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Abstra
t

List matrix partitions are restri
ted binary list 
onstraint satisfa
-

tion problems whi
h generalize list homomorphisms and many graph

partition problems arising, e.g., in the study of perfe
t graphs. Most

of the existing algorithms apply to 
on
rete small matri
es, i.e., to

partitions into a small number of parts. We fo
us on two general


lasses of partition problems, provide algorithms for their solution,

and dis
uss their impli
ations.

The �rst is an O(n

r+2

)-algorithm for the list M -partition problem

where M is any r by r matrix over subsets of f0; 1g, whi
h has the

\bisplit property". This algorithm 
an be applied to re
ognize so-


alled k-bisplit graphs in polynomial time, yielding a solution of an

open problem from [2℄.

The se
ond is an algorithm running in time (rn)

O(log r log n= log logn)

for the list M -partition problem where M is any r � r matrix over

subsets of f0; 1; : : : ; q � 1g, with the \in
omplete property". This

algorithm applies to all non-NP-
omplete list M -partition problems

with r = 3, and it improves the running time of the quasi-polynomial

algorithm for the \stubborn problem" from [4℄, and for the \edge-free

three-
olouring problem" from [11℄.

1 Introdu
tion

1.1 List Matrix Partition Problems

In a list matrix partition problem, we have a �xed stru
ture H , 
onsisting

of a set V (H) with r elements and q binary relations E

0

(H), E

1

(H), : : :,

E

q�1

(H). The stru
ture H 
an also be viewed as a dire
ted multigraph

(with loops allowed) on the vertex set V (H) whose ar
s are 
olored with


olors 0; : : : ; q � 1. An instan
e of the list matrix partition problem for H

is an ar
-
olored irre
exive symmetri
 
omplete digraph with a list given

for ea
h vertex. More pre
isely, an instan
e is a stru
ture G 
onsisting of

a set V (G) of size n = jV (G)j with a list L(v) � V (H) for ea
h v 2 V (G),

with q irre
exive binary relations E

0

(G); : : : ; E

q�1

(G) su
h that for any two

(distin
t) verti
es v; v

0

2 G, there exists a unique i = 0; : : : ; q � 1 su
h that

vv

0

2 E

i

(G). The solution to the instan
e is a mapping ' : V (G) ! V (H)

whi
h is a list homomorphism of the stru
ture G to H with respe
t to the

lists L, i.e., it has the following properties:

� '(v) 2 L(v) for every vertex v 2 V (G), and
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� '(v)'(v

0

) 2 E

i

(H) for all v, v

0

and i su
h that vv

0

2 E

i

(G).

In other words, ea
h vertex of G is mapped to a vertex from its list and ea
h

ar
 of G is mapped to an ar
 of H with the same 
olor. In the sequel, we

omit the word \list" if L(v) = V (H) for ea
h vertex v of G. We also 
onsider

the surje
tive version of the problem [5, 16℄, in whi
h the homomorphism

' : V (G) ! V (H) is required to be onto V (H).

The adja
en
y matrix of the target stru
ture H with r = jV (H)j is an

r � r matrix M whose elements are subsets of the set f0; : : : ; q � 1g. The

element M

hh

0

of the matrix 
ontains an index i 2 f0; : : : ; q� 1g if and only

if hh

0

2 E

i

(H). Note that the matrix M need not to be symmetri
. The

list matrix partition problems for H is 
alled the list M-partition problem,

where M is the adja
en
y matrix of H . A list homomorphism ' of G to H

with respe
t to L 
an also be understood as a partition of the set V (G) into

subsets '

�1

(h), h 2 V (H). Su
h a partition is 
alled a list M-partition of

G. With this interpretation in mind, the elements of V (H) are 
alled parts

throughout the paper. Thus the surje
tive version of the problem requires

all parts to be nonempty.

In the most studied 
ase, q = 2 with symmetri
 relations E

0

(H); E

1

(H)

(i.e., the 
ase of symmetri
 matri
es M over the subsets of f0; 1g), the

instan
es of the listM -partition problem, whi
h are 2-edge-
olored 
omplete

graphsG, 
an be viewed as ordinary graphs G

0

[4,11,14,15℄: the edges of the


olors 1 and 0 inG 
orrespond to the edges and non-edges inG

0

, respe
tively.

Note that we impose some restri
tions on the images of both the edges and

the non-edges of G

0

. Hen
e, graph M -partition problems seek partitions of

the graph G

0

into parts whi
h are 
omplete subgraphs, independent sets,

and arbitrary sets, and 
ertain pairs of the parts are 
ompletely adja
ent

or nonadja
ent as des
ribed by the matrix M . Sin
e any two verti
es of G

are in one of the relations, all the entries of a matrix M 
an be required

without loss of generality to be nonempty subsets of f0; 1g. For the sake of

brevity, the entries of M whi
h are f0g, f1g and f0; 1g are denoted by 0, 1

and �, respe
tively. List homomorphisms of di�erent stru
tures, and graphs

in parti
ular, form an important theoreti
al model for other problems in the

area; the reader is referred to a re
ent monograph [17℄ for various examples.

In the 
losely related binary list 
onstraint satisfa
tion problems, we re-

move the restri
tion that ea
h pair of distin
t verti
es of G belongs to a

unique relation E

i

(G). Again, ea
h stru
ture H de�nes a separate binary

list 
onstraint satisfa
tion problem. Bulatov [3℄ has re
ently 
lassi�ed the


omplexity of all list 
onstraint satisfa
tion problems. In parti
ular, it fol-
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lows from his results that ea
h binary list 
onstraint satisfa
tion problem is

NP-
omplete or solvable in polynomial time.

1.2 Our Results

Most of the existing algorithms for listM -partition problems fo
us on small

matri
es M [4, 5, 7, 14{16℄. The notable ex
eptions are [6, 11{13℄; the algo-

rithms in [12℄ apply to restri
ted 
lasses of input graphs, while the algo-

rithms in [6℄ only apply to one 
on
rete family of matri
es M . By 
ontrast,

in this short paper we des
ribe two general properties of matri
esM , whi
h

guarantee the existen
e of 
ertain list M -partition algorithms.

Our �rst algorithm is a polynomial-time algorithm for the list M -parti-

tion problem for q = 2 in the spe
ial 
ase where the matrix M has the

bisplit property, de�ned later in Se
tion 2.

This result is motivated by an even more restri
ted 
ase that in
ludes

bisplit and k-bisplit graphs from [2℄. A graph G is bisplit if the verti
es

of G 
an be partitioned into three (possibly empty) independent sets X ,

Y and Z su
h that the subgraph of G indu
ed by Y and Z is a 
omplete

bipartite graph, i.e., G 
ontains all edges yz for y 2 Y and z 2 Z. In brief,

the graph G 
an be partitioned into an independent set and a 
omplete

bipartite graph. In general, a graph G is a said to be k-bisplit if it 
an be

partitioned into an independent set and k independent 
omplete bipartite

graphs. In other words, the set V (G) 
an be partitioned into 2k+1 (possibly

empty) independent sets X;Y

1

; Z

1

; : : : ; Y

k

; Z

k

su
h that yz 2 E(G) for all

pairs y 2 Y

i

; z 2 Z

i

, and uv 62 E(G) if u 2 Y

i

[ Z

i

; v 2 Y

j

[ Z

j

for all i 6= j.

Observe that a graph G is bisplit if and only if it admits an M -partition for

the following matrix M :

M =

0

�

0 � �

� 0 1

� 1 0

1

A

Similarly, a graph G is k-bisplit if and only if it admits an M -partition for

a 
ertain (2k + 1)� (2k + 1) matrix M .

Brandst�adt et al. [2℄ showed that the question of whether there exists

an integer k su
h that G is k-bisplit is NP-
omplete. For the 
ase k =

1, they found an algorithm with running time O(nm) re
ognizing bisplit

graphs [2℄. They asked whether k-bisplit graphs for a �xed k � 2 
an also

be re
ognized in polynomial time. We provide su
h an algorithm running in

time O(n

2k+1

); the same bound applies also to the surje
tive version. Sin
e
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the problem is NP-
omplete if k is part of the input, it is very unlikely that

there is an algorithm whose running time is polynomial in both n and k. In

addition, the surje
tive version of the problem in
ludes the k-
lique problem,

whi
h is known to be W [1℄-
omplete [8, 9℄, and therefore one 
annot even

expe
t to �nd an algorithm where the exponent of n would not depend on

k [10℄.

Generalizing notion of k-bisplit graphs, we de�ne (A;B)-bisplit graphs.

Let A and B be any k�k and any `�` matri
es, respe
tively, whose entries

are 0 and 1. A graph G is said to be (A;B)-bisplit if the verti
es of G 
an

be partitioned into k+ ` sets X

1

; : : : ; X

k

; Y

1

; : : : ; Y

`

su
h that the following

two 
onditions hold:

� If v 2 X

i

and v

0

2 X

j

, then vv

0

is an edge of G if and only if A

ij

= 1.

� If v 2 Y

i

and v

0

2 Y

j

, then vv

0

is an edge of G if and only if B

ij

= 1.

Thus, k-bisplit graphs are (A;B)-bisplit graphs where A is the 1� 1 matrix

whose single entry is 0 and B is the (2k) � (2k) matrix whose all entries

are 0 ex
ept for the entries with 
oordinates (2i � 1; 2i) and (2i; 2i � 1),

i = 1; : : : ; k, whi
h are equal to 1. Note that A and B are symmetri


matri
es in this 
ase, but we do not require them to be symmetri
 in the

general 
ase of (A;B)-bisplit graphs. All the problems of re
ognition of

(A;B)-bisplit graphs are treated as list M -partition problems with q = 2

where the (k + `) � (k + `) matrix M 
onsists of blo
ks A and B on the

diagonal and � in all the other entries.

The bisplit property, whi
h generalizes all the above notions, is some-

what te
hni
al. The exa
t formulation of it, as well as the statement of our

result (and algorithm) in full generality is postponed to Se
tion 2.

Our se
ond algorithm is a subexponential algorithm for the list M -

partition problem with general q, su
h that ea
h relation E

i

forbids, for

any two triples of parts B;B

0

� V (H) (not ne
essarily disjoint), at least

one 
ombination of a part from B with a part from B

0

. Formally, a matrix

M has the in
omplete property, if for any two three-element subsets B and

B

0

of V (H), and any i, we have B � B

0

6� E

i

(H). We give an algorithm

with running time (rn)

O(
 log r log n= log logn)

for list-M partition problems for

r � r matri
es with the in
omplete property. Note that the 
omplexity of

our algorithm remains quasi-polynomial even for unbounded r. A
tually,

our algorithm solves a more general 
lass of problems, the exa
t statement

of whi
h is again postponed to Se
tion 3 where the algorithm is presented.
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This algorithm also implies that all problems with three parts (i.e., r = 3,

q arbitrary) have 
omplexity n

O(logn= log logn)

unless they are NP-
omplete.

Our motivation for 
onsidering this type of problems 
omes from the


lassi�
ation of Feder and Hell [11℄ of all list partition problems as having

either quasi-polynomial 
omplexity n

O(log n)

or being NP-
omplete. In the

spe
ial 
ase of list digraph partition problems with three parts (i.e., q = 2

and r = 3), ea
h problem is either polynomial or NP-
omplete, as shown

by Feder, Hell, and Tu
ker-Nally [15℄. For the spe
ial 
ase of list graph

partition problems with at most four parts (q = 2 and r � 4), all quasi-

polynomial problems turned out to be polynomial, with the ex
eption of a

single four-part problem dubbed the stubborn problem [4℄. A similar three-

part problem with q = 3 was given in [11℄, with an n

O(logn)

algorithm

(again, no polynomial algorithm is known for this problem.) Our algorithm

improves the bound for both these partition problems by a fa
tor of log logn

in the exponent.

2 The Bisplit Property

In this se
tion, we present our polynomial-time re
ognition algorithm for

(A;B)-bisplit graphs and the generalization to list M -partition problems

on graphs for M with the bisplit property de�ned below.

A 
ross of a matrix of M is a pair formed by some row M

i�

and the


orresponding 
olumn M

�i

. We say that the 
ross i dominates the 
ross j

if, for every s, M

js

� M

is

and M

sj

� M

si

. (Re
all our 
onvention that

� is a short
ut for f0; 1g and 0 and 1 are short
uts for the 
orresponding

singletons.) Note that if 
ross i dominates 
ross j, then any vertex of G

mapped to a j 
an be also mapped to i. (However, in the surje
tive 
ase we

need to keep one vertex of G in ea
h 
lass.)

Two 
rosses i and j of a matrix M are said to be independent if the

sets of �'s in the 
orresponding 
rosses are in
omparable by in
lusion. More

pre
isely, there exists s su
h that M

is

= � 6= M

js

or M

si

= � 6= M

sj

, and

there exists s su
h that M

is

6= � = M

js

or M

si

6= � = M

sj

. The matrix M

is said to have the bisplit property if it does not 
ontain three independent


rosses. Clearly, all matri
es M 
orresponding to re
ognizing (A;B)-bisplit

graphs have the bisplit property, as the �'s in M 
onsist of two symmetri


re
tangles and thus at most two 
rosses 
an be independent.

Note that for any two 
rosses i and j, (at least) one of the following

three possibilities o

urs: (i) the 
rosses i and j are independent, (ii) or
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they dominate ea
h other (i.e., i dominates j or j dominates i) or (iii) the


rosses i and j are in
omparable, where two 
rosses i and j are said to be

in
omparable, if there exists one s su
h that M

is

and M

js

are in
omparable

(i.e., one of them is equal to 0 and the other one is equal to 1), or M

si

and

M

sj

are in
omparable.

If we allow three independent 
rosses, in general, the problem be
omes

NP-hard. For example, note that a 
omplement of graph G is 3-
olorable if

and only if it admits an M -partition for

M =

0

�

1 � �

� 1 �

� � 1

1

A

We are now prove the main result of this se
tion:

Theorem 2.1 Let M be an r � r matrix over the non-empty subsets of

f0; 1g. If the matrix M has the bisplit property, then the list M-partition

problem 
an be solved in time O(n

r+2

). This also applies to the surje
tive

version of the problem.

Proof. Given a graph G, we �rst sele
t at most one representative vertex

v

h

2 V (G) for ea
h element h 2 V (H) and map v

h

to h; in the surje
tive

version of the problem we 
hoose exa
tly one representative for ea
h h 2

V (H). Note that there O(n

r

) ways in whi
h this 
an be done.

For ea
h su
h 
hoi
e, we delete from the matrix M all the 
rosses 
or-

responding to the parts in V (H) that do not have a representative, and

we delete, from any list L(v), all parts that have no representatives. Note

that the resulting matrix M

0

still has the bisplit property. Furthermore,

whenever the list of a vertex v of G 
ontains i and j su
h that the 
ross

i dominates the 
ross j in M

0

, remove j from the list of v. Clearly, if the

original list partition problem had a solution, the new one has a solution as

well: a solution whi
h maps v to j 
an be 
hanged so that v is mapped to i.

Finally, we remove from the list of ea
h vertex v of G all the parts to whi
h v


annot be mapped be
ause of the stru
ture of M and the presele
ted repre-

sentatives. Spe
i�
ally, if v is adja
ent to v

h

but M(h; k) = 0, then remove

k from the list L(v), and if u is nonadja
ent to v

h

but M(h; k) = 1, then

remove k from the list L(u). Sin
e the size of H is 
onstant, the restri
tion

des
ribed above 
an be performed in linear time.

We 
laim that after this pro
edure, every two 
rosses i; j 2 L(v) are

independent, for every v 2 V (G). They 
annot dominate ea
h other, as
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dominated 
rosses have been removed. They also 
annot be in
omparable,

as otherwise there exists a 
ross s where the 
rosses i and j are in
omparable,

and based on the existen
e of an edge between v and the representative of s

from the presele
ted verti
es one of i and j was removed from L(v). As noted

above, if two 
rosses neither dominate one another nor are in
omparable,

they are independent.

Sin
e M has the bisplit property, L(v) has at most two elements, for

ea
h v 2 V (G). We may thus assign to ea
h vertex a Boolean variable

whi
h represent whether the vertex v is mapped to the �rst or the se
ond

part 
ontained in L(v). If the list 
ontains just a single part, we introdu
e a


orresponding 
lause of length 1. Given verti
es v and v

0

, the parts 
hosen

for v and v

0

are possibly 
onstrained by M depending on whether v and v

0

are joined by an edge or not. This 
onstraint gives one or more 
lauses with

the two Boolean variables 
orresponding to v and v

0

. The 
orresponding

instan
e of the 2-satis�ability problem 
an be solved in time O(n

2

) [1℄. Sin
e

there are O(n

r

) 
hoi
es of the initial partition, the total running time of our

algorithm is O(n

r+2

).

If the matrixM 
orresponds to the re
ognition problem for (A;B)-bisplit

graphs, the running time of the algorithm 
an be improved by a fa
tor of

n

2

. The key observation is that we 
an omit assigning a representative to

one part from A and to one part from B.

Theorem 2.2 For any matri
es A and B with dimensions k� k and `� `,

respe
tively, (A;B)-bisplit graphs 
an be re
ognized in time O(n

k+`

). In

parti
ular, for any integer k � 1, k-bisplit graphs 
an be re
ognized in time

O(n

2k+1

).

Proof. First, if the matrix A 
ontains two equal 
rosses (i.e., su
h that

A

is

= A

js

and A

si

= A

sj

for all s), remove one of them. We pro
eed

similarly for the matrix B.

Given a set U of 
rosses of A, 
all two 
rosses i and j in A separated by

U if A

is

6= A

js

or A

si

6= A

sj

for some s 2 U . We 
laim that there exists

a (k � 1)-element set U of 
rosses of A su
h that every two 
rosses i and j

in A are separated by U . Observe that the relation of \not being separated

by U" is an equivalen
e on 
rosses of A for ea
h U and adding elements to

U 
an only re�ne this equivalen
e. We start with U empty and sequentially

add 
rosses of A to the 
urrent set U . Pi
k up two 
rosses i and j of A

not separated by U . There exists s su
h that A

is

6= A

js

or A

si

6= A

sj

,
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sin
e there are no equal 
rosses in A. Add one su
h s to U . Clearly, this

separates i and j and thus in
reases the number of equivalen
e 
lasses by

at least one. After at most k�1 steps, every two 
rosses of A are separated

and the 
laim follows.

Similarly, for the matrix B, there exists a set U

0

of at most `� 1 
rosses

that distinguish all 
rosses of B.

Now follow the previous algorithm with the following modi�
ation: if

less than k 
rosses of U should have a representative, we pro
eed as in the

general 
ase. If all 
rosses of A should have a representative vertex, 
hoose

a representative verti
es only for the at most k�1 
rosses in U , but keep the

remaining 
ross(es) available in the restri
ted matrixM

0

. Similarly, pro
eed

with B. Remove now the dominated 
rosses of M

0

from all the lists L(v).

After this, ea
h list 
ontains at most one element from A and at most one

element from B; to show this if M 
ontains all the 
rosses of A or B, we use

the fa
t that 
hosen U distinguishes all the rows. Solve the 
orresponding

2-satis�ability problem.

There are O(n

k+`�2

) 
hoi
es of the representatives and the total running

time of the algorithm is O(n

k+`

).

The statement for k-bisplit graphs immediately follows.

3 The In
omplete Property

In this se
tion, we present our se
ond algorithm. We a
tually treat the

problem in a more general, multi-domain, setting: An instan
e 
onsists of n

variables x

i

that range over respe
tive sets A

i

of size at most r. In addition,

ea
h pair of distin
t variables x

i

; x

j

is 
onstrained by some C

ij

� A

i

� A

j

whi
h has the following property: If B

i

� A

i

and B

j

� A

j

are subsets of size

exa
tly 3, then B

i

�B

j

6� C

ij

. Clearly, every instan
e of a list M -partition

problem is of the above type if the matrix M has the in
omplete property.

Indeed, in this 
ase A

i

= V (H).

Theorem 3.1 Consider instan
es of an r-part list partition problem with n

variables where ea
h variable is 
onstrained by a list A

i

and ea
h pair of two

distin
t variables x

i

and x

j

is 
onstrained by some relation C

ij

� A

i

� A

j

with the property that for ea
h B

i

� A

i

and B

j

� A

j

with jB

i

j = jB

j

j = 3,

we have (B

i

�B

j

) 6� C

ij

. This r-part list partition problem 
an be solved in

time (rn)

O(log r logn= log logn)

.
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Proof. Let t = logn=log logn. If t � 6, then n is 
onstant and the problem


an be solved by brute for
e in time bounded by a polynomial in r.

The algorithm pro
eeds by double re
ursion. The outer re
ursion de-


reases r by a fa
tor of 2=3 in ea
h level. More pre
isely, let p be the

maximal size of any list jA

i

j at the beginning of a level of the outer re-


ursion. Then at the end of the level, in all the 
alls to the next level of

the outer re
ursion, the size of all the lists jA

i

j is at most b2(p + 1)=3
.

Consequently, after O(log r) levels, the size of the lists is at most 2. Su
h

instan
es are instan
es of the 2-satis�ability problem and 
an be solved in

time O(n

2

).

List A

i

is said to be large if jA

i

j > 2(p+1)=3, where p is the maximal size

of any list jA

i

j at the beginning of the 
urrent level of the outer re
ursion.

The inner re
ursion gradually de
reases the number of variables with large

lists.

Let s denote the number of large lists; note that s � n. We de�ne f(s) to

be the maximal number of 
alls within one level of the outer re
ursion taken

over all instan
es with at most s large lists. The value f(s) also impli
itly

depends on r and n whi
h are �xed for the whole proof. If s = 1, assign

all possible values of the last large list to the 
orresponding variable and

re
urse to the next level of the outer re
ursion; thus f(1) � n.

For ea
h i and a 2 A

i

, let g

i

(a) be the number of large lists A

j

su
h

that there more than jA

j

j=3 � 1 elements d 2 A

j

with ad =2 C

ij

. Thus, if

x

i

is assigned a, the size of at least g

i

(a) large lists is de
reased to less than

jA

j

j � jA

j

j=3 + 1 � 2p=3+ 1, i.e., they are no longer large, and s de
reases

to at most s� g

i

(a).

We 
laim that for any i and any three distin
t a; b; 
 2 A

i

, we have

g

i

(a) + g

i

(b) + g

i

(
) � s� 1. Otherwise there exists one large list A

j

, j 6= i,

su
h that there are at most jA

j

j=3 � 1 elements d 2 A

j

with ad 62 C

ij

, at

most jA

j

j=3 � 1 elements d 2 A

j

with bd 62 C

ij

, and at most jA

j

j=3 � 1

elements d 2 A

j

with 
d 62 C

ij

. Thus there exists a three-element subset

B � A

j

su
h that fa; b; 
g � B � C

ij

, 
ontradi
ting the in
ompleteness

assumption.

We now distinguish two 
ases a

ording to the number of elements a 2 A

i

with g

i

(a) � s=t.

Assume �rst that ea
h list A

i


ontains at most one element a

i

with

g

i

(a

i

) � s=t. Assign to ea
h x

i

the element a

i

2 A

i

with the smallest

g

i

(a

i

) and 
he
k whether this is a valid assignment. If yes, we are done

with no re
ursion. If no, there must exist i and j su
h that a

i

a

j

62 C

ij

;

�x one su
h pair i, j. Re
urse on jA

i

j � 1 problems obtained by assigning
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to x

i

all elements 


i

2 A

i

n fa

i

g and on jA

j

j � 1 problems obtained by

assigning to x

j

all elements 


j

2 A

j

n fa

j

g. Sin
e a

i

a

j

62 C

ij

, this 
overs all

possible solutions. We now bound the number of re
ursive 
alls. Observe

that g

i

(b

i

) < (s�1)=3 for at most one value of b

i

2 A

i

nfa

i

g, as otherwise we

would get, together with a

i

, three elements of A

i

with values of g

i

smaller

than (s�1)=3, 
ontradi
ting the previous 
laim. Furthermore, for this value

of b

i

we have g

i

(b

i

) > s=t. Using the same argument for j, we have at most

two re
ursive 
alls with s de
reased to at most s� s=t and at most 2r 
alls

with s de
reased to at most (2s+ 1)=3. Consequently, the number of 
alls

to the next level of the outer re
ursion is at most

2r � f

�

2s+ 1

3

�

+ 2 � f

�

s

�

1�

1

t

��

:

The remaining 
ase is that there is a list A

i

with two elements a; b 2 A

i

su
h that g

i

(a) � s=t and g

i

(b) � s=t. By the above 
laim, ea
h element


 2 A

i

n fa; bg has g

i

(
) � s(1 � 2=t) � 1. We now form jA

i

j � 1 re
ursive


alls. First we assign to x

i

all elements 
 2 A

i

n fa; bg and re
urse on

the remaining instan
e with at most 1 + 2s=t large lists. If none of these

instan
es has a solution, we 
an restri
t the list A

i

to fa; bg and eliminate x

i

as follows: For every two indi
es j; j

0

6= i and ea
h 
 2 A

j

and 


0

2 A

j

0

su
h

that 
a 62 C

ji

and b


0

62 C

ij

0

, remove 



0

from C

jj

0

(if 



0

2 C

jj

0

). Clearly,

the new instan
e (without the variable x

i

) has a solution if and only if the

original one has a solution with x

i

2 fa; bg. The new instan
e is solved by

a re
ursive 
all; note that it has at most s � 1 large lists. The number of


alls to the next level of the outer re
ursion is at most

f(s� 1) + r � f

�

2s

t

�

:

Unwinding the last 
all of the re
ursion in the se
ond 
ase until the �rst


ase o

urs we obtain the following bound for f(s):

f(s) � rn � f

�

2s

t

�

+ 2r � f

�

2s+ 1

3

�

+ 2 � f

�

s

�

1�

1

t

��

:

Solving this re
urren
e we obtain, for a suitable 
onstant C,

f(s) � (rn)

C log

t

s

(2r)

C log s

2

Ct log s

= (pn)

O

(

logn

log logn

)

Sin
e there are O(log r) levels of the outer re
ursion and all the other 
om-

putations are polynomial-time for ea
h re
ursive 
all, the overall number

11



of re
ursive 
alls and also the running time of the presented algorithm are

(rn)

O(log r log n= log logn)

.

Given a three-part list partition problem, if one of the q binary 
on-

straints allows all pairs, then the problem is just a list 
onstraint satisfa
tion

problem, and thus polynomial or NP-
omplete by Bulatov's 
lassi�
ation [3℄.

If ea
h of the q binary 
onstraints forbids at least one pair, then the problem

satis�es assumptions of Theorem 3.1. We thus have the following:

Corollary 3.2 Every three-part list partition problem has either 
omplexity

at most n

O(logn= log logn)

or is NP-
omplete.

The 
omplexity in the pre
eding Corollary is either polynomial or NP-


omplete in the spe
ial 
ase of list digraph partition problems as shown

in [15℄, and noted in the introdu
tion.

The graph list partition problems with at most four parts (q = 2, r � 4)

were 
lassi�ed as polynomial or NP-
omplete, with the ex
eption of the so-


alled stubborn problem, whi
h is quasi-polynomial [4℄. This is the problem

with parts 0; 1; 2; 3 where one symmetri
 binary relation forbids just the

loop at 0, and the other symmetri
 binary relation forbids only the loops

at 2 and 3, and the edge 13. As 1 dominates 3, the lists may be assumed

to not 
ontain both 1 and 3, i.e., the given lists are 
ontained in f0; 1; 2g or

f0; 2; 3g. We thus have a four-part partition problem without the relation

that allows all 
ombinations of two 
hoi
es of three parts: on f0; 1; 2g one

relation forbids 00 and the other 22, on f0; 2; 3g one relation forbids 00 and

the other 33, and between f0; 1; 2g and f0; 2; 3g one relation forbids 00 and

the other 13. Theorem 3.1 yields the following bound.

Corollary 3.3 The stubborn problem 
an be solved by an algorithm with

running time n

O(logn= log logn)

.

The edge-free three-
olouring problem from [11℄ is 
losely related to the

stubborn problem (
f. [11℄), but has only three parts and q = 3; it 
an be

formulated as follows. An instan
e of the edge-free three-
olouring problem

is a 
omplete graph with edges 
oloured by 0; 1; 2. The solution to su
h an

instan
e is a three-
olouring of the verti
es of the 
omplete graph without

a mono
hromati
 edge, i.e., an edge of 
olour i having both end verti
es


oloured i. (Note that the analogous edge-free two-
olouring problem is

the re
ognition problem for the 
lass of split graphs, and hen
e solvable

in polynomial time; the edge-free four-
olouring problem is easily seen to

12



be NP -
omplete [11℄.) Clearly, the edge-free three-
olouring problem is a

restri
tion (to the 
ase where all lists are f0; 1; 2g) of the list M -partition

problem with the following matrix M (we again let � denote f0; 1; 2g):

M =

0

�

f1; 2g � �

� f0; 2g �

� � f0; 1g

1

A

Theorem 3.1 also yields the following bound (whi
h also applies to the

general list M -partition problem with the above M).

Corollary 3.4 The edge-free three-
olouring problem 
an be solved by an

algorithm with running time n

O(log n= log logn)

.
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