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Abstra
t. String 
omparison is a fundamental problem in 
om-

puter s
ien
e, with appli
ations in areas su
h as 
omputational bi-

ology, text pro
essing or 
ompression. In this paper we address the

minimum 
ommon string partition problem, a string 
omparison

problem with tight 
onne
tion to the problem of sorting by rever-

sals with dupli
ates, a key problem in genome rearrangement.

A partition of a string A is a sequen
e P = (P

1

; P

2

; : : : ; P

m

) of

strings, 
alled the blo
ks, whose 
on
atenation is equal to A. Given

a partition P of a string A and a partition Q of a string B, we say

that the pair hP;Qi is a 
ommon partition of A and B if Q is a

permutation of P. The minimum 
ommon string partition problem

(MCSP) is to �nd a 
ommon partition of two strings A and B with

the minimum number of blo
ks. The restri
ted version of MCSP

where ea
h letter o

urs at most k times in ea
h input string, is

denoted by k-MCSP.

In this paper, we show that 2-MCSP (and therefore MCSP) is NP-

hard and, moreover, even APX-hard. We des
ribe a 1:1037-approximation

for 2-MCSP and a linear time 4-approximation algorithm for 3-

MCSP. We are not aware of any better approximations.

1 Introdu
tion

String 
omparison is a fundamental problem in 
omputer s
ien
e, with ap-

pli
ations in areas su
h as 
omputational biology, text pro
essing or 
om-

pression. Typi
ally, a set of string operations is given (e.g., delete, insert and
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hange a 
hara
ter, move a substring or reverse a substring) and the task

is to �nd the minimum number of operations needed to 
onvert one string

to the other. Edit distan
e or permutation sorting by reversals are two well

known examples. In this paper we address, motivated mainly by genome

rearrangement appli
ations, the minimum 
ommon string partition problem

(MCSP). Though MCSP takes a stati
 approa
h to string 
omparison, it has

tight 
onne
tion to the problem of sorting by reversals with dupli
ates, a

key problem in genome rearrangement.

A partition of a string A is a sequen
e P = (P

1

; P

2

; : : : ; P

m

) of strings

whose 
on
atenation is equal to A, that is P

1

P

2

: : : P

m

= A. The strings P

i

are 
alled the blo
ks of P . Given a partition P of a string A and a partition

Q of a string B, we say that the pair � = hP ;Qi is a 
ommon partition of A

and B if Q is a permutation of P . The minimum 
ommon string partition

problem is to �nd a 
ommon partition of A, B with the minimum number of

blo
ks. The restri
ted version of MCSP where ea
h letter o

urs at most k

times in ea
h input string, is denoted by k-MCSP. We denote by #blo
ks(�)

the number of blo
ks in a 
ommon partition �. We say that two strings A

and B are related if every letter appears the same number of times in A and

B.

In this paper, we show that 2-MCSP (and therefore MCSP) is NP-hard

and, moreover, even APX-hard. We also des
ribe a 1:1037-approximation

for 2-MCSP and a linear time 4-approximation algorithm for 3-MCSP. We

are not aware of any better approximations.

The signed minimum 
ommon string partition problem (SMCSP) is a

variant of MCSP in whi
h ea
h letter of the two input strings is given a \+"

or \�" sign. For a string P with signs, let �P denote the reverse of P , with

ea
h sign 
ipped. A 
ommon partition of two signed strings A and B is the

pair � = hP ;Qi of a partition P = (P

1

; P

2

; : : : ; P

m

) of A and a partition

Q = (Q

1

; Q

2

; : : : ; Q

m

) of B together with a permutation � on [m℄ su
h that

for ea
h i 2 [m℄, either P

i

= Q

�(i)

, or P

i

= �Q

�(i)

. All of our results apply

also to signed MCSP.

Related work. 1-MCSP 
oin
ides with the breakpoint distan
e problem of

two permutations [12℄ whi
h is to 
ount the number of pairs of symbols that

are adja
ent in the �rst string but not in the other; this problem is obviously

solvable in polynomial time. Similarly as the breakpoint distan
e problem

does, most of the rearrangement literature works with the assumption that a

genome 
ontains only one 
opy of ea
h gene. Under this assumption, a lot of

attention was given to the problem of sorting by reversals whi
h is solvable in
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polynomial time for strings with signs [9℄ but is NP-hard for strings without

signs [3℄. The assumption about uniqueness of ea
h gene is unwarranted for

genomes with multi-gene families su
h as the human genome [10℄. Chen

et al. [4℄ studied a generalization of the problem, the problem of signed

reversal distan
e with dupli
ates (SRDD); a

ording to them, SRDD is NP-

hard even if there are at most two 
opies of ea
h gene. They also introdu
ed

the signed minimum 
ommon partition problem as a tool for dealing with

SRDD. Chen et al. observe that for any two related signed strings A and

B, the size of a minimum 
ommon partition and the minimum number of

reversal operations needed to transform A to B, are within a multipli
ative

fa
tor 2 of ea
h other. (In the 
ase of unsigned strings, no similar relation

holds: the reversal distan
e of A = 1234 : : : n and B = n : : : 4321 is 1 while

the size of minimum 
ommon partition is n � 1.) They also give a 1:5-

approximation algorithm for 2-MCSP. They redu
e the problem to a vertex


over problem (on 6-
law-free graphs) and show that an �-approximation

for minimum vertex 
over yields an �-approximation for MCSP. Christie

and Irving [5℄ 
onsider the problem of (unsigned) reversal distan
e with

dupli
ates (RDD) and prove that it is NP-hard even for strings over binary

alphabet.

Chrobak et al. [6℄ analyze a natural heuristi
 for MCSP, the greedy

1

algorithm: iteratively, at ea
h step extra
t a longest 
ommon substring from

the input strings. They show that for 2-MCSP, the approximation ratio is

exa
tly 3, for 4-MCSP the approximation ratio is 
(logn); for the general

MCSP, the approximation ratio is between 
(n

0:43

) and O(n

0:67

). The same

bounds apply for SMCSP.

Closely related is the problem of edit distan
e with moves in whi
h

the allowed string operations are the following: insert a 
hara
ter, delete

a 
hara
ter, move a substring. Cormode and Muthukrishnan [7℄ des
ribe

an O(log n log

�

n)-approximation algorithm for this problem. Shapira and

Storer [11℄ observed that restri
tion to move-a-substring operations only

(instead of allowing all three operations listed above) does not e�e
t the

edit-distan
e of two strings by more than a 
onstant multipli
ative fa
tor.

Sin
e the size of a minimum 
ommon partition of two strings and their dis-

tan
e with respe
t to move-a-substring operations di�er only by a 
onstant

1

Shapira and Storer [11℄ also analyzed the greedy algorithm and 
laimed an

O(log n) bound on its approximation ratio; unfortunately, the analysis was


awed, it applies only to a spe
ial sub
lass of MCSP problems.
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multipli
ative fa
tor, the algorithm of Cormode and Muthukrishnan yields

an O(log n log

�

n)-approximation for MCSP.

1.1 Preliminaries

Throughout the paper, we assume that the two strings A;B given as input

to MCSP are related. This is a ne
essary and suÆ
ient 
ondition for the

existen
e of a 
ommon partition.

Given a string A = a

1

: : : a

n

, for the sake of simpli
ity we will use the

symbol a

i

to denote two di�erent things. First, a

i

may denote the spe
i�


o

urren
e of the letter a

i

in the string A, namely the o

urren
e on position

i. Alternatively, a

i

may denote just the letter itself, without any relation to

the string A. Whi
h alternative we mean will be 
lear from 
ontext.

Common partitions as mappings. Given two strings A = a

1

: : : a

n

and B =

b

1

: : : b

n

of length n, a 
ommon partition � of A and B 
an be naturally

interpreted as a bije
tive mapping from A to B (that is, if P

1

; : : : ; P

m

is the

partition of A and Q

1

; : : : ; Q

m

is the partition of B in �, then for ea
h j 2

[m℄, the letters from P

j

are mapped from left to right to the 
orresponding

Q

j

0

), and this in turn as a permutation on [n℄. With this understanding in

mind, we say that a pair of 
onse
utive positions i; i+1 2 [n℄ is a break of �

in A if �(i+1) 6= �(i)+1. In other words, a break is a pair of letters that are


onse
utive in A but are mapped by � to letters that are not 
onse
utive in

B. The number of breaks in � will be denoted by #breaks(�).

Clearly, not every permutation on [n℄ 
orresponds to a 
ommon partition

of A and B. We say that a permutation � on [n℄ preserves letters of A and

B, if a

i

= b

�(i)

, for all i 2 [n℄. Then, every letter-preserving mapping � 
an

be interpreted as a 
ommon partition �, and #blo
ks(�) = #breaks(�) + 1.

On the other hand, for a 
ommon partition � = hP ;Qi interpreted as a

permutation, #blo
ks(�) � #breaks(�)+1 (the inequality is due to possible

unne
essary breaks in �). Thus, the MCSP problem is to �nd a permu-

tation � on [n℄ that preserves letters of A and B and has the minimum

number of breaks. An alternative formulation is that the goal is to �nd a

letter-preserving permutation that maps the maximum number of pairs of


onse
utive letters in A to pairs of 
onse
utive letters in B.

Common partitions and independent sets. Let � denote the set of all letters

that o

ur in A. A duo is an ordered pair of letters xy 2 �

2

that o

ur


onse
utively in A or B (that is, there exists an i su
h that x = a

i

and
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y = a

i+1

, or x = b

i

and y = b

i+1

). A spe
i�
 duo is an o

urren
e of a

duo in A or B. The di�eren
e is that a duo is just a pair of letters whereas

a spe
i�
 duo is a pair of letters together with its position. A mat
h is a

pair (a

i

a

i+1

; b

j

b

j+1

) of spe
i�
 duos, one from A and the other one from

B, su
h that a

i

= b

j

and a

i+1

= b

j+1

. Two mat
hes (a

i

a

i+1

; b

j

b

j+1

) and

(a

k

a

k+1

; b

l

b

l+1

), i � k, are in 
on
i
t if either i = k and j 6= l, or i+ 1 = k

and j + 1 6= l, or i + 1 < k and fj; j + 1g \ fl; l + 1g 6= ;. Informally, two

mat
hes are in 
on
i
t if they 
annot be realized at the same time.

ab
 ab

ab ab


a b
 ab

ab a b


ab ab


ab 
 ab

ab ab 


ab 
 ab

ab
 ab

ab ab 


Fig. 1. Con
i
t graph for MCSP instan
e A = ab
ab and B = abab
.

We 
onstru
t a 
on
i
t graph G = (V;E) of A and B as follows. The set

of nodes V 
onsists of all mat
hes of A and B and the set of edges E 
onsists

of all pairs of mat
hes that are in 
on
i
t. Figure 1 shows an example of a


on
i
t graph. The number of verti
es in G 
an be mu
h higher than the

length of the strings A and B (and is trivially bounded by n

2

).

Lemma 1. For A = a

1

: : : a

n

and B = b

1

: : : b

n

, let MIS(G) denote the

size of the maximum independent set of the 
on
i
t graph G of A and B

and m denote the number of blo
ks in a minimum 
ommon partition of A

and B. Then, n�MIS(G) = m :

Proof. Given an optimal solution for MCSP, let S be the set of all mat
hes

that are used in this solution. Clearly, S is an independent set in G and

jSj = n� 1� (m� 1).

Conversely, given a maximum independent set S, we 
ut the string A

between a

i

and a

i+1

for every spe
i�
 duo a

i

a

i+1

that does not appear in

any mat
h in S, and similarly for B. In this way, n � 1 � jSj duos are 
ut

in A and also in B, resulting in n � jSj blo
ks of A and n � jSj blo
ks of

B. Clearly, the blo
ks from A 
an be mat
hed with the blo
ks from B, and

therefore m � n� jSj. 2
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Maximum independent set is an NP-hard problem, yet, two approxima-

tion algorithms forMCSP des
ribed in this paper make use of this redu
tion.

MCSP for multisets of strings. Let us 
onsider a slight variant of the MCSP.

Instead of two strings A;B, there are two multisets A;B of strings on in-

put. Similarly as before, a partition of the multiset A = fA

1

; : : : ; A

l

g is a

sequen
e of strings A

1;1

; : : : ; A

1;k

1

; A

2;1

; : : : ; A

2;k

2

; : : : ; A

l;1

; : : : ; A

l;k

l

; su
h

that A

i

= A

i;1

: : : ; A

i;k

i

for i 2 [l℄. For two multisets of strings, the 
om-

mon partition, the minimum 
ommon partition and the related-relation are

de�ned similarly as for pairs of strings.

Let A = fA

1

; : : : ; A

l

g and B = fB

1

; : : : ; B

h

g with h � l, be two related

multisets of strings, and let x

1

; y

1

; : : : ; x

l�1

; y

l�1

be 2l � 2 di�erent letters

that do not appear in A and B. Considering two strings

A = A

1

x

1

y

1

A

2

x

2

y

2

A

3

: : : x

l�1

y

l�1

A

l

;

B = B

1

y

1

x

1

B

2

y

2

x

2

B

3

: : : y

h�1

x

h�1

B

h

y

h

x

h

: : : y

l�1

x

l�1

; (1)

it is easy to see that an optimal solution for the 
lassi
al MCSP instan
e

A;B yields an optimal solution for the instan
e A;B of the multiset version,

and vi
e versa. In parti
ular, if m

0

denotes the size of a MCSP of the two

multisets of strings A and B, and m denotes the size of a MCSP of the two

strings A and B de�ned as above, then

m = m

0

+ 2(l � 1) : (2)

Thus, if one of the variants of the problems is NP-hard, so is the other.

2 Hardness of approximation

The main result of this se
tion is the following theorem.

Theorem 1. 2-MCSP and 2-SMCSP are APX-hard problems.

We start by proving a weaker result.

Theorem 2. 2-MCSP and 2-SMCSP are NP-hard problems.

Sin
e an instan
e of MCSP 
an be interpreted as an instan
e of SMCSP

with all signs positive, and sin
e a solution of SMCSP with all signs positive


an be interpreted as a solution of the original MCSP and vi
e versa, it is

suÆ
ient to prove the theorems for MCSP only.
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The proof is by redu
tion from the maximum independent set problem

on 
ubi
 graphs (3-MIS) [8℄. Given a 
ubi
 graph G = (V;E) as an input for

3-MIS, for ea
h vertex v 2 V we 
reate a small instan
e I

v

of 2-MCSP. Then

we pro
ess the edges of G one after another, and, for ea
h edge (u; v) 2 E,

we lo
ally modify the two small instan
es I

u

; I

v

. The �nal instan
e of 2-

MCSP, denoted by I

G

, is the union of all the small (modi�ed) instan
es

I

v

. We will show that a minimum 
ommon partition of I

G

yields easily a

maximum independent set in G.

The small instan
e I

u

= (X

u

; Y

u

) for a vertex u 2 V is de�ned as follows

(
f. Figure 2):

X

u

= fd

u

; a

u

b

u

; 


u

d

u

e

u

; b

u

e

u

f

u

g

u

; f

u

h

u

k

u

; g

u

l

u

; h

u

g (3)

Y

u

= fb

u

; 


u

d

u

; a

u

b

u

e

u

; d

u

e

u

f

u

h

u

; f

u

g

u

l

u

; h

u

k

u

; g

u

g

where a

u

; b

u

; : : : ; l

u

; a

v

; b

v

; : : : ; l

v

are distin
t letters in the alphabet. It is

easy to 
he
k that I

u

has a unique minimum 
ommon partition, denoted by

O

u

, namely:

O

u

= h(d

u

; a

u

b

u

; 


u

d

u

; e

u

; b

u

; e

u

f

u

; g

u

; f

u

; h

u

k

u

; g

u

l

u

; h

u

)

(b

u

; 


u

d

u

; a

u

b

u

; e

u

; d

u

; e

u

f

u

; h

u

; f

u

; g

u

l

u

; h

u

k

u

; g

u

)i

We observe that for X

G

=

S

u2V

X

u

and Y

G

=

S

u2V

Y

u

, I

G

= (X

G

; Y

G

)

is an instan
e of 2-MCSP, and the superposition of all O

u

's is a minimum


ommon partition of I

G

. For the sake of simpli
ity, we will sometimes abuse

the notation by writing I

G

=

S

u2V

I

u

.

The main idea of the 
onstru
tion is to modify the instan
es I

u

, su
h that

for every edge (u; v) 2 E, a minimum 
ommon partition of I

G

=

S

u2V

I

u


oin
ides with at most one of the minimum 
ommon partitions of I

u

and

I

v

. This property will make it possible to obtain a 
lose 
orresponden
e

between maximum independent sets in G and minimum 
ommon partitions

h

u

d

u




u

d

u

e

u

b

u




u

d

u

b

u

a

u

b

u

f

u

g

u

e

u

e

u

f

u

h

u

d

u

f

u

h

u

k

u

f

u

g

u

h

u

g

u

l

u

g

u

e

u

b

u

l

u

k

u

a

u

Fig. 2. An instan
e I

u

: the lines represent all mat
hes, with the bold lines 
orre-

sponding to the mat
hes in the minimum 
ommon partition O

u

.
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of I

G

: if O

v

denotes a minimum 
ommon partition of (the modi�ed) I

v

and

O

0

v

denotes the 
ommon partition of (the modi�ed) I

v

derived from a given

minimum 
ommon partition of I

G

, then U = fu 2 V j O

0

u

= O

u

g will be a

maximum independent set of G. To avoid the need to use di�erent indi
es,

we use I

G

to denote

S

u2V

I

u

after any number of the lo
al modi�
ations;

it will always be 
lear from 
ontext to whi
h one are we referring.

For des
ription of the modi�
ations, a few terms will be needed. The

letters a

u

and 


u

in X

u

are 
alled left so
kets of I

u

and the letters k

u

and

l

u

in X

u

are right so
kets. We observe that all the four letters a

u

; 


u

; k

u

; l

u

appears only on
e in X

G

(and on
e in Y

G

). Given two small instan
es I

u

and

I

v

and a so
ket s

u

of I

u

and a so
ket s

v

of I

v

, we say that the two so
kets

s

u

and s

v

are 
ompatible, if one of them is a left so
ket and the other one is

a right so
ket. Initially, all so
kets are free.

For te
hni
al reasons, we orient the edges of G in su
h a way that ea
h

vertex has at most two in
oming edges and at most two outgoing edges.

This 
an be done as follows: �nd a maximal set (with respe
t to in
lusion)

of edge-disjoint 
y
les in G, and in ea
h 
y
le, orient the edges to form a

dire
ted 
y
le. The remaining edges form a forest. For ea
h tree in the forest,


hoose one of its nodes of degree one to be the root, and orient all edges in

the tree away from the root. This orientation will 
learly satisfy the desired

properties.

We are ready to des
ribe the lo
al modi�
ations. Consider an edge

���!

(u; v) 2 E and a free right so
ket s

u

of I

u

and a free left so
ket s

v

of

I

v

. That is, Rs

u

2 X

u

and s

v

S 2 X

v

, for some strings R and S. We modify

the instan
es I

u

= (X

u

; Y

u

) and I

v

= (X

v

; Y

v

) as follows

X

u

 X

u

[ fRs

u

Sg � fRs

u

g ; X

v

 X

v

[ fs

u

g � fs

v

Sg ;

Y

u

 Y

u

; Y

v

 Y

v

with s

v

renamed by s

u

:

(4)

(the symbols [ and � denote multiset operations).

After this operation, we say that the right so
ket s

u

of I

u

and the left

so
ket s

v

of I

v

are used (not free). Note that in Y

v

, the letter s

v

is renamed

to s

u

. All other so
kets of I

u

and all other so
kets of I

v

that were free

before the operation remain free. We also note that I

u

and I

v

are not 2-

MCSP instan
es. However, for every letter, the number of its o

urren
es is

the same in X

G

and in Y

G

, namely at most two. Thus, I

G

is still a 2-MCSP

instan
e.

The 
omplete redu
tion from a 
ubi
 graph G = (V;E) to a 2-MCSP

instan
e is done by performing the lo
al modi�
ations (4) for all edges in

G.
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Redu
tion of 3-MIS to 2-MCSP

1. 8u 2 V , de�ne I

u

by the des
ription (3),

2. 8

���!

(u; v) 2 E, �nd a free right so
ket s

u

of I

u

and a free left so
ket s

v

of I

v

,

modify I

u

and I

v

by the des
ription (4),

3. set I

G

=

S

u2V

I

u

.

Sin
e the in-degree and the out-degree of every node is bounded by two, and

sin
e every instan
e I

u

has initially two right and two left so
kets, there will

always be the required free so
kets.

It remains to prove that a minimum 
ommon partition for the �nal I

G

(that is, when modi�
ations for all edges are done) 
an be used to �nd a

maximum independent set in G.

Lemma 2. Let G be a 
ubi
 graph on N verti
es. Then, there exists an

independent set I of size l in G if and only if there exists a 
ommon partition

of I

G

of size 12N � l.

Proof. Let G

C

be the 
on
i
t graph of I

G

; G

C

has 9N verti
es. The 
ru
ial

observation is that ea
h small instan
e I

u


an 
hoose independently on all

other small instan
es four of its nine possible mat
hes in su
h a way that all

these 4N mat
hes form an independent set in G

C

(in Figure 2, these four

mat
hes are represented by the thin lines). Let O

0

u

denote the four mat
hes


hosen by u.

Given an independent set I of G, 
onstru
t a 
ommon partition of I

G

as follows. For u 2 I , use the �ve mat
hes from O

u

, and for u 62 I , use

the four mat
hes from O

0

u

. The resulting solution will use 5l + 4(N � l)

mat
hes whi
h 
orresponds to 9N � (5l + 4(N � l)) = 5N � l new breaks

and 7N + 9N � (5l+ 4(N � l)) = 12N � l blo
ks.

Conversely, given a 
ommon partition of I

G

of size m, let I 
onsist of

all verti
es u su
h that I

u


ontributes 5 mat
hes (i.e., 11 blo
ks) to the


ommon partition. Then, l � 12N �m, and the proof is 
ompleted. 2

Sin
e the redu
tion 
an 
learly be done in polynomial time (even in

linear), with respe
t to n = jV j and m = jEj, the proof of NP-hardness is


ompleted.

Proof. (Theorem 1) Given a 
ubi
 graph G on N verti
es, let m

0

denote the

size of a minimum 
ommon partition of the instan
e I

G

= (X

G

; Y

G

) and let

m denote the size of a minimum 
ommon partition of the instan
e (A;B),

9



derived from the multiset instan
e (X

G

; Y

G

) by de�nition 1. We note that

ea
h of X

G

and Y

G


onsists of 7N�1 strings. By Lemma 2 and relation (2),

the size of a maximum independent set in G is 5N �m

0

= 19N � 2 �m,

and an �-approximation algorithm for MCSP instan
e (A;B) 
an be used

to derive an independent set in G of size at least 19N � 2� � �m.

Berman and Karpinski [2℄ proved that it is NP-hard to approximate 3-

MIS within

140

139

� �, for every �. Thus, unless P=NP, for every � > 0, the

approximation ratio � of any algorithm for MCSP must satisfy

19N � 2�m

19N � 2� � �m

�

140

139

� � :

Solving for � yields

� �

19N � 2 + 139m

140m

= 1 +

19N � 2�m

140m

:

Using the fa
t that the maximum independent set in G has always size at

lest N=4 and therefore m � 19N � 2�N=4, we 
on
lude that it is NP-hard

to approximate MCSP within 1 +

1

75�140

� �, for every � > 0. 2

Remark: To prove that only SMCSP is APX-hard, it is possible to start

with smaller instan
es I

u

and thus get the 
onstant larger.

3 Algorithms

3.1 2-MCSP redu
es to MIN 2-SAT

Theorem 3. An �-approximation algorithm for MIN 2-SAT yields

�-approximations for both 2-MCSP and 2-SMCSP.

Plugging in a re
ent 1:1037-approximation algorithm of Avidor and Zwi
k [1℄,

we get the following result.

Corollary 1. There exist polynomial 1:1037-approximation algorithms for

2-MCSP and 2-SMCSP problems.

Proof. (Theorem 3) There are only minor di�eren
es between the redu
-

tions for signed and unsigned versions of the problem. We des
ribe in detail

the redu
tion for 2-MCSP and then brie
y point out the di�eren
es for

2-SMCSP.

Let A and B be two related strings. We start the proof with two as-

sumptions that will simplify the presentation:

10



(1) no duo appears at the same time twi
e in A and twi
e in B, and that

(2) every letter appears exa
tly twi
e in both strings.

Con
erning the �rst assumption, the point is that in 2-MCSP, the minimum


ommon partition never has to break su
h a duo. Thus, if there exists in

A and B su
h a duo, it is possible to repla
e it by a new letter, solve the

modi�ed instan
e and then repla
e the new letter ba
k by the original duo.

Con
erning the other, a letter that appears only on
e 
an be repla
ed by

two 
opies of itself. A minimum 
ommon partition never has to use a break

between these two 
opies, so they 
an be easily repla
ed ba
k to a single

letter, when the solution for the modi�ed instan
e is found.

The main idea of the redu
tion is to represent a 
ommon partition of A

and B as a truth assignment of a (properly 
hosen) set of binary variables.

With ea
h letter a 2 � we asso
iate a binary variable X

a

. For ea
h letter

a 2 �, there are exa
tly two ways to map the two o

urren
es of a in A onto

the two o

urren
es of a in B: either the �rst a from A is mapped on the

�rst a in B and the se
ond a from A on the se
ond a in B, or the other way

round. In the �rst 
ase, we say that a is mapped straight, and in the other


ase that a is mapped a
ross. Given a 
ommon partition � of A and B, if

a letter a 2 � is mapped straight we set X

a

= 1, and if a is mapped a
ross

we set X

a

= 0. In this way, every 
ommon partition 
an be turned into

truth assignment of the variables X

a

, a 2 �, and vi
e versa. Thus, there is

one-to-one 
orresponden
e between truth-assignments for the variables X

a

,

a 2 �, and 
ommon partitions (viewed as mappings) of A and B.

With this 
orresponden
e between truth assignments and 
ommon par-

titions, our next goal is to transform the two input strings A and B into a

boolean formula ' su
h that

{ ' is a 
onjun
tion of disjun
tions (OR) and ex
lusive disjun
tions (XOR),

{ ea
h 
lause 
ontains at most two literals, and

{ the minimal number of satis�ed 
lauses in ' is equal to the number of

breaks in a minimum 
ommon partition of A and B.

The formula ' 
onsists of n�1 
lauses, with a 
lause C

i

for ea
h spe
i�
 duo

a

i

a

i+1

; i 2 [n�1℄. For i 2 [n�1℄, let s

i

= 1 if a

i

is the �rst o

urren
e of the

letter a

i

in A (that is, the other 
opy of the same letter o

urs on a position

i

0

> i), and let s

i

= 2 otherwise (that is, if a

i

is the se
ond o

urren
e of

the letter a

i

in A). Similarly, let t

i

= 1 if b

i

is the �rst o

urren
e of the

letter b

i

in B and let t

i

= 2 otherwise. We are ready to de�ne '. There will

be three types of 
lauses in '.

11



If the duo a

i

a

i+1

does not appear in B at all, we de�ne C

i

= 1. The

meaning is that in this 
ase, i; i+1 is a break in A in any 
ommon partition

of A and B. We 
all su
h a position an inherent break. Let b be the number

of 
lauses of this type.

If the duo a

i

a

i+1

appears on
e in B, say as b

j

b

j+1

, let Y = X

i

if s

i

6= t

j

,

and let Y = :X

i

otherwise; similarly, let Z = X

i+1

if s

i+1

6= t

j+1

and let

Z = :X

i+1

otherwise. We de�ne C

i

= Y _ Z. In this way, the 
lause C

i

is

satis�ed if and only if i; i + 1 is a break in a 
ommon partition 
onsistent

with the truth assignment of X

i

and X

i+1

.

Similarly, if the duo a

i

a

i+1

appears twi
e in B, we set C

i

= X

i

�X

i+1

if s

i

= s

i+1

, and we set C

i

= :X

i

�X

i+1

otherwise, where � denotes the

ex
lusive disjun
tion. Again, the 
lause C

i

is satis�ed if and only if i; i+ 1

is a break in a 
ommon partition 
onsistent with the truth assignment of

X

i

and X

i+1

. Let k denote the number of these 
lauses.

By the 
onstru
tion, a truth assignment that satis�es the minimum num-

ber of 
lauses in ' = C

1

^ : : : ^ C

n�1


orresponds to a minimum 
ommon

partition of A and B. In parti
ular, the number of satis�ed 
lauses is equal

to the number of breaks in the 
ommon partition whi
h is by one smaller

than the number of blo
ks in the partition.

The formula ' resembles an instan
e of 2-SAT. However, 2-SAT formulas

do not allow XOR 
lauses. One way to get around this is to repla
e every

XOR 
lause by two OR 
lauses. This in
reases the length of the formula

whi
h in turn in
reases the resulting approximation ratio for 2-MCSP. In

the rest of the se
tion, we des
ribe how to avoid this drawba
k.

Consider a duo a

i

a

i+1

in A for whi
h C

i

is a XOR-
lause. Then the duo

a

i

a

i+1

appears twi
e in B, and, by our assumption (1), the other o

urren
e

of the letter a

i

in A is followed by a letter di�erent from a

i+1

(or the other

o

urren
e of the letter a

i

is the last letter in A). This implies that k � b+1.

Let �' be the boolean formula derived from ' by omitting 
lauses of

the �rst type, that is, �' =

V

i:C

i

6=1

C

i

. Let '

0

be the formula that we get

from �' by repla
ing ea
h XOR 
lause (X � Y ) by (X _ Y ) ^ (

�

X _

�

Y ) and

keeping all other 
lauses. Sin
e for any values of boolean variables X and Y ,

(X � Y ) + 1 = (X _ Y ) + (

�

X _

�

Y ), the minimal number of satis�ed 
lauses

in �' is exa
tly by k smaller than the minimal number of satis�ed 
lauses in

'

0

.

Let s be the minimal number of satis�ed 
lauses in the formula �'. Then,

s + b + 1 is the size of a minimum 
ommon partition of A and B and the

minimal number of satis�ed 
lauses in the 2-SAT formula '

0

is s + k. An
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�-approximation for MIN 2-SAT instan
e '

0

satis�es at most � � (s + k)


lauses and the same truth assignment satis�es at most � � (s + k) � k


lauses in �'. Considering the additional b breaks for 
lauses of the �rst

type, this truth assignment 
orresponds to a 
ommon partition with at

most � � (s + k) � k + b � � � (s + b + 1) � 1 breaks. Sin
e the size of

the minimum 
ommon partition s + b+ 1, this is an �-approximation. For

unsigned MCSP, the proof is 
ompleted.

For signed MCSP, we use the same 
orresponden
e between truth as-

signments and 
ommon partitions; the only di�eren
e is in de�nition of the


lauses C

i

. We leave the details to the reader. 2

3.2 Linear time 4-approximation for 3-MCSP

In this se
tion we exploit again the relation of MCSP and MIS in the 
on
i
t

graph. The main idea of the algorithm is to 
ut the strings A and B into

few pie
es in su
h a way that the 
on
i
t graph of the modi�ed instan
e

be
omes simple, making it possible to �nd MIS in polynomial time. More

spe
i�
ally, the desired property of G is that the size of MIS equals the

number of spe
i�
 duos in (the modi�ed) A. If this is the 
ase, then MIS


orresponds to a solution that does not need any (additional) breaks.

Similarly as in Se
tion 3.1 we assume, without loss of generality, that

no duo has three o

urren
es in A and in B at the same time. Again, the

point is that if there exists a duo ab with three o

urren
es in A and three

o

urren
es in B, for a 3-MCSP instan
e A;B, the duo ab never has to be

broken in a minimum 
ommon partition of A and B, and therefore 
an be

repla
ed by a new letter a

0

without altering the size of the optimal solution.

We augment both strings by a new 
hara
ter a

n+1

= b

n+1

= $.

A duo ab is good if the number of its o

urren
es in A equals the number

of its o

urren
es in B, and is bad otherwise. As before, let m denote the

size of a minimum 
ommon partition of a given pair of strings A and B.

Observation 4 In every 
ommon partition of A and B, for every bad duo

ab there must be at least one break immediately after some o

urren
e of a

in A and at least one break immediately after some o

urren
e of a in B.

In the �rst phase of the algorithm, for every bad duo ab, we 
ut both

strings A and B after every o

urren
e of a. We 
harge the 
uts of ab to the

breaks that appear by Observation 4 in the optimal partition, that is, to

the breaks after letter a. At most three 
uts are 
harged to a single break.
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Let A and B denote the two multisets of strings we obtain from A and B

after performing all these 
uts.

At this point, every spe
i�
 duo of A and B has either one or two

mat
hes. In the �rst 
ase, we talk about a unique duo and a unique mat
h,

in the later 
ase about an ambiguous duo and an ambiguous mat
h. There

are four verti
es in the 
on
i
t graph 
orresponding to mat
hes of an am-

biguous duo and they are 
onne
ted in a 4-
y
le. The 4-
y
le will be 
alled a

square ab; a vertex 
orresponding to a mat
h of a unique duo will be 
alled

a single. We say that two duos interfere if a mat
h of the �rst duo is in a


on
i
t with a mat
h of the other duo.

Let G

1

be the 
on
i
t graph of A and B. The edges of G

1


an be 
lassi-

�ed into three groups: edges between two ambiguous mat
hes, between an

ambiguous mat
h and a unique mat
h, and, between two unique mat
hes.

We are going to have a 
loser look on these three 
ases.

Consider two ambiguous duos that interfere, say ab and b
. There are

only two ways how the two o

urren
es of ab and the two o

urren
es of b



an appear in A: either there are two o

urren
es of a substring ab
, or a

single o

urren
e of ea
h of b
, ab
 and ab, in any order. There are the same

possibilities for B. Thus, there are only three basi
 ways how the duos ab

and b
 
an appear in the strings A and B (up to symmetry of A and B and

up to permutation of the depi
ted substrings):

A = : : : ab
 : : : ab
 : : : ; B = : : : ab
 : : : ab
 : : : (1.1)

A = : : : b
 : : : ab
 : : : ab : : : ; B = : : : b
 : : : ab
 : : : ab : : : (1.2)

A = : : : ab
 : : : ab
 : : : ; B = : : : b
 : : : ab
 : : : ab : : : (1.3)

The 
orresponding subgraphs of G

1

are depi
ted in Figure 3. We observe

several things. If we want to keep all o

urren
es of ab and b
 in 
ase (1.1)

and it is already given how to mat
h the ab duos (b
, resp.), then it is

uniquely given how to mat
h the b
 duos (ab, resp.). If we want to keep all

o

urren
es of ab and b
 in 
ase (1.2), then there is only one way how to

mat
h them all; we say that the duos have a preferen
e and we 
all these

mat
hes the preferred mat
hes of ab and b
. Con
erning 
ase (1.3), in any


ommon partition of A and B at least one o

urren
e of the duos ab and b


must be broken.

Let ab be an ambiguous duo and b
 a unique duo. There are two possi-

bilities how they may interfere (
f. Figure 3):

A = : : : ab
 : : : ab : : : ;B = : : : ab
 : : : ab : : : (2.1)

A = : : : ab : : : ab
 : : : ;B = : : : ab : : : ab : : : b
 : : : (2.2)
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Similarly as before, there is only one way how to mat
h all duos in 
ase

(2.1). We sat that the duos have a preferen
e and we 
all these mat
hes the

preferred mat
hes of ab and b
. Con
erning (2.2), in any 
ommon partition

of A and B at least one of ab and b
 must be broken.

Finally, let ab and b
 be two unique duos. There is only one way how

they may interfere.

A = : : : ab
 : : : ;B = : : : ab : : : b
 : : : (3.1)

Again, in any 
ommon partition of A and B, ab or b
 must be a break.

In the se
ond phase of the algorithm, we 
ut all o

urren
es of duos ab

and b
 that have an interferen
e of type (1.3), (2.2) or (3.1). We 
harge these


uts to the breaks that appear, by the above observations, in the optimal

solution. At most four 
uts are 
harged to a single break.

Let A

2

and B

2

denote the two sets of strings after performing all 
uts

of phase two, and let G

2

be the 
orresponding 
on
i
t graph. Note that a

duo might have more than one preferred mat
h. The problem we are fa
ing

now is to de
ide whi
h preferen
es to obey and whi
h not sin
e the more

preferen
es we obey the less breaks we need. A graph H of in
onsistent

preferen
es will help us.

By de�nition, a duo ab without preferen
e has interferen
es of type (1.1)

only, and therefore interferes with at most two other duos. We already ob-

served that if a duo ab has an interferen
e of type (1.1), say with a duo b
,

and two mat
hes of the duo b
 are already �xed, and no new breaks are

allowed, then the mat
hes of the duo ab are uniquely given. In this way, a

duo without preferen
e transmits a �xed preferen
e of a neighboring duo

on one side to a neighboring duo on its other side, et
. A diÆ
ulty arises

when a preferen
e of one duo, say b
, is transmitted by a sequen
e of duos

without preferen
es to another duo with a preferen
e, say xy, and the pref-

eren
e transmitted to xy is di�erent from the preferen
e of xy. Then, in

every 
ommon partition, at least on spe
i�
 duo b
, or xy, or one of the

transmitting duos, must be a break. We say that the preferen
es of b
 and

xy are in
onsistent. Similarly, if b
 has two di�erent preferen
es, we also say

that b
 is in
onsistent with b
.

We de�ne the graph H = (V

H

; E

H

) of in
onsistent preferen
es. The

vertex set V

H


onsists of all duos with a preferen
e and the set of edges E

H


onsists of all pairs of duos with in
onsistent preferen
es (whi
h in
ludes

loops for duos in
onsistent by themselves). By the above dis
ussion, the

graph H 
an be 
onstru
ted in time linear in the number of duos.

15



b
 ab
 ab b
 a b
 abb
 ab
 ab

b
 ab
 abb
 ab
 abb
 ab
 ab b
 ab
 ab

b
 ab
 ab

b
 a b
 ab

b
 a b
 ab

b
 a b
 ab

b
 ab
 ab

b
 ab
 ab

b
 ab
 ab b
 ab
 ab

b
 ab
 ab

b
 ab
 abb
 ab
 ab

1.3

1.2

b
 ab
 ab

b
 a b
 ab

b
 a b
 ab

ab 
 ab
 ab 
 ab
 a b
 ab


ab
 ab
 ab
 a b


ab
 ab


ab
 ab


ab
 ab 


ab
 ab 


ab
 ab 


ab 
 ab


ab
 ab


1.1

a b
 ab


ab
 a b


ab
 ab
 a b
 ab


a b
 ab


ab
 a b


a b
 ab


ab
 a b


a b
 ab


b
 ab
 ab

b
 ab
 ab

ab
 a b


b
 ab
 ab

ab
 ab 


ab
 a b


Fig. 3. Subgraphs of G

1


orresponding to mat
hes of two interfering duos of types

(1.1), (1.2) and (1.3). Ea
h node represents a mat
h, e.g., the leftmost upper node

in all three subgraphs represents the mat
h between the left o

urren
e of ab in

A with the left o

urren
e of ab in B. Bold edges only highlight whi
h 
on
i
ts

appear between mat
hes of the same duo. Observe that the order of the substrings

ab, b
 and ab
 does not a�e
t the stru
ture of these 
on
i
t subgraphs.
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Lemma 3. The size of a minimum vertex 
over for H is a lower bound for

the number of breaks in a minimum 
ommon partition of A

2

and B

2

.

Proof. Consider a minimum 
ommon partition � ofA

2

and B

2

. By Lemma 1,

� 
orresponds to a maximum independent set of G

2

, and thus, also to a

minimum vertex 
over of G

2

. Let C

2

� V

2

denote nodes in this vertex


over. We observe that for every square ab in G

2

, at least two of its verti
es

must be in C

2

and for every square ab with three or four verti
es in C

2

,

there must be a break between some a and b in �. Similarly, for every single


d in C

2

, there must be a break between 
 and d in �.

We are going to derive a vertex 
over C for H from the vertex 
over C

2

for G

2

. The nodes in C will 
ome from three di�erent sour
es:

{ For every square ab with preferen
e in G

2

, if the square ab has three or

four verti
es in C

2

, we put the vertex ab 2 V

H

to C.

{ For every single ab 2 C

2

, we put ab 2 V

H

to C.

{ For every square ab without preferen
e in G

2

, if the square ab has three

or four verti
es in C

2

, we add its 
losest duo with preferen
e to C (ties

broken arbitrarily).

In this way, for every pair of duos with in
onsistent preferen
es, at least one

of them will be in C, and ea
h vertex in C 
an be 
harged to a di�erent

break in �. Thus, C is indeed a vertex 
over of size at most equal the number

of breaks of the 
ommon partition �. 2

In phase three, the algorithm 
uts all duos 
orresponding to a minimum

vertex 
over of H (resp., to 2-approximation of a minimum vertex 
over).

And we 
harge these 
uts to the breaks in the minimum vertex 
over, by

the above Lemma. Let A

3

and B

3

denote the two sets of substrings we are

left with, and let G

3

be the 
orresponding 
on
i
t graph.

Lemma 4. The pair A

3

, B

3

is a 
ommon partition of A and B.

Proof. We are going to 
onstru
t a maximum independent set in G

3

, 
or-

responding to a 
ommon partition of A

3

and B

3

with no additional breaks.

The pro
edure is based on the the observations in proof of Lemma 3. All

we have to do is to note that there are no in
onsistent duos in G

3

. Thus,

by following the preferen
es for mat
hes, we will never run into a 
on
i
t.

If there is a 
omponent in G

3

without any preferen
e, we 
hoose arbitrarily

a mat
h for some duo and 
onsider it as a preferen
e.

More spe
i�
ally, we take to our independent set

{ all singles, and,
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{ from every duo with preferen
e, the two verti
es 
orresponding to the

preferred mat
hes, and,

{ from every duo without preferen
e the two verti
es 
orresponding to the

mat
hes that are for
ed by a neighboring duo.

In this way, every single from G

3

appears in the independent set, and

for every duo with four possible mat
hes, two of them are in the indepen-

dent set. This is a maximum independent set 
orresponding to a 
ommon

partition with no additional breaks. 2

The 
omplete algorithm 
an be s
hemati
ally summarized as follows.

Algorithm

Phase 1: Cut all bad duos.

Phase 2: Cut all duos involved in 
on
i
ts of type (1.3), (2.1) and (3.1).

Phase 3: Cut all duos 
orresponding to (approximated) minimum

vertex 
over in the graph H of in
onsistent preferen
es.

Sin
e the 
uts of the algorithm are 
harged in every phase to di�erent breaks

in the optimal solution, at most 4m breaks were used in all three phases,

resulting in a 4-approximation.

Using a hash table, Phases 1 and 2 
an be implemented in time O(n).

We already noted that the graph H 
an be 
onstru
ted in linear time. Sin
e

the number of edges in H is O(n), a 2-approximation of the vertex 
over


an be 
omputed in time O(n), yielding a total time O(n).

For signed MCSP, the algorithm goes along the same lines, it only has

to 
onsider +a+ b and �b� a as the o

urren
es of the same duo.

Theorem 5. There exist linear time 4-approximation algorithms for both

unsigned and signed 3-MCSP.
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