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Abstra
t

Given n red and n blue points in 
onvex position in the plane,

we show that there exists a non
rossing alternating path of length

n + 


p

n

log n

. We disprove a 
onje
ture of Erd}os by 
onstru
ting an

example without any su
h path of length greater than 4n=3 + 


0

p

n.

1 Introdu
tion

It is a basi
 problem in geometri
 graph theory to de
ide whi
h graphs 
an

be drawn on a given point set with non
rossing straight-line edges. For

instan
e, it is known that every outerplanar graph (i.e., triangulated 
y
le)

G of n verti
es 
an be drawn on any set of n points in general position in

the plane [GMPP91℄. Moreover, if G is a rooted tree, one 
an �nd su
h an

embedding even if the image of the root is spe
i�ed [IPTT94℄, [T96℄. An

unsolved problem of this kind is to �nd the size of the smallest \universal"

set in the plane, on whi
h one 
an draw every planar graph of n verti
es

with non
rossing straight-line edges [dFPP90℄, [CK89℄.

We obtain many interesting new questions by 
onsidering 
olored point

sets. It is a well known mathemati
s 
ontest problem to prove that between

�

J�anos Pa
h has been supported by NSF Grant CCR-00-98246, by PSC-CUNY Re-

sear
h Award 65392-0034, and by OTKA T-032452. G�eza T�oth has been supported by

OTKA-T-038397.

y

Department of Applied Mathemati
s and Institute for Theoreti
al Computer S
ien
e,

Charles University, Prague, Cze
h Republi
; jankyn
l�
entrum.
z

z

City College, CUNY and Courant Institute of Mathemati
al S
ien
es, New York

University, New York, NY, USA; pa
h�
ims.nyu.edu

x

R�enyi Institute, Hungarian A
ademy of S
ien
es, Budapest, Hungary; geza�renyi.hu

1



any set R of n red and any set B of n blue points in general position in

the plane there is a non
rossing mat
hing, i.e., a one-to-one 
orresponden
e

between their elements so that the segments 
onne
ting the 
orresponding

point pairs are pairwise disjoint. Moreover, if R and B are separated by

a line, one 
an also �nd an alternating Hamilton path, i.e., a non
rossing

polygonal path passing through every element of R [ B su
h that any two


onse
utive verti
es have opposite 
olors [AGH97℄. For n � 8, the last

statement is known to be false even if we assume that R [ B is in 
onvex

position, i.e., its elements form the vertex set of a 
onvex 2n-gon. The

se
ond named author heard the following problem from Erd}os in the late

nineteen-eighties.

Problem. Determine or estimate the largest number ` = `(n) su
h that, for

every set of n red and n blue points on a 
ir
le, there exists a non
rossing

alternating path 
onsisting of ` verti
es.

Of 
ourse, the 
ondition that the points are on a 
ir
le is equivalent to the

assumption that they are in 
onvex position.

The 
onje
tured asymptoti
ally extremal 
on�guration was the follow-

ing. Suppose n is divisible by four. Cut the 
ir
le into four intervals, and

pla
e in them

n

2

red,

n

4

blue,

n

2

red, and

3

4

n blue points, respe
tively. It is

easy to see that in this 
onstru
tion the number of verti
es in the longest

non
rossing alternating path is

3

2

n + 2. That is, we have `(n) �

3

2

n + 2.

The main aim of this note is to disprove Erd}os's 
onje
ture by exhibiting a

better 
onstru
tion in Se
tion 2.

From the other dire
tion, it is easy to argue that `(n) � n. Indeed,

divide the 
ir
le into two ar
s, ea
h 
ontaining n points. At least half of

the points belonging to the �rst ar
 are of the same 
olor, say, red. Then

the se
ond ar
 must 
ontain the same number of blue points. Enumerate

the red (resp. blue) points of the �rst (resp. se
ond) ar
 in 
lo
kwise

(resp. 
ounter
lo
kwise) order. Starting with the �rst red point on the �rst

ar
, and 
onne
ting ea
h point with the next available element of opposite


olor on the other ar
, we obtain a non
rossing alternating path of length

2d

n

2

e � n. In Se
tion 3, we improve this bound by a term that tends to

in�nity. Our results 
an be summarized as follows.

Theorem 1. There exist suitable 
onstants 
; 


0

> 0 su
h that

n+ 


r

n

logn

< `(n) <

4

3

n+ 


0

p

n:
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It is an annoying feature of this problem that it is not 
lear whether

the assumption that the points are in 
onvex position plays any signi�
ant

role. In parti
ular, the above argument for �nding an alternating path of

length n easily generalizes to arbitrary 2-
olored sets. We 
onje
ture that

the upper bound in Theorem 1 is asymptoti
ally tight.

The problem of 
overing a set of n red and n blue points with several

non
rossing alternating paths was dis
ussed by Kaneko, Kano, and Suzuki

[KKS04℄. Alternating Hamiltonian 
y
les with at most n� 1 
rossings were

found by Kaneko, Kano, and Yoshimoto [KKY00℄. Their result 
annot be

improved. Many other interesting questions about partitioning the plane

into a given number of 
onvex pie
es, ea
h 
ontaining roughly or exa
tly

the same number of red and blue points, were studied in [BKS00℄, [BM01℄,

[S02℄. Analogous questions 
an be asked when we 
olor by red and blue all

the

�

n

2

�

segments between n points in general position in the plane. Fur-

thermore, instead of long alternating paths, we may be interested in �nding

long mono
hromati
 ones [KPTV98℄. For a re
ent survey, see [KK04℄.

2 Upper Bound

Consider an `2-equi
olored' set C of 2n points in 
onvex position in the

plane. That is, let half of the elements of C be 
olored red and half of

them blue. An uninterrupted run (or, in short, run) is a maximal set of


onse
utive points of C that have the same 
olor. The length of a run is the

number of its elements. We say that C is a k-
on�guration if it 
onsists of

k red and k blue runs.

A set of pairwise disjoint segments, ea
h of whi
h 
onne
ts two points

of di�erent 
olors, is 
alled a mat
hing. The size of a mat
hing is de�ned as

the total number of points parti
ipating in it, that is, twi
e the number of

segments. A mat
hing is said to be separated if there is a straight-line that

interse
ts the interior of ea
h of its segments.

Lemma 2.1. Let C be a k-
on�guration for some k > 0, whi
h has a

non
rossing alternating path of length l. Then C has a separated mat
hing

whose size is at least l � 4k � 1.

Proof. Suppose without loss of generality that all elements of C lie on a


ir
le. Consider a non
rossing alternating path p of length l. Fix a 
hord 


of the 
ir
le that 
rosses the �rst and last segments along p, but does not

pass through any point of C. Let M

1

denote the mat
hing 
onsisting of all

odd-numbered segments of p. Clearly, the size of M

1

is at least l � 1. Let

3



M

2

� M

1

be the set of all segments in M

1

that 
ross 
. By de�nition, M

2

is a separated mat
hing.

To establish the lemma, it is enough to show that the number of elements

of M

1

that do not 
ross 
 is at most 2k. Let us 
all these segments outer

segments. For ea
h pair of 
onse
utive points of C that have di�erent 
olors,

pi
k a point between them on the 
ir
le. Any two 
onse
utive runs of C are

separated by at least one su
h point, so the number of points we sele
ted

is pre
isely 2k. Every outer segment s divides the 
ir
le into two (
losed)

ar
s. One of them, I(s), 
ontains both endpoints of 
; let the other one

be denoted by J(s). Sin
e s 
onne
ts two points of di�erent 
olors, J(s)

must 
ontain at least one of the sele
ted points. On the other hand, both

endpoints of the alternating path p belong to I(s), so J(s) 
annot 
ontain

the endpoints of any outer segment other than the endpoints of s. Thus, for

any two outer segments, s and s

0

, J(s) and J(s

0

) are disjoint, so the sele
ted

points lying in the 
orresponding ar
s J(s) and J(s

0

), resp., are di�erent.

Hen
e, the number of outer segments 
annot ex
eed the total number of

sele
ted points, whi
h is 2k. See Fig. 1.

c
J(s) I(s)

s

s
J(s )

Figure 1: J(s) and J(s

0

) are disjoint.

Any k-
on�guration with runs S

1

; S

2

; : : : ; S

2k


an be represented by a

sequen
e (s

1

; s

2

; : : : ; s

2k

), where s

i

= jS

i

j

3k�2

n

. We assume that the odd-

numbered runs are red and the even-numbered are blue.

Theorem 2.2. Let k � 2 and assume that n is divisible by 3k�2. Then the

4



size of any separated mat
hing in the k-
on�guration (k; 2k � 1; k; 1; : : : ; 1)

is at most 2n

2k�1

3k�2

.

ss1 3

2ks

2s

s2i+1

s4

Figure 2: The k-
on�guration (k; 2k � 1; k; 1; : : : ; 1).

Proof. Let S

1

; S

2

; : : : ; S

2k

denote the 
onse
utive runs of the k-
on�guration

(k; 2k � 1; k; 1; : : : ; 1) (see Fig. 2). Let M be a separated mat
hing. We

distinguish �ve 
ases, a

ording to the set of runs that are 
onne
ted to S

2

by at least one edge in M .

Case 1: No edge of M has an endpoint in S

2

.

Then M uses at most n � n

2k�1

3k�2

blue points, so its size is at most 2n �

2n

2k�1

3k�2

= 2n

k�1

3k�2

< 2n

2k�1

3k�2

.

Case 2: No edge of M runs between S

2

and S

1

[ S

3

.

Now the points in S

2


an be 
onne
ted only to the elements of S

5

; S

7

; : : : ; S

2k�1

.

Hen
e, at most n

k�1

3k�2

points of S

2

are mat
hed and at least n

k

3k�2

are

missed by M . The size of M is at most 2n� 2n

k

3k�2

= 2n

2k�2

3k�2

.

Case 3: S

2

is 
onne
ted by an edge of M to both S

1

and S

3

.

Sin
e M is a separated mat
hing, the blue points in S

4

; S

6

; : : : ; S

2k

are not

mat
hed, so M uses at most n

2k�1

3k�2

blue points. Thus, the size of M is at

most 2n

2k�1

3k�2

.
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Case 4: S

2

is 
onne
ted by an edge of M to S

1

, but not to S

3

.

Suppose that the size of M ex
eeds 2n

2k�1

3k�2

. Then M mat
hes more than

n

k

2k�3

points of S

2

, so at least one edge of M must 
onne
t S

2

to a

red run di�erent from S

1

. Let i > 1 denote the smallest integer su
h

that there is an edge of M between S

2

and S

2i+1

. Then M mat
hes

at most n

k+(k�i)

3k�2

= n

2k�i

3k�2

blue points from S

2

and misses the n

k�i

3k�2

blue points in S

2i+2

; S

2i+4

; : : : ; S

2k

. Therefore, it does not mat
h at least

n

(2k�1�(2k�i))+(k�i)

3k�2

= n

k�1

3k�2

blue points, and its size is at most 2n

2k�1

3k�2

.

Case 5: S

2

is 
onne
ted by an edge of M to S

3

, but not to S

1

.

By symmetry, the same argument applies as in the previous 
ase.

Lemma 2.3. For any positive integers k and n � k, there exists a k-


on�guration of 2n points with no alternating path longer than 2n

2k�1

3k�2

+

16k.

Proof. The statement is trivial for k = 1, and also for n � 8k. Suppose

that k � 2, and n > 8k. Let n

0

� n be the largest integer divisible by

3k � 2. Let C

0

denote a k-
on�guration 
onsisting of n

0

red and n

0

blue

points, 
onsidered in Theorem 2.2. Add n�n

0

red points to S

1

and n�n

0

blue points to S

2

, and denote the resulting k-
on�guration by C.

We 
laim that C satis�es the requirement of the lemma. Let p be an

alternating path of length l(p) in C. By Lemma 2.1, there is a separated

mat
hing M

1

in C, whose size is l(M

1

) � l(p)� 4k � 1. Remove from M

1

the 2n � 2n

0

points that were added later and all edges in M

1

in
ident to

them. We obtain a separated mat
hing M

0

of C

0

of size l(M

0

) � l(M

1

) �

4(n�n

0

) � l(M

1

)� 4(3k� 2) = l(M

1

)� 12k+8 � l(p)� 16k. By Theorem

2.2, we have l(M

0

) � 2n

0

2k�1

3k�2

, so that l(p) � 2n

2k�1

3k�2

+ 16k.

The upper bound in Theorem 1 immediately follows from Lemma 2.3.

For any n, set k = b

p

n
. Applying Lemma 2.3, we obtain a 
on�guration of

n red and n blue points in whi
h the length of any non
rossing alternating

path is at most

2k�1

3k�2

� 2n+ 16k <

4n

3

+ 20

p

n, as required.

3 Lower Bound

As before, let C be the vertex set of a 
onvex 2n-gon, with n red and n blue

elements. Suppose without loss of generality that the elements of C lie on a


ir
le. A set of 
onse
utive verti
es of C (of not ne
essarily the same 
olor)

is said to be an interval. The length of an interval is its 
ardinality.
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Assume that we 
an �nd a separated mat
hingM of size 2l, all of whose

segments are 
rossed by a 
hord 
. Then we 
an easily 
onstru
t a non-


rossing alternating path of length 2l. To see this, enumerate the segments

s

1

; s

2

; : : : ; s

l

of M a

ording to the order of their interse
tion points with


. Let r

i

and b

i

denote the red and blue endpoints of s

i

, respe
tively. Then

p = (r

1

b

1

; b

1

r

2

; r

2

b

2

; : : : ; b

l�1

r

l

; r

l

b

l

) is a non
rossing alternating path of

length 2l.

Therefore, it is suÆ
ient to establish a lower bound on the size of a

separated mat
hing in a k-
on�guration of 2n points. We divide the proof

into two steps. Lemmas 3.1 and 3.2 provide reasonably good bounds when

k is small and when k is large, respe
tively. Their 
ombination implies the

general lower bound in Theorem 1.

Lemma 3.1. Let k;m; n be positive integers su
h that k = 2

m

divides

n. Let C be a k-
on�guration of 2n points. If C 
ontains a run of length

at least

n

k

, then it determines a separated mat
hing whose size is at least

n

�

1 +

1

k(m+1)

�

.

Proof. Let S be the run of length at least

n

k

. Let I

0

denote a mono
hro-

mati
 interval in S, whose length is pre
isely

n

k

. For 1 � i � m + 1, let

I

i

be an interval of length 2

i�1

n

k

su
h that I

0

; I

1

; : : : ; I

m+1

are 
onse
utive

in the 
lo
kwise dire
tion (see Fig. 3). These intervals form a partition of

the underlying set C 
onsisting of all 2n verti
es. Assume without loss of

generality that all elements of I

0

are blue.

I5

I4I3
2II1

0I
m+1I

Figure 3: I

0

; I

1

; : : : ; I

m+1

form a partition of the verti
es.

Suppose for 
ontradi
tion that there is no separated mat
hing whose

size is at least n

�

1 +

1

k(m+1)

�

.

Claim. For every 0 � i � m + 1, the interval J

i

= I

0

[ I

1

[ : : : [ I

i

has

at least

�

2

i�1

1

k

+

1

2k

�

i

2k(m+1)

�

n blue points. Moreover, stri
t inequality

holds if i > 0.
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Note that Lemma 3.1 immediately follows from the Claim. Indeed, for

i = m+1, we obtain that there are more than

�

2

m

1

k

+

1

2k

�

m+1

2k(m+1)

�

n = n

blue points on the 
ir
le, whi
h is a 
ontradi
tion.

Proof of Claim. We pro
eed by indu
tion on i. For i = 0, the statement

obviously holds. Assume that for some i 2 f0; 1; 2; : : : ;mg, there are at

least

�

2

i�1

1

k

+

1

2k

�

i

2k(m+1)

�

n blue points in the interval J

i

. We show

that there are more than

�

2

i�1

1

k

�

1

2k(m+1)

�

n blue points in I

i+1

.

Suppose this is not the 
ase. Then there are at least l =

�

2

i�1

1

k

+

1

2k(m+1)

�

n

red points in I

i+1

. Sin
e we have 2

i�1

1

k

+

1

2k

�

i

2k(m+1)

� 2

i�1

1

k

+

1

2k(m+1)

,

the number of blue points in J

i

is at least l. Thus, there is a separated

mat
hing of size 2l between the blue points of J

i

and the red points of

I

i+1

. Let M be the most `e
onomi
al' su
h mat
hing of size 2l. That is,

if b

1

; b

2

; : : : ; b

s

(s � l) denote the blue points of J

i

listed in 
ounter
lo
k-

wise order and r

1

; r

2

; : : : ; r

t

(t � l) denote the red points of I

i+1

listed in


lo
kwise order, then let M 
onsist of the segments b

1

r

1

; b

2

r

2

; : : : ; b

l

r

l

.

Let K denote the interval between b

l

and r

l

, oriented 
lo
kwise. All

blue points from K not mat
hed by M lie in I

i+1

, so their number is at

most u

b

=

�

2

i�1

1

k

�

1

2k(m+1)

�

n. All red points of K not mat
hed by M lie

in J

i

, so their number is at most u

r

=

�

2

i

1

k

�

�

2

i�1

1

k

+

1

2k

�

i

2k(m+1)

��

n =

�

2

i�1

1

k

�

1

2k

+

i

2k(m+1)

�

n:Using the fa
t that u

b

�u

r

=

�

1

2k

�

i+1

2k(m+1)

�

n �

0, we obtain that u

b

� u

r

.

Let L denote the 
omplement of K in the set C of all points. Clearly,

L has at least n

0

= n� l � u

b

=

�

1� 2

i

1

k

�

n points of ea
h 
olor. Divide L

into two intervals L

1

; L

2

, ea
h of length at least n

0

. Obviously, at least one

of the following two 
onditions is satis�ed:

(a) There are at least

n

0

2

blue points in L

1

and at least

n

0

2

red points in

L

2

.

(b) There are at least

n

0

2

red points in L

1

and at least

n

0

2

blue points in

L

2

.

We 
an assume without loss of generality that (a) is true. Then there

exists a separated mat
hing M

0

of size at least n

0

between intervals L

1

and

L

2

. The union of M and M

0

is also a separated mat
hing. (One endpoint

of the 
orresponding 
hord lies between the intervals J

i

and I

i+1

, and the

8



other between L

1

and L

2

.) The size of M [M

0

is at least

2l + n

0

=

�

2

i�1

1

k

+

1

2k(m+ 1)

�

2n+

�

1� 2

i

1

k

�

n =

�

1 +

1

k(m+ 1)

�

n;

whi
h is a 
ontradi
tion. Hen
e, our assumption was wrong: there are more

than

�

2

i�1

1

k

�

1

2k(m+1)

�

n blue points in I

i+1

.

Consequently, the number of blue points in the interval J

i+1

= I

0

[ I

1

[

: : :[I

i+1

is larger than

�

2

i�1

1

k

+

1

2k

�

i

2k(m+1)

�

n+

�

2

i�1

1

k

�

1

2k(m+1)

�

n =

�

2

i

1

k

+

1

2k

�

i+1

2k(m+1)

�

n; 
ompleting the indu
tion step, the proof of the

Claim, and hen
e the proof of Lemma 3.1.

Lemma 3.2. For n � k � 1, every k-
on�guration of 2n points admits an

alternating path whose length is at least n+ k � 1.

Proof. Let v

1

; v

2

; : : : ; v

2n

be the verti
es of a k-
on�guration, in 
lo
kwise

dire
tion. Assume that v

1

is red. For any 1 � i < 2n, if v

i

is red and v

i+1

is blue, then v

i

and v

i+1

are 
alled spe
ial verti
es. There are 2k spe
ial

and 2n� 2k non-spe
ial verti
es. Moreover, exa
tly half of the spe
ial and

exa
tly half of the non-spe
ial verti
es are red, and blue. Let m be the

smallest number su
h that there are n � k non-spe
ial verti
es in the set

fv

i

j 1 � i � mg. Assume that t � d

n�k

2

e of them are red. (The other 
ase


an be settled analogously.) Denote those red points by u

1

; u

2

; : : : ; u

t

, in


lo
kwise dire
tion. Then the set fv

i

j m+1 � i � 2ng also 
ontains n� k

non-spe
ial verti
es, and t of them are blue. Denote those blue points by

w

1

; w

2

; : : : ; w

t

, in 
ounter
lo
kwise dire
tion.

The verti
es u

1

; u

2

; : : : ; u

t

divide the set fv

i

j 1 � i � mg into t + 1

intervals of 
onse
utive verti
es, denote them by I

0

; I

1

; : : : ; I

t

, in 
lo
kwise

dire
tion. For 0 � 1 � t, if I

i


ontains some spe
ial verti
es, denote them

by u

i;1

; u

i;2

; : : : u

i;�

i

, in 
lo
kwise dire
tion. Sin
e u

1

; u

2

; : : : ; u

t

are non-

spe
ial, u

i;j

is red if j is odd, and blue if j is even.

Similarly, the verti
es w

1

; w

2

; : : : ; w

t

divide the set fv

i

j m+1 � i � 2ng

into t+1 intervals of 
onse
utive verti
es, denote them by J

0

; J

1

; : : : ; J

t

, in


ounter
lo
kwise dire
tion. For 0 � 1 � t, if J

i


ontains some spe
ial ver-

ti
es, denote them by w

i;1

; w

i;2

; : : : w

i;�

i

, also in 
ounter
lo
kwise dire
tion.

Now w

i;j

is blue if j is odd, and red if j is even.
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Finally, 
onsider the following path:

u

0;1

; u

0;2

; : : : u

0;�

0

; u

1

; w

0;1

; w

0;2

; : : : w

0;�

0

; w

1

; u

1;1

; u

1;2

; : : : u

1;�

1

; u

2

;

w

1;1

; w

1;2

; : : : w

1;�

1

; w

2

; : : : ; u

t;1

; u

t;2

; : : : u

t;(�

t

�1)

; w

t;1

; w

t;2

; : : : w

t;�

t

:

It is a non
rossing, alternating path of length 2t+2k�1 � n�k+2k�1 =

n+ k � 1. This 
on
ludes the proof of the Lemma.

Now we are ready to prove the lower bound in Theorem 1. Suppose

that we have a k-
on�guration of 2n points. We distinguish two 
ases. If

k �

1

10

q

n

logn

; then, by Lemma 3.2, there exists an alternating path of

length at least n+

1

10

q

n

logn

� 1:

We are left with the 
ase k <

1

10

q

n

logn

: Let m be the least positive

integer su
h that k � 2

m

. Then m < 1 + log k. Let n

0

= 2

m

b

n

2

m


 � n� 2

m

and 
hoose any sub
on�guration C

0

of n

0

red and n

0

blue points from C.

C

0

is a k

0

-
on�guration for some k

0

� k. So it has a run of length at least

n

0

k

0

�

n

0

k

�

n

0

2

m

. Now, a

ording to Lemma 3.1, C has a separated mat
hing

(and also an alternating path) whose size is at least

n

0

+

n

0

2

m

(m+ 1)

� n� 2k +

n

2

m+1

(m+ 1)

�

n� 2k +

n

4k(log k + 2)

� n� 2k +

n

2k logn

�

n�

1

5

r

n

logn

+

5n

logn

r

logn

n

� n+ 4

r

n

logn

:

This 
ompletes the proof.

Conje
ture. For any �xed k and large n, every k-
on�guration of 2n points

admits a separated mat
hing of size at least 2n

2k�1

3k�2

+ o(n).
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