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Abstra
t

We 
onsider a game played by two players, Paul and Carol. Carol

�xes a 
oloring of n balls with three 
olors. At ea
h step, Paul 
hooses

a pair of balls and asks Carol whether the balls have the same 
olor.

Carol truthfully answers yes or no. In the Plurality problem, Paul

wants to �nd a ball with the most 
ommon 
olor. In the Partition

problem, Paul wants to partition the balls a

ording to their 
olors.

He wants to ask Carol the least number of questions to rea
h his

goal. We �nd optimal deterministi
 and probabilisti
 strategies for

the Partition problem and an asymptoti
ally optimal probabilisti


strategy for the Plurality problem.
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1 Introdu
tion

We study a game played by two players, Paul and Carol, in whi
h Paul wants

to determine a 
ertain property of the input based on Carol's answers. Carol

�xes a 
oloring of n balls by k 
olors. Paul does not know the 
oloring of

the balls. At ea
h step, he 
hooses two balls and asks Carol whether they

have the same 
olor. Carol truthfully answers YES or NO. Paul wants to ask

the least number of questions in the worst 
ase to determine the desired

property of the 
oloring.

The �rst problem of this kind whi
h was 
onsidered is the Majority

problem, in whi
h Paul wants to �nd a ball b su
h that the number of balls


olored with the same 
olor as b is greater than n=2, or to de
lare that

there is no su
h ball. Saks and Werman [10℄, later Alonso, Reingold and

S
hott [4℄, showed that n � �(n) questions are ne
essary and suÆ
ient for

Paul to resolve the Majority problem with n balls of two 
olors, where �(n) is

the number of 1's in the binary representation of n. Fisher and Salzberg [6℄

showed that d3n=2e � 2 questions are ne
essary and suÆ
ient to solve the

Majority problem with n balls and an unrestri
ted number of 
olors. Some

variants of the Majority problem were also 
onsidered in [1, 7℄.

In this paper, we 
onsider the Plurality problem, introdu
ed by Aigner

et al. [2℄, and the Partition problem. In the Plurality problem, Paul seeks for

a ball su
h that the number of balls with the same 
olor ex
eeds the number

of balls of any other 
olor (or he �nds out that there is a tie between two

or more di�erent 
olors). In the Partition problem, Paul wants to partition

the balls a

ording to their 
olors. Aigner et al. [2℄ found a strategy to solve

the Plurality problem with n balls of three 
olors su
h that Paul asks at

most b

5n

3


 � 2 questions. On the other hand, Carol 
an for
e Paul to ask

at least 3b

n

2


 � 2 questions. In addition, if the number k of 
olors of the

balls 
ontained in the input is not �xed to be three, Aigner et al. [3℄ provide

lower and upper bounds of order �(kn). A problem similar to the Plurality

problem was also studied by Srivastava [11℄.

We fo
us on the 
ase when the balls are 
olored with three 
olors and

present a probabilisti
 strategy for the Plurality problem and both deter-

ministi
 and probabilisti
 strategies for the Partition problem. In the prob-

abilisti
 setting, Paul may 
ip 
oins and use the out
ome to 
hoose his

questions. The quality of a probabilisti
 strategy is measured as the maxi-

mum of the expe
ted number of Paul's questions over all inputs. For both

the deterministi
 and probabilisti
 strategies, we assume that Carol knows

the strategy and 
hooses the worst 
oloring. In the deterministi
 setting,

2



The problem Lower bound Upper bound

The Plurality Problem

Deterministi
 strategy [2℄ 3b

n

2


 � 2 b

5n

3


 � 2

Probabilisti
 strategy

3

2

n�O

�

p

n logn

�

3

2

n+O(1)

The Partition Problem

Deterministi
 strategy 2n� 3 2n� 3

Probabilisti
 strategy

5

3

n�

8

3

5

3

n�

8

3

+ o(1)

Table 1: Bounds for the Plurality and Partition problems with n balls of

three 
olors.

Carol 
an also 
hoose the 
oloring on-line in response to the questions. This

is not appropriate for probabilisti
 strategies, sin
e we assume that Carol

does not know out
ome of the 
oin 
ips.

Our results are summarized in Table 1. In the 
ase of deterministi
 strat-

egy of the Partition problem, we provide mat
hing lower and upper bounds

on the number of Paul's questions. The result 
an be generalized for balls

with arbitrary number of 
olors (see Se
tion 6). In the probabilisti
 setting,

our bounds for the Partition problem mat
h up to the o(1) term. For the

Plurality problem, we managed to prove a lower bound in the probabilisti


setting whi
h is 
lose to the lower bound proved by Aigner et al. [2℄ in the

(more 
onstrained) deterministi
 setting and we show that the lower bound

is asymptoti
ally tight by providing a mat
hing upper bound.

2 Notation

In this se
tion, we introdu
e a 
ompa
t way of representing a deterministi


strategy for Paul, and the state of his information about the 
olors of the

balls as the strategy pro
eeds.

The game of Paul and Carol 
an be viewed as a game on a graph whose

verti
es are the balls. Initially the graph is empty. At ea
h turn, Paul


hooses a pair of nonadja
ent verti
es and adds that edge to the graph.

Carol then 
olors the edge by red if the two verti
es have the same 
olor, or

by blue if the two verti
es have a di�erent 
olor. This edge-
olored graph

represents the state of Paul's knowledge and is referred to as Paul's graph.

Noti
e that ea
h 
onne
ted 
omponent of red edges 
onsists of verti
es 
or-

responding to balls with the same 
olor. The redu
ed graph has as its vertex

3



set ea
h of these red 
onne
ted 
omponents, with two 
omponents joined

if there is at least one blue edge between them. In the Partition problem

with k 
olors, the game ends when the redu
ed graph is uniquely vertex k-


olorable (up to a permutation of the 
olors). In the Plurality problem with

k 
olors, the game ends when there is a vertex v in the redu
ed graph with

the property that in every vertex k-
oloring, v belongs to a largest 
olor


lass, where the size of a 
olor 
lass is the sum of orders of the 
ontra
ted


omponents.

A deterministi
 strategy for Paul 
an be represented by a rooted binary

tree in whi
h the left edge from ea
h internal vertex is 
olored with red and

the right edge with blue. The root is asso
iated with Paul's �rst question.

The left subtree represents Paul's strategy for the 
ase when Carol answers

that the 
olors of the balls are the same, and the right one for the 
ase when

she answers that they are di�erent. At ea
h node, Paul's information 
an

be represented by a graph as des
ribed above. For a given 
oloring of the

balls, there is a unique path from the root to a leaf in the tree. This path

in the tree is 
alled the 
omputation path.

3 Yao's Prin
iple

Yao [12℄ proposed a te
hnique for proving lower bounds on probabilisti


algorithms whi
h is based on the minimax prin
iple from game theory. In-

formally, to prove su
h a lower bound, instead of 
onstru
ting a hard 
ol-

oring of the balls for every probabilisti
 algorithm, it is enough to �nd a

probability distribution on 
olorings whi
h is hard for every deterministi


algorithm. Yao's te
hnique applies to our setting, too. We formulate the

prin
iple formally using our notation as a proposition. Sin
e the proof fol-

lows the same line as in the original setting, we do not in
lude it and refer

the reader, e.g., to [9, Subse
tion 2.2.2℄ if ne
essary.

Proposition 1 If for the Plurality or Partition problem with n balls of k


olors, there exists a probability distribution on 
olorings of the balls su
h

that the expe
ted number of Paul's questions is at least K for ea
h determin-

isti
 strategy, then for ea
h probabilisti
 strategy there exists a 
oloring I of

the balls su
h that the expe
ted number of Paul's questions for the 
oloring

I is at least K.
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4 Probabilisti
 Strategy for the Plurality

Problem

We are now ready to present the �rst of our results, an asymptoti
ally

optimal probabilisti
 strategy for the Plurality problem:

Theorem 2 There is a probabilisti
 strategy for the Plurality problem with

n balls of three 
olors su
h that the expe
ted number of Paul's questions does

not ex
eed

3

2

n+O(1) for any 
oloring of the balls.

Proof: Fix a 
oloring of the balls and 
hoose any subset B

0

of 3n

0

balls

from the input, where n

0

=

�

n

3

�

. Partition randomly the set B

0

into n

0

ordered triples (a

i

; b

i

; 


i

), 1 � i � n

0

. For ea
h i, 1 � i � n

0

, Paul asks

Carol whether the balls a

i

and b

i

have the same 
olor and whether the balls

b

i

and 


i

have the same 
olor. If Carol answers in both the 
ases that the

balls have di�erent 
olors, Paul asks, in addition, whether the 
olors of the

balls a

i

and 


i

are the same.

Based on Carol's answers, Paul is able to 
lassify the triples into three

types:

type A All the three balls of the triple have the same 
olor. This is the


ase when Carol answers both the initial questions positively.

type B Two balls of the triple have the same 
olor, but the remaining one

has a di�erent 
olor. This is the 
ase when Carol answers one of the

initial questions positively and the other one negatively, or both the

initial questions negatively and the additional question positively.

type C All the three balls have di�erent 
olors. This is the 
ase when Carol

answers the initial questions and the additional question negatively.

Paul now 
hooses randomly and independently a representative ball from

ea
h triple of type A or B. Let B be the set of (at most n

0

) 
hosen balls. In

addition, he 
hooses randomly a ball d from B

0

.

For ea
h ball from the set B, Paul asks Carol whether its 
olor is the

same as the 
olor of d. Let B

0

� B be the set of the balls whose 
olors are

di�erent. Paul 
hooses arbitrarily a ball d

0

2 B

0

and 
ompares the ball d

0

with the remaining balls of B

0

. Paul is able to determine the partition of

the balls of B a

ording to their 
olors: the balls of B n B

0

, the balls of B

0

whi
h have the same 
olor as the ball d

0

and the balls of B

0

whose 
olor is

di�erent from the 
olor of d

0

.
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Finally, Paul determines the partition of all the balls from the triples

of type A or B. The balls 
ontained in a triple of type A have the same


olor as its representative. In the 
ase of a triple of type B, Paul asks Carol

whether the 
olors of balls d

1

and d

2

are the same, where d

1

is a ball of the

triple whose 
olor is di�erent from the 
olor of the representative, and d

2

is

a ball of B whose 
olor is di�erent from the 
olor of the representative. In

this way, Paul obtains the partition of all the balls from triples of type A

or B a

ording to their 
olors.

After at most 2(n� 3n

0

) additional questions, Paul knows the partition

of the balls of B a

ording to their 
olors, where B is the set of all the n

balls ex
ept for the balls of B

0

whi
h are 
ontained in triples of type C.

Sin
e ea
h triple of type C 
ontains one ball of ea
h of the three 
olors, the

plurality 
olor of the balls of B is also the plurality 
olor of all the balls.

If there is no plurality 
olor in B, then there is no plurality 
olor in the

original problem either.

Before we formally analyze the des
ribed strategy, we explain some ideas

behind it. Let �, � and 
 be the fra
tions of the balls of ea
h of the 
olors

among the balls of B

0

. If the ratios �, � and 
 are 
lose to 1=3, then a lot of

the balls belong to the triples of type C. Clearly, su
h balls 
an be removed

from the problem and we solve the Plurality problem for the remaining balls

(this redu
es the size of the problem). However, if the ratios �, � and 


are unbalan
ed, then the previous fails to work. But in this 
ase, with high

probability, the ball d has the same 
olor as a lot of the balls of B and Paul

does not need to 
ompare too many balls of B with the ball d

0

.

We are now ready to start estimating the expe
ted number of Paul's

questions. The expe
ted numbers of triples of ea
h type are the following:

�

�

�

3

+ �

3

+ 


3

+O

�

1

n

0

��

n

0

triples of type A,

�

�

3(�

2

� + �

2


 + �

2

�+ �

2


 + 


2

�+ 


2

�) +O

�

1

n

0

��

n

0

triples of type

B, and

�

�

6��
 +O

�

1

n

0

��

n

0

triples of type C.

The expe
ted numbers of Paul's questions to determine the type of the triple

are 2,

7

3

and 3 for types A, B and C, respe
tively. Therefore, the expe
ted

number of Paul's questions to determine the types of all the triples is:

�

2(�

3

+ �

3

+ 


3

) + 7(�

2

� + �

2


 + �

2

�+ �

2


 + 


2

�+ 


2

�) + 18��


�

n

0

+O(1)

(1)
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Next, we 
ompute the expe
ted number of Paul's questions to determine

the partition of the balls of B. Fix a single ball b

0

out of the 3n

0

balls.

Assume that the 
olor of b

0

is the 
olor with the fra
tion �. Sin
e the

probability that the ball b

0

is in a triple of type C is 2�
 +O(

1

n

0

), the ball

b

0

is 
ontained in the set B with the probability

1

3

�

2

3

�
+O

�

1

n

0

�

. If b

0

2 B

and the 
olors of the balls b

0

and d are the same, Paul asks Carol a single

question; if b

0

2 B, the 
olors of b

0

and d are di�erent, and b

0

6= d

0

, he

asks two questions. The former is the 
ase with the probability �. Hen
e,

if b

0

2 B, Paul asks 2� � questions on average. We may 
on
lude that in

this stage, the expe
ted number of Paul's questions involving balls of the


olor with the fra
tion � does not ex
eed:

3�n

0

�

1

3

�

2

3

�
 +O

�

1

n

0

��

(2� �)

Hen
e, the expe
ted number of the questions to determine the partition of

B is:

3�n

0

�

1

3

�

2

3

�
 +O

�

1

n

0

��

(2� �)

+ 3�n

0

�

1

3

�

2

3

�
 +O

�

1

n

0

��

(2� �)

+ 3
n

0

�

1

3

�

2

3

�� +O

�

1

n

0

��

(2� 
)

= (2� �

2

� �

2

� 


2

)n

0

� 2��
n

0

(6� �� � � 
) +O(1)

= (2� �

2

� �

2

� 


2

)n

0

� 10��
n

0

+ O(1) (2)

Next, Paul asks Carol a single question for ea
h triple of type B. The

expe
ted number of su
h questions is:

3(�

2

� + �

2


 + �

2

�+ �

2


 + 


2

�+ 


2

�)n

0

+O(1) (3)

Finally, Paul asks at most 2(n� 3n

0

) � 4 questions to �nd the partition of

B.

The expe
ted number of all the questions asked by Paul is given by the

sum of (1), (2) and (3), whi
h is equal to the following expression:

�

2 + 2(�

3

+ �

3

+ 


3

) + 10(�

2

� + �

2


 + �

2

�+ �

2


 + 


2

�+ 


2

�)

+ 8��
 � �

2

� �

2

� 


2

�

n

0

+O(1) (4)
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It 
an be veri�ed, see Proposition 3 following the proof of this theorem,

that the maximum of (4) for �; �; 
 2 [0; 1℄ with � + � + 
 = 1 is attained

for � = � = 1=2 and 
 = 0 (and the two other symmetri
 permutations of

the values of the variables �, � and 
). Therefore, the expe
ted number of

Paul's questions does not ex
eed:

�

2 +

2 � 2 + 10 � 2 + 8 � 0

8

�

2

4

�

n

0

+O(1) =

9

2

n

0

+O(1) =

3

2

n+O(1) .

We now prove te
hni
al Proposition 3 that is referred in the proof of

Theorem 2:

Proposition 3 The maximum, whi
h is equal to

9

2

, of the fun
tion

2+2(�

3

+�

3

+


3

)+10(�

2

�+�

2


+�

2

�+�

2


+


2

�+


2

�)+8��
��

2

��

2

�


2

with the variables �; �; 
 2 [0; 1℄ and with the additional 
onstraint �+ � +


 = 1 is attained for the following 
ombinations of the values of �, � and


:

� � = � =

1

2

and 
 = 0,

� � = 
 =

1

2

and � = 0, or

� � = 
 =

1

2

and � = 0.

Proof: First, we apply several substitutions to the fun
tion. Sin
e �+�+


 = 1, we have the following:

�

2

� + �

2


 + �

2

�+ �

2


 + 


2

�+ 


2

� = �

2

+ �

2

+ 


2

� �

3

� �

3

� 


3

(5)

Plug the equality (5) to the examined fun
tion:

2� 8(�

3

+ �

3

+ 


3

) + 8��
 + 9(�

2

+ �

2

+ 


2

) (6)

Similarly, we establish the following equality using the 
onstraint �+�+
 =

1 and (5):

1 = (�+ � + 
)

3

1 = �

3

+ �

3

+ 


3

+ 3(�

2

� + �

2


 + �

2

�+ �

2


 + 


2

�+ 


2

�) + 6��


1 = �2(�

3

+ �

3

+ 


3

) + 3(�

2

+ �

2

+ 


2

) + 6��


�6��
 = �1� 2(�

3

+ �

3

+ 


3

) + 3(�

2

+ �

2

+ 


2

)

8��
 =

4

3

+

8

3

(�

3

+ �

3

+ 


3

)� 4(�

2

+ �

2

+ 


2

) (7)

8



We 
ombine (6) and (7) and obtain that the examined fun
tion is equal to:

10

3

�

16

3

(�

3

+ �

3

+ 


3

) + 5(�

2

+ �

2

+ 


2

) (8)

Let S � R

3

be the set of �; �; 
 2 [0; 1℄ satisfying �+�+
 = 1. Clearly,

the set S is an equilateral triangle in the 3-dimensional spa
e whi
h is 
on-

tained in the plane with the norm ve
tor equal to (1; 1; 1). The maximum of

the fun
tion is attained on the boundary of the set S or in an internal point

of S where the gradient of the fun
tion is a multiple of the norm ve
tor of

the support plane.

We �rst examine the fun
tion on the boundary of the set S. In su
h


ase, one of the variables �, � and 
 is equal to zero. We 
an assume 
 = 0

by symmetry. We substitute � = 1� � and 
 = 0 to (8):

10

3

�

16

3

(1� 3�+ 3�

2

) + 5(1� 2�+ 2�

2

) (9)

Sin
e the �rst derivative of (9) is 16(1� 2�)� 10(1� 2�) = 6(1� 2�) and

it is equal to zero only for � = 1=2, the extremes of (9) for � 2 [0; 1℄ 
an

be attained only for � = 0, � = 1=2, and � = 1. For these values of �, the

expression (9) is equal to 3, 9=2 and 3, respe
tively.

We now examine the possibility that the extreme of (8) is attained at

an internal point of S. In su
h 
ase, the gradient determined by partial

derivatives of (8) is a multiple of the ve
tor (1; 1; 1). The partial derivatives

of (8) are the following:

�

��

�

10

3

�

16

3

(�

3

+ �

3

+ 


3

) + 5(�

2

+ �

2

+ 


2

)

�

= �16�

2

+ 10� ,

�

��

�

10

3

�

16

3

(�

3

+ �

3

+ 


3

) + 5(�

2

+ �

2

+ 


2

)

�

= �16�

2

+ 10� , and

�

�


�

10

3

�

16

3

(�

3

+ �

3

+ 


3

) + 5(�

2

+ �

2

+ 


2

)

�

= �16


2

+ 10
 .

Sin
e the gradient (�16�

2

+ 10�;�16�

2

+ 10�;�16


2

+ 10
) is a multiple

of the ve
tor (1; 1; 1) only if all the right hand sides are equal, it holds that

� = � or � =

5

8

��. Similarly, � = 
 or � =

5

8

�
, and � = 
 or � =

5

8

�
.

Hen
e, � = � = 
 = 1=3, or two of the variables are equal to 3=8 and the

remaining one to 1=4. The value of (8) for � = � = 
 = 1=3 is equal to

119

27

<

9

2

. The value for � = � = 3=8 and 
 = 1=4 is equal to

141

32

<

9

2

.

We 
on
lude that the maximum of the fun
tion from the statement of

the proposition is equal to

9

2

and it is attained for � = � = 1=2 and 
 = 0

and the other two permutation of the values of the variables �, � and 
.
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5 Lower Bound for the Plurality Problem

We �rst survey some basi
 results from information theory that we use

in the proof of Lemma 6. The reader is wel
ome to see [5℄ for further

details. If X is a random variable taking values in the �nite set S, the

entropy H(X) of X is

P

s2S

p

s

log

2

1=p

s

where p

s

is the probability that

X is equal to s 2 S. In parti
ular, if X is a zero-one random variable

su
h that X = 1 with probability p, then the entropy of X is equal to

h(p) := p log

2

1

p

+ (1� p) log

2

1

1�p

. We need the following elementary result

on entropies of random variables taking values in �nite sets:

Proposition 4 Let X

1

; : : : ; X

k

be (not ne
essarily independent) random

variables and let X = (X

1

; : : : ; X

k

) be the ve
tor random variable whose

entries are equal to random variables X

1

; : : : ; X

k

. The following holds:

H(X) �

k

X

i=1

H(X

i

) .

In addition to the previous proposition, we state the following well-

known 
ombinatorial estimate on the middle binomial 
oeÆ
ient whi
h 
an

be found, e.g., in [8℄:

Proposition 5 Let n be a positive even integer. The following bounds hold:

2

n

p

2n

�

�

n

n=2

�

�

2

n

p

n

.

We are now ready to prove the following lemma on binary trees of

bounded depths:

Lemma 6 Let n be an even positive integer, and let T be a rooted binary

tree of depth at most n� 1 with

�

n

n=2

�

=2 leaves. Assume that for ea
h inner

node w of T , the edge whi
h leads to its left 
hild is 
olored by red and the

edge whi
h leads to its right 
hild by blue. The average number of blue edges

on the paths from the root to the leaves in T is at least:

n

2

�O

�

p

n logn

�

.

Proof: We �rst assign ea
h leaf w of T a string �(w) of R's and B's of

length n. If v

0

; : : : ; v

k

is the path in T from the root to a leaf w = v

k

, then

10



the i-th letter of the sequen
e �(w) is R if the edge v

i�1

v

i

is red, and B

otherwise. If i > k, the i-th letter of �(w) is R. Observe that the strings

assigned to the leaves of T are mutually distin
t. Moreover, the average

number � of blue edges on the paths from the root to the leaves is equal to

the average number of letters B 
ontained in the strings �(w).

Choose uniformly at random a leaf w of the tree T and let X

i

be the

random variable equal to the i-th letter of the string �(w) for 1 � i � n. Let

p

i

be the probability that X

i

is equal to B. Clearly, � =

P

n

i=1

p

i

. Consider

the random variable X equal to the ve
tor (X

1

; : : : ; X

n

). For every string

�(w), X is equal to �(w) with probability 2

�

n

n=2

�

�1

. Hen
e, we have the

following by Proposition 5:

H(X) = log

�

n

n=2

�

=2 � log

2

n

2

p

2n

(10)

On the other hand, we 
an infer from Proposition 4:

H(X) �

n

X

i=1

h(p

i

) (11)

We 
ombine the inequalities (10) and (11), and using the fa
t that h(p) is a


on
ave fun
tion on the interval (0; 1), together with the estimate h(1=2�

x) � 1� x

2

for x 2 (�1=2; 1=2), we obtain the required bound (re
all that

� =

P

n

i=1

p

i

):

log

2

n

2

p

2n

� H(X) �

n

X

i=1

h(p

i

)

n�

log 8n

2

� n � h

�

�

n

�

1�

log 8n

2n

� 1�

�

1

2

�

�

n

�

2

�

�

�

�

1

2

�

�

n

�

�

�

�

�

r

log 8n

2n

1

2

�

r

log 8n

2n

�

�

n

n

2

�O

�

p

n logn

�

� �

11



The statement of the lemma now follows.

We are now ready to prove the desired lower bound:

Theorem 7 For any probabilisti
 strategy for the Plurality problem with n

balls of three 
olors, there is a 
oloring of the balls su
h that Paul asks at

least

3

2

n�O

�

p

n logn

�

questions on average.

Proof: By Yao's prin
iple (Proposition 1), it is enough to �nd a probability

distribution on 
olorings of the balls su
h that if Paul uses any deterministi


strategy, then he asks at least

3

2

n�O

�

p

n logn

�

questions on average. If n is

even, then the desired distribution is the uniform distribution on 
olorings

in whi
h half of balls have the �rst 
olor, the other half have the se
ond


olor, and there are no balls of the third 
olor. If n is odd, then the desired

distribution is the uniform distribution on 
olorings su
h that half of the

�rst n� 1 balls have the �rst 
olor, the other half the se
ond 
olor, and the

n-th ball has the third 
olor. Clearly, there is no plurality 
olor for any of

these 
olorings. Let I be the set of all

�

n

0

n

0

=2

�

su
h 
olorings where n

0

= n,

if n is even, and n

0

= n� 1, otherwise.

Fix a deterministi
 strategy of Paul. Let G be Paul's �nal graph for

one of the 
olorings from I. We 
laim that ea
h of the two subgraphs

of G indu
ed by the balls of the �rst or the se
ond 
olor is 
onne
ted.

Otherwise, let V

1

and V

2

be the sets of the verti
es 
orresponding to the

balls of these 
olors, and assume that G[V

1

℄ 
ontains a 
omponent with

a vertex set W � V

1

. Based on G, Paul is unable to determine whether

the balls of W have the same 
olor as the balls of V

1

nW , and thus he is

unable to de
ide whether there is a plurality 
olor (whi
h would be the 
ase

if the balls of W had the third 
olor). We 
on
lude that Paul's �nal graph


ontains at least n

0

� 2 red edges.

Let T be the rooted binary tree 
orresponding to Paul's strategy and let

V

lf

be the set of the leaves of T to whi
h there is a valid 
omputation path

for a 
oloring of I (note that T 
ontains additional leaves 
orresponding to


olorings not 
ontained in I). Sin
e for ea
h of the 
olorings of I the two

subgraphs indu
ed by the balls of the �rst two 
olors in Paul's �nal graph

are 
onne
ted, ea
h leaf of T 
an 
orrespond to two su
h 
olorings (whi
h

di�er just by a permutation of the �rst two 
olors). Therefore, V

lf


onsists

of

�

n

0

n

0

=2

�

=2 leaves of T .

12



We now modify T to a tree T

0

and eventually to a tree T

00

. The tree

T

0

is a subtree of T formed by the union of the paths from the root to the

leaves 
ontained in V

lf

. In parti
ular, T

0

has exa
tly

�

n

0

n

0

=2

�

=2 leaves. Color

the edges of T

0

by red and blue a

ording to whether they join an inner

vertex with its left or right 
hild. For ea
h inner vertex w with a single


hild in T

0

, 
ontra
t the edge leading from w to its only 
hild. Let T

00

be

the obtained binary tree with

�

n

0

n

0

=2

�

=2 leaves. The 
olors of the edges whi
h

have not been 
ontra
ted are preserved.

The tree T

00


orresponds to a deterministi
 strategy for distinguishing

the 
olorings from the set I restri
ted to the �rst n

0

balls. At ea
h inner

node w of T

00

, the edge 
orresponding to Paul's question at the node w

joins two di�erent 
omponents of Paul's graph. Otherwise, the answer is

uniquely determined by his graph. Consequently, the node w has a single


hild (there are no 
olorings of I 
onsistent with the other answer) and the

edge leading from w to its 
hild should have been 
ontra
ted.

Sin
e all Paul's questions 
orrespond to edges between di�erent 
ompo-

nents, Paul's �nal graph (for his strategy determined by T

00

) is a forest for

ea
h 
oloring of I. In parti
ular, Paul's �nal graph 
ontains at most n

0

� 1

edges. Therefore, the depth of T

00

does not ex
eed n

0

�1. By Lemma 6, the

average number of blue edges on the path from the root to a leaf of T

00

is

at least

n

0

2

�O

�

p

n

0

logn

0

�

. Sin
e the number of blue edges on su
h a path

is equal to the number of blue edges in Paul's �nal graph G

00

if Paul follows

the strategy determined by T

00

, and n = n

0

+ O(1), the average number of

blue edges in Paul's graphs is at least

n

2

�O

�

p

n logn

�

.

Observe that for ea
h 
oloring of I, the edges of the 
omputation path

in T

00

form a subset of the edges of the 
omputation path in T . Therefore,

the average number of blue edges in Paul's �nal graphs with respe
t to the

strategy 
orresponding to T is also at least

n

2

� O

�

p

n logn

�

. Sin
e ea
h

�nal graph 
ontains also (at least) n

0

� 2 � n � 3 red edges, the average

number of Paul's questions, whi
h is equal to the average number of edges

in the �nal graph, is at least

3

2

n�O

�

p

n logn

�

.

6 Deterministi
 Strategy for the Partition

Problem

We �rst des
ribe Paul's strategy:

13



Proposition 8 There is a deterministi
 strategy for the Partition problem

with n balls of k 
olors su
h that Paul always asks at most (k � 1)n �

�

k

2

�

questions if n � k, and at most

�

n

2

�

questions otherwise.

Proof: Paul's strategy is divided into n steps. In the i-th step, Paul

determines the 
olor of the i-th ball.

If the �rst i�1 balls have only k

0

< k di�erent 
olors, then Paul 
ompares

the i-th ball with the representatives of all the k

0


olors found so far. In this


ase, Paul �nds either that the i-th ball has the same 
olor as one of the

�rst i � 1 balls, or that its 
olor is di�erent from the 
olors of all of these

balls.

If the �rst i � 1 balls have k di�erent 
olors, then Paul 
ompares the

i-th ball with the representatives of k � 1 
olors. If Paul does not �nd a

ball with the same 
olor, then the 
olor of the i-th ball is the 
olor with no

representative.

In this way, Paul determines the 
olors of all the balls. We estimate the

number of 
omparisons in the worst 
ase. Sin
e the �rst i� 1 balls have at

most i� 1 di�erent 
olors, the number of 
omparisons in the i-th step is at

most minfi� 1; k � 1g. Therefore, if n < k, the number of questions does

not ex
eed:

n

X

i=1

(i� 1) =

n(n� 1)

2

=

�

n

2

�

.

In the general 
ase n � k, we have the following bound:

k

X

i=1

(i� 1) +

n

X

i=k+1

(k � 1) =

k(k � 1)

2

+ (n� k)(k � 1) = n(k � 1)�

�

k

2

�

.

Next, we show that Carol 
an for
e Paul to ask (k�1)n�

�

k

2

�

questions:

Theorem 9 If Paul is allowed to use only a deterministi
 strategy to solve

the Partition problem with n balls of k 
olors, then Carol 
an for
e him to

ask at least (k � 1)n �

�

k

2

�

questions if n � k, and at least

�

n

2

�

questions

otherwise.

Proof: We 
an assume that Paul never asks a question whose answer is

uniquely determined. Therefore, Carol 
an answer ea
h question that the

14




olors of the pair of the balls are di�erent. Let G be Paul's graph at the

end of the game. Note that all the edges of G are blue be
ause of Carol's

strategy.

If n < k and G is not a 
omplete graph, then all the balls 
an have n

distin
t 
olors or the two balls whi
h are not joined by an edge in G 
an have

the same 
olor and the remaining balls 
an have n � 2 additional distin
t


olors. Therefore, Paul 
annot determine the partition of the balls. We

may 
on
lude that if n < k, G must be a 
omplete graph and Paul asked

�

n

2

�

questions.

In the rest of the proof, we 
onsider the general 
ase n � k. Let

V

1

; : : : ; V

k

be the verti
es of G 
orresponding to the sets of the balls of

the same 
olor. Ea
h of the sets V

i

, 1 � i � k, is non-empty: otherwise,

there exist an empty set V

i

and a set V

i

0

with at least two verti
es (re
all

that n � k). Move a vertex from V

i

0

to V

i

. The new partition is also 
onsis-

tent with the graph G and therefore Paul is unable to uniquely determine

the partition.

Assume now that the subgraph of G indu
ed by V

i

[ V

i

0

for some i

and i

0

, 1 � i < i

0

� k, is dis
onne
ted. Let W be the verti
es of one of the


omponents of the subgraph. Move the verti
es of V

i

\W from V

i

to V

i

0

and

the verti
es of V

i

0

\W from V

i

0

to V

i

. Sin
e the new partition is 
onsistent

with the graph G, Paul 
annot uniquely determine the partition of the balls

a

ording to their 
olors. We may 
on
lude that ea
h set V

i

is non-empty

and the subgraph of G indu
ed by any pair of V

i

and V

i

0

is 
onne
ted.

Let n

i

be the number of verti
es of V

i

. For every i and i

0

, 1 � i < i

0

� k,

the subgraph of G indu
ed by V

i

[ V

i

0


ontains at least n

i

+ n

i

0

� 1 edges

be
ause it is 
onne
ted. Sin
e the sets V

i

are disjoint, the number of edges of

G, whi
h is the number of questions asked by Paul, is at least the following:

X

1�i<i

0

�k

(n

i

+ n

i

0

� 1) =

k

X

i=1

(k � 1)n

i

�

X

1�i<i

0

�k

1 = (k � 1)n�

�

k

2

�

.

7 Probabilisti
 Strategy for the Partition

Problem

We �rst state the following auxiliary lemma:
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Lemma 10 Consider a random ordering of n balls, out of whi
h, �n balls

are white and (1� �)n are bla
k. The expe
ted length of the initial segment


omprised entirely of white balls in the random ordering is at least:

min

�

9;

�

1� �

�O

�

logn

p

n

��

.

Proof: Be
ause of the O-term, it is enough to prove the lemma for suf-

�
iently large n, say n � 1000. We distinguish several 
ases a

ording to

whether � is 
lose to one, to zero or to neither of them. Assume �rst that

� >

99

100

. The probability that the initial segment of length 10 is 
omprised

entirely by white balls is the following:

�n

n

�

�n� 1

n� 1

� � �

�n� 9

n� 9

>

�

�n� 9

n� 9

�

10

>

�

98

99

�

10

>

9

10

.

Hen
e, the expe
ted length of the initial segment 
omprised entirely by

white balls, is at least

9

10

� 10 = 9.

In the rest, we assume that � �

99

100

. Let m = b

p

n logn
. If � <

2m

n

,

the expe
ted length of the initial segment of white balls is at least � (the

probability that the �rst ball is white). Sin
e the di�eren
e between

�

1��

and the lower bound � is small:

�

1� �

� � =

�

2

1� �

� O(�

2

) = O

�

log

2

n

n

�

� O

�

logn

p

n

�

,

the expe
ted length of the initial segment of white balls is at least

�

1��

�

O

�

logn

p

n

�

as 
laimed in the statement of the lemma.

Therefore, we assume that

2m

n

� � �

99

100

in what follows. The expe
ted

length of the initial segment 
omprised by white balls is at least:

m

X

i=1

P(the �rst i balls are white) =

m

X

i=1

i�1

Y

j=0

�n� j

n� j

�

m

X

i=1

�

�n�m

n�m

�

i

=

m

X

i=1

�

�n�m

n

�

i

�

m

X

i=1

�

� �

m

n

�

i

=

�

� �

m

n

�

�

�

� �

m

n

�

m+1

1�

�

� �

m

n

�

�

�

1�

�

� �

m

n

�

�O

�

m

n

�

� e

��

�

m

2

(n)

2

�

�

�

1� �

�O

�

logn

p

n

�

.
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We 
an now des
ribe Paul's strategy:

Theorem 11 There is a probabilisti
 strategy for the Partition problem

with n balls of three 
olors su
h that the expe
ted number of Paul's questions

does not ex
eed

5

3

n�

8

3

+O

�

logn

p

n

�

for any 
oloring of the balls.

Proof: Fix a 
oloring of the n balls. Let �, � and 
 be fra
tions of the

balls of ea
h of the three 
olors in the 
oloring. Paul �rst 
hooses a random

ordering of the balls. His strategy is divided into n steps, and in the i-th

step Paul determines the 
olor of the i-th ball (in the random ordering).

If the �rst i � 1 balls have the same 
olor, then Paul just 
ompares

the i-th ball with any of the �rst i � 1 balls. If the �rst i � 1 balls have

two distin
t 
olors, then Paul randomly 
hooses one of the two 
olors and


ompares the i-th ball with a representative of this 
olor. If Carol answers

that the balls have di�erent 
olors, then he 
ompares the i-th ball with a

representative of the other 
olor. Finally, if the �rst i � 1 balls have three

distin
t 
olors, then he randomly 
hooses one of the 
olors and 
ompares

the i-th ball with a representative of this 
olor. If Carol answers that the

balls have di�erent 
olors, Paul randomly 
hooses one of the two remaining


olors and 
ompares the i-th ball with its representative.

If the input does not 
ontain balls of all three 
olors, then the expe
ted

number of Paul's questions in ea
h step is at most 3=2. Consequently, the

expe
ted number of all the questions asked by Paul does not ex
eed

3

2

n,

and the statement of the lemma readily follows. Therefore, we assume in

the rest that there is a ball of ea
h of the three 
olors, i.e., �; �; 
 > 0.

Fix an ordering of the balls. Let j be the largest integer su
h that the

�rst j balls have the same 
olor, and j

0

the largest integer su
h that the

�rst j

0

balls have at most two di�erent 
olors. We 
ompute the expe
ted

number of Paul's questions for the �xed ordering. In the �rst j + 1 steps

(ex
ept for the �rst step), Paul always asks a single question. At ea
h of the

next j

0

� j � 1 steps, Paul asks 3=2 questions on average. In the (j

0

+1)-th

step, Paul asks two questions. At ea
h of the n � j

0

� 1 remaining steps,

Paul asks 5=3 questions on average. Hen
e, the expe
ted number of Paul's

questions for the �xed ordering is:

j +

3

2

(j

0

� j � 1) + 2 +

5

3

(n� j

0

� 1) =

5

3

n�

1

2

j �

1

6

j

0

�

7

6

.
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The expe
ted number of the questions (averaged through all the orderings)

is:

5

3

n�

1

2

j �

1

6

j

0

�

7

6

(12)

where j and j

0

are the expe
ted lengths of the initial segments in the random

ordering 
omprised by balls of one 
olor and two 
olors, respe
tively.

Let j

A

, j

B

and j

C

be the expe
ted lengths of initial segments in the

ordering formed entirely by balls of the 
olor with the fra
tions �, � and 
,

respe
tively. Similarly, j

AB

, j

AC

and j

BC

are the expe
ted lengths of initial

segments formed by balls of two indexed 
olors. Clearly, the following holds:

j = j

A

+ j

B

+ j

C

j

0

= j

AB

+ j

AC

+ j

BC

� j

A

� j

B

� j

C

If one of the numbers j

A

, j

B

, j

C

, j

AB

, j

AC

and j

BC

is at least 9, then the

sum j + j

0

is at least 9, and the expe
ted number of Paul's questions is at

least

5

3

n �

9

6

�

7

6

=

5

3

n �

8

3

. If none of the numbers ex
eed 9, we have by

Lemma 10:

j =

�

1��

+

�

1��

+




1�


+O

�

logn

p

n

�

and

j + j

0

=

�+�

1����

+

�+


1���


+

�+


1���


+O

�

logn

p

n

�

.

Sin
e the fun
tion

�

1��

is 
onvex and � + � + 
 = 1, the minimum of both

the expressions on the right hand side in the above equations is attained for

� = � = 
 = 1=3. Therefore, we have the following:

j � 3 �

1=3

1� 1=3

�O

�

logn

p

n

�

=

3

2

�O

�

logn

p

n

�

(13)

j + j

0

� 3 �

2=3

1� 2=3

�O

�

logn

p

n

�

= 6�O

�

logn

p

n

�

(14)

Let us plug the estimates (13) and (14) to the expression (12) for the ex-

pe
ted number of Paul's questions:

5

3

n�

1

3

j�

1

6

�

j + j

0

�

�

7

6

�

5

3

n�

1

2

�1�

7

6

+O

�

logn

p

n

�

=

5

3

n�

8

3

+O

�

logn

p

n

�

.
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As the �rst step towards our lower bound, we state the following lemma

on the average depths of leaves in binary trees with unbalan
ed inner ver-

ti
es:

Lemma 12 Let T be a rooted binary tree with N leaves. Assume that

on ea
h path from the root of T to a leaf, at least ` inner nodes have the

following property (?): the number of the leaves in the left subtree is pre
isely

half of the number of the leaves in the right subtree. The average length of

the path from the root to a leaf of T is at least the following:

logN

log 2

+

�

5

3

�

log 3

log 2

�

`

Proof: The proof pro
eeds by indu
tion on N . If N = 1, the tree 
onsists

just of its root, ` must be equal to zero and the average length of the path

from the root to a leaf is also zero. Assume that N > 1. In parti
ular, the

root has two 
hildren. Let N

1

and N

2

be the numbers of leaves in ea
h of

the two subtrees. Clearly, N = N

1

+N

2

.

If the root does not have the property (?), then there are at least ` inner

nodes with the property (?) on every path from the root to a leaf in ea
h

of the two subtrees. Using the indu
tion, we infer that the average length

of the path from the root to ea
h of the leaves in the tree T is at least the

following:

�

1 +

logN

1

log 2

+

�

5

3

�

log 3

log 2

�

`

�

N

1

+

�

1 +

logN

2

log 2

+

�

5

3

�

log 3

log 2

�

`

�

N

2

N

= 1 +

N

1

logN

1

+N

2

logN

2

N log 2

+

�

5

3

�

log 3

log 2

�

`

� 1 +

log

N

2

log 2

+

�

5

3

�

log 3

log 2

�

` =

logN

log 2

+

�

5

3

�

log 3

log 2

�

` .

On the other hand, if the root has the property (?), then N

1

= N=3,

N

2

= 2N=3, and there are at least `�1 inner nodes with the property (?) on

every path from the root to a leaf in ea
h of the two subtrees. We again use

the indu
tion and derive the following lower bound on the average length

of the paths:

�

1 +

logN

1

log 2

+

�

5

3

�

log 3

log 2

�

(`� 1)

�

N

1

+

�

1 +

logN

2

log 2

+

�

5

3

�

log 3

log 2

�

(`� 1)

�

N

2

N
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= 1+

N

3

log

N

3

+

2N

3

log

2N

3

N log 2

+

�

5

3

�

log 3

log 2

�

(`� 1)

= 1 +

logN � log 3 +

2

3

log 2

log 2

+

�

5

3

�

log 3

log 2

�

(`� 1)

=

logN

log 2

+

5

3

�

log 3

log 2

+

�

5

3

�

log 3

log 2

�

(`� 1) =

logN

log 2

+

�

5

3

�

log 3

log 2

�

` .

We are now able to show that the number of Paul's questions in Theo-

rem 11 is optimal:

Theorem 13 For any probabilisti
 strategy for the Partition problem with

n balls of three 
olors, there is a 
oloring of the balls whi
h for
es Paul to

ask at least

5

3

n�

8

3

questions on average.

Proof: By Yao's prin
iple (Proposition 1), it is enough to �nd a probability

distribution on 
olorings su
h that if Paul uses any deterministi
 strategy,

then he asks at least

5

3

n�

8

3

questions on average. We 
laim that the uniform

distribution on all 3

n

possible 
olorings has this property.

Fix a deterministi
 strategy and let T be the 
orresponding binary tree.

Sin
e Paul is able to solve the Partition problem using this strategy, the


omputation paths may end in the same leaf for at most six di�erent 
olor-

ings (they 
an di�er only by a permutation of the 
olors). Hen
e, T has at

least N = 3

n

=6 leaves.

Consider an inner node w of T at whi
h Paul's question 
orresponds to

an edge between two di�erent 
omponents of Paul's graph. Let I be the set

of 
olorings whose 
omputation path rea
hes the node w. Sin
e the edge


orresponding to the question joins two di�erent 
omponents, for exa
tly

one third of the input 
olorings Carol answers that the balls have the same


olors, and for exa
tly two thirds she answers that their 
olors are di�erent:

for ea
h 
oloring X 2 I, the set I 
ontains all the �ve other 
olorings

obtained from X by permutation of the 
olors in one of the 
omponents.

We 
on
lude that if Paul's question at the node w 
orresponds to an edge

between two di�erent 
omponents of his graph, then the node w has the

property (?) from the statement of Lemma 12.

Observe now that Paul's �nal graph is 
onne
ted: otherwise, we 
ould

permute the 
olors of the balls in one of the 
omponents while keeping

the 
olors of the remaining balls the same, whi
h would yield a di�erent
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partition 
onsistent with Paul's �nal graph, and Paul would be unable to

uniquely determine the partition of the balls. Sin
e Paul's �nal graph is


onne
ted, on ea
h path from the root to a leaf, there are at least n � 1

nodes in whi
h Paul asked a question whi
h 
orresponds to an edge between

two di�erent 
omponents. Therefore, on ea
h su
h path, at least n�1 nodes

have the property (?) from Lemma 12.

By Lemma 12, the average length of the path from the root to a leaf of

T , whi
h is equal to the expe
ted number of Paul's questions, is at least:

log

3

n

6

log 2

+

�

5

3

�

log 3

log 2

�

(n� 1) =

log 3

log 2

n�

log 3

log 2

� 1 +

�

5

3

�

log 3

log 2

�

(n� 1)

=

5

3

n� 1�

5

3

=

5

3

n�

8

3

.

The arguments of this se
tion 
an be generalized to inputs with balls of

more 
olors. However, the obtained lower and upper bounds do not mat
h:

if Paul uses a probabilisti
 strategy similar to that in Proposition 11, he

asks

k

2

+k�2

2k

n+O(1) questions on average for the Partition problem with n

balls of k 
olors. On the other hand, the tree of any deterministi
 strategy

must 
ontain at least n � 1 nodes w on any path from the root to a leaf

su
h that the subtree of the left 
hild of w 
ontains exa
tly the fra
tion of

1=k of the leaves of the whole subtree of w. Based on this, one 
an establish

the lower bound

�

k�1

k

log(k�1)

log 2

+ 1

�

n ��(k log k) on the expe
ted number

of questions asked by Paul (in the worst 
ase).
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