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Prefa
e

The Ninth Prague Midsummer Combinatorial Workshop was held from

July 29 to August 2, 2002 at Malostransk�e n�am�est�� building of Charles

University whi
h is depi
ted on the 
over of this publi
ation. The work-

shop was organized by the Department of Applied Mathemati
s (KAM) of

Charles University jointly with the DIMATIA 
entre. Only a small but dis-

tinguished group of mathemati
ians was invited and we were parti
ularly

happy to have Hubert de Fraysseix and Stefan Felsner among us.

As it already be
ame a tradition, the workshop bene�ted from parti
-

ipation of young resear
hers and PhD students, and as in the last three

years, 5 sele
ted undergraduate students from the USA and 5 students from

Charles University took part in the workshop, together with student guides

Martin Mare�s and Jos�e Torres, in the framework of the joint DIMATIA-

DIMACS REU program.

The workshop followed an informal daily routine with morning and early

afternoon dis
ussions and presentations. This report re
e
ts some of the

presentations during the workshop. Perhaps you 
an digest from these pro-


eedings some of the atmosphere at the workshop and you 
an also see that

the fruitful ex
hange of ideas led dire
tly to some new results and papers.

This volume was edited by Martin Mare�s. Most of the problems de-

s
ribed here were supplied by the authors in ele
troni
 form; in a few 
ases,

slight typographi
al 
hanges were ne
essary. We apologize for any possible

ina

ura
ies whi
h might have o

urred in the editing pro
ess.

The 
onferen
e photos were taken in the beautiful baroque library of the

Premonstratensian monsatery at Strahov where we were on a very ex
iting

ex
ursion. Also, the 
onferen
e dinner was held in a nearby restaurant at

Neboz��zek.

This summer workshop was partly supported by a Charles University

grant GAUK 158, and Kontakt 337. The support of our institute ITI

(�nan
ed by the Ministry of Edu
ation of the Cze
h Republi
 as proje
t

LN00A056) was instrumental for the su

ess of the workshop.

Based on our past experien
e and being en
ouraged by several parti
i-

pants, we hope to organize the Tenth Prague Combinatorial Workshop in

the summer of 2003. We hope to meet you all there!

Jaroslav Ne�set�ril
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Improving the 
rossing 
onstant

Stefan Felsner

One of the most fundamental result about geometri
 graphs is the 
ross-

ing lemma:

Lemma 1 (Crossing Lemma) If G is a graph with n verti
es and m > 100n

edges, then

Cr(G) � 


x

m

3

n

2

for some 
onstant 


x

.

The 
rossing lemma was 
onje
tured by Erd}os and Guy in the 70's.

First proofs where given by Ajtai, Chv�atal, Newborn and Szemer�edi and

independently by Leighton in the 80's. In the 90's a very easy probabilisti


proof be
ame popular, this proof shows 


x

� 1=64. Pa
h and T�oth improved

the 
onstant from 1=64 � 0:015 to 0:029. The result is based on the following

notion and result:

A geometri
 graph is k-restri
ted if every edge is 
rossed by at

most k other edges.

For k = 0; 1; 2, if G is a k-restri
ted geometri
 graph on n ver-

ti
es, then

m(G) � (k + 3)(n� 2):

We 
onje
ture that 3-restri
ted graphs have at most 5:5(n� 2) edges. This

implies 


x

� 0:31. Some ideas that may lead to a proof are dis
ussed in the

talk.

Post-Workshop Note: Rado�s Radoi�
i�
 has a proof of the above 
onje
ture.
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Distan
e labelings of trees

Ji�r�� Fiala

Let p; q be positive intergers and T be a tree. We pose a question on the


omputational 
omplexity of determining the minimal width of an interval,

su
h that verti
es of the tree 
an be assigned elements of the interval s.t.

labels of adja
ent verti
es di�er by at least p and labels of verti
es at distan
e

two di�er by at least q.

We know that a polynomial-time algorithm for this problem exists when-

ever q divides p. On the other hand the pre
oloring version of this problem

is NP-
omplete. (Here some verti
es are already pre-assigned their labels.)
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TutteTrails

Tom�a�s Kaiser

A famous theorem of Tutte [6℄ states that all 4-
onne
ted planar graphs

are hamiltonian. There is a 
onje
ture of Thomassen [5℄ whi
h resembles

this theorem: All 4-
onne
ted line graphs are hamiltonian. Indeed, this is

one of the many equivalent forms of the dominating 
y
le 
onje
ture. Is

the similarity super�
ial? Could line graphs and planar graphs share some


ru
ial property ensuring that the 4-
onne
tivity implies the hamiltoni
ity?

If so, the property does not seem easy to �nd.

It is interesting that all known proofs ([4℄,[3℄,[2℄) of extensions of the

Tutte theorem follow the pattern of Tutte's original proof, being based on

the notion of a Tutte 
y
le (as it is 
alled today). The de�nition is as

follows. For any subgraph H of a graph G, an H-bridge is any 
omponent

of G�V (H) together with the edges atta
hing it to H and their ends in H

(the atta
hment verti
es). A single edge with both ends inH is also regarded

as an H-bridge. A 
y
le C in a graph is a Tutte 
y
le if every C-bridge has

at most 3 atta
hment verti
es. Note that in a 4-
onne
ted graph, a Tutte


y
le is ne
essarily a Hamilton 
y
le (all bridges are just edges). Thus, sin
e

Tutte proved that every 2-
onne
ted planar graph 
ontains a Tutte 
y
le,

he also showed that all 4-
onne
ted planar graphs are hamiltonian.

At a workshop on the dominating 
y
le 
onje
ture in Hannover this

year, M. Kriesell and H. Broersma dis
ussed some attempts to prove the


onje
ture along the lines of Tutte's proof. I suggested what turned out to

be (more or less) an existing 
onje
ture due to Ja
kson [1℄ in 1992:

Conje
ture (Ja
kson) Every bridgeless graph has a 
losed trail T of length

at least 3 su
h that every T -bridge is atta
hed by at most 3 edges.

I propose to 
all trails of this sort Tutte trails. The 
onje
ture would

dire
tly imply the following form of the dominating 
y
le 
onje
ture: Every


y
li
ally 4-
onne
ted 
ubi
 graph has a dominating 
y
le. (Here, a 
ubi


graph is 
y
li
ally 4-
onne
ted if it is 
onne
ted and has no nontrivial edge


uts of size at most 3; a 
y
le C in is dominating if the verti
es not on

C form an independent set.) To see the impli
ation, simply note that a


losed trail T in a 
ubi
 graph is a 
y
le, and that any bridge of this 
y
le


ontains at most one vertex outside T , for otherwise we would obtain a
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non-trivial edge 
ut of size at most 3. But then the verti
es outside T form

an independent set.

At present, it is not at all 
lear if the substantial planarity arguments

in the existing proofs of the Tutte theorem 
an be repla
ed by ones with

weaker assumptions (if we look for a trail, rather than a 
y
le). Although

Ja
kson's 
onje
ture is 10 years old by now, the possibility is still there.

I am indebted to M. Kriesell, H. Broersma and J. Torres for interesting


onversations on this topi
.
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PointCon�gurations inAlmost

ConvexPosition

Gyula K�arolyi

We say that a set of points in the plane is in general position if no three

of them are 
ollinear. X will denote a set of points in the plane in general

position. Let vert(X ) denote the vertex set of the 
onvex hull of X . A

polygon is said to be empty, if it 
ontains no elements of X in its interior.

If every triple in vert(X ) determines an empty triangle, then X = vert(X )

is in 
onvex position or, in short, 
onvex.

A

ording to a well known theorem of Erd}os and Szekeres, for any integer

n � 3, there exists E(n) = O(4

n

) with the property that every set X of at

least E(n) points in general position in the plane has n elements in 
onvex

position. It has been also suspe
ted by Erd}os that every suÆ
iently large

point set 
ontains the vertex set of an empty 
onvex n-gon. This 
onje
ture

however turned out to be false even in the 
ase n = 7. Thus, in order to state

any positive result one has to either weaken on the emptiness 
ondition or

make some restri
tion on the point set in question. This is indeed possible,

and best results so far, in ea
h dire
tion, depend on the novel notion of

almost 
onvex sets.

Towards to �rst dire
tion, Bialosto
ki, Dierker, and Voxman proposed the

following modular version of the original problem.

Conje
ture For any n � 3 and p � 2, there exists an integer B(n; p) su
h

that every set of B(n; p) points in general position in the plane determines

a 
onvex n-gon su
h that the number of points in its interior is 0 mod p.

Bialosto
ki et al. veri�ed this 
onje
ture for every n � p+ 2. The original

upper bound on B(n; p) was later improved by Caro, but his proof also

relied heavily on the assumption n � p+2. In a joint work with J�anos Pa
h

and G�eza T�oth we somewhat relaxed this 
ondition.

Theorem 1 For any n � 5p=6+O(1), there exists an integer B(n; p) su
h

that every set of B(n; p) points in general position in the plane determines

a 
onvex n-gon su
h that the number of points in its interior is 0 mod p.

If every triple in vert(X ) determines a triangle with at most one point in

its interior, then X is said to be almost 
onvex.
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The proof of Theorem 1 was based on the following result that is an instan
e

how one 
an pro
eed in the other dire
tion.

Theorem 2 For any n � 3, there exists an integer K(n) su
h that every

almost 
onvex set of at least K(n) points in general position in the plane

determines an empty 
onvex n-gon. Moreover, we have K(n) = 
(2

n=2

).

This result has been extended by Valtr to k-
onvex sets, that is, sets in

whi
h every triple determines a triangle with at most k points in its inte-

rior. Both proofs relied heavily on Ramsey's theorem that resulted in huge

admissible bounds that have been redu
ed re
ently by Kun and Lippner

and subsequently by Valtr using more re�ned 
ombinatorial arguments.

An additional property of almost 
onvex sets is that every suÆ
iently large

k-
onvex set X 
ontains a subset with a pres
ribed number of points of X in

the interior of its 
onvex hull, a result due to Bisztri
zky, Hosono, K�arolyi,

and Urabe.

In this talk we overviewed these results and the methods of their proofs. The

message of the talk was that in the problems related to the Erd}os-Szekeres

theorem, though Ramsey's theorem is a natural and powerful tool, to obtain

good quantitative results one has to look for more re�ned methods, and also

that the notion of almost 
onvexity plays an important role.
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ImprovedPTAS for the

unit-height re
tangle pa
king

problem: a newdynami


programmingpro
edure

So�a Kovaleva

Abstra
t

We 
onsider the following problem: given a set of weighted axis-

parallel unit-height 
losed re
tangles on the plane �nd a maximum

weight subset in whi
h no two re
tangles interse
t. This problem is

equivalent to the maximum weight independent set problem in the

interse
tion graph of re
tangles of unit height. The previously known

polynomial time approximation s
heme des
ribed in Agarwal et al [1℄

uses a shifting te
hnique of Ho
hbaum and Maass [6℄ in 
ombination

with a dynami
 programming pro
edure. Its running time and mem-

ory 
onsumption are both O(n

2k�1

) with respe
t to approximation

fa
tor of (1�1=k), where k is a �xed 
onstant (k � 2) and n is number

of re
tangles in the input. We des
ribe a new dynami
 programming

pro
edure whi
h enables us to redu
e the time and memory require-

ments of that PTAS to O(k

2

n

k

log n) and O(n

k�1

) respe
tively.

Keywords: re
tangle pa
king, independent set, dynami
 program-

ming

1 Introdu
tion

The problem of 
hoosing a maximum 
ardinality non-overlapping subset

of a given set of axis-parallel 
losed re
tangles on the plane is a spe
ial


ase of the general set pa
king problem. We refer to it as the re
tangle

pa
king problem. From a graph-theoreti
al point of view, the problem is the

maximum independent set problem in the interse
tion graph of axis-parallel

re
tangles. It has re
eived a great attention in the literature due to its

appli
ations, su
h as VLSI design [6℄, data mining [2℄ and map labeling [1℄.

The latter, or, more spe
i�
, automated label pla
ement is an important

tool for visualization of information on the web. For instan
e, imagine a web
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server that displays a geographi
 map of some area. On a user's request,

the map 
an be dynami
ally enri
hed with information su
h as lo
ation of

hotels, gas stations, et
. In this 
ase it 
an be required to label automati
ally

a large number of points with non-overlapping labels of pres
ribed shapes,

sizes and positions. The labels 
an often be represented as axis-parallel


losed re
tangles and ea
h label has typi
ally to be atta
hed with a 
orner

to the point that it labels. This leaves for every label four positions, from

whi
h at most one is to 
hoose. The obje
tive is to 
hoose the maximum

number of labels of di�erent points that do not overlap. Noti
e, that sin
e

the 
losed re
tangles, that are atta
hed with a 
orner to a 
ommon point,

overlap with ea
h other, a set of non-overlapping labels always 
ontain at

most one label for ea
h point. Thus we obtain the re
tangular pa
king

problem.

We refer to the spe
i�ed above referen
es for a more elaborate des
rip-

tion of the other appli
ations.

Unfortunately, the re
tangle pa
king problem is a notoriously diÆ
ult

problem. Even the simple 
ase restri
ted to squares of unit size is known

to be NP-hard [5℄. To our knowledge, it is still an open problem whether

the general re
tangle pa
king problem 
an be approximated with a 
onstant

fa
tor in polynomial time. So far the best known approximation algorithm

by Berman et al. [2℄ only a
hieves a fa
tor of O(log

b

n) for any 
onstant b

if running in time n

O(b)

: However, in many 
ases a parti
ular appli
ation

suggests some restri
tions simplifying the model. For instan
e, Ho
hbaum

and Maass [6℄, in 
onne
tion to appli
ations in VLSI design, 
onsidered the

pa
king problem restri
ted to unit squares or disks (hyper
ubes or balls in

higher dimensions). They developed a well known shifting te
hnique that

enabled a polynomial time approximation s
heme (PTAS) with running time

n

O(k

d

)

with respe
t to approximation fa
tor (1+1=k): (Here and further on

in this paper we use d for the spa
e dimension, k � 2 for a �xed integer,

de�ning approximation fa
tor, n for the number of obje
ts in the input).

The strategy generalizes to any 
olle
tion of fat obje
ts of roughly the same

size (an obje
t is fat if the maximum-to-minimum size ratio is bounded by a


onstant). By applying dynami
 programming along one of the dimensions

we 
an redu
e the time 
omplexity to n

O(k

d�1

)

and further generalize to

obje
ts, whose proje
tion to the �rst d� 1 
oordinates is fat and of roughly

the same size. The latter was essentially shown by Agarwal et. al. [1℄,

who were interested in re
tangles of unit height. This type of problem

naturally o

urs in map labeling, when one aims to use labels 
ontaining

9



Figure 1: A problem instan
e and a feasible solution (shaded).

strings in a uniform typefa
e. The 
ase when the obje
ts are fat but 
an

have possibly varying sizes was 
onsidered in [4℄ and [3℄. These authors

independently developed two PTAS using similar in spirit strategies. The

running time n

O(k

4

)

a
hieved for R

2

in [4℄ was improved to n

O(k

d�1

)

for R

d

by [3℄.

In this paper we fo
us on pa
king unit-height re
tangles in R

2

. More-

over we 
onsider the weighted version of the problem, whi
h has not re
eived

mu
h attention in the literature so far, but is of 
ourse a natural and impor-

tant generalization. As was mentioned above, Agarwal et. al. [1℄ des
ribed

a PTAS for the unweighted 
ase of this problem using the shifting te
hnique

by Ho
hbaum and Maass [6℄ in 
ombination with a dynami
 programming

subroutine. Their algorithm easily generalizes to the weighted 
ase and re-

quires O(n

2k�1

) time and memory spa
e. To a large extent, this value is

determined by the dynami
 programming pro
edure they use. Applying a

di�erent approa
h to dynami
 programming we des
ribe a routine that is

more e
onomi
al in time and memory 
onsumption. This enables us to re-

du
es the time and memory requirements of the PTAS of [1℄ to O(k

2

n

k

logn)

and O(n

k�1

) respe
tively.

In the next se
tion we give the formal problem statement and des
ribe

the framework of the PTAS of [1℄. In se
tion 3 we des
ribe our dynami


programming pro
edure.

2 The Polynomial-Time Approx. S
heme

We 
onsider the following problem P :

10



Given is a set R of n axis-parallel 
losed re
tangles of unit height:

R= f1; 2; : : : ; ng. Ea
h re
tangle i is spe
i�ed in terms of its Cartesian


oordinates [l

i

; r

i

℄ � [b

i

; b

i

+ 1℄: The re
tangles are ordered a

ording to

non-de
reasing r

i

. For ea
h re
tangle i a weight w(i) is spe
i�ed, w(i) 2

R

+

;8i 2 1; : : : ; n: The goal is to �nd a maximum weight subset of pairwise

non-overlapping re
tangles.

An example of a problem instan
e and a feasible solution to it is shown

on �gure 1. Noti
e that re
tangles are 
losed and therefore two re
tangles

sharing an edge are 
onsidered to be overlapping.

Following [1℄, for any k 2 N we des
ribe a polynomial time algorithm

A

k

su
h that A

k

(I) � (1 � 1=k) � OPT (I) for any instan
e I of P , where

A

k

(I) and OPT (I) are respe
tively the value delivered by A

k

and the value

of the optimum solution on I .

Algorithm A

k

:

� Consider an instan
e I . Draw a grid 
onsisting of horizontal lines

pla
ed at a unit distan
e from ea
h other. Without loss of generality

assume that no re
tangle interse
ts two lines with its top and bottom

edges. (We 
an always 
hoose a real number y so that the horizontal

lines drawn through y; y + 1; y + 2; : : : ; y + p interse
t ea
h re
tangle

only on
e.) Skip those lines whi
h don't interse
t any of the re
tangles.

Sin
e all the re
tangles have unit height, our grid will have at most n

lines. This pro
edure 
an be easily implemented in O(n) time.

� Number the lines in the grid 
onse
utively starting from the top as

1; 2; : : : ; p:

� For ea
h j 2 f0; : : : ; k � 1g 
ompose a new instan
e I

j


ontaining all

the re
tangles of I ex
ept those interse
ting the lines from the set

fi : i mod k = jg:

� Solve our problem on ea
h I

j

to optimality using dynami
 program-

ming pro
edure B des
ribed in se
tion 3.

� Return a solution with the best value.

The following result was �rst established in [6℄:

Theorem 1 Algorithm A

k

delivers a solution with value A

k

(I) � (1�1=k)�

OPT (I) for all instan
es I.

11



Proof. Consider some optimum solution S

OPT

(I) and its interse
tions with

I

j

;8j: S

OPT

(I) \ I

j

.

(We denote the total weight of re
tangles in a subset X as w(X).)

The key observation is the following:

k�1

X

j=0

w(S

OPT

(I) \ I

j

) = (k � 1) � w(S

OPT

(I)):

To explain this noti
e that ea
h re
tangle i has to be interse
ted by

exa
tly one line of the grid. Therefore i is in
luded in all I

j

-s ex
ept one,

thus in exa
tly k� 1 I

j

-s. Therefore the weight of ea
h re
tangle i 2 S

OPT

enters exa
tly k� 1 terms of the sum and thus is 
ounted k� 1 times in the

left-hand as well as in the right-hand part of the equality.

Sin
e S

OPT

(I) \ I

j

is a feasible solution to problem P on instan
e I

j

it

holds: w(S

OPT

(I) \ I

j

) � OPT (I

j

):

Re
all that w(S

OPT

(I)) = OPT (I). Now we have:

k�1

X

j=0

OPT (I

j

) �

k�1

X

j=0

w(S

OPT

(I) \ I

j

) = (k � 1) �OPT (I):

Thus one of OPT (I

j

)-s has to be greater or equal to

k�1

k

�OPT (I).

3 Dynami
 Programming Pro
edure B

Let us now des
ribe how to solve a subinstan
e I

j

to optimality in time

polynomial in n.

Observe that I

j

was 
onstru
ted so that it 
onsists of at most dn=ke sub-

sets of re
tangles S

1

; S

2

; : : : ; S

dn=ke

so that any two re
tangles from di�erent

subsets don't interse
t ea
h other. Ea
h subset S

i

is a set of re
tangles in-

terse
ting all the lines of the grid with numbers stri
tly between k � i+j and

k�(i+1)+j, thus at most k�1 lines. The optimal solution on I

j


an be found

as the union of the optimal solutions on the subsets S

i

, i = 1; ::; dn=ke.

After giving some de�nitions we des
ribe a dynami
 programming pro-


edure B that �nds an optimal solution to P on any S 2 fS

1

; S

2

; : : : ; S

dn=ke

g

in O(kjSj

k

log jSj) time and O(jSj

k�1

) spa
e.

In what follows we restri
t our attention to re
tangles from the set S. For

simpli
ity we 
hange their numbering to make it 
onse
utive while keeping

the same order.
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De�nition 1 Let us 
all an ordered 
olle
tion fj

1

; j

2

; : : : ; j

l

g of pairwise

non-overlapping re
tangles that interse
t a 
ommon verti
al line a pile. The

re
tangles in the pile are ordered a

ording to in
reasing j

i

.

Observe that there is no pile of size more than k � 1 in S (sin
e all the

re
tangles interse
t at most k � 1 lines of the grid).

De�nition 2 De�ne an order � on the set of piles as following:

fj

1

; j

2

; : : : ; j

l

g � fi

1

; i

2

; : : : ; i

m

g

if j

l

< i

m

, or if j

l

= i

m

and j

l�1

< i

m�1

and so on, or if m < l and

j

l

= i

m

; j

l�1

= i

m�1

; : : : ; j

l�m+1

= i

1

:

This 
an be understood as a `reverse lexi
ographi
' order; noti
e that

fj

1

; j

2

; : : : ; j

l

g � fj

2

; : : : ; j

l

g:

De�nition 3 For a set of re
tangles X we denote the optimum solution

to P on X as OPT (X). For a sequen
e of non-overlapping re
tangles

j

1

; : : : ; j

l

sorted in in
reasing order, we de�ne OPT (X jj

1

; : : : ; j

l

) to be the

optimum solution to P on X given that re
tangles j

1

; : : : ; j

l

are already em-

bedded.

De�nition 4 For a sequen
e of non-overlapping re
tangles j

1

; j

2

; : : : ; j

l

,

sorted in in
reasing order and a re
tangle t, t < j

1

, we de�ne a fun
tion

v

j

1

;j

2

;:::;j

l

(t) as:

v

j

1

;:::;j

l

(t) = OPT (fi : i � tgjj

1

; : : : ; j

l

)�OPT (fi : i < tgjj

1

; : : : ; j

l

):

Thus this fun
tion has the meaning of marginal 
ontribution of re
tan-

gle t in the optimum OPT (fi : i � tg) given that j

1

; : : : ; j

l

are embedded.

Remark 1 Observe that v

j

1

;:::;j

l

(t) = 0 if t overlaps with some of j

1

; : : : ; j

l

.

Otherwise, v

j

1

;:::;j

l

(t) = v

i

1

;:::;i

q

(t); where i

1

; : : : ; i

q

are those of j

1

; : : : ; j

l

that interse
t the verti
al line drawn through the right edge of t (see Fig-

ure 2). For if a re
tangle lies entirely at the right side of the line, its

embedding 
annot in
uen
e the 
hoi
e of an optimal solution for re
tangles

lying at the other side. Noti
e that ft; i

1

; : : : ; i

q

g 
onstitutes a pile and, if

fj

1

; : : : ; j

l

g is a pile, then ft; i

1

; : : : ; i

q

g � fj

1

; : : : ; j

l

g:

13



Figure 2: In this example v

j

1

;j

2

;:::;j

5

(t) = v

j

1

;j

3

(t):

Lemma 1

OPT (fi : i � tgjj

1

; j

2

; : : : ; j

l

) =

X

i�t

v

j

1

;j

2

;:::;j

l

(i)

Proof. Consider the sum at the right-hand side of the equality:

v

j

1

;j

2

;:::;j

l

(t) + v

j

1

;j

2

;:::;j

l

(t� 1) + : : :+ v

j

1

;j

2

;:::;j

l

(1) =

OPT (fi : i � tgjj

1

; j

2

; : : : ; j

l

)

�OPT (fi : i < tgjj

1

; j

2

; : : : ; j

l

)

+OPT (fi : i � t� 1gjj

1

; j

2

; : : : ; j

l

)

�OPT (fi : i < t� 1gjj

1

; j

2

; : : : ; j

l

)

: : :

+OPT (fi : i � 1gjj

1

; j

2

; : : : ; j

l

)

�OPT (fi : i < 1gjj

1

; j

2

; : : : ; j

l

):

Sin
e (i < t) � (i � t� 1); most of the terms 
an
el ea
h other and we

get the ne
essary expression.

Lemma 2 If re
tangle t does not interse
t any of j

1

; j

2

; : : : ; j

l

, then:

v

j

1

;j

2

;:::;j

l

(t) =(w(t) +OPT (fi : i < tgjt; j

1

; j

2

; : : : ; j

l

)

�OPT (fi : i < tgjj

1

; j

2

; : : : ; j

l

))

+

:

Here (x)

+

= x if x � 0 and 0 otherwise.

14



Proof. The above expression is easy to dedu
e from the following state-

ment:

OPT (fi : i � tgjj

1

; j

2

; : : : ; j

l

) =

=max(w(t) +OPT (fi : i < tgjt; j

1

; j

2

; : : : ; j

l

);

OPT (fi : i < tgjj

1

; j

2

; : : : ; j

l

)):

The terms under the max(�) 
orrespond to the two possible 
ases, namely,

when re
tangle t is sele
ted and is not sele
ted in the optimum.

The next statement follows immediately from Lemmas 1 and 2:

Corollary 2 If re
tangle t does not interse
t any of j

1

; j

2

; : : : ; j

l

, then:

v

j

1

;:::;j

l

(t) =

 

w(t) +

X

i:i<t

v

t;j

1

;:::;j

l

(i)�

X

i:i<t

v

j

1

;:::;j

l

(i)

!

+

:

Let us now des
ribe pro
edure B:

� Step 1: Find all the piles in S and sort them in the order of �.

� Step 2: Take the piles one by one in the order� starting from the least

one. For ea
h pile fj

1

; j

2

; : : : ; j

l

g 
al
ulate and store in the memory

the value v

j

2

;:::;j

l

(j

1

) a

ording to the formula:

v

j

2

;:::;j

l

(j

1

) =

0

�

w(j

1

) +

X

i:i<j

1

v

j

1

;j

2

;:::;j

l

(i)�

X

i:i<j

1

v

j

2

;:::;j

l

(i)

1

A

+

(see Remark 3).

� Step 3: When the values of v

:::

(�) are known for all the piles, s
hedule

the re
tangles in the following way:

Consider the re
tangles from S in de
reasing order.

Take a re
tangle j next in that order, suppose j

1

; : : : ; j

l

are already

s
heduled, then s
hedule j i� v

j

1

;:::;j

l

(j) is positive.

Remark 2 Consider step 1. Sin
e a pile in S 
an not 
onsist of more than

k � 1 re
tangles there are at most

P

k�1

i=1

�

jSj

i

�

= O(jSj

k�1

) piles. Sorting

them 
an be implemented in O(kjSj

k�1

log jSj) time.
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Remark 3 In order to 
al
ulate the expression at step 2, observe that, for

any i < j

1

, v

j

1

;j

2

;:::;j

l

(i) equals either 0 or some previously 
al
ulated (and

thus already available in the memory) value (see Remark 1). The same is

true for v

j

2

;:::;j

l

(i): Thus to evaluate one item under the sums one might

need to sear
h for a parti
ular pile in the list of piles that are already pro-


essed. Sin
e there are at most jSj

k�1

piles the binary sear
h takes at most

O(k log jSj) time. There are at most O(jSj) items to sum up, therefore the

whole expression 
an be 
al
ulated in O(kjSj log jSj) time.

Remark 4 Consider step 3. Using Remark 1 and binary sear
h over the

list of piles we 
an 
he
k whether v

j

1

;:::;j

l

(j) is positive in at most O(kjSj)

time. Thus s
heduling all the re
tangles at step 3 requires at most O(kjSj

2

)

time.

Theorem 3 Algorithm B �nds an optimal solution to problem P on in-

stan
e S.

Proof. We have that, for some re
tangle t and non-overlapping re
tangles

j

1

; : : : ; j

q

:

OPT (fi : i � tgjj

1

; : : : ; j

q

) =

X

i�t

v

j

1

;:::;j

q

(i) = v

j

1

;:::;j

q

(p) +

X

i<p

v

j

1

;:::;j

q

(i);

where p is the highest index of a positive item under the sum: p = maxfi :

i � t and v

j

1

;:::;j

q

(i) > 0g:

Keeping in mind that v

j

1

;:::;j

q

(p) > 0, we have from Lemma 2:

v

j

1

;:::;j

q

(p) = w(p) +OPT (i : i < pj

p;j

1

;:::;j

q

)�OPT (i : i < pj

j

1

;:::;j

q

) =

= w(p) +OPT (fi : i < pgj

p;j

1

;:::;j

q

)�

X

i<p

v

j

1

;:::;j

q

(i):

Combining the last two formulas, obtain:

OPT (fi : i � tgjj

1

; : : : ; j

q

) = w(p) +OPT (fi : i � p� 1gjp; j

1

; : : : ; j

q

);

p = maxfi : i � t and v

j

1

;:::;j

q

(i) > 0g:

We 
an use this re
ursively to 
al
ulate OPT (S), as follows:

OPT (S) = w(p

1

) + w(p

2

) + : : :+ w(p

l

);
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where p

1

; p

2

; : : : ; p

l


an be found from the following re
ursive expression:

p

1

= maxfi : v(i) > 0g; p

j

= maxfi : i < p

j�1

and v

p

1

;:::;p

j�1

(i) > 0g:

It is easy to 
he
k that the last step of our algorithm 
orre
tly implements

this re
ursive pro
edure.

Theorem 4 The running time of pro
edure B is at most O(kjSj

k

log jSj)

and it requires at most O(jSj

k�1

) memory spa
e.

Proof. The most time 
onsuming operations are apparently sorting the

piles and 
al
ulating the value of v

:::

(�) for ea
h of them. The �rst 
an

be implemented in at most O(kjSj

k�1

log jSj) time (see Remark 2), the

se
ond takes at most O(jSj

k�1

) �O(kjSj log jSj) = O(kjSj

k

log jSj) time (see

Remark 3). We take the largest.

Theorem 5 Algorithm A

k

runs in at most O(kn

k

logn) time and requires

at most O(n

k�1

) memory spa
e for any k � 2.

Proof. We have to solve subinstan
es I

j

for j = 1; : : : ; k. For ea
h of them

we solve all the subinstan
es S

i

, i = 1; ::; dn=ke, ea
h of whi
h is solved using

pro
edure B in at most O(kjS

i

j

k

log jS

i

j) time. Sin
e O(kjS

1

j

k

log jS

1

j) +

O(kjS

2

j

k

log jS

2

j) + : : : + O(kjS

dn=ke

j

k

log jS

dn=ke

j) = O(kn

k

logn), ea
h of

I

j


an be solved in O(kn

k

logn) time. Sin
e there is k of I

j

-s, the whole

algorithms takes at most O(k

2

n

k

logn) time.

We 
on
lude with a small remark:

Remark 5 Observe that in 
ase when k � n, algorithm A be
omes an exa
t

algorithm with an exponential running time. Therefore, the only pra
ti
al

values of k are: 2 � k < n.
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Cy
li
, Diagonal and Fa
ial

Colorings

Daniel Kr�al'

(Joint work with Tom�a�s Madaras and Riste

�

Skrekovski)

We introdu
e an extension of 
y
li
 
oloring of plane graphs whi
h we


all fa
ial 
oloring and apply the extended notion to 1-diagonal 
oloring of

plane quadrangulations.

A 
y
li
 
oloring of a plane graph is a 
oloring of its verti
es su
h that any

two verti
es in
ident with the same fa
e re
eive distin
t 
olors. The number

of used 
olors have 
learly to be at least the size �

?

of the largest fa
e

(measured as the number of its verti
es) of a plane graph. Hen
e any upper

bounds have always to be restri
ted to plane graphs with bounded maximum

fa
e sizes; this is not the 
ase in fa
ial 
oloring.

Two verti
es u and v are l-fa
ially adja
ent if there exists a fa
ial walk

of length (measured as its number of edges) at most l between them. In

an l-fa
ial 
oloring, we demand that any two di�erent l-fa
ially adja
ent

verti
es re
eive distin
t 
olors. If �

?

� 2l + 1, any 
y
li
 
oloring is an l-

fa
ial 
oloring and moreover if a plane graph is 2-
onne
ted, any l-fa
ial


oloring is a 
y
li
 
oloring (note that ea
h plane graph 
an be 
hanged to a

2-
onne
ted graph only by adding some edges without in
reasing its 
y
li



hromati
 number).

Let f

f

(l) be the maximum number of 
olors needed for an l-fa
ial 
olor-

ing of a plane graph and f




(�

?

) the maximum number of 
olors needed for

a 
y
li
 
oloring of a plane graph with maximum fa
e size at most �

?

. It


learly holds that f




(2l + 1) � f

f

(l). Our upper bounds on f

f

(l), the best

known upper bounds on f




(2l+1) and the best lower bounds for 1 � l � 10


an be found in Table 1. We do not know a single example of a graph

for whi
h the 
on
ept of fa
ial 
oloring would be more general (in sense it

requires more 
olors) than the 
on
ept of 
y
li
 
oloring:

Problem 1 Is it true that f

f

(l) = f




(2l + 1) for all l � 1?

Ore and Plummer 
onje
tured that f




(�

?

) =

�

3

2

�

?

�

; the 
ounterpart of

this famous 
onje
ture is the following problem:

Problem 2 Does the equality f

f

(l) = 3l+ 1 hold for all l � 1?
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l 1 2 3 4 5 6 7 8 9 10

�

?

= 2l+ 1 3 5 7 9 11 13 15 17 19 21

Upper bound on f

f

(l) 4 8 12 15 20 23 27 30 34 38

Upper bound on f




(�

?

) 4 8 12 15 19 22 25 29 32 35

Lower bound 4 7 10 13 16 19 22 25 28 31

Table 1: Summary of known results for 
y
li
 and fa
ial 
oloring.

The results on 2-fa
ial 
oloring may be applied to 1-diagonal 
oloring of

plane quadrangulations. Two verti
es u and v are d-diagonally adja
ent if

there exists a set S of at most d edges su
h that the removal of the edges

of S makes u and v to be in
ident with the same fa
e. In the d-diagonal


oloring, any two verti
es whi
h are d-diagonally adja
ent have to re
eive

distin
t 
olors. A 0-diagonal 
oloring is 
learly a 
y
li
 
oloring. A d-

diagonal 
oloring of plane quadrangulations was �rst studied by Hor�n�ak

and Jendrol'; they proved that 21 
olors are suÆ
ient to 1-diagonal 
olor

a plane quadrangulation. Sanders and Zhao improved this upper bound

to 19. The upper bound on the number of 
olors needed for a 1-diagonal


oloring of plane quadrangulations 
an be de
reased to 16 by a 
ertain

redu
tion to 2-fa
ial 
oloring. The best known lower bound for this type of


oloring is 11.
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StableMat
hings in

Three-Sided Systemswith

Cy
li
 Preferen
es

Daniel Krasner

Abstra
t

We 
onsider generalizations of the Gale-Shapley (1962) Stable

Marriage Problem to three-sided families. Alkan (1988) gave an

example whi
h shows that in the 
ase of general preferen
es stable

mat
hings do not always exist. Here we suggest a more 
ompa
t ex-

ample. Danilov (2001) proved that stable mat
hings exist for some

a
y
li
 preferen
es and he raised the problem for the 
y
li
 prefer-

en
es. Here we show that the answer is negative. We 
onstru
t a

three-sided system with lexi
ographi
al 
y
li
 preferen
es for whi
h

no stable mat
hing exists.

Keywords: stable mat
hing, stable marriage, 
y
li
 preferen
es.

1 Introdu
tion

In 1962 Gale and Shapley proposed and solved what is 
alled the Stable

Marriage Problem. A signi�
ant amount of work, relating to algorithms,

latti
e stru
ture, strategi
 behavior, et
. was indu
ed by this paper. We are

interested in whether the Stable Marriage Problem 
an be generalized with

families 
onsisting of more than two individuals, for example, men, women,

and 
ats.

We 
onsider three sets M, W, C su
h that jM j = jW j = jCj = n.

We 
all these sets men, women, and 
ats, respe
tively. Let us 
all a triple

(m;w; 
) 2M�W�C a family. A set of familiesM�M�W�C is 
alled a

mat
hing, if every member inM[W[C belong to exa
tly one of the families

inM. We give every man m 2M a preferen
e order, denoted by P

(m)

, over

the woman-
at pairs, and we write (w

i

; 


j

)�

m

(w

i

0

; 


j

0

) if m prefers (w

i

; 


j

)

to (w

i

0

; 


j

0

). Also, we write P

(m)

(w; 
) = k if (w; 
) is m

0

s k

0

th 
hoi
e.

We do the same for the women and the 
ats. Suppose that (m

i

; w

i

0

; 


i

00

),

(m

j

; w

j

0

; 


j

00

), (m

k

; w

k

0

; 


k

00

) 2 M. A triple (m

i

; w

j

0

; 


k

00

) is 
alled breaking

if (m

i

; w

j

0

; 


k

00

) =2 M and (w

j

0

; 


k

00

)�

m

i

(w

i

0

; 


i

00

), (m

i

; 


k

00

)�

w

j

0

(m

j

; 


j

00

),
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(m

i

; w

j

0

) �




k

00

(m

k

; w

k

0

). A mat
hing is 
alled stable if no breaking triples

exist. In other words, a family F 62 M is breaking for a mat
hing M, if

every member of F is \better o�" with F (with respe
t to his/her/its own

preferen
e) than with the family it belongs to in M.

Alkan (1988) showed that the Gale-Shapley (1962) Stable Marriage The-

orem does not generalize to the 
ase of three-sided families. He 
onstru
ted

a three-sided system with n = 3 individuals in ea
h 
lass and preferen
es

for ea
h individual over all pairs of possible partners su
h that no stable

mat
hing exists. Here we 
onstru
t an analogous example with only n = 2

individuals in ea
h 
lass. The natural next step was to restri
t the preferen
e

orders. Danilov (2001) proved that the Gale-Shapley Theorem generalizes

the 
ase of three-sided systems with a
y
li
 preferen
es: the man �rst 
ares

about the woman, and a woman �rst 
ares about the man (i.e. if w

1

�

m

w

2

;

then (w

1

; 


i

)�

m

(w

2

; 


j

) for every i; j), and ea
h 
at has a general preferen
e

order over all (m;w) pairs. Using an extension of the Gale-Shapley algo-

rithm Danilov showed that, in su
h a 
ase, a stable mat
hing exists. Danilov

(2001) also introdu
ed lexi
ographi
al 
y
li
 preferen
es: the men �rst 
are

about the women and then (if the woman is the same) about the 
ats, the

women �rst 
are about the 
ats and then about the men, the 
ats �rst 
are

about the men and then about the women. For this type of preferen
es he

left the question open. Here we prove that the answer is negative, that is

stable mat
hings may fail to exist. We, also, show that this implies that in

the 
ase of 
y
li
 preferen
e orders (i.e. when the men only 
are about the

women, the women only 
are about the 
ats, and the 
ats only 
are about

the men) there do not always exist stable mat
hings.

2 General Preferen
es

We show that for n = 2 there exists a set of preferen
es that does not admit

a stable mat
hing.

Preferen
es:

m

1

: f(w

2

; 


1

) > (w

1

; 


2

) > (w

2

; 


2

) > (w

1

; 


1

)g

m

2

: f(w

2

; 


1

) > (w

1

; 


1

) > (w

2

; 


2

) > (w

1

; 


2

)g

w

1

: f(m

2

; 


2

) > (m

2

; 


1

) > (m

1

; 


1

) > (m

1

; 


2

)g

w

2

: f(m

2

; 


2

) > (m

1

; 


1

) > (m

2

; 


1

) > (m

1

; 


2

)g




1

: f(m

1

; w

2

) > (m

2

; w

1

) > (m

1

; w

1

) > (m

2

; w

2

)g




2

: f(m

1

; w

1

) > (m

1

; w

2

) > (m

2

; w

2

) > (m

2

; w

1

)g

22



Possible Mat
hings:

M

1

= [(m

1

; w

1

; 


1

); (m

2

; w

2

; 


2

)℄: breaking triple is (m

2

; w

1

; 


1

)

M

2

= [(m

1

; w

2

; 


1

); (m

2

; w

1

; 


2

)℄: breaking triple is (m

2

; w

2

; 


2

)

M

3

= [(m

1

; w

1

; 


2

); (m

2

; w

2

; 


1

)℄: breaking triple is (m

1

; w

2

; 


1

)

M

4

= [(m

1

; w

2

; 


2

); (m

2

; w

1

; 


1

)℄: breaking triple is (m

1

; w

2

; 


1

)

3 Lexi
ographi
al Cy
li
 Preferen
es

A preferen
e is 
alled lexi
ographi
al 
y
li
, or lex. 
y
li
 for short, if (w

i

; 


i

0

)

�

m

(w

j

; 


j

0

) and i 6= j ) (w

i

; 


i

0

)�

m

(w

j

; 


j

0

) 8i

0

; j

0

2 [n℄, and similar for

the women and 
ats. In other words the men �rst 
are about the women

and then the 
ats, the women �rst 
are about the 
ats and then the men,

and the 
ats �rst 
are about the men and then the women. We show that

for n = 1; 2 there always exist a stable mat
hing and 8n � 3 there exists a

lex. 
y
li
 preferen
e order that does not admit a stable mat
hing.

The fa
t that for n = 1; 2 there is always a stable mat
hing 
omes from

Lemma 2, whi
h shows that for the 
y
li
 preferen
e 
ase there is always a

stable mat
hing for n = 1; 2, and from Lemma 3, whi
h shows that if for

some n there exists a lex. 
y
li
 preferen
e that does not admit a stable

mat
hing then for the same n there exists a 
y
li
 preferen
e that does not

admit a stable mat
hing. Consider the following example with three men,

women, and 
ats.

Theorem 1 No stable mat
hing exists in the three-sided system

fm

1

;m

2

;m

3

;w

1

; w

2

; w

3

; 


1

; 


2

; 


3

g with the following lexi
ographi
al 
y
li


preferen
e order:

men m

1

and m

3

prefer women in order w

1

> w

2

> w

3

and m

2

prefers

in order w

2

> w

3

> w

1

; in 
ase of the same woman all men prefers 
ats in

order 


2

> 


1

> 


3

;

women w

1

and w

3

prefer 
ats in order 


1

> 


2

> 


3

and w

2

prefers in

order 


2

> 


3

> 


1

; in 
ase of the same 
at all women prefers men in order

m

2

> m

1

> m

3

;


ats 


2

and 


3

prefer men in order m

1

> m

2

> m

3

and 


1

prefers in

order m

2

> m

3

> m

1

; in 
ase of the same man all 
ats prefers women in

order w

2

> w

1

> w

3

.

Proof. There are (3!)

2

= 36 possible mat
hings. We show that for ea
h one

a breaking triple exists. For 9 of these 36 mat
hings there exists a unique

breaking triple (BT). We list these �rst:
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M

1

= [(m

1

; w

1

; 


1

); (m

2

; w

2

; 


2

); (m

3

; w

3

; 


3

)℄: BT is (m

3

; w

3

; 


1

)

M

2

= [(m

1

; w

1

; 


2

); (m

2

; w

2

; 


1

); (m

3

; w

3

; 


3

)℄: BT is (m

3

; w

2

; 


3

)

M

3

= [(m

1

; w

1

; 


2

); (m

2

; w

2

; 


3

); (m

3

; w

3

; 


1

)℄: BT is (m

3

; w

1

; 


1

)

M

4

= [(m

1

; w

1

; 


2

); (m

2

; w

3

; 


1

); (m

3

; w

2

; 


3

)℄: BT is (m

2

; w

2

; 


3

)

M

5

= [(m

1

; w

2

; 


2

); (m

2

; w

1

; 


1

); (m

3

; w

3

; 


3

)℄: BT is (m

2

; w

3

; 


3

)

M

6

= [(m

1

; w

2

; 


2

); (m

2

; w

3

; 


3

); (m

3

; w

1

; 


1

)℄: BT is (m

2

; w

3

; 


1

)

M

7

= [(m

1

; w

2

; 


2

); (m

2

; w

3

; 


1

); (m

3

; w

1

; 


3

)℄: BT is (m

1

; w

1

; 


3

)

M

8

= [(m

1

; w

3

; 


3

); (m

2

; w

2

; 


2

); (m

3

; w

1

; 


1

)℄: BT is (m

1

; w

3

; 


2

)

M

9

= [(m

1

; w

3

; 


2

); (m

2

; w

2

; 


3

); (m

3

; w

1

; 


1

)℄: BT is (m

1

; w

2

; 


2

)

Now letM be a mat
hing. Suppose (m

2

; w

2

; 


2

) =2 M and (m

1

; w

i

; 


2

) =2 M,

then it is 
lear that (m

2

; w

2

; 


2

) will be breaking triple. This breaks twenty

other mat
hings, leaving us with only 7 to break. We list these now:

M

10

= [(m

1

; w

1

; 


3

); (m

2

; w

2

; 


2

); (m

3

; w

3

; 


1

)℄: BT is (m

3

; w

1

; 


1

)

M

11

= [(m

1

; w

1

; 


2

); (m

2

; w

3

; 


3

); (m

3

; w

2

; 


1

)℄: BT is (m

2

; w

3

; 


1

)

M

12

= [(m

1

; w

2

; 


2

); (m

2

; w

1

; 


3

); (m

3

; w

3

; 


1

)℄: BT is (m

2

; w

3

; 


1

)

M

13

= [(m

1

; w

3

; 


2

); (m

2

; w

1

; 


1

); (m

3

; w

2

; 


3

)℄: BT is (m

1

; w

2

; 


2

)

M

14

= [(m

1

; w

3

; 


2

); (m

2

; w

1

; 


3

); (m

3

; w

2

; 


1

)℄: BT is (m

1

; w

2

; 


2

)

M

15

= [(m

1

; w

3

; 


2

); (m

2

; w

2

; 


1

); (m

3

; w

1

; 


3

)℄: BT is (m

1

; w

2

; 


2

)

M

16

= [(m

1

; w

3

; 


1

); (m

2

; w

2

; 


2

); (m

3

; w

1

; 


3

)℄: BT is (m

1

; w

1

; 


3

)

Lemma 1 If for some n there exists a lexi
ographi
al-
y
li
 preferen
e list

that does not admit a stable mat
hing, then there exists a lexi
ographi
al-


y
li
 preferen
e list for n+1 that does not admit a stable mat
hing.

Proof. Suppose P is a lexi
ographi
al-
y
li
 preferen
e list that does not

admit a stable mat
hing for n men, n women, and n 
ats. First, we intro-

du
e m

n+1

, w

n+1

, 


n+1

into the original n men's, n women's, and n 
ats'

preferen
e orderings su
h that P

(m

i

)

(w

n+1

; 


n+1

) = P

(w

i

)

(m

n+1

; 


n+1

) =

P

(


i

)

(m

n+1

; w

n+1

) = n + 1 8i � n. Se
ond, we let P

(m

n+1

)

(w

n+1

; 


n+1

) =

P

(w

n+1

)

(m

n+1

; 


n+1

) = P

(


n+1

)

(m

n+1

; w

n+1

) = 1. Clearly we 
an do this

and ensure that our new preferen
e order is still lexi
ographi
ally 
y
li
.

Suppose M is a mat
hing of these n + 1 men, women, and 
ats, and that

(m

n+1

; w

n+1

; 


n+1

) 2 M. Clearly we 
an remove all pairs involving m

n+1

,

w

n+1

, 


n+1

from the new preferen
e lists and redu
e this to the 
ase of

n men, n women, and n 
ats. Therefore, M is unstable by our indu
tive

hypothesis. Suppose (m

n+1

; w

n+1

; 


n+1

) =2 M. Then, (m

n+1

, w

n+1

, 


n+1

)

is a breaking triple, and thus M is unstable. Therefore, the new preferen
e

order for n+ 1 men, n+ 1 women, and n+ 1 
ats is unstable.

24



Hen
e, for every n � 3 there exists a lexi
ographi
al 
y
li
 preferen
e

that does not admit a stable mat
hing.

4 Cy
li
 Preferen
es

A preferen
e is 
alled 
y
li
 if every man is given a preferen
e order over the

women, every woman is given a preferen
e order over the 
ats, and every


at is given a preferen
e order over the men. Given a mat
hingM, suppose

that (m

i

; w

i

; 


i

), (m

j

; w

j

; 


j

), (m

k

; w

k

; 


k

) 2 M. A triple (m

i

; w

j

; 


k

) is


alled breaking if (m

i

; w

j

; 


k

) =2M and the following 
onditions hold:

(i) If i = j then (


k

)�

w

i

(


i

; ), and (m

i

)�




k

(m

k

).

(ii) If j = k then (w

j

)�

m

i

(w

i

; ), and (m

i

)�




j

(m

j

).

(iii) If i = k then (w

j

)�

m

i

(w

i

; ), and (


i

)�

w

j

(


k

).

(iv) If i 6= j 6= k then (w

j

)�

m

i

(w

i

; ), (


k

)�

w

j

(


j

), and (m

i

)�




k

(m

k

).

In other words, a family F 62 M is breaking for a mat
hing M, if at least

two of the members of F are \better o�" with F (with respe
t to their own

preferen
es) than with the families they belong to in M. A mat
hing is


alled stable if no breaking triples exist. We show that for n = 1; 2 there is

always a stable mat
hing and that for n � 3 there exists a 
y
li
 preferen
e

that does not admit a stable mat
hing.

Lemma 2 For n = 1; 2 every 
y
li
 preferen
e has a stable mat
hing.

Proof. For n = 1 there is nothing to prove. Suppose n = 2. Either

there exists a triple, say, (m

1

; w

1

; 


1

), su
h that m

1

has w

1

as his �rst


hoi
e, w

1

has 


1

as her �rst 
hoi
e and 


1

has m

1

as its �rst 
hoi
e. Then

M = f(m

1

; w

1

; 


1

); (m

2

; w

2

; 


2

)g is stable mat
hing, sin
e it is 
lear that

neither m

1

,w

1

, or 


1


an be in a breaking triple. Otherwise we 
an give all

men their �rst 
hoi
es and all women their �rst 
hoi
es, resulting in a stable

mat
hing.

Lemma 3 If there exists a lexi
ographi
al-
y
li
 preferen
e list that does

not admit a stable mat
hing, then there exists a 
y
li
 preferen
e list that

does not admit a stable mat
hing.

Proof. Suppose that P is a lex. 
y
li
 preferen
e list that does not admit

a stable mat
hing. It is 
lear that if we simply ignore the se
ond member

of ea
h pair P 
an be 
onsidered as a 
y
li
 preferen
e list. Suppose we
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have a mat
hing M and a breaking triple (m

i

; w

j

; 


k

) for the lex. 
y
li



ase, (m

i

; w

j

; 


k

) =2 M. Now suppose that (m

i

; w

j

; 


k

) is not a breaking

triple for the 
y
li
 
ase, and w.l.o.g. assume that m

i

prefers w

i

to w

j

.

Then 
learly (m

i

; w

j

; 


k

) 
an not be a breaking triple in the lex. 
y
li
 
ase,

a 
ontradi
tion. Hen
e, sin
e every mat
hing has su
h a breaking triple for

the lexi
ographi
al-
y
li
 
ase, we are done.

Hen
e, sin
e we know that for n � 3 there exist a lex. 
y
li
 preferen
e

that does not admit a stable mat
hing, the same holds for 
y
li
 preferen
es.
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Howmany 
olorsmaywe

require?

Patri
e Ossona de Mendez

(Joint work with Jaroslav Ne�set�ril)

1 Introdu
tion

All graphs 
onsidered in this paper are �nite and simple.

A 
oloring of a graph G is an assignment of 
olors to the verti
es of the

graph, one 
olor to ea
h vertex. A 
oloring is proper if ea
h the verti
es of

any K

2

in G gets at least 2 
olors. The minimum number of 
olors required

for a proper 
oloring of G is the 
hromati
 number of G, denoted �(G).

One way of generalizing proper 
olorings is to 
onsider the minimum

number of 
olors required, so that any subgraph H of G gets at least f(H)


olors. For instan
e, star 
oloring 
orresponds to the request of any P

4

(that

is: any path on 4 verti
es) to get at least 3 
olors. As long as f(H) is less

or equal to jV (H)j, a 
oloration will exist (the 
oloration of the verti
es in

jV (G)j 
olors will do). However, usual families of graph won't get a bound

on the number of 
olors required to 
olor any of its members.

Important families of graphs are proper minor 
losed 
lasses of graphs.

These families have bounded density, bounded 
hromati
 number, bounded

star 
oloring number, aso. If we require this bounding property to be pre-

served, we may usually not ask for any subgraph H to get jV (H)j 
olors.

Therefore, we introdu
e the following de�nition:

De�nition 1 The upper 
hromati
 number of a graph H is the greatest

integer �(H), su
h that, for any proper minor 
losed 
lass of graph K, there

exists a 
onstant k(K; H), su
h that any graph G 2 K has a 
oloring using

at most k(K; H) 
olors so that any subgraph of G isomorphi
 to H gets at

least �(H) 
olors.

The following bounds are thus known:

�(G) � �(G) � jV (G)j;

�(P

4

) � 3 (bounding of the star 
oloring number)
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Moreover, 
onsidering the 
lass of series-parallel graphs, and parti
ularly

the graphs K

2;n

, a simple argument shows that, whatever bounded number

of 
olors we use, we �ll �nd some n suÆ
iently large, su
h that some P

4

of

K

2;n

will get at most 3 
olors. Thus, �(P

4

) = 3.

Similar examples may be used to get an upper bound on �(P

2

l), leading

to the following question:

Problem 1 Is it true that �(P

2

l) = l + 1?

Obviously, for any �nite family F of graphs, and any proper 
losed


lass of graph K, there will exist some bound k(K;F), su
h that any graph

G 2 K has a 
oloring using at most k(K;F) 
olors so that any subgraph

of G isomorphi
 to a member H of F gets at least �(H) 
olors. It is also

obvious that the same statement would probably fail for the family F of all

graphs, as �(G) is very probably not bounded on all proper minor 
losed


lasses of graphs. However, if we bound the maximum number of 
olors we

may require on the subgraph, the statement might be true:

Problem 2 For any positive integer N and any proper minor 
losed 
lass

of graph K, does there exists a 
onstant k(K; N), su
h that any graph G 2 K

has a 
oloring using at most k(K; N) 
olors so that any subgraph H of G

gets at least min(N;�(H)) 
olors?

In this paper, we add some little stone to the edi�
e, by proving that

one may require �(H) + 1 
olors whenever H does not in
lude a 
lique of

size �(H):

Theorem 1 Let t be a positive integer. For any proper minor 
losed 
lass

K there exists k = k(K; t) su
h that any graph G 2 K has a proper k-
oloring

with the property that any subgraph with 
hromati
 number t either 
ontains

a K

t

in it, or gets at least t+ 1 
olors.

Corollary 2 For any graph G, if �(G) > !(G), then �(G) > �(G).

In order to prove this theorem, we will introdu
e a spe
ial kind of ho-

momorphisms of dire
ted graphs, the foldings.

2 Foldings

Let

~

G;

~

H be dire
ted graphs , let x 2 V (

~

G) be a vertex and let d > 0 be a

positive integer.
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� A homomorphism f :

~

G!

~

H is a mapping f : V (

~

G)! V (

~

H) satisfy-

ing (f(x); f(y)) 2 E(

~

H) whenever (x; y) 2 E(

~

G).

� The d-down set D

d

~

G

(x) of x in

~

G is the set of all those verti
es y of

~

G

for whi
h there exists a dire
ted path of length � d from y to x. Thus

D

1

~

G

(x) is just 
losed in-neighborhood of x in

~

G.

� A d-folding from

~

G to

~

H is a homomorphism from

~

G to

~

H , whi
h

restri
tion of f to any d-down set in G is inje
tive. If

~

K

k

is an ori-

entation of K

k

, a d-folding

~

G !

~

K

k

is then a d-folding whi
h uses k


olors.

It appears that, for any proper minor 
losed 
lass of graph, the number of


olors required for the existen
e of a d-folding may be bounded:

Theorem 3 ([1℄) Let K be a proper minor 
losed 
lass of graphs, d a pos-

itive integer. Then there exists a positive integer k = k(d;K) and an ori-

entation

~

K

k

of K

k

, su
h that for any graph G 2 K there exists an a
y
li


orientation

~

G and a d-folding f :

~

G!

~

K

k

(i.e. a d-folding using at most k


olors).

3 Proof of theorem 1

Proof. Let k(K; t) be the bound for the existen
e of a 3-folding. Let G be

any graph in K 
olored using a 3-folding f to some K

N

.

The requested property may be restated as follows: \for any subgraph

H in G whi
h is 
olored by p 
olors, either �(H) < p or H in
ludes a 
lique

of size p."

We pro
eed by indu
tion on p. Assume the statement is proved for

p� 1. Let

~

G be a given graph with stated 3-folding into

~

K

N

. Consider the

homomorphi
 image of

~

G as a subgraph

~

K

0

of

~

K

N

and 
onsider the subgraph

~

K

00

of

~

K

0

indu
ed by any p 
olors. Then, we 
an assume without loss of

generality that

~

K

00


ontains a monotone path with p verti
es (for otherwise

�(K

00

) � p � 1 and we are done). We number the 
olors a

ording to this

monotone path from 1 to p for 
onvenien
e. Consider now any subgraph

~

H

of

~

G with all its verti
es 
olored by 1; : : : ; p. If the subgraph of

~

H indu
ed

by verti
es with 
olors 1; : : : ; p � 1 has no 
lique of size p � 1, then it has


hromati
 number at most p� 2. Hen
e, in this 
ase we have �(

~

H) � p� 1.

Otherwise, we may assume

~

H is p-
olor 
riti
al. Let

~

K be a 
lique of size
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p�1 of this subgraph. Then, as

~

G is a
y
li
 oriented, so is

~

K. A

ording to

the existen
e of a monotone path 1; 2; : : : ; p�1 the orientation of

~

K follows.

Let u be the vertex with 
olor p � 1. Thus u has an in
oming edge from

the verti
es of

~

K 
olored 1; : : : ; p � 2. As the degree of u in

~

H is at least

p� 1 (be
ause

~

H is p-
olor-
riti
al), and as u may not have other in
oming

edges from verti
es 
olored 1; : : : ; p� 2 other than those in K (here we use

3-folding) and as the edge of

~

K

0

linking p�1 to p is oriented from p�1 to p

(this is the last edge of the monotone path),

~

H 
ontains an edge (u; v) with

the vertex v is 
olored by 
olor p. The vertex v may not have an outgoing

edge (for otherwise we would get an oriented 
y
le of form i; p� 1; p; i) and

the vertex v may not have in
oming edges from verti
es outside of

~

K. Thus,

as the degree of v is at least p� 1 (as

~

H is p-
olor-
riti
al), the vertex v is

adja
ent to all the verti
es of the 
lique

~

K and thus

~

K together with the

vertex u form a 
lique of size p.
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Anti-Ramsey type problems

Juan Jos�e Montellano-Ballesteros

Given an edge 
olouring of a graph G, a subgraphM of G will be 
alled

totally multi
oloured (in literature also known as hetero
hromati
, rainbow

or poly
hromati
) if no two edges of M re
eive the same 
olour. Given

a graph G and a family of subgraphs F of G, determining the minimum

integer h(G;F) su
h that for every edge 
olouring ofG using h(G;F) 
olours

there is at least one totally multi
oloured element of F , 
onstitutes what

is generally des
ribed as an anti-Ramsey problem. Su
h problems were

introdu
ed by Erd�os, Simonovits and S�os [1℄.

There are some interesting open questions about this sort of problems;

for instan
e:

� Given n and p integers, determine the minimum integer m su
h that

for every edge 
olouring of the 
omplete graph of order n using m


olours there is at least one totally multi
oloured p-
ube (the hyper-


ube of dimension p). In this 
ase G is the 
omplete graph of order n

and F is the set of all the subgraphs isomorphi
 to the p-
ube in the


omplete graph of order n.

� Given n and p integers, determine the minimum integer m su
h that

for every edge 
olouring of the n-
ube using m 
olours there is at least

one totally multi
oloured p-
ube. In this 
ase G is the n-
ube and F

is the set of all the subgraphs isomorphi
 to the p-
ube in the n-
ube.

Another type of anti-Ramsey problems, whi
h seems to have been intro-

du
ed by Galvin in [2℄, 
an be stated as follows:

An edge 
olouring � : E(G) ! f


i

: 1 � i < !g of a graph G will be


alled k-bounded if for every i, j�

�1

(


i

)j � k; in other words, if no 
olour

appears more that k times inG. Then, given a graphH and an integer k, the

problem is to determine the minimum integer sr(H; k) = m (whi
h has been


alled sub-Ramsey number) su
h that for every k-bounded edge-
olouring

of K

m

there is a totally multi
oloured 
opy of H .

An interesting example of this type of problems is when H is the 
om-

plete graph of order n; in other words:

Given n � 3 and k � 2, determine the minimum integer sr(K

n

; k) =

m su
h that for every k-bounded edge 
olouring of K

m

there is a totally

multi
oloured 
opy of K

n

.
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It is already known [3℄ that the fun
tion

sr(K

n

; k) is

8

<

:

O(kn

2

) and 
(n

3=2

) if k � 15;

O(kn

2

) and 
(n

4=3

) if 15 > k � 3;

O(kn

2

) and 
(n) if k = 2:

Regarding the above, an interesting open problem 
onsists in 
losing the

gap between the upper and lower bounds, spe
ially for the 
ase k = 2.
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Canoni
al 
oloring of forest

Diana Piguetov�a

Let N denotes the set of natural numbers and P(N) the set of all �nite

subsets of N. Then an !-forest of height n is a pairwise disjoint union of !

many rooted trees, where every maximal 
hain has n+1 verti
es and every

vertex that is not a leaf has degree !. An arithmeti
al 
opy of an !-forest

F is a subset S � P(N) su
h that 9a; d 2 N and a bije
tion ' : V (F)! S

su
h that 8x; y 2 F :

1. x � y , '(x) � '(y)

2. 9x ^ y ) '(x ^ y) = '(x) \ '(y)

3. x and y are from di�erent trees ) '(x) \ '(y) = ;

4. x < y and �z x < z < y ) j'(y)n'(x)j = d

5. if x is a root then j'(x)j = a

Brown proved that if we �nitely 
olored P(N) we �nd a mono
hromati


arithmeti
al 
opy in P(N) of an !-forest of any �nite height. In this talk

we showed a 
anoni
al version of this theorem, it is : Let � be a 
oloring

of P(N) with arbitrarily many 
olors. Then we �nd a 
anoni
aly 
olored

arithmeti
al 
opy S of an !-forest of any �nite height. The 'pattern' of the


anoni
al 
oloring is the following:

1. � � S is inje
tive

2. � � S is 
onstant

3. 8A;B 2 S �(A) = �(B), jAj = jBj

4. 8A;B 2 S �(A) = �(B), A \ B = ;

5. 8A;B 2 S �(A) = �(B), (jAj = jBj & A \ B = ;)

Then we presented some surprising parti
ularity of the proof and �nished

by exposing an open problem: a polynomial version of above theorem or

the Brown's theorem.
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Generalization of the

polygon-
rossing problem

Pavel Podbrdsk�y

(Joint work with Jakub

�

Cern�y, Zden�ek Dvo�r�ak

and V��t Jel��nek)

Let k; l � 3 be given integer numbers. We are interested in the problem

of determining the maximum possible number f(k; l) of interse
tions of a

simple k-gon and a simple l-gon. This problem was studied in [2℄ | the


ases when k or l is even are solved there, but an unre
overable error appears

in the 
ase of k and l being both odd. For k and l both even is f(k; l) = kl

and for k even and l odd is f(k; l) = kl � k. For k and l both odd easy

bounds kl�k� l+3 � f(k; l) � kl�k are proved in [2℄. The same problem

was studied in [1℄ for odd k and l. The problem was solved for l = 5 when

f(k; 5) = 4k� 2 and for k; l � 7 the upper bound from [2℄ was improved to

f(k; l) � kl � k � dl=6e. The 
onje
ture that the lower bound is tight was

formulated in [1℄.

We extend the de�nition of polygon to a larger 
lass of obje
ts and

generalize the polygon-
rossing problem. This de�nes the fun
tion g(k; l) �

f(k; l). The more general de�nition of the problem makes it easier to handle

by indu
tion. As a main result we prove that

g(k; l) � kl � k � (l � 3)=2:

for k � 1 and l � 3 both odd. As an easy 
onsequen
e we get the same

upper bound for the fun
tion f(k; l), k; l � 3 both odd.

Note that the obtained upper bound is exa
tly in the middle between

the easy upper and lower bounds proved in [2℄.

This result improves the upper bound proved in [1℄ and together with

the fa
t that f(k; l) is even gives also an alternative proof of the equality

f(k; 5) = 4k � 2 also proved in [1℄.

The general problem of determining the exa
t value of f(k; l) (and

g(k; l)) for k; l � 7 odd remains open. We also do not know if f(k; l) = g(k; l)

in general and if the fun
tion g(k; l) is symmetri
.
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Variations onHamiltonian

Themes

Moshe Rosenfeld

(Joint work with Tom�a�s Kaiser, Daniel Kr�al',

Zden�ek Ryj�a�
ek and Heinz-J�urgen Voss)

1 Introdu
tion

A good workshop brings together resear
hers from di�erent institutions,

forms groups to pursue a well-de�ned proje
t. Hopefully this will be su
h a

proje
t. Following the �rst presentation in the workshop by M. Rosenfeld,

and a

elerated by the 
oods in Dresden (where Moshe was visiting H.-J.

Voss) the proje
t des
ribed below is surging ahead as fast as the Vltava.

Finding hamiltonian paths or 
y
les in graphs is a \proven" very diÆ
ult

problem. There are probably hundreds of papers devoted to results of the

form \IfG satis�es property P , thenG is hamiltonian". There are also many

surveys, book 
hapters, web sites and many other sour
es devoted to the

sear
h of hamiltonian 
y
les and paths in graphs. Re
ent trends suggest that

sin
e it is diÆ
ult to �nd hamiltonian 
y
les (paths) in a graph, one 
ould

modify the Hamilton 
y
le (path) and sear
h for related stru
tures. Though

these stru
tures might still be diÆ
ult to �nd, they are more ubiquitous.

This is motivated by looking at the 
y
le as a walk or the path as a tree,

both with bounded degree.

One approa
h to modify the hamiltonian 
y
les or paths is highlighted

in Mark Ellingham's [4℄ extensive survey on the topi
. By viewing the

hamiltonian 
y
le as a 
losed spanning 1-walk, or the hamiltonian path as

a spanning 2-tree, one is naturally led to the following de�nitions:

De�ne a k-walk in a graph to be a spanning 
losed walk in whi
h every

vertex is visited at most k times and an m-tree to be a spanning tree T in

whi
h �(T ) � m.

G is hamiltonian if it has a hamiltonian 
y
le and tra
eable if it has a

hamiltonian path. Clearly, if G is hamiltonian it admits a 1-walk and if it

is tra
eable it admits a 2-tree. Thus, we 
an sear
h for 2-walks or 3-trees,

3-walks, 4-trees. . . It is very easy to see that the 
lass of graphs having a
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2-walk properly 
ontains all hamiltonian graphs and that de
iding whether

a graph admits a 2-walk is in NPC. The same holds for de
iding whether G

has a spanning 3-tree. It is also easy to see that if G has a 2-walk then it

has a spanning 3-tree but the opposite is not ne
essarily true. The existen
e

of a 2-walk in a graph G has a very simple intepretation: repla
e every edge

in G by a pair of parallel edges. In this multi-graph, sear
h for a spanning

Eulerian subgraph E with �(E) � 4. As pointed out in [4℄, graphs with

k-walks or (k + 1)-trees produ
e a hierar
hi
al 
hain.

An alternative approa
h to modifying (mutilating) the hamiltonian 
y
le

is to modify the underlying graph. We adopt this approa
h in the present

note. We study the hamiltoni
ity of the prism over G.

The prism over a graph G, denoted by G

2

K

2

, is the Cartesian produ
t

of G and K

2

. It 
onsists of two disjoint 
opies of G and a perfe
t mat
hing


onne
ting a vertex in one 
opy of G to its 
lone in the other 
opy.

Prisms are \natural" extensions of the underlying graph. First, they


ontain the graph as an indu
ed subgraph and se
ond, they are \natural"

geometri
 obje
ts. If G is d-polyhedral then the prism over G is d + 1-

polyhedral.

Studying the hamiltoni
ity of prisms was initially motivated by an at-

tempt to ta
kle Barnette's 
onje
ture that all simple 4-polytopes are hamil-

tonian (this 
onje
ture is still open). For more details see the introdu
tion

in [3℄ whi
h 
ontains a brief histori
al des
ription of this problem and re-

lated results. We �rst observe that if G

2

K

2

is hamiltonian then G admits

a 2-walk. On the other hand, Fig. 1 shows a line graph (thus a 
law-free

graph) whi
h has a 2-walk but does not have a hamiltonian prism. This fa
t

was also noted by G. Pruesse and F. Ruskey [9℄. Highly 
onne
ted exam-

ples are also easy to 
ome by. The graphs 
onsisting of 3 disjoint 
opies of

K

n;2n�1

and the 3 mutually 
onne
ted

�

n

2

�

-sets (see Fig. 2) admit a 2-walk

but the prisms over them are not hamiltonian.

Thus the question whether G

2

K

2

is hamiltonian is \sandwi
hed" be-

tween hamiltoni
ity and having a 2-walk. This leads us naturally to investi-

gate the intera
tion between these notions. In this note we dis
uss problems

related to hamiltoni
ity, hamiltonian 
y
les in G

2

K

2

and 2-walks.

We approa
h these problems from di�erent dire
tions. First, we try to

ta
kle 
onje
tures that 
ertain graphs are hamiltonian by trying the weaker


on
lusion that the underlying graphs have a hamiltonian prism. Se
ond

we look at theorems that imply hamiltoni
ity and try to see whether a

redu
tion of the assumptions 
an imply hamiltonian prisms, and third we

try to resus
itate false 
onje
tures about hamiltonian 
y
les by trying to
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Figure 1: A (line) graph whi
h admits a 2-walk but has a non-hamiltonian

prism.

prove that the assumptions imply that the graphs have a hamiltonian prism.

In the next se
tion we give a sample of 3 examples, one from ea
h approa
h.

2 Hamiltonian 
y
les in G

2

K

2

Hamiltonian 
y
les in prisms were sporadi
ally investigated. The follow-

ing is a list (very partial) of notable results on the hamiltoni
ity of G

2

K

2

.

Barnette and Rosenfeld [8℄ observed that the prisms over 2-
onne
ted, 
ubi


planar graphs are hamiltonian if the four 
olor 
onje
ture was true. Later

this assertion was proved by Fleis
hner [5℄ independent of the four 
olor

theorem. Paulraja proved that G

2

K

2

is hamiltonian if G is a 3-
onne
ted


ubi
 graph. An alternative proof is given in [3℄. In this paper a mu
h

stronger result was proved (for a smaller 
lass of graphs): the prisms over


ubi
, 3-
onne
ted, bipartite planar graphs admit a hamiltonian de
ompo-

sition. G. Pruesse and F. Ruskey [9℄ proved that the prism of the a
y
li


orientation graph is hamiltonian.

Planar Graphs

One of the most remarkable results in hamiltoni
ity is Tutte's thorem:

4-
onne
ted planar graphs are hamiltonian [10℄. Redu
ing 4-
onne
tivity

to 3-
onne
tivity yields of 
ourse non hamiltonian graphs. D. Barnette [1℄

proved that all planar 3-
onne
ted graphs have a 3-tree (a
tually the proof

holds for a bigger family of graphs, 
ir
uit graphs). B. Ri
hter and Z. Gao

[7℄ strengthened Barnette's result by proving that all planar 3-
onne
ted
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graphs 
ontain a 2-walk. This leads to the natural question: 
an this be

further strengthened?

Do all 3-
onne
ted planar graphs have hamiltonian prisms?

We proved that all Kleetopes have a hamiltonian prism and so do Halin

graphs. (A
tually even generalized Halin graphs, that is graphs obtained

by taking a tree with n leaves and adding an n-
y
le through the leaves, have

a hamiltonian prism.) Even general plane triangulations are still waiting for

a proof that they admit a hamiltonian prism.

4-
onne
ted, 4-regular graphs

Nash-Williams 
onje
tured that all 4-
onne
ted, 4-regular graphs are hamil-

tonian. Meredith produ
ed the �rst 
ounterexample to this 
onje
ture [2℄.

It is not diÆ
ult to 
he
k that Meredith's graph, as well as many other non-

hamiltonian 4-
onne
ted, 4-regular graphs built similarly, admit a hamilto-

nian prism. This led us to 
onje
ture:

If G is a 4-
onne
ted, 4-regular graph then it has a hamiltonian

prism.

Another interesting related question is the 
omplexity of �nding a hamil-

tonian 
y
le in G

2

K

2

. Given G, 4-
onne
ted and 4-regular, the question

\does G has a hamiltonian 
y
le?" is NP-
omplete. On the other hand,

\does G have a 2-walk?" is polynomial. Indeed an Eulerian 
y
le in G is

a 2-walk. Where does the \sandwi
hed" de
ision problem \does G have a

hamiltonian 
y
le?" lie?

Line graphs, 
law-free graphs

C. Thomassen 
onje
tured that all 4-
onne
ted line graphs are hamiltonian.

The 
lassi
al examples of 3-
onne
ted non-hamiltonian line graphs in
lude

the line graph of a graph obtained from the Petersen graph by adding 10

verti
es of degree one 
onne
ted by a pendant edge to the verti
es of the

Petersen graph, or the line graph of the Petersen graph modi�ed by subdi-

viding �ve edges that form a 1-fa
tor. It is not diÆ
ult to 
he
k that both

graphs have hamiltonian prisms. So we propose:

All 3-
onne
ted 
law-free graphs have a hamiltonian prism.
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K7,4

Figure 2: Highly 
onne
ted graphs with 2-walks having non-hamiltonian

prisms (n = 4).
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Representation of separoids and

aTverberg-type problem

Ri
ardo Strausz

Abstra
t

A separoid is a symmetri
 relation y �

�

2

S

2

�

de�ned on pairs of

disjoint subsets whi
h is 
losed as a �lter in the natural partial or-

der (i.e., A y B � C y D () A � C and B � D). We dis
uss

the Geometri
 Representation Theorem for separoids: every separoid

(S; y) 
an be represented by a family of (
onvex) polytopes, and their

Radon partitions, in the Eu
lidean spa
e of dimension jSj � 1. Fur-

thermore, we introdu
e a new kind of separoids' morphisms | 
alled


hromomorphisms| whi
h allow us to study Tverberg's generalisa-

tion (1966) of Radon's theorem (1921) in the 
ontext of 
onvex sets.

In parti
ular the following Tverberg-type theorem is proved: Let S

be a separoid of order jSj = (k�1)(d(S)+1)+1, where d(S) denotes

the (
ombinatorial) dimension of S. If there exists a monomorphism

S ! P into a separoid of points in general position in IE

d

, then there

exists a 
hromomorphism S �! K

k

onto the 
omplete separoid of

order k. This theorem is, in a sense, dual to the Hadwiger-type theo-

rem proved by Aro
ha, Bra
ho, Montejano, Oliveros & Strausz [Dis
.

& Comp. Geom., 27, 2002, 377{385℄.

Keywords: separoids; abstra
t 
onvexity; Tverberg's theorem; Had-

wiger's theorem; 
hromomorphisms.

1 Introdu
tion

Combinatorial 
onvexity has its origins in the theorems of Helly (1923)

[10℄ and Radon (1921) [14℄; be
ause of their simpli
ity, they have been

applied and generalised in several dire
tions (see [5℄). The present exposition


entres around one generalisation of ea
h: Hadwiger's Transversal Theorem

(1957) [9℄ and Tverberg's Theorem (1966) [19℄, whi
h generalise Helly's and

Radon's theorems, respe
tively (see [6, 8℄).

In the one hand, Hadwiger generalises Helly's theorem in IE

2


hanging

the notion of \non-empty interse
tion" by the notion of \0-transversal";

then, he �nds suÆ
ient 
onditions, in the spirit of Helly's theorem, for a
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\1-transversal" to exist. However, he had to add additional 
onditions; in

parti
ular, he uses the notion of a \linear order" to whi
h every \partial"

transversal has to be 
onsistent. This was further generalised by Kat
halski

(1980) [11℄, Goodman & Polla
k (1988) [7℄ and Aro
ha, Bra
ho, Montejano,

Oliveros & Strausz (2002) [1℄.

On the other hand, Tverberg generalises Radon's theorem giving the

suÆ
ient 
ondition

jPj � (k � 1)(d+ 1) + 1;

on a family of points P � IE

d

, for a k-partition to exist in su
h a way that

the 
onvex hull of the parts have a point in 
ommon. Tverberg's theorem is

Radon's for k = 2. Observe that Tverberg's theorem is easily extendable to

families of 
onvex sets (instead of points, 
f. Corollary 4). Furthermore, if

we 
an guarantee the existen
e of a d-transversal, under suitable 
onditions,

then we 
an guarantee the existen
e of a \Tverberg partition".

Using 
ategori
 notions of separoids [1, 3, 12, 13, 16, 17, 18℄ we �nd

suÆ
ient 
onditions |in the spirit of Hadwiger's and Tverberg's theorems|

for a family of 
onvex sets to have a k-partition su
h that the family of


onvex hulls have the same separation stru
ture as if they have a 
ommon

point (in [1℄ this is 
alled a virtual 0-transversal).

Observe that the separation stru
ture de�ned by hyperplanes, of a family

of 
onvex sets, is the same if every two have a 
ommon point than if all

have a 
ommon point |no subset of the family 
an be separated from

another. So, in terms of the 
ombinatorial stru
ture of separation|in terms

of separoids| it is the same if we 
annot separate any pair of singletons

than if we have a \Tverberg partition".

The main theorem 
an be formulated as follows (
f. Theorem 5):

Theorem 1 Let S be a family of (k� 1)(d+1)+1 
onvex sets in IE

n

su
h

that every d+2 
onvex sets admits a d-transversal. Suppose that in addition,

there is an inje
tive map ':S �! P into a family of points P � IE

d

in

general position su
h that, if A is separated from B, subsets of P, then

'

�1

(A) is separated from '

�1

(B). Then, there exists a k-
oloration of S

in su
h a way that the 
onvex hulls of ea
h pair of 
olours, have a 
ommon

point.
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2 Separoids

A separoid is a relation y � 2

S

� 2

S

de�ned on the family of subsets of a

set S with three simple properties: for every A;B � S

Æ A yB =) B y A;

ÆÆ A yB =) A \B = �;

ÆÆÆ A yB and B � B

0

(� S nA) =) A y B

0

:

The separoid is identi�ed with the set S and is sometimes denoted as a

pair (S; y). An element A yB is 
alled a Radon partition. The order of the

separoid is the 
ardinal jSj and the size is half of the Radon partitions

1

2

j y j.

If the separoid is �nite, the third axiom implies that it is enough to know

the minimal Radon partitions to re
onstru
t the separoid; they en
ode all

the stru
ture.

A separation A j B is a pair of disjoint sets that are not a Radon

partition. When talking of a separation A j B we often say \A is separated

from B". The separoid is a
y
li
 if � j S and the separations with the empty

set are 
onsidered trivial .

The separation relation j� 2

S

� 2

S

satis�es the following properties

Æ A j B =) B j A;

ÆÆ A j A =) A = �;

ÆÆÆ A j B and A

0

� A =) A

0

j B:

In other words the relation j is a symmetri
, quasi-anti-re
exive and ideal

relation on the subsets of the given set S. It is 
lear that, in the �nite 
ase,

it is enough to know maximal separations to re
onstru
t the separoid. The

separoid is denoted sometimes as a pair (S; j).

Clearly y and j determine ea
h other. They are related by the following

equivalen
e

A y B () A 6 j B and A \ B = �:

Finite separoids have also an intrinsi
 notion of dimension. The d-

dimensional simploid is the separoid of order d + 1 and size 0 and it will

be denoted by �

d

. Sin
e there are no Radon partitions, every pair of dis-

joint subsets are separated and then, it 
an be represented with the vertex

set of a simplex |hen
e the name. The dimension of a separoid S is the

maximum dimension of its indu
ed simploids

d(S) = max

�

d

,!S

d:
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S is 
alled 
omplete if for every i; j 2 S follows that i y j. The 
omplete

separoid of order n is denoted by K

n

.

Examples:

1. Consider a subset X � IE

d

of the d-dimensional Eu
lidean spa
e and

de�ne the following relation

A y B () hAi \ hBi 6= � and A \B = �;

where hAi denotes de 
onvex hull of A. The pair P = (X; y) is a separoid

and will be 
alled a point separoid. In fa
t, the name of separoids arises

as an abstra
tion of the fa
t that A j B is a separation if and only if there

exists a hyperplane stri
tly separating hAi from hBi.

2. Consider a family F of 
onvex sets in IE

d

and de�ne the separoid

S(F) as above, that is, two subsets of the family A;B � F are separated

A j B if there exists a hyperplane that leaves all members of A on one side of

it and those of B on the other. If F is �nite and its members are 
ompa
t,

S(F) = (F ; j) is an a
y
li
 separoid and will be 
alled a separoid of 
onvex

bodies (see Theorem 2).

3. All a
y
li
 separoids on three elements arise from one of the eight

families of 
onvex bodies in Figure 1. Those labelled a, b, e and h are

the point separoids of order 3; in fa
t, they 
ome from the four essentially

di�erent order types with three elements.

Figure 1. The a
y
li
 separoids of order 3
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Let S and T be two separoids. A separoid morphism is a fun
tion

':S �! T with the property that for all A;B � T ,

A j B =) '

�1

(A) j '

�1

(B):

The 
ategory of separoids is de�ned with su
h morphisms between separoids.

Other kind of \maps" |and therefore another 
ategory| will be de�ned in

Se
tion 4 (see also [13℄). Two separoids are isomorphi
 S � T if there is a

bije
tive morphism between them whose inverse fun
tion is also a morphism.

More examples:

4. Consider a family of 
onvex sets F , 
hoose a point in ea
h of its

elements to 
onstru
t a point separoid P and de�ne the obvious bije
tion

':P �! F . This is a morphism sin
e every hyperplane that separates A

from B, subsets of F , also separates their respe
tive points '

�1

(A) and

'

�1

(B). This 
onstru
tion is quite useful and we will say that ':P �! F

is a 
hoi
e on F .

5. Consider a family of 
onvex sets F in IR

d

and let �: IR

d

! IR

e

be an

aÆne proje
tion (e � d). The obvious bije
tion �̂:F ! �(F) is a morphism

between their separoids S(F) �! S(�(F)):

6. Consider a family of 
onvex sets F and give them a 
oloration & :F !

! f


1

; : : : ; 


k

g. If we denote by F

0

= fh&

�1

(


i

)ig the 
onvex hulls of the


olour 
lasses' family, the obvious map F �! F

0

is a morphism. This is a

key ingredient in our study of Tverberg's theorem (Se
tion 4).

7. In Figure 1, monomorphisms go from left to right between every pair

of separoids. Observe that there is no monomorphism in either dire
tions

between the separoids labelled d and e.

3 The Geometri
 Representation Theorem

We show now how Example 2 is indeed the more general example; this

is, every �nite and a
y
li
 separoid is a separoid of 
onvex bodies (for the

non-a
y
li
 
ase, see [3℄).

Theorem 2 Every a
y
li
 separoid of order n 
an be represented by a fam-

ily of 
onvex polytopes in the (n� 1)-dimensional Eu
lidean spa
e.

Proof. Let y be an a
y
li
 separoid on S = f1; : : : ; ng (i.e., A y B =)

jAjjBj > 0). To ea
h element i 2 S and ea
h (minimal Radon) partition
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A yB su
h that i 2 A, we assign a point of IR

n

�

i

AyB

= e

i

+

1

2

"

1

jBj

X

b2B

e

b

�

1

jAj

X

a2A

e

a

#

;

(where fe

j

g denotes the 
anoni
al basis) and realise ea
h element i 2 S as

the 
onvex hull of all su
h points

i 7! K

i

= h�

i

AyB

: i 2 A and A yBi:

Observe that these 
onvex sets are in the (n�1)-dimensional aÆne subspa
e

spanned by the basis.

To see that this family of 
onvex polytopes realises the separoid observe

that, for ea
h partition A y B, the vertex set of the simpli
es he

a

: a 2 Ai

and he

b

: b 2 Bi \moves" |half of the way ea
h| to realise su
h a partition

interse
ting one to the other pre
isely in their bary
enter. That is, let AyB

be �xed; in order to prove that

hK

a

: a 2 Ai \ hK

b

: b 2 Bi 6= �;

it is enough to prove that h�

a

AyB

: a 2 Ai \ h�

b

ByA

: b 2 Bi 6= � be
ause

�

a

AyB

2 K

a

and therefore h�

a

AyB

: a 2 Ai � hK

a

: a 2 Ai (analogously

with B).

Now, if we let � : IR

n

! IR

n

be the translation

�(x) = x+

1

2

"

1

jBj

X

b2B

e

b

�

1

jAj

X

a2A

e

a

#

;

we have that �

a

AyB

= �(e

a

) and the bary
enter of h�

a

AyB

: a 2 Ai is

1

jAj

X

a2A

�

a

AyB

=

1

jAj

X

a2A

�(e

a

) = �

 

1

jAj

X

a2A

e

a

!

=

1

2

"

1

jBj

X

b2B

e

b

+

1

jAj

X

a2A

e

a

#

:

Analogously, using that �

b

ByA

= ��(�e

b

), we have that

1

jBj

X

b2B

�

b

ByA

=

1

2

"

1

jBj

X

b2B

e

b

+

1

jAj

X

a2A

e

a

#
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and therefore

h�

a

AyB

: a 2 Ai \ h�

b

ByA

: b 2 Bi 6= �:

On the other hand, given a separation � j �, de�ne the aÆne extension

of the equations

 

�j�

(e

j

) =

(

�1 j 2 �

1 j 2 �

0 otherwise

for j = 1; : : : ; n:

Now, it is enough to prove that for every i 2 � (resp. �), we have that

 

�j�

(�

i

AyB

) < 0 (resp. > 0). For this, observe that, if i 2 � then

 

�j�

�

�

i

AyB

�

=  

�j�

 

e

i

+

1

2

�

1

jBj

�

X

B\�

e

b

+

X

B\�

e

b

�

�

1

jAj

�

X

A\�

e

a

+

X

A\�

e

a

�

�

!

= �1 +

(jB \ �j � jB \ �j)

2jBj

+

(jA \ �j � jA \ �j)

2jAj

� 0:

Equality holds if and only if B \ � = B and A \ � = A whi
h leads to

a 
ontradi
tion.

This result allow us to introdu
e an important invariant of separoids

(see [1, 3℄): the geometri
 dimension of a separoid S, denoted as gd(S), is

the minimum dimension where it 
an be represented as a family of 
onvex

sets.

4 Tverberg's theorem

In the year of 1966, Tverberg published a generalisation of the 
lassi


Radon's theorem whi
h 
an be written, in separoids terms, as follows

Theorem 3 (Tverberg [19℄) Let P be a point separoid in IE

d

. If S is of

order

jPj = (k � 1)(d+ 1) + 1

then P 
an be divided in k disjoint subsets A

i

, i = 1; : : : ; k su
h that there

is a point in 
ommon into their 
onvex hulls:

T

k

i=1

hA

i

i 6= �.

The proof of this result is far from trivial. The simplest one known by the

author is based on Sarkaria's argument [15℄ and uses B�ar�any's generalisation

[2℄ of Caratheodory's theorem [4℄.
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Clearly, Theorem 3 
an be extended to 
onvex sets instead of points (just

take a point in ea
h of the 
onvex sets, look for the partition using Theorem 3

and . . . voil�a!). This motivates the following dis
ussion (and de�nition);

Consider a family of 
onvex bodies S and an e�e
tive 3-
oloration of them

& :S !! fR;G;Bg of them (re
all Example 6). If we 
onsider now the 
onvex

hull of ea
h 
olor 
lass, T = fh&

�1

(R)i; h&

�1

(G)i; h&

�1

(B)ig, the resulting

separoid most be one of the eight separoids depi
ted in Figure 1. More

over, there is a 
anoni
 (natural) epimorphisms ':S �! T between these

separoids. Su
h an epimorphism satis�es an extra 
ondition: for A;B � T ,

(�) A y B =) '

�1

(A) y '

�1

(B):

An epimorphism whi
h satis�es the extra 
ondition (�) will be 
alled a 
hro-

momorphism. So, Theorem 2 implies the following

Corollary 4 If S is a separoid of order jSj = (k � 1)(gd(S) + 1) + 1 then

there exists a 
hromomorphism S �! K

k

onto the 
omplete separoid of

order k.

Proof. Consider S as a family of 
onvex sets in IE

d

, where d = gd(S).

Now, let ':P �! S be a 
hoi
e on S. Applying Theorem 3 to P we


on
lude that there exists a partition P = A

1

[ : : :[A

k

su
h that the 
onvex

hulls of the parts have a 
ommon point. If we denote by K

k

= f1; : : : ; kg

(where i y j for all i and j) the elements of the 
omplete separoid, 
learly

the fun
tion & :S ! f1; : : : ; kg de�ned as &(s) = i () '

�1

(s) 2 A

i

is

a 
hromomorphism onto K

k

.

However, observe that the 
on
lusion in the proof is a bit stronger than

that of the statement; we had 
on
lude that there is a point in 
ommon to

all 
olor 
lasses' 
onvex hulls. But in order to be isomorphi
 to a 
omplete

separoid it is enough that every pair of 
onvex sets interse
t (see the realisa-

tion of K

3

in Figure 1.h). So, it may be that the hypothesis of Corollary 4


an be weakened. This motivated our main result:

Theorem 5 Let S be a separoid of order jSj = (k�1)(d(S)+1)+1. Suppose

that in addition, there exists a monomorphism �:S ! P into a separoid of

points in general position, and d(P ) = d(S). Then there exists a 
hromo-

morphism S �! K

k

onto the 
omplete separoid of order k.

Proof. Let S be a d-dimensional separoid of order (k�1)(d+1)+1. Suppose

there is a monomorphism �:S ! P into a d-dimensional point separoid in
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general position. By Tverberg's theorem, there exists a 
hromomorphism

� :P �! K

k

. We will show that & = � Æ � is a 
hromomorphism.

For, let iy j be an edge of K

k

(or a minimal Radon partition if you will).

Sin
e � is 
hromomorphism, we have that �

�1

(i)y �

�1

(j). Then, there exist

A � �

�1

(i) and B � �

�1

(j) su
h that A y B is minimal. Sin
e P is in

general position, jA[Bj = d+2. Sin
e � is inje
tive, j�

�1

(A[B)j = d+2

and there exist C yD su
h that C [D = �

�1

(A [B). Therefore, sin
e � is

a monomorphism, �(C) y �(D). Sin
e P is a point separoid, it is a Radon

separoid and we may suppose that �(C) = A and �(D) = B. Finally, sin
e

C � &

�1

(i) and D � &

�1

(j), we have that &

�1

(i) y &

�1

(j), whi
h 
on
ludes

the proof.

The Hadwiger-type hypothesis added to Theorem 5 still is \geometri
"

in nature. . . Is there a purely 
ombinatorial Tverberg-type theorem?

That motivates the following

Problem 1 Determine the minimum number n(d; k) su
h that, if jSj �

n(d(S); k) then there exists a 
hromomorphism S �! K

k

onto the 
omplete

separoid of order k.
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On 2-
onne
ted spanning

subgraphs of givenmaximum

degree

Heinz-J�urgen Voss

(Joint work with Mi
hal Tk�a�
)

Finding hamiltonian paths and 
y
les in graphs is a well investigated

subje
t in graph theory. there are probably hundreds of papers devoted to

results of the form "If G satis�es property P , then G is hamiltonian". If P is

repla
ed by a weaker 
ondition P

0

then G is perhaps no longer hamiltonian,

but has a generalized stru
ture near to hamiltoni
ity. Su
h generalizations

have been stated in [6℄. Here we generalize a hamiltonian 
y
le in an other

way. A hamiltonian 
y
le in a graph G is a 2-
onne
ted spanning subgraph

of G of maximum degree 2.

De�ne a k-trestle to be a 2-
onne
ted spanning subgraph of maximum

degree at most k. Thus a 2-trestle is a hamiltonian 
y
le.

The property P investigated here is the toughness of a graph G. The


on
ept toughness has been introdu
ed by Chv�atal [4℄. Let G be a 
onne
ted

graph. A subset S of the vertex set of G separates G if the graph G � S

obtained from G by deleting the verti
es of S is dis
onne
ted. G is said to

be t-tough if for every separating set S � V (G) the number !(G � S) of


omponents of G�S is at most

jSj

t

. The toughness �(G) of a non-
omplete

graphG is de�ned to be the largest real number t > 0 su
h that G is t-tough.

For a 
omplete graph G let �(G) = 1. It is easy to see that every graph

with toughness less than one has no 2-trestles. In general for k-trestles it


an easily be proven (see [7℄).

Every graph G with toughness �(G) <

2

k

has no k-trestle.

In [4℄ Chv�atal presented his famous 
onje
ture.

There is a real number t

0

> 0 su
h that every t

0

-tough graph has a

2-trestle.

This 
onje
ture is open till today. For the 
lass of all 
hordal graphs

Chen, Ja
obson, K�ezdy, and Lehel [3℄ proved the validity of Chv�atal's Con-

je
ture with t

0

= 18. A graph G is said to be a 
hordal if ea
h 
y
le C
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of length at least 4 has a 
hord e, i. e., e is an edge not in C but its end

verti
es are on C.

Theorem 1 Ea
h 
hordal polyhedral graph G of toughness > 18 has a 2-

trestle, i. e., a Hamiltonian 
y
le.

By Steinitz's theorem a polyhedral graph is a planar and 3-
onne
ted

graph. Let G be a 
onne
ted graph. Here we will dis
uss a spe
ial 
lass of

polyhedral graphs, namely, the 
hordal polyhedral graphs.

In the 
lass of all 
hordal polyhedral graphs B�ohme, Harant, and Tk�a�


[2℄ found the sharp bound t

0

= 1 for the toughness.

Theorem 2 Ea
h 
hordal polyhedral graph G of toughness > 1 has a 2-

trestle, i. e., a Hamiltonian 
y
le. Moreover, there are 1-tough 
hordal

polyhedral graphs without a Hamiltonian 
y
le.

There are several papers whi
h deal with k-trestled polyhedral graphs, k �

3. In [1℄ Barnette showed that there is a polyhedral graph with no 5-trestles.

In [5℄ Gao proved that every 3-
onne
ted graph on the plane, proje
tive

plane, torus and Klein bottle has a 6-trestle.

Re
ently we have shown in [8℄:

Theorem 3 Ea
h 
hordal polyhedral graph G of toughness greater than 5=6,

or 7=10, or 11=18 has a 3-trestle, or a 4-trestle, or a 5-trestle, respe
tively.

There are 
hordal polyhedral graphs of toughness 21=29 > 0:72, or 51=86 >

0:593, or 139=259 > 0:536, without a 3-trestle, or a 4-trestle, or a 5-trestle,

respe
tively.

The bound of Theorem 2 is sharp.

Open problems are the determination of the pre
ise bounds in Theorems

1 and 3.
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