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Abstra
t

In the Minimum Common String Partition problem (MCSP) we

are given two strings on input, and we wish to partition them into the

same 
olle
tion of substrings, minimizing the number of the substrings

in the partition. This problem is NP-hard, even for a spe
ial 
ase,

denoted 2-MCSP, where ea
h letter o

urs at most twi
e in ea
h input

string. We study a greedy algorithm for MCSP that at ea
h step

extra
ts a longest 
ommon substring from the given strings. We show

that the approximation ratio of this algorithm is between 
(n

0:43

) and

O(n

0:69

). In 
ase of 2-MCSP, we show that the approximation ratio

is equal to 3. For 4-MCSP, we give a lower bound of 
(log n).

1 Introdu
tion

By a partition of a string A we mean a sequen
e P = (P

1

; P

2

; : : : ; P

m

) of

strings whose 
on
atenation is equal to A, that is P

1

P

2

: : : P

m

= A. The

strings P

i

are 
alled the blo
ks of P . If P is a partition of A and Q is a par-

tition of B, then the pair � = hP ;Qi is 
alled a 
ommon partition of A;B, if

Q is a permutation of P . For example, � = h(ab; b

ad; 
ab); (b

ad; 
ab; ab)i

is a 
ommon partition of strings A = abb

ad
ab and B = b

ad
abab.
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The minimum 
ommon string partition problem (MCSP) is de�ned as

follows: given two strings A, B, �nd a 
ommon partition of A, B with the

minimal number of blo
ks, or report that no 
ommon partition exists. By

k-MCSP we denote the version of MCSP where ea
h letter o

urs at most k

times in ea
h input string.

The ne
essary and suÆ
ient 
ondition for A;B to have a 
ommon par-

tition is that ea
h letter has the same number of o

urren
es in A and B.

Strings with this property are 
alled related. Verifying whether two strings

are related 
an be done easily in linear time, and for the rest of the paper

we assume, without loss of generality, that the input strings are related. In

parti
ular, A and B have the same length, that we denote by n.

In this arti
le, we study the greedy algorithm for MCSP that 
onstru
ts

a 
ommon partition by iteratively extra
ting the longest 
ommon substring

of the input strings. More pre
isely, the algorithm 
an be des
ribed in

pseudo-
ode as follows:

Algorithm Greedy

Let A and B be two related input strings

while there are symbols in A or B outside marked blo
ks do

S longest 
ommon substring of A, B that does not

overlap previously marked blo
ks

mark one o

urren
e of S in ea
h of A and B as blo
ks

(P ;Q) sequen
e of 
onse
utive marked blo
ks

in A and B, respe
tively

For example, if A = 
dab
dab
eab, B = ab
eab
dab
d, thenGreedy �rst

marks substring ab
dab
, then ab, and then three single-letter substrings


; d; e, so the resulting partition is

h(
; d; ab
dab
; e; ab); (ab; 
; e; ab
dab
; d)i;

while the optimal partition is h(
dab
d; ab
eab); (ab
eab; 
dab
d)i. As illus-

trated by the above example, the 
ommon partition 
omputed by Greedy

is not ne
essarily optimal. The question we study is what is the approxi-

mation ratio of Greedy on MCSP and its variants. We prove the following

results:

Theorem 1.1 (a) The approximation ratio of Greedy for MCSP is be-

tween 
(n

0:43

) and O(n

0:69

).

(b) For 4-MCSP, the approximation ratio of Greedy is at least 
(logn).

(
) For 2-MCSP, the approximation ratio of Greedy is equal to 3.
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Our results extend to the signed variation of the minimum 
ommon

partition problem, where ea
h letter has a plus or minus sign asso
iated

with it (
f. [1, 3℄). In the signed MCSP, a blo
k P from A may be mat
hed

with a blo
k Q from B if either P = Q (in
luding signs), or P

R

= Q where

P

R

denotes the reversal of P , de�ned as the blo
k P in the reverse order and

with all signs swit
hed. As in MCSP, we want to �nd a minimum 
ommon

partition of A and B, under the above restri
tions.

Related work. The minimum 
ommon string partition problem was in-

trodu
ed by Chen et al. [1℄. They pointed out that MCSP is 
losely related

to the well-known problem of sorting by reversals and they use MCSP for


omparison of two DNA sequen
es. In this appli
ation, the letters in the

alphabet represent di�erent genes in the DNA sequen
es, and the 
ardi-

nality of the minimum 
ommon partition measures the similarity of these

sequen
es. The restri
ted 
ase of k-MCSP is of parti
ular interest here.

Goldstein et al. [3℄ proved that 2-MCSP is NP-hard.

The size of the minimum partition of A and B 
an be thought of as

a distan
e between A and B. The 
lassi
al edit-distan
e of two strings is

de�ned as the smallest number of insertions, deletions, and substitutions

required to 
onvert one string into another [5℄. Kruskal and Sanko� [4℄, and

Ti
hy [8℄ were the �rst 
onsider blo
k operations in string 
omparison, in

addition to the 
hara
ter operations. Lopresti and Tomkins [6℄ investigated

several di�erent distan
e measures; one of them is identi
al to the MCSP

measure.

Shapira and Storer [7℄ study the problem of edit distan
e with moves in

whi
h the allowed string operations are the following: insert a 
hara
ter,

delete a 
hara
ter, move a substring. They observe that if the input strings

A, B are related, then the minimum number of the above listed operations

needed to 
onvert A into B is within a 
onstant fa
tor of the minimum

number of only substring movements needed to 
onvert A into B; and the

latter quantity is within a 
onstant fa
tor of the minimum 
ommon partition

size. Shapira and Storer also 
onsidered a greedy algorithm nearly identi
al

to ours and 
laimed an O(log n) upper bound on its approximation ratio;

as it turns out, however, their analysis is 
awed.

Cormode and Muthukrishnan [2℄ des
ribe an O(log n log

�

n)-

approximation algorithm for the problem of edit distan
e with moves.

As explained above, this result yields an O(log n log

�

n)-approximation

for MCSP. Better bounds for MCSP are known for some spe
ial 
ases.

A 1:5-approximation algorithm for 2-MCSP was given by Chen et al. [1℄;

3



a 1:1037-approximation algorithm for 2-MCSP and a 4-approximation algo-

rithm for 3-MCSP were given by Goldstein et al. [3℄. All these algorithms

are 
onsiderably more 
ompli
ated than Greedy. Due to its simpli
ity

and ease of implementation, Greedy is a likely 
hoi
e for solving MCSP in

many pra
ti
al situations, and thus its analysis is of its own independent

interest.

2 Preliminaries

By A = a

1

a

2

: : : a

n

and B = b

1

b

2

: : : b

n

we denote the two arbitrary, but

�xed, input strings of Greedy. Without loss of generality, we assume that

A and B are related. If � is a 
ommon partition of A, B, then we use

notation #blo
ks(�) for the number of blo
ks in �, that we refer to as the

size of �. The size of a minimum partition of A, B is denoted by dist(A;B).

We typi
ally deal with o

urren
es of letters in strings, rather than with

letters themselves. By a \substring" we mean (unless stated otherwise) a

spe
i�
 o

urren
e of one string in another. Thus we identify a substring

S = a

p

a

p+1

: : : a

p+s

of A with the set of indi
es fp; p+ 1; : : : ; p+ sg and we

write S = fp; p+ 1; : : : ; p+ sg, where jSj = s + 1 is the length of S. Of


ourse, the same 
onvention applies to substrings of B. If S is a 
ommon

substring of A, B, we use notations S

A

and S

B

to distinguish between the

o

urren
es of S in A and B.

Partitions as fun
tions. Suppose that we are given a bije
tion � : [n℄!

[n℄ (where [n℄ = f1; 2; : : : ; ng) that preserves letters of A and B, that is,

b

�(i)

= a

i

for all i 2 [n℄. A pair of 
onse
utive positions i; i+1 2 [n℄ is 
alled

a break of � if �(i + 1) 6= �(i) + 1. Let #breaks(�) denote the number of

breaks in �. For a 
ommon substring S of A, B, say S = a

p

a

p+1

: : : a

p+s

=

b

q

b

q+1

: : : b

q+s

, we say that � respe
ts S if it maps 
onse
utive letters of S

A

onto 
onse
utive letters in S

B

, that is, �(i) = i+ q � p for i 2 S

A

.

A letter-preserving bije
tion � indu
es a 
ommon partition (also denoted

�, for simpli
ity) whose blo
ks are the maximum length substrings of A that

do not 
ontain breaks of �. The partition obtained in this way does not have

any \unne
essary" blo
ks, that is, #blo
ks(�) = #breaks(�) + 1. And vi
e

versa, if � = hP ;Qi is a 
ommon partition of A, B, we 
an think of � as

a letter-preserving bije
tion � : [n℄ ! [n℄ that respe
ts ea
h blo
k of the

partition. Obviously, we then have #blo
ks(�) � #breaks(�) + 1. We use

this relationship throughout the paper, identifying 
ommon partitions with

their 
orresponding bije
tions.
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Referen
e partitions. Let � be a minimum 
ommon partition of A and B.

(This partition may not be unique, but for all A;B, we 
hoose one minimum


ommon partition in some arbitrary way.) In the �rst step, Greedy is

guaranteed to �nd a substring S

1

of length at least the maximum length of

a blo
k in �. For the analysis of Greedy, we would like to have a similar

estimate for all later steps, too. However, already in the se
ond step there

is no guarantee that Greedy �nds a substring as long as the se
ond longest

blo
k in �, sin
e this blo
k might overlap S

1

and it may be now partially

marked (in A or B). To get a lower estimate on jS

t

j, for t > 1, we introdu
e

a 
orresponding referen
e 
ommon partition of A;B that respe
ts all the

blo
ks S

1

; : : : ; S

t�1

sele
ted by Greedy in steps 1 to t� 1. This partition

may gradually \deteriorate" (in 
omparison to the minimum partition of

A and B), that is, it may in
lude more blo
ks and its blo
ks may get

shorter. Furthermore, it may not in
lude a minimum 
ommon partition of

the unmarked segments. Nevertheless, referen
e partitions provide a useful

estimate on the \damage" 
aused by Greedy when it makes wrong 
hoi
es

(that is, when it marks strings whi
h are not in the optimum partition).

Denote by g the number of steps of Greedy on A;B. For t = 0; 1; : : : ; g,

the referen
e 
ommon partition �

t

is de�ned indu
tively as follows. Initially,

�

0

= �. Consider any t = 1; : : : ; g. Suppose that S

A

t

= fp; p+ 1; : : : ; p+ sg

and S

B

t

= fq; q + 1; : : : ; q + sg. De�ne fun
tion Æ : S

A

t

! S

B

t

su
h that

Æ(i) = i+ q � p for i 2 S

A

t

. Then �

t

is de�ned by

�

t

(i) =

�

Æ(i) for i 2 S

A

t

�

t�1

(Æ

�1

�

t�1

)

`(i)

(i) for i 2 [n℄� S

A

t

(1)

where `(i) = min

�

� � 0 : �

t�1

(Æ

�1

�

t�1

)

�

(i) 62 S

B

t

	

. We show that ea
h �

t

is well-de�ned and we also bound the in
rease of the number of breaks from

�

t�1

to �

t

:

Lemma 2.1 For ea
h t = 0; 1; : : : ; g, (a) �

t

is a 
ommon partition of

A, B, (b) �

t

respe
ts S

1

; : : : ; S

t

, and (
) if t > 0 then #breaks(�

t

) �

#breaks(�

t�1

) + 4.

Proof: The proof of the lemma is by indu
tion. For t = 0, (a) and (b) are

trivially true. Suppose that t > 0 and that the lemma holds for t � 1. To

simplify notation let S = S

t

, � = �

t�1

and �

0

= �

t

.

Consider a bipartite graph G � [n℄� [n℄, with edges (i; �(i)), for i 2 [n℄,

and (i; Æ(i)), for i 2 S

A

. These two types of edges are 
alled �-edges and

Æ-edges, respe
tively.
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Let

�

S

A

= [n℄�S

A

and

�

S

B

= [n℄�S

B

. In this proof, to avoid introdu
ing

additional notation, we think of S

A

and

�

S

A

as the sets of nodes on the \left-

hand" side of G and S

B

and

�

S

B

as the nodes on the \right-hand" side.

Then, any node in

�

S

A

or

�

S

B

is in
ident to one �-edge, and ea
h node in S

A

or S

B

is in
ident to one �-edge and one Æ-edge. Thus, G is a 
olle
tion of

vertex disjoint paths and 
y
les whose edges alternate between �-edges and

Æ-edges. We 
all them G-paths and G-
y
les. All G-
y
les have even length

and 
ontain only nodes from S

A

and S

B

. All maximal G-paths have odd

lengths, start in

�

S

A

, end in

�

S

B

, and their interior verti
es are in S

A

or S

B

.

The G-path starting at i 2

�

S

A

has the form

i; �(i); Æ

�1

�(i); �Æ

�1

�(i); : : : ; �(Æ

�1

�)

`(i)

(i):

Thus, for i 2

�

S

A

, �

0

(i) is simply the other endpoint of the G-path that

starts at i. This implies that �

0

is 1-1 and letter-preserving, so it is indeed

a 
ommon partition. Condition (b) follows immediately from the indu
tive

assumption and the de�nition of �

0

. It remains to prove (
).

Lemma 2.2 Suppose that i; i+1 is a break of �

0

. Then one of the following


onditions holds:

(B0) Exa
tly one of i; i+ 1 is in S

A

.

(B1) i; i+1 2

�

S

A

and there is � � min f`(i); `(i+ 1)g su
h that (Æ

�1

�)

�

(i),

(Æ

�1

�)

�

(i+ 1) is a break of �.

(B2) i; i+1 2

�

S

A

and there is � � min f`(i); `(i+ 1)g su
h that exa
tly one

of �(Æ

�1

�)

�

(i), �(Æ

�1

�)

�

(i+ 1) belongs to S

B

.

We refer to breaks of types (B0), (B1), (B2), respe
tively, as breaks indu
ed

by the endpoints of S

A

, breaks indu
ed by the breaks inside S

A

(only if i,i+1

is a new break), and breaks indu
ed by the endpoints of S

B

.

Proof: If exa
tly one of i, i + 1 is in S

A

, the 
ase (B0) holds. Sin
e i,

i + 1 is never a break in �

0

if both i and i + 1 are in S

A

, we assume that

i; i+ 1 2

�

S

A

for the rest of the proof.

Consider the largest integer � � min f`(i); `(i+ 1)g for whi
h (Æ

�1

�)

�

(i),

(Æ

�1

�)

�

(i+1) are 
onse
utive in S

A

, that is (Æ

�1

�)

�

(i+1) = (Æ

�1

�)

�

(i)+1.

(We remark that it is not ne
essarily true that (Æ

�1

�)

h

(i+1) = (Æ

�1

�)

h

(i)+1

for h = 1; : : : ; �; these indi
es may diverge and then meet later, any number

of times.) Let j = (Æ

�1

�)

�

(i). We have two sub-
ases. If �(j + 1) 6=

�(j) + 1, then j; j + 1 is a break of �, so the 
ondition (B1) is satis�ed.

If �(j + 1) = �(j) + 1, then at least one of �(j), �(j + 1) must be in S

B

,

for otherwise i; i+ 1 would not be a break of �

0

. But we also 
annot have

6



c c c c c ca a a a a a a ad d db b b b b
1 2 3 4 5

cccccc aaaaaaaa ddd bbbbb
5 1 3 2 4

cccccc aaaaaaaa bbbbb ddd
1 23 45 6 79 8

c c c c c ca a a a a a a ab b b b bd d d
1 2 3 4 5 6 7 98

Figure 1: An example illustrating the 
onstru
tion of �

0

. The upper part

shows � and some G-paths. The lower part shows �

0

. The strings in the par-

titions are numbered, and the 
ommon substring S

t

= ab

ababd is shaded.

both �(j); �(j+1) 2 S

B

, sin
e then (Æ

�1

�)

�+1

(i), (Æ

�1

�)

�+1

(i+1) would be


onse
utive in S

A

, violating the 
hoi
e of �. Therefore the 
ase (B2) holds.

2

We now 
omplete the proof of part (
) of Lemma 2.1. There are no breaks

of �

0

inside S

A

, and we have at most two breaks of type (B0) 
orresponding

to the endpoints of S

A

. By the disjointness of G-paths and 
y
les, there are

at most two breaks of �

0

of type (B2), ea
h 
orresponding to one endpoint

of S

B

. Similarly, ea
h break of � (inside or outside S

A

) indu
es at most

one break of �

0

of type (B1). This implies (
), and the proof of the lemma

is 
omplete. 2

Note that we did not use the fa
t that S has maximum length. So

our 
onstru
tion of �

t


an be used to 
onvert any 
ommon partition � into

another partition �

0

that respe
ts a given 
ommon substring S, and has at

7



most four more breaks than �.

Lemma 2.1 implies that in every step t of the algorithm, every blo
k

in the referen
e partition �

t

is either 
ompletely marked or 
ompletely un-

marked.

3 Upper Bound for MCSP

In this se
tion we show that Greedy's approximation ratio is O(n

0:69

).

The proof uses referen
e 
ommon partitions introdu
ed in Se
tion 2 to keep

tra
k of the length of the 
ommon substrings sele
ted by Greedy.

For p � q � 1, we de�ne H(p; q) to be the smallest number h with the

following property: for any input strings A;B, if at some step t of Greedy

there are at most p unmarked symbols in A and at most q unmarked blo
ks

in the 
urrent referen
e partition �

t

, then Greedy makes at most h more

steps until it stops (so its �nal 
ommon partition has at most t+h blo
ks.)

For 
onvenien
e, we allow non-integral p and q in the de�nition. Note that

H(p; q) is non-de
reasing in both variables.

Before proving the O(n

0:69

) upper bound, we sket
h a slightly weaker

but simpler bound of O(n

0:75

). Lemma 2.1 immediately gives a re
urren
e

H(p; q) � H(p(1� 1=q); q+3)+1 (whenever both values of H are de�ned),

as in one step of Greedy, the longest 
ommon substring has at least

p

q

letters (whi
h will be marked in the next partition), and the number of

unmarked blo
ks in the referen
e partition in
reases by at most 3. We

prove by indu
tion on p that for p � q and a suÆ
iently large 
onstant C,

we have H(p; q) � Cp

3

4

q

1

4

�

1

3

q. For q = 1 this is trivial, as Greedy �nds

the single unmarked blo
k. We 
hoose C su
h that for all q � p < 5q, the

right-hand side is at least p, whi
h is a trivial upper bound on H(p; q). For

p � 5q � 10, we have p(1 � 1=q) � q + 3, thus we 
an use the indu
tive

assumption and the re
urren
e to obtain

H(p; q) � H(p(1� 1=q); q + 3) + 1

� Cp

3

4

(1� 1=q)

3

4

(q + 3)

1

4

�

1

3

(q + 3) + 1

� Cp

3

4

q

1

4

�

1

3

q:

The last inequality follows from (q�1)

3

4

(q+3)

1

4

� (q�1)

1

2

[(q�1)

1

4

(q+3)

1

4

℄ �

(q�1)

1

2

(q+1)

1

2

� q. This 
ompletes the indu
tion step and the proof. The

bound we proved implies that H(p; q) � O(p

3

4

)q. Thus, if the input of

8



Greedy 
onsists of two strings A;B of length n, the number of blo
ks in

Greedy's partition is at most H(n; dist(A;B)) = O(n

0:75

)dist(A;B).

The idea of the proof of the improved bound is to 
onsider, instead of

one step ofGreedy, a number of steps proportional to the number of blo
ks

in the original optimal partition, and show that during these steps Greedy

marks a 
onstant fra
tion of the input string. This yields an improved

re
urren
e for H(p; q).

Lemma 3.1 For all p; q satisfying p � 9q=5 + 3, we have H(p; q) �

H(5p=6; (3q+ 5)=2) + (q + 5)=6.

Proof: Consider a 
omputation of Greedy on A;B, where, after some step

t (i.e., with t blo
ks having already been marked), there are p unmarked

symbols in A, and q unmarked referen
e blo
ks of �

t

. We denote these blo
ks

by R

1

; R

2

; : : : ; R

q

, in the order of non-in
reasing length, that is jR

z

j �

jR

z+1

j, for z = 1; : : : ; q�1. We analyze the 
omputation ofGreedy starting

at step t+1. Let g be the number of additional steps that Greedy makes.

Our goal is to show that

g � H(

5

6

p;

3q+5

2

) +

q+5

6

(2)

(Sin
e the bound is monotone in p and q, we do not need to 
onsider the


ase of fewer than q unmarked blo
ks or fewer than p unmarked symbols.)

If g � (q+5)=6, inequality (2) trivially holds, so in the rest of the proof we

assume that g > (q + 5)=6.

Let T

i

= S

t+i

be the 
ommon substring sele
ted by Greedy in step

t+ i. We say that Greedy hits R

z

in step t+ i if T

i

overlaps R

z

, either in

A or in B, that is, if either T

A

i

\ R

A

z

6= ; or T

B

i

\R

B

z

6= ;.

Claim A: For all j = 1; : : : ; g, the total length of those blo
ks R

1

; : : : ; R

q

that are hit by Greedy in A in steps t+1; : : : ; t+ j is at most 6

P

j

i=1

jT

i

j.

Proof: We estimate the total length of the blo
ks R

z

that are hit at step

t+ i in A but have not been hit in steps t+1; : : : ; t+ i�1. The total length

of the blo
ks that are 
ontained in S

A

i

and S

B

i

is at most 2jT

i

j. There are

up to four blo
ks that are hit partially, but by the greedy 
hoi
e of T

i

, ea
h

has length at most jT

i

j, and the 
laim follows. 2

Claim B: 6

P

b(q+5)=6


i=1

jT

i

j � p.

9



Proof: Let l be the minimum integer su
h that 6

P

l

i=1

jT

i

j � p. Sin
e

P

g

i=1

jT

i

j = p, l is well de�ned and l � g. For j = 1; : : : ; l, de�ne �

j

as the

maximal index for whi
h

P

�

j

x=1

jR

x

j � 6

P

j�1

i=1

jT

i

j. Sin
e 6

P

l�1

i=1

jT

i

j < p =

P

q

x=1

jR

x

j, all �

j

are well de�ned, and �

l

< q. We also note that �

1

= 0.

For ea
h j = 1; : : : ; l, Claim A implies that one of the blo
ks R

1

; : : : ; R

�

j

+1

is not hit by any of the blo
ks T

1

; : : : ; T

j�1

and thus, by the de�nition of

Greedy and the ordering of the blo
ks R

z

, jT

j

j � jR

�

j

+1

j. Considering

again the ordering of the blo
ks R

z

, we have 6jT

j

j � jR

�

j

+1

j+ :::+ jR

�

j

+6

j.

We 
on
lude that �

j+1

� �

j

+6, for j = 1; : : : ; l� 1. This, in turn, implies

that q � �

l

+ 1 � 6l� 5. Therefore l � (q + 5)=6, and Claim B follows, by

the 
hoi
e of l and its integrality. 2

By Claim B, after exa
tly b(q + 5)=6
 steps, Greedy marks at least p=6

letters, so the number of remaining unmarked letters is at most p

0

= 5p=6.

By Lemma 2.1, the number of unmarked blo
ks in
reases by at most 3 in

ea
h step (sin
e one new blo
k is marked), so the number of unmarked blo
ks

indu
ed by Greedy in these b(q + 5)=6
 steps is at most 3b(q + 5)=6
 �

(q+5)=2. Thus the total number of unmarked blo
ks after these steps is at

most q

0

= q+(q+5)=2 = (3q+5)=2. The 
ondition in the lemma guarantees

that H(p

0

; q

0

) is de�ned, so, by indu
tion, the total number of steps is at

most H(p

0

; q

0

) + (q + 5)=6. This 
ompletes the proof if inequality (2) and

the lemma. 2

Finally, we prove the upper bound in Theorem 1.1(a).

Theorem 3.2 Greedy is an O(n




)-approximation algorithm for MCSP,

where 
 = log

3

2

= log

9

5

� 0:69.

Proof: We prove by indu
tion on p that for p � q and a suÆ
iently large


onstant C,

H(p; q) � Cp




(q + 5)

1�


�

1

3

q:

We 
hoose C so that for all q � p < 9q=5 + 3, the right-hand side is at

least p and thus the inequality is valid. For p � 9q=5 + 3, by Lemma 3.1,

the indu
tive assumption, and the 
hoi
e of 
, we have

H(p; q) � H(

5

6

p;

3q+5

2

) +

q+5

6

� C(

5

6

p)




(

3

2

(q + 5))

1�


�

1

3

�

3q+5

2

+

q+5

6

= Cp




(q + 5)

1�


�

1

3

q:
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Let A;B be input strings of length n and with dist(A;B) = m. Then

the number of blo
ks in Greedy's partition is at most H(n;m) = O(n




)m,

and the theorem follows. 2

4 Lower Bound for MCSP

We show that the approximation ratio ofGreedy is 
(n

1= log

2

5

) = 
(n

0:43

).

We �rst 
onstru
t strings C

i

; D

i

; E

i

; F

i

as follows. Initially, C

0

= a and

D

0

= b. Suppose we already have C

i

and D

i

, and let �

i

be the set of letters

used in C

i

, D

i

. De�ne a new alphabet �

0

i

that has a new letter, say a

0

, for

ea
h a 2 �. We �rst 
reate strings E

i

and F

i

by repla
ing all letters a 2 �

in C

i

and D

i

, respe
tively, by their 
orresponding letters a

0

2 �

0

i

. Then, let

C

i+1

= C

i

D

i

E

i

D

i

C

i

; and D

i+1

= D

i

E

i

F

i

E

i

D

i

:

For ea
h i, we 
onsider the instan
e of strings A

i

= C

i

D

i

and B

i

= D

i

C

i

.

For example, E

0

= 
, F

0

= d, A

0

= ab, B

0

= ba, C

1

= ab
ba, D

1

= b
d
b,

A

1

= ab
bab
d
b, and B

1

= b
d
bab
ba, et
.

Let n = 2 � 5

i

. We have jA

i

j = jB

i

j = n and dist(A

i

; B

i

) � 2. We 
laim

that Greedy's 
ommon partition of A

i

and B

i

has 2

i+2

� 2 = 
(n

1= log

2

5

)

substrings. We assume here that Greedy does not spe
ify how the ties are

broken, that is, whenever a longest substring 
an be 
hosen in two or more

di�erent ways, we 
an de
ide whi
h 
hoi
e Greedy makes.

The proof is by indu
tion. For i = 0, Greedy produ
es two substrings,

as 
laimed. For i � 0,

A

i+1

= C

i

D

i

E

i

D

i

C

i

D

i

E

i

F

i

E

i

D

i

;

B

i+1

= D

i

E

i

F

i

E

i

D

i

C

i

D

i

E

i

D

i

C

i

:

There are three 
ommon substrings of length 5

i+1

: C

i

D

i

E

i

D

i

C

i

,

D

i

E

i

F

i

E

i

D

i

, and E

i

D

i

C

i

D

i

E

i

, and no longer 
ommon substrings exist.

To justify this, we use the fa
t that the alphabet of C

i

, D

i

is disjoint from

the alphabet of E

i

, F

i

. Suppose that S is a 
ommon substring of length at

least 5

i+1

. To have this length, S must 
ontain either the �rst or the se
ond

E

i

from A

i+1

. We now have some 
ases depending on whi
h E

i

is 
ontained

in S, and where it is mapped into B

i+1

via the o

urren
e of S in B

i+1

. If

S 
ontains the �rst E

i

, then, by the assumption about the alphabets, this

E

i

must be mapped into either E

i

F

i

E

i

or into the last E

i

in B

i+1

. If it is

mapped into E

i

F

i

E

i

, then S must be E

i

D

i

C

i

D

i

E

i

. If it is mapped into the
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last E

i

in B

i+1

, then S must be C

i

D

i

E

i

D

i

C

i

. In the last 
ase, S 
ontains

the se
ond E

i

in A

i+1

. By the same 
onsiderations as in the �rst 
ase, it is

easy to show that then S must be either D

i

E

i

F

i

E

i

D

i

or E

i

D

i

C

i

D

i

E

i

.

Breaking the tie, assume that Greedy marks substring E

i

D

i

C

i

D

i

E

i

.

The modi�ed strings are:

C

i

D

i

E

i

D

i

C

i

D

i

E

i

F

i

E

i

D

i

; D

i

E

i

F

i

E

i

D

i

C

i

D

i

E

i

D

i

C

i

;

where the overline indi
ates the marked substring. In the �rst string the

unmarked segments are A

i

, A

0

i

D

i

, and in the se
ond string the unmarked

segments are B

i

and D

i

B

0

i

, where A

0

i

= F

i

E

i

and B

0

i

= E

i

F

i

are identi
al

as A

i

, B

i

respe
tively, but with the letters renamed. The argument in the

previous paragraph and the disjointness of the alphabets implies that the

maximum length of a non-marked 
ommon substring is 5

i

. We break the

tie again, and make Greedy mat
h the two D

i

's in F

i

E

i

D

i

and D

i

E

i

F

i

,

and the resulting strings have the form

A

i

E

i

D

i

C

i

D

i

E

i

A

0

i

D

i

; D

i

B

0

i

E

i

D

i

C

i

D

i

E

i

B

i

:

Now, we have two non-marked pairs of substrings fA

i

; B

i

g and fA

0

i

; B

0

i

g.

These two pairs of strings have disjoint alphabets and will be pro
essed

by Greedy independently of ea
h other. By indu
tion, Greedy produ
es

2

i+2

� 2 substrings from A

i

, B

i

, and the same number from A

0

i

and B

0

i

. So

we get the total of 2(2

i+2

� 2) + 2 = 2

i+3

� 2 strings.

5 Lower Bound for Greedy on 4-MCSP

In this se
tion we show that Greedy's approximation ratio is 
(logn)

even on 4-MCSP instan
es. To simplify the des
ription, we allow the

input instan
es A;B to be multisets of equal number of strings, rather

than single strings. It is quite easy to see that this does not sig-

ni�
antly a�e
t the performan
e of Greedy, for we 
an always re-

pla
e A;B by two strings A;B, as follows: If A = fA

1

; : : : ; A

m

g and

B = fB

1

; : : : ; B

m

g, let A = A

1

x

1

y

1

A

2

x

2

y

2

: : : A

m�1

x

m�1

y

m�1

A

m

and

B = B

1

y

1

x

1

B

2

y

2

x

2

: : : B

m�1

y

m�1

x

m�1

B

m

, where x

1

; y

1

; : : : ; x

m�1

; y

m�1

are new letters. Then both the optimal partition and the partition pro-

du
ed by Greedy on A;B are the same as on A;B, ex
ept for the single-

tons x

1

; y

1

; : : : ; x

m�1

; y

m�1

. Sin
e in our 
onstru
tion m is a 
onstant, it is

suÆ
ient to show a lower bound of 
(log n) for multisets of m strings.
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For i = 1; 2; : : :, we �x strings q

i

; q

0

i

; r

i

; r

0

i

that we will refer to as el-

ementary strings. Ea
h elementary string q

i

; q

0

i

; r

i

; r

0

i

has length 3

i�1

and


onsists of 3

i�1

distin
t and unique letters (that do not appear in any other

elementary string.)

We re
ursively 
onstru
t instan
es A

i

, B

i

of 4-MCSP. The invariant of

the 
onstru
tion is that A

i

, B

i

have the form:

A

i

: P

1

q

i

; P

2

q

i

r

i

; P

3

q

i

; P

4

q

i

r

0

i

; P

5

q

0

i

; P

6

q

0

i

r

i

; P

7

q

0

i

; P

8

q

0

i

r

0

i

B

i

: P

1

q

i

r

i

; P

2

q

i

; P

3

q

i

r

0

i

; P

4

q

i

; P

5

q

0

i

r

i

; P

6

q

0

i

; P

7

q

0

i

r

0

i

; P

8

q

0

i

where P

1

; : : : ; P

8

are some strings of length smaller than 3

i�1

with letters

distin
t from q

i

; q

0

i

; r

i

; r

0

i

.

Initially, we set all P

1

; : : : ; P

8

= �, and 
onstru
t A

1

, B

1

as des
ribed

above. In this 
ase q

i

; q

0

i

; r

i

; r

0

i

are unique, single letters.

To 
onstru
t A

i+1

, B

i+1

, we append pairs of elementary strings to the

strings from A

i

, B

i

. For 
onvenien
e, we omit the subs
ripts for elementary

substrings, writing q = q

i

, �q = q

i+1

, et
. After rearranging the strings, the

new instan
e is

A

i+1

: P

1

qr �q; P

4

qr

0

�q�r; P

7

q

0

r

0

�q; P

6

q

0

r �q�r

0

;

P

3

qr

0

�q

0

; P

2

qr �q

0

�r; P

5

q

0

r �q

0

; P

8

q

0

r

0

�q

0

�r

0

B

i+1

: P

1

qr �q�r; P

4

qr

0

�q; P

7

q

0

r

0

�q�r

0

; P

6

q

0

r �q;

P

3

qr

0

�q

0

�r; P

2

qr �q

0

; P

5

q

0

r �q

0

�r

0

; P

8

q

0

r

0

�q

0

Note that this instan
e has the same stru
ture as the previous one,

sin
e we 
an take P

0

1

= P

1

qr, P

0

2

= P

4

qr

0

, et
.. Thus we 
an 
ontinue this


onstru
tion re
ursively. Ea
h letter appears at most four times in A

i

and

B

i

, so this is indeed an instan
e of 4-MCSP; the 
laimed bound on the length

of the P

0

j

's also follows easily.

Consider the i-th instan
e, A

i

and B

i

. To estimate the optimal partition,

we mat
h the 8 pairs of strings as aligned above, adding the shorter string

from ea
h pair to the 
ommon partition. There are only 4 additional strings

left, namely �r, �r

0

, �r, �r

0

, implying dist(A

i

;B

i

) � 12.

We show that Greedy 
omputes a partition with �(i) = �(logn)

blo
ks. To this end, we 
laim that, starting from A

i+1

;B

i+1

, Greedy

�rst mat
hes all suÆxes that 
onsist of two elementary strings as shown

below (A

i+1

and B

i+1

are rearranged to show the mat
hed strings aligned

verti
ally):
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A

i+1

: P

4

qr

0

�q�r; P

6

q

0

r �q�r

0

; P

2

qr �q

0

�r; P

8

q

0

r

0

�q

0

�r

0

;

P

1

q r�q; P

7

q

0

r

0

�q; P

3

q r

0

�q

0

; P

5

q

0

r�q

0

B

i+1

: P

1

qr �q�r; P

7

q

0

r

0

�q�r

0

; P

3

qr

0

�q

0

�r; P

5

q

0

r �q

0

�r

0

;

P

6

q

0

r�q; P

4

q r

0

�q; P

8

q

0

r

0

�q

0

; P

2

q r�q

0

Indeed, the instan
e has four 
ommon substrings of length 2 �3

i

, namely

�q�r, �q�r

0

, �q

0

�r, �q

0

�r

0

, and, by the 
hoi
es of the lengths of elementary strings

and the bound on the lengths of the P

j

's, all other 
ommon substrings are

shorter. Thus, Greedy starts by removing (marking) these four suÆxes.

Similarly, at this step, the new instan
e will have four 
ommon substrings of

length 3

i

+ 3

i�1

, namely r�q, r

0

�q, r

0

�q

0

, r�q

0

, and all other 
ommon substrings

are shorter. Greedy will remove these four suÆxes. The resulting instan
e

is simply A

i

, B

i

and we 
an 
ontinue re
ursively, getting �(i) blo
ks. If n

is the length (total number of 
hara
ters) of A

i

, we have i = �(logn) and

the proof of the lower bound is 
omplete.

6 Upper Bound for Greedy on 2-MCSP

In this se
tion we prove that on 2-MCSP instan
esGreedy's approximation

ratio is at most 3. In the next se
tion we will give a mat
hing lower bound.

Consider two arbitrary, but �xed, related strings A = a

1

a

2

� � � a

n

and

B = b

1

b

2

� � � b

n

in whi
h ea
h letter appears at most twi
e. Let � be a

minimum 
ommon partition of A;B, and denote by g the number of steps

of Greedy on A;B. For ea
h t = 0; : : : ; g, let S

t

be the blo
k marked by

Greedy in step t, and let �

t

be the 
ommon referen
e partition of A;B at

step t, as de�ned in Se
tion 2. In parti
ular, �

0

= �, and �

g

is the is the

�nal partition 
omputed by Greedy.

Our proof is based on amortized analysis. We show how to de�ne a

potential �

t

of �

t

that has the following three properties:

(P1) �

0

� 3 �#blo
ks(�

0

) + 1,

(P2) �

t

� �

t�1

for t = 1; : : : ; g, and

(P3) �

g

� #blo
ks(�

g

) + 1.

If su
h �

t

's exist, then, using the optimality of �

0

and 
onditions (P1),

(P2), (P3), we obtain #blo
ks(�

g

) � �

g

� 1 � �

0

� 1 � 3 � #blo
ks(�

0

) =
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3 �#blo
ks(�) = 3 � dist(A;B), and the 3-approximation of Greedy follows

immediately. It remains to de�ne the potential and show that it has the

desired properties.

Classi�
ation of breaks. Consider some step t. A break i; i+ 1 of �

t

is


alled original if it is also a break of �; otherwise we 
all this break indu
ed.

Letters inside blo
ks marked by Greedy are 
alled marked. For any letter

a

i

in A, we say that a

i

is unique in �

t

if a

i

is not marked, and there is no

other non-marked appearan
e of a

i

in A.

Suppose that i; i+ 1 is an original break in �

t

. We say that this break

is left-mature (resp. right-mature) if a

i

(resp. a

i+1

) is unique; otherwise it

is 
alled left-immature (resp. right-immature). If a break is both left- and

right-mature, we 
all it mature. If it is neither, we 
all it immature. The

intuition behind these terms is that, if, say, a break i; i+ 1 is left-mature,

then the value of �

t

(i) does not 
hange anymore as t grows. We extend this

terminology to the endpoints of A. For the left endpoint, if a

1

is unique in

�

t

we 
all this endpoint right-mature, otherwise it is immature. Analogous

de�nitions apply to the right endpoint.

Claim C: For any step t and an unmarked position i, if �

t

(i) 6= �(i) then

a

i

is unique.

Consider the �rst t for whi
h �

t

(i) 6= �(i). Then, by the de�nition of

�

t

, S

t

must 
ontain the other o

urren
e of a

i

, and thus in �

t

this other

o

urren
e is marked. We 
on
lude that a

i

is unique in �

t

.

This fa
t immediately yields the following:

Claim D: For any step t, if a break i; i+ 1 of �

t

is indu
ed, then one of

symbols a

i

; a

i+1

must be either marked or unique.

Claim E: Suppose that S

A

t


ontains a unique letter that belongs to a

blo
k R of �

t�1

. Then the whole blo
k R is 
ontained in S

A

t

.

This fa
t follows dire
tly from the de�nition of the algorithm, for

Greedy will mat
h this unique letter with its o

urren
e in B and then

extend the mat
h to at least the boundaries of R.

Potential. We �rst assign potentials to the breaks and endpoints of �

t

:

(�1) Ea
h indu
ed break has potential 1.
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(�2) The potential of an original break depends on the degree of maturity.

If a break is immature it has potential 3. If it is left-mature and

right-immature, or vi
e versa, it has potential 2. If it is mature, it has

potential 1.

(�3) The left endpoint has potential 2 or 1, depending on whether it is

right-immature or right-mature, respe
tively. The potential of the

right endpoint is de�ned in a symmetri
 fashion.

The potential �

t

of �

t

is de�ned as the sum of the potentials of the breaks

and endpoints in �

t

. For t = 0, all breaks in � have potential at most 3 and

the endpoints have potential at most 2, yielding �

0

� 3 �#breaks(�) + 4 =

3 � #blo
ks(�) + 1. For t = g, all letters in A are marked, therefore the

potentials of all breaks and endpoints are equal 1 and �

g

� #breaks(�

g

) +

2 = #blo
ks(�

g

) + 1. Properties (P1) and (P3) hold.

Proof of property (P2). Some breaks i; i+1 of �

t�1


ould disappear in

�

t

, either be
ause they are inside S

A

t

, or be
ause after 
hanging the values

of �

t�1

, we might have �

t

(i+1) = �

t

(i) + 1. These 
hanges do not in
rease

the potential. The potentials of the breaks of �

t�1

that remain in �

t

also

do not in
rease.

Thus only the new breaks (i.e., those in �

t

but not in �

t�1

) 
an 
ontribute

to the in
rease of the potential. A

ording to Lemma 2.2, there are three

types of new breaks in �

t

:

(B0) Breaks indu
ed by the endpoints of S

A

t

.

(B1) Breaks indu
ed by the breaks of �

t�1

inside S

A

t

.

(B2) Breaks indu
ed by the endpoints of S

B

t

.

All these new breaks have potential 1 in �

t

. We 
onsider the three types

of breaks separately. We show that with ea
h new break we 
an asso
iate

some old break (or an endpoint) of �

t�1

that either disappears in �

t

or whose

potential de
reases. This mapping is not ne
essarily one-to-one. However,

the number of new breaks asso
iated with ea
h old break does not ex
eed

the de
rease of the potential of this old break. This way we 
an \pay" for

the potential of the new breaks.

Breaks of type (B0). Ea
h su
h new break is inside some blo
k of �

t�1

. If

there are no su
h breaks, we are done. If there is one new break of type

(B0), then there must be at least one break of �

t�1

inside S

A

t

(be
ause S

A

t
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was 
hosen greedily), and we use one unit of its potential to pay for the new

break.

If there are two new breaks of type (B0), we distinguish two sub
ases.

If S

A

t


ontains two breaks of �

t�1

inside it, then we use one unit of ea
h of

these breaks' potentials to pay for the endpoints of S

A

t

. If S

A

t


ontains just

one break inside, say j; j + 1, then this break is immature, for otherwise

S

A

t

would have to 
ontain a whole blo
k, by Claim E, 
ontradi
ting the

assumptions of this 
ase (as then S

A

t

would also have to 
ontain the two old

breaks adja
ent to this blo
k). Then j; j+1 has potential 3 in �

t�1

, and we

use two units from this potential to pay for the two breaks of type (B0).

Before pro
eeding further, we stress that at this point all breaks of �

t�1

inside S

A

t

whose previous potential was 2 or 3 still have at least one unit of

potential left.

Breaks of type (B1). Let i; i + 1 be a new break of type (B1). Sin
e ea
h

letter appears in A at most twi
e, the exponent � in the break 
lassi�
ation

in Lemma 2.2, Case (B1), must be equal 1. This means that j; j + 1 is

a break of �

t�1

, where j = Æ

�1

�

t�1

(i) (and j + 1 = Æ

�1

�

t�1

(i + 1)) and

j; j+1 2 S

A

t

. Further, a

j

and a

j+1

are not unique, so j; j+1 is an immature

break, and thus it has potential 3. By the previous paragraph, at least one

unit of this potential is still unused, so we 
an use it to pay for the new

break i; i+ 1.

In the previous paragraph we used only the potentials of immature

breaks 
ontained in S

A

t

. So the breaks whose previous potential was 2 (left

mature and right immature, or vi
e versa) still have one unit of potential

left.

Breaks of type (B2). The argument for these breaks is more tedious. Sup-

pose that the right endpoint of S

B

t

indu
es a break i; i+ 1 in �

t

. Let X be

a blo
k of �

t�1

that 
ontains i; i + 1, and let j + 1 be the �rst position in

X

A

. The situation is depi
ted in Figure 2. (Blo
k X

A


an appear before

or after S

A

.) Assume that j +1 6= 1, that is, X

A

is not the �rst blo
k in A

(if X

A

is the �rst blo
k, then the left endpoint of A is right-immature and

we 
harge the new break i; i+1 to this endpoint of A). We distinguish two


ases.

Sub
ase B2.1: j; j +1 is an original break. Sin
e a

j+1

is not unique, j; j +1

is a right-immature break in �

t�1

. This break be
omes right-mature in �

t

,

its potential de
reases by 1, and we use this unit of the potential to pay for

the new break i; i+ 1.

Sub
ase B2.2: j; j + 1 is an indu
ed break. This 
ase is harder, be
ause
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Figure 2: Charging of new breaks of type (B2)

the potential of j; j + 1 will not de
rease in step t. We are going to �nd

an original, left-mature right-immature break l; l + 1 in S

A

. By the earlier

dis
ussion, one unit of potential of su
h a break 
an be used to pay for the

new break i; i+ 1.

Let l = �

�1

(�

t�1

(j)). (Note that the assumption of the 
ase implies

t � 2.) By the de�nition of j, by the fa
t that j; j + 1 is an indu
ed break,

and sin
e a

j+1

is not unique (and thus �

t�1

(j + 1) = �(j + 1)), we have

�(j) 2 S

B

. That is, one of the o

urren
es of the letter a

j

in the string B is

in the blo
k S

B

. The index l spe
i�es the position of the other o

urren
e

of the letter a

j

in A, and sin
e S

A

and S

B


ontain the same letters, we have

l 2 S

A

. Sin
e �(j) is not the last (rightmost) letter in S

B

, we have also

l + 1 2 S

A

.

Claim F: l; l+ 1 is an original break.

Let U

A

be the blo
k of �

t�1

to the left of X

A

and let j

0

= �

t�1

(j),

l

0

= �(j). In some previous step Greedy mat
hed (marked) U

A

with U

B

,

and did not extend this mat
h to a

j+1

. There 
ould be three reasons for this:

either j

0

= n, or a

j+1

6= b

j

0

+1

, or the blo
k to the right of U

B

had already

been marked. If j

0

= n, Claim F is trivial. If a

j+1

6= b

j

0

+1

, then, sin
e

a

l+1

= b

l

0

+1

= a

j+1

, we have a

l+1

6= b

j

0

+1

and the 
laim follows. Finally,

suppose that the blo
k to the right of U

B

is marked. Then, sin
e there are

still two unmarked 
opies of the letter a

j+1

in A, we have b

j

0

+1

6= a

j+1

and

the previous argument applies. Claim F is thus proven.
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By Claim F, l; l+1 is an original break. Sin
e a

l+1

= a

j+1

, this break is

right-immature in �

t�1

. Further, sin
e a

l

= a

j

and a

j

is marked, this break

is also left-mature. Therefore its potential in �

t�1

was 2, and we still have

one unit of its potential left to pay for the new break i; i+ 1.

We have shown how to 
harge the break of type (B2) indu
ed by the right

endpoint of S

B

t

to some break whose potential de
reases. In the same way

we 
an 
harge the break of type (B2) (if any) indu
ed by the left endpoint

of S

B

t

. It remains to show that the 
harges generated from these two 
ases

do not 
on
i
t.

Indeed, for both endpoints, in 
ase (B2.1) we 
harge to breaks outside

S

A

, while in 
ase (B2.2) to breaks inside S

A

. In 
ase (B2.1), the right

endpoint is 
harged to j; j + 1, whi
h is then an original right-immature

break. It a
tually 
an happen that the left endpoint is 
harged to the same

break j; j + 1, but if so, j; j +1 would be also left-immature and start with

potential 3. In 
ase (B2.2), to 
harge the right endpoint, we identify some

right-immature and left-mature break inside S

A

, while for the left endpoint

we would �nd a right-mature and left-immature break inside S

A

. Thus no


on
i
ts o

ur.

The above argument shows that we 
an pay for the potentials of the

new breaks in �

t

using the de
rease of the potentials of some breaks of �

t�1

.

This 
ompletes the proof of property (P2).

Summarizing, we obtain the upper bound of 3 for 2-MCSP, the upper

bound of Theorem 1.1(
).

7 Lower Bound for Greedy on 2-MCSP

In this se
tion we prove that the approximation ratio ofGreedy on 2-MCSP

instan
es is not better than 3, mat
hing the upper bound of the previous

se
tion.

For a large even integer l, let A

0

= a

1

a

2

: : : a

l

2

, where a

1

; a

2

; � � � ; a

l

2

are

l

2

distin
t letters. We also de�ne a string B

0

= b

1

b

2

: : : b

l

2
, where the letters

b

i

are determined as follows. For i 6� 1 (mod l + 1), let b

i

= a

i

. For all

i � 1 (mod l+1), let b

i

be new letters, distin
t from ea
h other and from

all a

j

. De�ne two more strings

A

00

= a

l

2

�l+2

a

l

2

�l+3

: : : a

l

2

: : : a

l+1

a

l+2

: : : a

2l�1

a

2

a

3

: : : a

l

a

1

B

00

= b

l

2
b

l

2

�l+1

b

l

2

�l+2

: : : b

l

2

�1

: : : b

l

b

l+1

: : : b

2l�2

b

1

b

2

: : : b

l�1
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Informally, A

0

and B

0


onsist of the same l� 1 substrings of length l, sepa-

rated (and ended) by l delimiters, namely by the letters a

1

, a

l+2

, a

2l+3

, ... ,

a

l

2

in A

0

, and b

1

, b

l+2

, b

2l+3

, ... , b

l

2

in B

0

. String A

00

is obtained from A

0

by


utting it into a singleton a

1

and l+ 1 substrings of length l� 1, ea
h that

we refer to as A-sli
es, and 
on
atenating them in reverse order. Similarly,

B

00


onsists of a singleton b

l

2

and l + 1 B-sli
es, 
on
atenated in reverse

order. Note that the A-sli
es and B-sli
es are not aligned with respe
t to

ea
h other.

For example, for l = 4, using notation _a

i

and �a

i

to distinguish the

delimiters from other letters, we have

A

0

= _a

01

a

02

a

03

a

04

a

05

_a

06

a

07

a

08

a

09

a

10

_a

11

a

12

a

13

a

14

a

15

_a

16

B

0

= �a

01

a

02

a

03

a

04

a

05

�a

06

a

07

a

08

a

09

a

10

�a

11

a

12

a

13

a

14

a

15

�a

16

A

00

= a

14

a

15

_a

16

_a

11

a

12

a

13

a

08

a

09

a

10

a

05

_a

06

a

07

a

02

a

03

a

04

_a

01

B

00

= �a

16

a

13

a

14

a

15

a

10

�a

11

a

12

a

07

a

08

a

09

a

04

a

05

�a

06

�a

01

a

02

a

03

In this example, the A-sli
es are a

02

a

03

a

04

, a

05

_a

06

a

07

, et
, and the B-sli
es

are �a

01

a

02

a

03

, a

04

a

05

�a

06

, et
.

To prove the lower bound, we 
onsider the instan
e A;B where

A = A

0

$#B

00

and B = B

0

#$A

00

;

where $ and # are two more new letters. As no letter o

urs more than

twi
e in A and in B, this is indeed an instan
e of 2-MCSP.

To obtain a partition, we 
an mat
h the A-sli
es in A

0

and A

00

, and the

B-sli
es in B

0

and B

00

(as indi
ated by spa
es in the de�nition of A

00

and

B

00

), and we will be left with 4 singletons a

1

, b

l

2

, $, and #. This shows that

dist(A;B) � 2(l + 1) + 4 � 2l+ 6.

Now we estimate the number of blo
ks in the partition 
omputed by

Greedy. A

0

and B

0

have l � 1 
ommon substrings of length l, namely the

substrings between the delimiter symbols. We 
laim that A and B have

no other 
ommon substrings of length l. Clearly, by the pla
ement of the

delimiters, A

0

and B

0

have no other 
ommon substrings of length l. The

longest 
ommon substring of A

0

and A

00

as well as of B

0

and B

00

has length

l � 1, be
ause the A-sli
es and B-sli
es have length l � 1 and are listed in

reverse order. The strings A

00

and B

00

also have no 
ommon substring of

length l, sin
e their 
orresponding sli
es are not aligned. By the 
hoi
e of

the boundaries $# and #$ in the middle of A and B, there is no 
ommon

substring (of length more than 1) that overlaps these boundaries.
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Consequently, Greedy starts by mat
hing the l� 1 
ommon substrings

of A

0

and B

0

of length l. This gives the �rst l � 1 blo
ks. After this, ea
h

letter o

urs in the non-marked parts of A

0

, B

0

exa
tly on
e, and thus the

bije
tion between the non-marked letters is unique. It remains to estimate

the number of blo
ks (or breaks) in this bije
tion.

The remaining l delimiters a

i

in A

0

, as well as the two symbols $ and #,

will form another l+ 2 single-letter blo
ks in the �nal partition.

We now bound the number of breaks in B

00

. Ea
h delimiter b

i

, for

i � 1 (mod l + 1) will form a single-letter blo
k (be
ause of the initial

mat
hing of Greedy), and thus we will have a break to the left and right

of it in B

00

(ex
ept for b

l

2

whi
h appears at the beginning of B

00

); this gives

2l � O(1) breaks. There is also a break before and after ea
h letter b

i

,

i � 1 (mod l � 1) as for su
h i, b

i

b

i+1

is a 
onse
utive pair in B

00

but the

possibly mat
hing pair a

i

a

i+1

is not 
onse
utive in A

00

; similarly a

i�1

a

i

is


onse
utive in A

00

but b

i�1

b

i

is not 
onse
utive in B

00

. This gives 2l�O(1)

breaks. Finally, sin
e l� 1 and l+ 1 are relatively prime, only O(1) breaks

may be 
ounted twi
e, by the Chinese remainder theorem.

Altogether, Greedy produ
es 2l+1 blo
ks of A

0

$# and 4l�O(1) blo
ks

of B

00

, for the total of 6l �O(1) blo
ks. Sin
e the optimal partition has at

most 2l+6 blo
ks, the lower bound of 3 on the approximation ratio follows

by taking l arbitrarily large.

8 Final Comments

We have established that Greedy's approximation ratio is O(n

0:69

), but

not better than 
(n

0:43

). It would be interesting to determine the exa
t

approximation ratio of this algorithm. In parti
ular, is it below, above, or

equal to �(

p

n)? Also, we have observed a di�eren
e between the perfor-

man
e of Greedy on 2-MCSP instan
es and 4-MCSP instan
es: Whereas

the approximation ratio for 2-MCSP is 3, for 4-MCSP it is not better than


(logn). The reason for this is, roughly, that for 2-MCSP every new 
ut

(i.e., an indu
ed 
ut) is adja
ent to a unique letter and, sin
e Greedy

does not make mistakes on unique letters, these new 
uts do not indu
e

any further 
uts. However, for k > 2, new 
uts may indu
e yet more new


uts again. An intriguing question is whether for 4-MCSP the upper bound

mat
hes the 
(logn) lower bound, or whether it is higher? The question

about the exa
t approximation ratio of Greedy for k-MCSP remains open

even for k = 3.
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