j � p

i

whenever 1 � dist(u; v) � i � k.

A [t℄-labeling f is 
alled a C(p

1

; p

2

; : : : ; p

k

)-labeling of span t if for any

pair of distin
t verti
es u; v at distan
e at most i � k, it holds that p

i

�

jf(u)� f(v)j � t+ 1� p

i

.

For both kinds of labelings we introdu
e an additional property of ele-

gan
e:

De�nition 2. A [t℄-labeling f is 
alled elegant if for every vertex u, there

exists an interval I

u

(mod k+1), su
h that f(N(u)) � I

u

and for every edge

(u; v) 2 E

G

: I

u

\ I

v

= ;.

3

6

2

7 0 0

54

2

4 8

10

Fig. 1. An example of a tree T with 


(2;2;1)

(T ) = 7 < 10 = 


�

(2;2;1)

(T ).

Observe that only triangle-free graphs may admit elegant labelings. On

the other hand, it is not hard to dedu
e that every tree allows an elegant

labeling for an arbitrary 
olle
tion of distan
e 
onstraints. An example of a

C(2; 2; 1)-labeling and of an elegant C(2; 2; 1)-labeling of a tree T is depi
ted

in Fig. 1.

The minimum t for whi
h a graph G allows an L(p

1

; p

2

; : : : ; p

k

)-labeling,

and C(p

1

; p

2

; : : : ; p

k

)-labeling resp., of span t is denoted by �

(p

1

;:::;p

k

)

(G) and




(p

1

;:::;p

k

)

(G), resp. The 
orresponding parameters for elegant labelings are

indi
ated by asterisks (and are left to be +1 if no elegant labeling exists).

Note that �

(1)

(G) = 


(1)

(G) = �(G)�1, where �(G) denotes the 
hromati


number of G.

Observation 1 For any distan
e 
onstraints (p

1

; : : : ; p

k

) and any graph G,

it holds that

p

k

(!(G

k

)� 1) � �

(p

1

;:::;p

k

)

(G) � p

1

(�(G

k

)� 1);

�

(p

1

;:::;p

k

)

(G) � 


(p

1

;:::;p

k

)

(G) � 


�

(p

1

;:::;p

k

)

(G);
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�

(p

1

;:::;p

k

)

(G) � �

�

(p

1

;:::;p

k

)

(G) � 


�

(p

1

;:::;p

k

)

(G):

Proof. The proof follows from the fa
t that every labeling with respe
t to

the 
y
li
 metri
 is also a valid labeling for linear metri
, and that elegant

labelings are also valid labelings. Moreover verti
es of every 
omplete sub-

graph of G

k

should get labels pairwise at least p

k

apart and a 
oloring of

G

k


an be transformed to an L

(p

1

;:::;p

k

)

-labeling by using labels that form

an arithmeti
 progression of di�eren
e p

1

as 
olors.

3 Tree labelings with 3 distan
e 
onstraints

The 
on
ept of elegant labelings be
ame useful in 
onsidering three distan
e


onstraints. The reason is, that in this 
ase it is enough to maintain sepa-

ration p

3

only between intervals asso
iated to adja
ent verti
es instead of


he
king every pair of verti
es at distan
e three.

Observe �rst that all [t℄-
olorings of a starK

1;n

(in
luding labelings with

at least one 
onstraint) are elegant (mod t+1), sin
e only two intervals play

a role | the interval for the 
enter I




= [f(
) + 1; f(
)� 1℄(mod t+ 1) and

all other intervals 
an be 
hosen as [f(
); f(
)℄.

3.1 An upper bound for elegant C(p

1

; p

2

; p

3

)-labelings

We present an upper bound on distan
e 
onstrained labelings of a tree with


ir
ular metri
. It is well known that powers of trees are 
hordal graphs

(see [12, 13℄) and that �(T

k

) = !(T

k

). Observe that in 
ontrary to the

general upper bound of Observation 1 for the parameter �

(p

1

;p

2

;p

3

)

(G), the


oeÆ
ient by the main term !(T

3

) be
omes p

2

instead of p

1

and hen
e it

provides an essential improvement when p

2

� p

1

and !(T

3

) is suÆ
iently

large.

Theorem 2. For any p

1

� p

2

� p

3

� 1 and any tree T di�erent from a

star, it holds that 


�

(p

1

;p

2

;p

3

)

(T ) � p

2

!(T

3

) + p

1

+maxfp

1

� p

2

; p

3

g � 3.

Proof. By indu
tion on the number s of inner verti
es of T we 
onstru
t an

elegant labeling of T su
h that for ea
h vertex u, f(N(u)) is an arithmeti


progression of length deg(u) and di�eren
e p

2

.

When s = 2, let u and u

0

be the two inner verti
es of T of degrees

d; d

0

� 1. We 
hoose

t = !(T

3

)p

2

+ p

1

+maxfp

1

� p

2

; p

3

g � 2p

2

� 1

5



and de�ne a [t℄-labeling f of the tree T expli
itly as f(N(u)) = f0; p

2

; 2p

2

; : : : ;

(d� 1)p

2

g where f(u

0

) = (d � 1)p

2

and the other labels are distributed on

leaves of N(u) arbitrarily. For r = (d� 1)p

2

+ p

1

we similarly lay out labels

fr; r + p

2

; r + 2p

2

; : : : r + (d

0

� 1)p

2

g on N(u

0

) su
h that f(u) = r.

To show that f is a valid C(p

1

; p

2

; p

3

)-labeling we denote �rst by v; v

0

the two verti
es of the minimum and the maximum label, i.e. f(v) = 0 and

f(v

0

) = r + (d

0

� 1)p

2

= !(T

3

)p

2

+ p

1

� 2p

2

.

Sin
e dist(v; v

0

) = 3 we need !(T

3

)p

2

+ p

1

� 2p

2

� t + 1 � p

3

, whi
h

is assured by the 
hoi
e of t. For the adja
ent verti
es v and u we need

(d� 1)p

2

+ p

1

� t+1� p

1

, whi
h holds as well, be
ause t � !(T

3

)p

2

+ p

1

�

2p

2

�1+p

1

�p

2

� !(T

3

)p

2

+p

1

�2p

2

�1+p

1

�(d

0

�1)p

2

= (d�1)p

2

+2p

1

�1.

The same inequality 
an be analogously derived for the labels of v

0

and u.

Observe, that these 
onditions on u; u

0

; v and v

0

imply, that the distan
e


onstraints are valid also for other pairs of verti
es.

Now suppose that T has at least three inner verti
es. Sin
e inner verti
es

indu
e a subtree of T 
alled the inner tree of T , it is possible to 
hoose a

pair (u; v) of adja
ent inner verti
es su
h that v is a leaf in the inner tree

and the sum deg(u) + deg(v) is minimized. We remove all verti
es adja
ent

to v with ex
eption of u and denote the resulting tree by T

0

. By the 
hoi
e

of (u; v) we have !((T

0

)

3

) = !(T

3

) � deg(u) + deg(v).

By the indu
tion hypothesis the tree T

0

allows an elegant labeling f

0

of span t = !(T

3

)p

2

+ p

1

+ maxfp

1

� p

2

; p

3

g � 3. Now assume that the

arithmeti
 progression on f

0

(N(u)) is of form a; a + p

2

; : : : ; a + (deg(u) �

1)p

2

; (mod t + 1). Then the verti
es of N(v) should avoid interval I

1

=

[a � p

3

+ 1; a+ (deg(u) � 1)p

2

+ p

3

� 1℄ due to the 
onstraint on distan
e

three as well as the interval I

2

= [f

0

(v)� p

1

+ 1; f

0

(v) + p

1

� 1℄.

Sin
e f

0

(v) is at distan
e at least p

3

� 1 from the boundary of I

1

, and

similarly at least p

1

� 1 points apart from the boundary of I

2

we get that

jI

1

\I

2

j = p

3

+maxf(deg(u)�1)p

2

+p

3

; p

1

g�1 � p

3

+maxfp

2

+p

3

; p

1

g�1.

Then I = [0; t℄ n (I

1

[ I

2

) is an interval of size

jI j = t+ 1� jI

1

j � jI

2

j+ jI

1

\ I

2

j

� deg(u)p

2

+ deg(v)p

2

+ p

1

+maxfp

1

� p

2

; p

3

g � 3�

� deg(u)p

2

+ p

2

� p

3

� 2p

1

+ 2 +maxfp

2

+ p

3

; p

1

g

= deg(v)p

2

+ p

2

� 1

an hen
e 
an a

ommodate an arithmeti
 progression A of length deg(v)

and di�eren
e p

2

, whi
h 
ontains f

0

(u) as one of its elements.
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We extend the labeling f

0

into a labeling f of T by using elements of

Anf

0

(u) as the labels of the leaf verti
es adja
ent to v in T . This 
on
ludes

the proof.

For a parti
ular 
hoi
e of (p

1

; p

2

; p

3

) = (2; 1; 1), we have obtained an

almost a tight bound:

Corollary 1. Every tree T satis�es

!(T

3

)� 1 � �

(2;1;1)

(T ) � �

�

(2;1;1)

(T ) � !(T

3

);

and for any tree T di�erent from a star it holds

!(T

3

)� 1 � 


(2;1;1)

(T ) � 


�

(2;1;1)

(T ) � !(T

3

):

Proof. If T is a star then it 
an be easily seen that �

2;1;1

(T ) = !(T

3

) and

it was already mentioned that any of its labelings is elegant.

The bound 


�

2;1;1

(T ) � !(T

3

) when the tree T is di�erent from a star

follows from Theorem 2. All other inequalities and bounds were shown in

Observation 1.

3.2 An algorithm to 
ompute 


�

(p;1;1)

(T )

The proof of Theorem 2 was 
onstru
tive, hen
e it 
an be straightforwardly


onverted into a polynomial-time algorithm whi
h �nds a C(p

1

; p

2

; p

3

)-

labeling within the 
laimed upper bound.

For the spe
ial 
hoi
e of distan
e 
onstraints p

2

; p

3

= 1 the 
omputa-

tion of �

�

(p;1;1)

(T ) and 


�

(p;1;1)

(T ) 
an be resolved in a polynomial time. We

des
ribe here an algorithm for de
iding whether 


�

(p;1;1)

� k. The algorithm

for linear metri
 di�ers only in minor details. We use a dynami
 program-

ming approa
h, similarly as it was used in the algorithm for 
omputation

of �

(2;1)

(T ) (see [2, 7℄).

Let T be a tree and k be a positive integer. Our algorithm tests the

existen
e of an elegant C(p; 1; 1)-labelling of T of span k. We may assume

that k � n + 2p � 4, where n is the number of verti
es of T , sin
e if k >

n+ 2p� 4, su
h a labeling always exists due to Theorem 2.

We �rst 
hoose a leaf r as the root of T , whi
h de�nes the parent-
hild

relation between every pair of adja
ent verti
es. For any edge (u; v) su
h

that u is a 
hild of v, we denote by T

uv

the subtree of T rooted in v and


ontaining u and all des
endants of u. For every su
h edge and for every

7



pair of integers i; j 2 [0; k℄ and an interval I (mod(k + 1)) su
h that j 2 I ,

we introdu
e a boolean fun
tion �(u; v; i; j; I), whi
h is evaluated true if and

only if T

uv

has an elegant C(p; 1; 1)-labelling f where f(u) = i, f(v) = j

and I

u

= I . This fun
tion � 
an be 
al
ulated as follows:

1. Set an initial value �(u; v; i; j; I) = false for all edges (u; v), integers

i; j 2 f0; 1; : : : ; kg and intervals I (j 2 I).

2. If u is a leaf adja
ent to v then we set �(u; v; i; j; I) = true for all integers

i; j 2 [0; k℄ : p � ji�jj � k�p and intervals I su
h that j 2 I and i =2 I .

3. Let us suppose that � is already 
al
ulated for all edges of T

uv

ex
ept

(u; v). Denote by v

1

; v

2

; : : : ; v

m


hildren of u. For all pairs of integers

i; j 2 [0; k℄ : p � ji� jj � k � p and for all intervals I : j 2 I; i =2 I we


onsider the set system fM

1

;M

2

; : : : ;M

m

g, where

M

t

= fs : s 2 Infjg; 9 interval J : �(v

t

; u; s; i; J) = true; i 2 J; I\J = ;g

We set �(u; v; i; j; I) = true if the set system fM

1

;M

2

; : : : ;M

m

g allows a

system of distin
t representatives, i.e. if there exists an inje
tive fun
tion

r : [1;m℄! [0; k℄ su
h that r(t) 2M

t

for all t 2 [1;m℄.

The 
orre
tness of 
al
ulation of the fun
tion � follows by an easy in-

du
tive argument. The only nontrivial point is that in the 
onstru
ted entry

f(v) di�ers from f(x) for every 
hild x of v

t

, be
ause f(v) = j 2 I , and

f(x) 2 J , where I \ J = ;.

Now we evaluate the 
omplexity of 
omputation of this fun
tion. It is


al
ulated for n� 1 edges. Sin
e ea
h interval I is de�ned by the pair of it's

endpoints, the set of arguments has the 
ardinality O(nk

4

). Computation

of � for leafs (see step 2) demands O(1) operation for ea
h argument. The

re
ursive step (see item 3) takes time O(mk

3

) for 
onstru
ting the sets M

t

and then O((m + k)

2

mk) for the testing of the existen
e of the system of

distin
t representatives (we have m sets of 
ardinality of no more than k).

Sin
e m � n and k � n + 2p � 4, this step demands O(n

3

k) operations

for a single 
olle
tion of arguments. So the total time of 
omputation of

� is equal to O(n

4

k

5

) and this fun
tion 
an be 
al
ulated for all sets of

arguments polynomially.

To �nish the des
ription of the algorithm we have only to note that an

elegant C(p; 1; 1)-labelling of span k exists if and only if there are integers

i; j 2 [0; k℄ and a interval I (j 2 I), for whi
h �(r; w; i; j; I) = true where w

is the only 
hild of the root r.

8



It suÆ
es to test at most O(n) values of k, whi
h provides the total

O(n

10

) time 
omplexity. Observe that for linear metri
 the algorithm ba-

si
ally remains the same, with the ex
eption that also pairs i; j su
h that

ji� jj > k � p are allowed in steps 2) and 3).

Thus we proved following theorem:

Theorem 3. For any tree T , �

�

(p;1;1)

(T ) and 


�

(p;1;1)

(T ) 
an be 
omputed in

a polynomial time.

For the 
omputation of �

�

(2;1;1)

(T ) (or 


�

(2;1;1)

(T )) it is ne
essary to run

this algorithm only on
e for k = !(T

3

)�1. If the algorithm returns positive

answer, then �

�

(2;1;1)

(T ) = !(T

3

)� 1, else �

�

(2;1;1)

(T ) = !(T

3

).

Finally note, that if we wanted to generalize the above algorithm to

arbitrary distan
e 
onstraints (p

1

; p

2

; p

3

), it would require resolving of a

system of distant representatives in the step 3), whi
h is an NP-hard problem

in general [7℄, and moreover it is exa
tly the same bottlene
k of a possible

polynomial algorithm for 
omputing �

(p

1

;p

2

)

on trees for a general pair of

distan
e 
onstraints p

1

> p

2

> 1 [7℄.

3.3 Perfe
t labelings

In order to illustrate the above notions, we noti
e that for any tree we are

able to show that either 


(2;1;1)

(T ) = !(T

3

) � 1 and �nd su
h a labeling,


alled perfe
t, or we �nd an elegant labeling of span !(T

3

), leaving the

possibility that T may allow a perfe
t labeling but no su
h labeling 
an

be elegant (we leave as an open question whether a tree with this property

exists). It would 
ertainly be interesting to 
hara
terize the trees that satisfy




(2;1;1)

(T ) = 


�

(2;1;1)

(T ) = !(T

3

)� 1.

We present a ne
essary 
ondition that a tree must satisfy to allow a

perfe
t elegant labeling. We �rst 
lassify edges of the tree with respe
t to

the fa
t whether their neighborhood indu
es a maximum 
lique in T

3

or not.

Hen
e, an edge (u; v) 2 E

T

will be 
alled saturated if deg(u) + deg(v) =

!(T

3

), and it will be 
alled unsaturated otherwise.

Theorem 4. If a tree allows a prefe
t elegant labeling, then every inner

vertex is in
ident with at least two unsaturated edges.

Proof. Assume for the 
ontrary that an inner vertex v is in
ident with at

most one unsaturated edge. For any neighbor u in
ident with v along a

9



saturated edge it holds that deg(u)+deg(v) = !(T

3

), hen
e for any perfe
t

elegant labeling follows I

u

= [0; !(T

3

)� 1℄ n I

v

.

Sin
e I

v

= [a; b℄ is an interval of length deg(v), ea
h element of I

v

is used

as a label of some u 2 N(v). As v is in
ident with at most one unsaturated

edge, at least one of a or b is used as a label of a neighbor w 
onne
ted to

v via a saturated edge. But then the label of w is one unit away from I

w

, a


ontradi
tion.

If we interpret this 
ondition in the 
onstru
tion of Theorem 2, we get:

Corollary 2. A tree allows a perfe
t elegant labeling if it 
an be rooted su
h

that ea
h inner vertex has at least two 
hildren 
onne
ted to it by unsaturated

edges.

There exist trees with at least two unsaturated edges in
ident with ea
h

inner vertex, but whi
h allow no labeling of span !(T

3

)�1 (neither elegant

nor not elegant). An example of su
h a tree is depi
ted in Fig. 2

Fig. 2. A tree with 


(2;1;1)

(T ) = !(T

3

) (saturated edges indi
ated in bold).

4 Computational 
omplexity of the L(2; 1; 1)-labeling

problem

To 
omplete the pi
ture we shortly present a full 
omputational 
omplexity


hara
terization of the de
ision problem whether �

(2;1;1)

� k for general

graphs.

Theorem 5. The de
ision problem whether �

(2;1;1)

� k is NP-
omplete for

every k � 5 and it is solvable in polynomial time for all k � 4.

10



Proof. We start with the se
ond part of the theorem and prove that the

labeling problem is tra
table for k � 4. Only �nitely many 
onne
ted graphs

allow a �

(2;1;1)

-labeling of span at most 3. So, without loss of generality we

may 
onsider only the 
ase k = 4.

Fig. 3. Some graphs of �

(2;1;1)

(G) > 4.

It 
an be easily seen, that if G is a graph for whi
h an L(2; 1; 1)-labelling

of span 4 exists, then it 
an not 
ontain as a subgraph any of the graphs

depi
ted in Fig. 3. Clearly, the maximum degree of G is at most 3 and ea
h


onne
ted 
omponent of G is formed by a path or by a 
y
le, where some

verti
es are equipped with an additional leaf, or two 
onse
utive verti
es

may also be joined by a path of length 2. It is not diÆ
ult to observe

that su
h graphs have treewidth bounded by 3, and hen
e the existen
e of

an L(2; 1; 1)-labelling of span 4 
an be tested in linear time by dynami


programming (e.g., [10℄).

For k � 5, we redu
e the Not-All-Equal p-Satisfiability (NAE

p-SAT) problem. An instan
e of NAE p-SAT is a formula � in 
onjun
tive

normal form with p positive literals in ea
h 
lause (no negations). It is well

known [14℄ that for all p � 3, the de
ision problem whether su
h � allows

a satisfying assignment where ea
h 
lause 
ontains also a negatively valued

literal is NP-
omplete.

For ea
h variable x

i

we 
onstru
t a gadget 
onsisting of a 
hain of m

i


opies of the graph depi
ted in Fig 4, where m

i

is the number of o

urren
es

of x

i

and p = d

k

2

e, r = d

p�1

2

e. In the �gure the symbol E

n

stands for an

independent set with n verti
es, K

n

for a 
omplete graph, and M

n

for a

mat
hing on n edges.

It 
an be explored by a 
ase analysis that any L(2; 1; 1) labeling of span

k of the 
onstru
ted variable gadget satis�es:

{ All verti
es u

i

are labelled by the same label, either by 0 or by k.

{ The verti
es v

i

are given labels either from the set L = f0; 2; 4; : : : ;

k � 4 + (k mod 2)g, when u

i

's are labeled by k, or otherwise from the

set L

0

= fk � l; l 2 Lg.
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Fig. 4. Variable gadgets.

We �nalize the 
onstru
tion of the graph G

�

su
h that for ea
h 
lause

C of the formula � we insert an extra new vertex w

C

and for ea
h variable

x whi
h appears in the 
lause we link w

C

with one of the verti
es v of the

vertex gadgets asso
iated with x. (Ea
h v-type vertex is adja
ent to only

one w

C

).

The properties of the variable gadgets assure thatG

�

allows an L(2; 1; 1)-

labeling of span k if and only if � has a required assignment. These labelings

are related to assignments e.g. by letting x = true whenever the verti
es u

i

of the gadget for x are all labeled by k, and x = false if u

i

get 0.

Clearly, as for any 
lause vertex w

C

it holds deg(w

C

) � jLj = jL

0

j, these

labelings indi
ate only valid assignments, i.e., at least one of the adjoining

gadgets represents positively valued variable and at least one stands for a

negatively valued one.

In the opposite dire
tion, ea
h assignment for � 
an be 
onverted into

an L(2; 1; 1)-labeling of G

�

in a straightforward way.
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