
Linear Time Approximation

Algorithm for Sorting by Reversals

with Bounded Number of Dupli
ates

Petr Kolman

�

November 3, 2004

Abstra
t

For a string A = a

1

: : : a

n

, a reversal �(i; j), 1 � i < j � n trans-

forms the string A into a string A

0

= a

1

: : : a

i�1

a

j

a

j�1

: : : a

i

a

j+1

: : : a

n

,

that is, the reversal �(i; j) reverses the order of symbols in the sub-

string a

i

: : : a

j

of A. In a 
ase of signed strings, where ea
h symbol is

given a sign + or �, the reversal operation also 
ips the sign of ea
h

symbol in the reversed substring. Given two strings, A and B, signed

or unsigned, sorting by reversals (SBR) is the problem of �nding the

minimum number of reversals that transform the string A into the

string B.

Traditionally, the problem was studied for permutations, that is,

for strings in whi
h every symbol appears exa
tly on
e. We 
onsider

a generalization of the problem, k-SBR, and allow ea
h symbol to

appear at most k times in ea
h string, for some k � 1. The main result

of the paper is a simple O(k

2

)-approximation algorithm running in

time O(k �n). For instan
es with 3 < k � O(

p

log n log

�

n), this is the

best known approximation algorithm for k-SBR and, moreover, it is

faster than the previous best approximation algorithm. In parti
ular,

for k = O(1) whi
h is of interest for DNA 
omparisons, we have a

linear time O(1)-approximation algorithm.
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1 Introdu
tion

For a string A = a

1

: : : a

n

, a reversal �(i; j), 1 � i < j � n transforms the

string A into a string A

0

= a

1

: : : a

i�1

a

j

a

j�1

: : : a

i

a

j+1

: : : a

n

, that is, the

reversal �(i; j) reverses the order of symbols in the substring a

i

: : : a

j

of A.

In a 
ase of signed strings, where ea
h symbol is given a sign + or �, the

reversal operation also 
ips the sign of ea
h symbol in the reversed substring.

Given two strings, A and B, signed or unsigned, sorting by reversals (SBR)

is the problem of �nding the minimum number of reversals that transform

the string A into the string B; this number, denoted by SBR(A;B), is 
alled

the reversal distan
e of A and B.

A ne
essary and suÆ
ient 
ondition for A and B to have a �nite reversal

distan
e is that ea
h letter appears the same number of times in A and B

(for the signed version, we 
ount together the o

urren
es of a letter with

positive and negative signs). We 
all su
h strings related.

To give an example, A = ab
ab
 and B = b
baa
 are related strings

and �(3; 6); �(1; 4) is a sequen
e of reversals that turns A to B, therefore

SBR(A;B) � 2. Similarly, �(1; 4); �(4; 4) turns A

0

= +a� 
� b� a+ b+ 


to B

0

= +a+ b+ 
+ a+ b+ 
 and thus, SBR(A

0

; B

0

) � 2.

In this paper we study a variant of the problem, denoted by k-SBR, in

whi
h ea
h symbol is allowed to appear at most k times in ea
h string. Our

parti
ular interest is in the 
ase that k = O(1). The main 
ontribution is a

simple O(k

2

)-approximation algorithm for k-SBR running in time O(k � n).

Thus, for k = O(1), we have a linear time O(1)-approximation algorithm.

1.1 Terminology

For notational simpli
ity, we allow a few symbols to have slightly di�erent

meanings for signed and unsigned strings. For a string P = a

1

: : : a

n

, we

denote by �P the result of reversal �(1; n) of P (e.g., for P = +a+ b� d,

we have �P = +d � b � a). We use two di�erent equivalen
e relations.

Two strings A = a

1

a

2

: : : a

n

and B = b

1

b

2

: : : b

n

, signed or unsigned, are

identi
al, A = B, if a

i

= b

i

for ea
h i 2 [n℄. In a 
ase of signed strings, by

a

i

= b

i

we mean also equality of the signs. Signed or unsigned strings A

and B are 
ongruent, A

�

=

B, if A = B or A = �B.
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The length of a string A is denoted by jAj. A partition of a string A is a

sequen
e P = (P

1

; P

2

; : : : ; P

m

) of strings whose 
on
atenation is equal to A,

that is P

1

P

2

: : : P

m

= A. The strings P

i

are 
alled the blo
ks of P and their

number is the size of the partition. Given a partition P = (P

1

; P

2

; : : : ; P

m

),

of a string A, a pair l; l + 1 is a break of the partition P if l =

P

i

j=1

jP

j

j

for some i 2 [m � 1℄. Informally, a break of a partition P of A is a pair of

letters that are 
onse
utive in A but are not 
onse
utive in P .

For two strings A and B, we say that S is a 
ommon substring with

respe
t to the relation = or

�

=

, respe
tively, if S is a substring of A and

there exists a substring R of B su
h that S = R or S

�

=

R, respe
tively.

When not ne
essary, we will often avoid spe
ifying the relation and will talk

only about a 
ommon substring. If S is a 
ommon substring of A, B, we use

notations S

A

and S

B

to distinguish between the o

urren
es of S (or �S) in

A and B. Given two partitions A = (A

1

; : : : ; A

m

) and B = (B

1

; : : : ; B

m

0

),

a 
ommon substring of A and B is a string S su
h that S is a 
ommon

substring of A

i

and B

j

, for some indi
es i; j.

1.2 Related work

String 
omparison is a fundamental problem in 
omputer s
ien
e with appli-


ations in text pro
essing, data 
ompression or 
omputational biology. The

problem of sorting by reversals drew a lot of attention in the last years as a

useful tool for DNA 
omparison [3, 10, 5℄. In that appli
ation, the letters in

the strings represent di�erent genes and the reversal distan
e measures the

similarity of two genomi
 sequen
es. A 
ommon assumption that a genome


ontains only one 
opy of ea
h gene is unwarranted for genomes with multi-

gene families su
h as the human genome [12℄. On the other hand, a weaker

assumption that a genome 
ontains at most k = O(1) 
opies of ea
h gene is

often warranted (
f. [8℄). That is why k-SBR is of pra
ti
al interest. In this

subse
tion we will brie
y mention the most relevant known results.

Under the assumption that every symbol appears in ea
h input string

exa
tly on
e, we have the well known problem of permutation sorting by

reversals. The problem 1-SBR is solvable in polynomial time for strings with

signs [10℄ but is NP-hard [3℄ and even MAX-SNP hard [2℄ for strings without

signs; the best known approximation ratio for the unsigned 1-SBR is 1:375

by an algorithm of Berman et al. [1℄. A re
ent result of Chen et al. [4℄ shows

that the signed k-SBR is NP-hard even for k = 2 (the unsigned k-SBR is

obviously NP-hard for all k � 2). There are O(1)-approximation algorithms

for signed 2-SBR and 3-SBR [4, 6, 9℄. The best approximation ratio for 2-
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SBR is 2:2074 and the algorithm relies on semide�nite programming [9℄; the

algorithm for 3-SBR runs in linear time and has approximation ratio 8 [9℄.

The best approximation ratio for the general signed SBR is O(log n log

�

n),

using an O(n log

�

n)-time algorithm of Cormode and Muthukrishnan [7℄.

Instead of bounding the number of dupli
ates, there is another way to

restri
t the general problem of of sorting by reversals with dupli
ates: bound

the size of the alphabet. Unsigned SBR with unary alphabet is trivial; the

NP-hardness of unsigned SBR with binary alphabet was proved by Christie

and Irving [5℄.

Closely related is a minimum 
ommon string partition problem (MCSP).

Given a partition P of a string A and a partition Q of a string B, we say

that the pair � = hP ;Qi is a 
ommon partition of A and B with respe
t to

the relation Rel 2 f=;

�

=

g, if there exists a permutation � on [m℄ su
h that

for ea
h i 2 [m℄, (P

i

; Q

�(i)

) 2 Rel. The minimum 
ommon string partition

problem is to �nd a 
ommon partition of A, B with minimum size, denoted

by MCSP(A;B). The restri
ted version of MCSP, where ea
h letter o

urs

at most k times in ea
h input string, is denoted by k-MCSP.

Similarly as for SBR, there is a signed and an unsigned variant of the

problem. In unsigned MCSP, the input 
onsists of two unsigned strings, and

relation = is used; in signed MCSP, the input 
onsists of two signed strings

and relation

�

=

is used. For unsigned strings, we de�ne yet another variant

of the problem, reversed MCSP (RMCSP), in whi
h the (unsigned) strings

are 
ompared by the the relation

�

=

.

The signed MCSP problem was introdu
ed by Chen et al. [4℄ as a tool for

dealing with SBR; they observed that for any two related signed strings A

and B, d(MCSP(A;B) � 1)=2e � SBR(A;B) � MCSP(A;B) � 1 (note that

MCSP(A;B)� 1 is the number of breaks in a minimum 
ommon partition).

Analogously, it is possible to show that for any two related unsigned strings

A and B, d(RMCSP(A;B) � 1)=2e � SBR(A;B) � 2(RMCSP(A;B) � 1).

For k � 2, k-MCSP is NP-hard, and even APX-hard [9℄. Due to the 
lose

relation between signed SBR and signed MCSP, the known approximation

ratios for signed MCSP are within a fa
tor of 2 of the approximation ratios

for signed SBR: O(1) approximation ratios for 2-MCSP and 3-MCSP [6, 9℄,

O(log n log

�

n) approximation ratio for the general MCSP [7℄.

Chrobak et al. [6℄ analyzed the behavior of a natural greedy heuristi
 for

MCSP (iteratively, at ea
h step extra
t a longest 
ommon substring from

the input strings). They showed that though Greedy is a 3-approximation

algorithm for 2-MCSP, even for 4-MCSP its approximation ratio is 
(logn).

For general MCSP, both signed and unsigned, the approximation ratio is
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between 
(n

0:43

) and O(n

0:67

). It is worth noting that the algorithms de-

s
ribed in this paper are simple modi�
ations of Greedy, yet their ap-

proximation ratios for k-MCSP are better, namely O(k

2

), in 
ontrast to the


(logn) of Greedy for k � 4.

In the edit distan
e problem, a set of string operations is given (e.g.,

delete, insert or 
hange a 
hara
ter, move a substring or reverse a

substring) and the task is to �nd the minimum number of operations needed

to 
onvert one string to the other. SBR 
an be also viewed as an edit dis-

tan
e problem where the only operation is reverse and the input strings

are related. For any two related strings A and B, MCSP(A;B) di�ers by

a 
onstant multipli
ative fa
tor from the edit distan
e of A and B with

only move operations, and the edit distan
e using only the move opera-

tions di�ers also by a 
onstant multipli
ative fa
tor from the edit distan
e

with operations finsert, delete, moveg [13℄. For the later problem, Cor-

mode and Muthukrishnan [7℄ des
ribe an O(n log

�

n)-time O(log n log

�

n)-

approximation algorithm whi
h yields, by the relations des
ribed above, the

O(log n log

�

n)-approximation for SBR mentioned in earlier in this subse
-

tion.

2 Algorithms

2.1 Refined Greedy: O(k

2

)-approximation

In the previous se
tion, we brie
y des
ribed the Greedy algorithm and we

re
alled that its approximation ratio for k-MCSP and k-SBR, for any k � 4,

is 
(log n). In this se
tion, we show that a simple modi�
ation of Greedy,


alled Refined Greedy, has an O(k

2

) approximation ratio.

To des
ribe Refined Greedy, a few more terms are needed. A duo

is string of length two. To 
ut a duo a

i

a

i+1

of a blo
k P = a

j

: : : a

k

of a

partition of A, for some j � i < k, means to repla
e the blo
k P in the

partition by two blo
ks P

1

= a

j

: : : a

i

and P

2

= a

i+1

: : : a

k

. For a substring

S = a

i

: : : a

j

of A = a

1

: : : a

n

, if i > 1 we say that a

i�1

a

i

is a (left) boundary

duo of S, and similarly, if j < n a

j

a

j+1

is a (right) boundary duo of S.

In k-MCSP instan
es, ea
h letter in the string A must be mat
hed with

exa
tly one of the (at most) k o

urren
es of the same letter in B. Intu-

itively, the problem of Greedy is that a wrong de
ision in one iteration 
an

for
e the use of several additional iterations, and in ea
h of them Greedy

may do another wrong de
ision, and so on (
f. [6℄). Refined Greedy
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avoids this problem by 
utting a few additional duos, that are related to

the 
urrent longest 
ommon substring, in ea
h iteration. These breaks will


onstrain later iterations and will prevent the algorithm from propagating

mistakes.

For unsigned k-MCSP the algorithm is the following:

Algorithm Refined Greedy

Input: two related strings A and B

A (A), B (B)

while there are unmarked blo
ks in A and B do

S longest 
ommon substring of A, B

that does not overlap previously marked blo
ks


ut the boundary duos of S

A

in A and the boundary duos of S

B

in B

mark S

A

in A and S

B

in B


ut in unmarked blo
ks of A and B all o

urren
es of duos Æ 2 �,

where � is the set of boundary duos of S

A

and S

B

Output: (A;B)

For example, if A = 
dab
dab
eab, B = ab
eab
dab
d, thenRefined Greedy

�rst marks substring S

1

= ab
dab
 and 
uts all unmarked o

urren
es of

duos from � = fda; 
e; ea; 
dg. In the se
ond iteration, Refined Greedy

looks for the longest unmarked substring in partitionsA = (
; d; ab
dab
; e; ab)

and B = (ab
; e; ab
dab
; d) and marks substring S

2

= ab. In the next itera-

tions, the unmarked substrings are only the single-letter 
hara
ters and the

Refined Greedy marks subsequently 
,d and e. The resulting 
ommon

partition that Refined Greedy outputs is

h(
; d; ab
dab
; e; ab); (ab; 
; e; ab
dab
; d)i :

To extend the algorithm for signed k-MCSP and for k-RMCSP, apart

from 
onsidering 
ommon substrings with respe
t to the other equivalen
e

relation

�

=

, the di�eren
e is that in the 
utting steps, we 
ut not only all

o

urren
es of Æ 2 � but also all o

urren
es of �Æ.

Theorem 2.1 Refined Greedy is a 2k

2

-approximation algorithm for un-

signed and signed k-MCSP and 2(2k � 1)

2

-approximation for k-RMCSP.

Proof: The output of the algorithm is 
learly a 
ommon partition. We

only have to prove the bound on its quality. For simpli
ity of the pre-

sentation, we prove the 
laim in detail for the unsigned k-MCSP and then

6



we brie
y outline the ne
essary modi�
ations for signed k-MCSP and for

k-RMCSP.

Observation 2.2 Let (Q;R) be a 
ommon partition of A and B, and let

Æ be any duo that appears in Q and R. Let Q

0

denote the partition of A

that is obtained from Q by 
utting all o

urren
es of the duo Æ, and let R

0

denote the partition of B that is obtained from R by 
utting all o

urren
es

of the duo Æ. Then, (Q

0

;R

0

) is a 
ommon partition of A and B.

Proof: Sin
e Q is a permutation of R, every blo
k P from Q that 
on-

tains Æ appears also in R, and vi
e versa. Thus, if we 
ut all o

urren
es

of Æ in Q and R, the resulting new partitions Q

0

and R

0

will be again

permutations of ea
h other. 2

Let � = (P ;Q) be a minimum 
ommon partition of A and B, m be

its size and let � be the set of all boundary duos of blo
ks in P and in

Q. We are going to iteratively 
onstru
t 
ommon partitions �

i

of A and

B that will help us to estimate the size of the 
ommon partition found by

Refined Greedy. We de�ne �

0

as the 
ommon partition derived from �

by 
utting all o

urren
es of all duos in � (the fa
t that �

0

is a partition

follows from Observation 2.2). For k-MCSP instan
es, the number of blo
ks

in
reases at most k times. The breaks in �

0

are 
alled initial breaks. Let

S

i

denote the substring that Refined Greedy used in iteration i and let

�

i

be the set of boundary duos of S

A

i

and S

B

i

. For iteration i � 1 of

Refined Greedy, we de�ne �

i

as the 
ommon partition derived from �

i�1

by 
utting all o

urren
es of all duos in �

i

.

We are going to 
ompare the blo
ks used by Refined Greedy with

the blo
ks in �

i

. For ease of referen
e, we denote the sets A and B at the

beginning of iteration i by A

i

and B

i

, and by s

i

the �rst position of S

A

i

in

A, by t

i

the last position of S

A

i

in A, by s

0

i

the �rst position of S

B

i

in B,

and by t

0

i

the last position of S

B

i

in B.

Observation 2.3 For every iteration i and for every 0 � l < jS

i

j: the pair

s

i

+ l; s

i

+ l + 1 is an initial break of A if and only if the pair s

0

i

+ l; s

0

i

+ l+ 1

is an initial break of B.

Proof: The observations follow from the de�nition of �

0

: if one o

urren
e

of a duo is 
ut in �

0

, then all o

urren
es of this duo are 
ut. 2

Observation 2.3 
an be informally stated like this: If the blo
k S

A

i

goes over

one or more initial breaks, then the blo
k S

B

i

goes over the same number

7



of initial breaks, and, moreover, the relative positions of the initial breaks

in S

A

i

and S

B

i

are the same.

Let A

i+1

and B

i+1

denote the strings A and B after removing (that is,

after shrinking to length zero) from them all substrings that are marked

in A

i

and B

i

, resp., and let �

0

i

= (Q;R) denote the restri
tion of �

i

to

only unmarked symbols of A and B. Observation 2.3 implies the following

important 
laim.

Observation 2.4 �

0

i

is a 
ommon partition of A

i+1

and B

i+1

.

Proof: By Observation 2.2, �

i

is a 
ommon partition of A

i+1

and B

i+1

.

By Observation 2.3, Q is a permutation of R, therefore �

0

i

= (Q;R) is a


ommon partition of A

i+1

and B

i+1

. 2

Given a break l; l + 1 of a partition of A, and a substring S = a

i

: : : a

j

of A, we say that the substring S goes over the break l; l+ 1 if i � l < j.

Lemma 2.5 If the blo
k S

i

= a

s

i

: : : a

t

i

is not an entire blo
k in Q (that

is, in �

0

i

), then there exists a position h, s

i

� 1 � h � t

i

, su
h that h; h+ 1

is an initial break in A.

Proof: The lemma follows from the fa
t that �

0

i

is a 
ommon partition

of A

i+1

and B

i+1

(by Observation 2.4) and from the greedy nature of the

Refined Greedy: every 
ommon substring S of A

i

and B

i

that is not an

entire blo
k of Q with the property that it does not start and end at an

initial break and it does not go over an initial break, 
an be extended in a

longer 
ommon substring. 2

We are ready to �nish the proof of Theorem 2.1. In every iteration,

the number of duos in A that Refined Greedy 
uts, is at most 2k. If

Refined Greedy 
hooses for S an entire blo
k from Q of �

0

i

, then there

are no new 
uts introdu
ed in this iteration. If Refined Greedy 
hooses

for S a string that is not an entire blo
k in Q, then, by Observation 2.5, S

either goes over an initial break and it gets marked, or S starts and ends

at an initial break and they both get partially marked. We 
harge all 
uts

done by Refined Greedy in this iteration to the initial break that gets

marked, resp. to the two breaks that get partially marked, half to ea
h.

Clearly, in this way ea
h 
ut done by Refined Greedy is 
harged to one

initial break, and the total number of breaks 
harged to one initial break

is not more than 2 � k. Sin
e there are at most k � (m � 1) initial breaks,

there are at most 2 � k

2

� (m � 1) breaks in the �nal partition found by

8



Refined Greedy. The total number of blo
ks used by Refined Greedy

is at most 2 � k

2

� (m� 1) + 1 = O(k

2

�m).

For signed k-MCSP and k-RMCSP we only need to adjust the proof to

re
e
t the thing that now a substring S from A 
an be mat
hed with a

substring R from B even if S 6= R but S = �R. Thus, in Observation 2.2

we 
ut not only all o

urren
es of duo Æ but also all o

urren
es of duo

�Æ. To get the 
ommon partition �

0

from �, for ea
h Æ 2 � we 
ut all

o

urren
es of Æ as well as all o

urren
es of �Æ; for unsigned k-MCSP the

number of breaks in �

0

in
reases again at most k times, for k-RMCSP it

in
reases at most 2k � 1 times. In Observation 2.3, we distinguish whether

S

A

i

= S

B

i

or S

A

i

= �S

B

i

. In the later 
ase, we 
ount the relative positions of

the initial breaks in S

B

i

ba
kwards (i.e., the 
laim is: s

i

+ l; s

i

+ l + 1 is an

initial break of A if and only if the pair t

0

i

� l � 1; t

0

i

� l is an initial break

of B); the former 
ase is as before. For signed k-MCSP, the number of duos


ut in A is at most 2k, for k-RMCSP it is at most 2(2k � 1). 2

We note that the same approximation ratio holds even with respe
t to

the number of breaks in 
ommon partitions (not only with respe
t to the

number of blo
ks). Considering the relation between signed MCSP and

signed SBR, and between RMCSP and unsigned SBR, we get the following

theorem.

Theorem 2.6 There exists a polynomial time 4k

2

-approximation algorithm

for signed k-SBR, and 8(2k � 1)

2

-approximation algorithm for unsigned k-

SBR.

Con
erning the running time of Refined Greedy, observe that just

�nding the longest 
ommon substring of A and B in linear time requires an

involved algorithm [11, 14℄, and the Refined Greedy looks for the longest


ommon substring in every iteration.

2.2 Edu
ated Greedy:

O(k

2

)-approximation in time O(k � n)

In the previous analysis we never used the fa
t that S was the longest


ommon substring, we only used that S was always a maximal 
ommon

substring. Based on this observation, here we present more eÆ
ient im-

plementation of the algorithm. As in the 
ase of Refined Greedy, we

des
ribe Edu
ated Greedy in detail for unsigned k-MCSP; the ne
essary

modi�
ations for signed k-MCSP and k-RMCSP are the same as before.
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Algorithm Edu
ated Greedy

Input: two related strings A = a

1

: : : a

n

and B = b

1

: : : b

n

A (A), B (B)

i = 1

while i � n do

S longest 
ommon substring of A, B that starts in A

on position i and does not overlap previously marked blo
ks


ut the boundary duos of S

A

in A

and the boundary duos of S

B

in B

mark S

A

in A and S

B

in B


ut in A and B all unmarked o

urren
es of duos Æ 2 �,

where � is the set of boundary duos of S

A

and S

B

i i+ jSj

Output: (A;B)

Theorem 2.7 There exist an O(k

2

)-approximation algorithms for k-MCSP,

k-RMCSP and k-SBR running in time O(k � n).

Proof: The proof of Lemma 2.5 is the only pla
e in the proof of The-

orem 2.1 that refers to the 
hoi
e of the 
ommon substring S used by

Refined Greedy. However, as mentioned above, the proof only needs

the fa
t that S 
annot be extended on either side. Thus, Lemma 2.5 holds

also for the 
hoi
es of Edu
ated Greedy and the O(k

2

) approximation

ratio follows by the same reasoning as for Refined Greedy.

Con
erning the running time, Edu
ated Greedy goes on
e through

A from left to right, and in every iteration, there are at most k possibili-

ties (resp., 2k for k-RMCSP) where to look for the 
ommon substring S

j

.

Edu
ated Greedy spends at most k � jS

j

j (resp., 2k � jS

j

j) steps in itera-

tion j and advan
es by jS

j

j positions to the right in A. Thus, the 
ommon

partition is 
omputed in time O(k � n) and the proof is 
ompleted. 2

3 Con
lusion

We presented a simple, O(k

2

)-approximation algorithms for k-MCSP and k-

SBR, running in time O(k �n). For instan
es with 3 < k � O(

p

logn log

�

n),

this is the best approximation ratio and, moreover, Edu
ated Greedy is

faster than the previous best approximation algorithm.

10



We 
on
lude with a few 
hallenging open problems. Is there a simple

O(k)-approximation algorithm for k-SBR? What is the best possible ap-

proximation ratio for the general SBR? Is it possible to get bellow the

O(log n log

�

n) upper bound? Is it NP-hard to approximate better than

within 
(log n)?
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