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Abstra
t

Results of Las Vergnas, Hell and Kirkpatri
k imply that pa
king

an undire
ted graph by a set of stars is polynomial if and only if this

set is fS

1

; S

2

; : : : ; S

k

g. That is, if we forbide some stars from this

`sequential' set of stars then we get an NP-
omplete problem. This

arises the question if it is possible to allow some other new graphs

to be a 
omponent of the pa
king to maintain polynomiality. In this

and in the sibling paper \... II." we show two types of graph sets

whi
h 
an be added to the pa
king to maintain polynomiality. These

new graphs (
alled `superstars') are trees su
h that some of the leaf

verti
es of a star are repla
ed by forbidden stars of the pa
king. These

two papers show di�erent methods for solving the two type of pa
king

problems. The present paper introdu
es an Edmonds-type algorithm

together with a Berge-type theorem.

Keywords: graph pa
king, star, (f; g)-fa
tor

1 Introdu
tion

Let F be a family of graphs (in this paper K

2

2 F). An F-pa
king of a

graph G is a set of vertex disjoint subgraphs of G, ea
h isomorphi
 to a

�
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member of F . An F-pa
king is 
alled maximum if it 
overs a maximum

number of verti
es of G and it is 
alled perfe
t if it 
overs every vertex of

G. The F-de�
ien
y of a graph G is the minimum number of un
overed

verti
es, for any F-pa
king of G. A graph with F-de�
ien
y equal to zero

is 
alled F-saturable. Several authors [2, 3, 4, 5, 6, 7, 8, 12, 13, 14℄ studied

this kind of pa
king problem. Polynomial time algorithms for �nding perfe
t

or maximum F-pa
kings have been found for various spe
ial families F of

graphs.

In [10℄, Las Vergnas proved that the fS

1

; : : : ; S

k

g-pa
king problem is

polynomial, where S

i

is a i-star, i.e. a simple graph with a spe
i�ed ver-

tex, 
alled 
enter, whose deletion results in a graph 
onsisting of i isolated

verti
es, 
alled leaves. On the 
ontrary, Hell and Kirkpatri
k [7℄ proved

that every other set of stars gives an NP-
omplete pa
king problem. In

other words, omitting some stars from the star-sequen
e fS

1

; : : : ; S

k

g with

keeping S

k

yields an NP-
omplete problem. This arises the question, is it

possible to add some other graphs to the pa
king to re
over polynomiality?

In this and in the sibling paper \... II." we 
onsider su
h pa
king problems,


alled the `superstar' pa
king problems.

For introdu
ing this, an integer h is 
alled a gap of a set H � N if h =2 H

but H 
ontains an integer at least h and an integer at most h. H is said

to have no two 
onse
utive gaps if minH � i � maxH; i =2 H implies

i + 1 2 H . This paper shows that we may add some `superstars' to the

set fS

i

: i 2 Hg to re
over polynomiality in 
ase 1 2 H and H has no two


onse
utive gaps. For this, denote u = maxH and let 1 � b � u be a �xed

integer. A star S

i

is allowed (in H) if i 2 H and forbidden (in H) if i is

a gap of H . A graph is said to be an (t; s)-superstar if it is 
onstru
ted as

follows: 
onne
t the 
enter of a star S

t

to the 
enters of s forbidden stars

(see Fig. 1 for an example). Let S

H;b


onsist of all the allowed stars and

of all the (t; s)-superstars for 0 � t + s � u and 1 � s � b. This paper

presents a polynomial algorithm for solving the S

H;b

-pa
king problem for

all 1 2 H � N with no two 
onse
utive gaps and for all 1 � b � u where

u = maxH . The presented algorithm is a generalization of the alternating

forest mat
hing algorithm of Edmonds. We a

ompany it by a Berge-type

min-max theorem.

The sibling paper [9℄ shows another type of sets of superstars whi
h


an be added to the family fS

i

: i 2 Hg to maintain polynomiality. Here

let b � 1 and let C

H;b


onsist of all the allowed stars and of all the (t; s)-

superstars for 0 � t � u and 1 � s � b. The algorithm of [9℄ solving a

C

H;b

-pa
king problem for all 1 2 H � N with no two 
onse
utive gaps and
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(1,1)-superstar (4,1)-superstar (3,2)-superstar (0,2)-superstar

Figure 1: Examples of superstars, H = f1; 3; 5g

for all b � 1 uses a redu
tion to the H-fa
tor problem introdu
ed by Lov�asz

[15℄. The approa
h of [9℄ implies also the fa
t that the C

H;b

-pa
king problem

in matroidal, i.e. the vertex sets 
overable by C

H;b

-pa
kings form a matroid.

At the end of this paper, we will show a modi�
ation of our S

H;b

-pa
king

algorithm, whi
h solves the C

H;b

-pa
king problem.

Note that if H = f1; : : : ; ug and 1 � b � u then S

H;b

= C

H;b


onsists

of all the stars S

i

; 1 � i � u; and we get the star pa
king problem of Las

Vergnas [10℄. Hen
e both types of superstar pa
king problems 
ontain the


lassi
al mat
hing problem. Observe that in both types of problems there

are several 
lasses of graphs (one for ea
h b), whi
h 
an be added to the set

of allowed stars to maintain polynomiality.

Loebl and Poljak [12, 13, 14℄ and Janata [8℄ studied P-pa
king problems,

where P 
ontainsK

2

, some hypomat
hable graphs and a set of graphs 
alled

propellers. A graph F is 
alled hypomat
hable if it has no perfe
t mat
hing

but for all v 2 V (F ) the graph F n v (i.e. the graph 
onstru
ted from F by

deleting v) is perfe
tly mat
hable. A k-propeller (k � 0) is a graph with a

spe
i�ed vertex 
alled 
enter, whose deletion results in a graph 
onsisting

of k + 1 hypomat
hable 
omponents 
alled blades, at least one of whi
h is

a single vertex. A graph 
onstru
ted from a k-propeller P by deleting at

most k of its blades is 
alled a subpropeller of P . We denote by P

1

+ P

2

a

graph that arises from two propellers P

1

; P

2

by glueing their 
enters 


1

; 


2

into one new vertex 
 and arbitrarily sele
ted neighbors r

1

; r

2

of 


1

; 


2

with

degree one into one new vertex r. The P-pa
king problem is matroidal

if and only if P satis�es the heredity 
ondition (every subpropeller of a

P-saturable propeller is P-saturable) and the blade-ex
hange 
ondition (if

P; P

0

are P-saturable propellers and P

0

is isomorphi
 to P

1

+ P

2

, where

P

1

is a P-saturable 1-propeller and P

2

is a subpropeller of P , then there

exists a 
omponent B of P nP

2

su
h that (P nB)+P

1

is P-saturable). The

matroidal 
ases of the P-pa
king problem are polynomially solvable. We
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all the reader's attention to similarity of the stru
ture of polynomial 
ases

of P-pa
king problem and both types of the superstar-pa
king problem. In

all families C

H;b

and S

H;b

, an analogy of the heredity and blade-ex
hange


onditions hold 
onsidering the sets of `blades' 
onsisting of K

1

and the

forbidden stars. Even though we have dropped the 
ondition that a blade

has to be a hypomat
hable graph, we have kept the 
ru
ial property: two

`blades' 
onne
ted by an edge form a saturable graph.

Throughout the paper all graphs are �nite and simple. K

n

denotes the


omplete graph on n verti
es. If G is a graph and U � V (G) then shrinking

the set U results in a graph G

0

obtained from G by deleting all the verti
es

of U (and their in
ident edges), and inserting a single vertex u adja
ent to

any vertex of V (G)nU that is adja
ent to at least one vertex from U . (Note

that this assures that there are no parallel edges in G

0

.) The new vertex

u is 
alled a shrunk vertex. If G is a graph and Q is its F-pa
king then

V (Q); E(Q) denote the sets of all verti
es and edges of Q, respe
tively.

2 Results

In this se
tion, we state the Berge-type min-max theorem for the S

H;b

-

pa
king problem. The proof of the theorem depends on the algorithm and

will be presented in se
tion 4. For the rest of the 
hapter, we assume H and

b �xed.

A 
ru
ial te
hnique used in the Edmonds alternating forest mat
hing al-

gorithm is shrinking of hypomat
hable graphs. The important property of

a hypomat
hable graph is that joining it by an edge to another hypomat
h-

able graph results in a perfe
tly mat
hable graph. In our algorithm, the role

of hypomat
hable graphs will be played by graphs that we 
all hedgehogs.

De�nition 2.1. A 
onne
ted graph W is 
alled a small hedgehog if

(a) W is a single vertex or a non-S

H;b

-saturable odd 
y
le (the verti
es

of W are 
alled free), or

(b) W is a tree 
ontaining l � 1 forbidden stars denoted by L

1

; : : : ; L

l

,

su
h that

S

l

i=1

E(L

i

) = E(W ),

S

l

i=1

V (L

i

) = V (W ), jV (L

i

) \ V (L

j

)j � 1

(i 6= j) and if V (L

i

) \ V (L

j

) = fxg then x is a leaf in both L

i

; L

j

. The


enters of L

i

's are 
alled �xed and the leaves of L

i

's are 
alled free. A �xed

vertex with h free neighbors is 
alled h-�xed.

De�nition 2.2. A graph D is 
alled a hypomat
hable union of graphs

L

1

; : : : L

2l+1

(l � 0) if every L

i

is a vertex-indu
ed subgraph of D, V (D) =
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V (L

1

)

_

[ : : :

_

[V (L

2l+1

) and shrinking of every L

i

results in a hypomat
hable

graph D

0


alled the skeleton of D.

Let D be a hypomat
hable union of small hedgehogs W

1

; : : : ; W

2l+1

(l � 0). The family W = fW

1

; :::;W

2l+1

g is 
alled the de
omposition of

D and the graphs W

i

are 
alled the small hedgehogs of (D;W). A vertex

v 2 V (D) is 
alled free if there exists a de
omposition W of D su
h that v

is free in some small hedgehog of (D;W). Otherwise, we say that v is �xed

in D.

De�nition 2.3. A hypomat
hable union of small hedgehogs D is 
alled a

hedgehog if D is not S

H;b

-saturable.

Examples of small hedgehogs and hedgehogs 
an be seen in Figure 2.

A polynomial re
ognition of S

H;b

-saturable hypomat
hable unions of small

hedgehogs will be provided in Se
tion 3. We have the following Berge-type

theorem:

Theorem 2.4. The S

H;b

-de�
ien
y of a graph G is

max jHj � ujY

H

free

j � bjY

H

fixed

j;

where max is taken over all setsH of indu
ed disjoint non-adja
ent hedgehog-

subgraphs of G, Y

H

fixed

are those neighbors of these hedgehogs whi
h are

adja
ent only to �xed verti
es and Y

H

free

are the remaining neighbors.

The proof of Theorem 2.4 together with the formulation of the algorithm

will be introdu
ed in Se
tion 4. Before that, in Se
tion 3, we will pay

attention to the stru
ture of hedgehogs and S

H;b

-pa
kings.

small hedgehogs, H = {1, 3, 5} hedgehogs, H = {1, 3, 5}, b = 1

Figure 2: Examples of small hedgehogs and hedgehogs for H = f1; 3; 5g
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3 Hedgehogs

In this se
tion we introdu
e the 
ru
ial properties of small hedgehogs and

hedgehogs with respe
t to S

H;b

-pa
kings. For this purpose, j is 
alled an

undergap (in H) if j 2 H and j+1 is a gap in H . Similarly, j is an overgap

(in H) if j 2 H and j � 1 is a gap in H .

We start by de�ning a few more notions 
on
erning superstars: We 
all

a vertex 
 of a superstar L a (t; s)-super
enter, if L n 
 
onsists of t + s


omponents, s of whi
h are forbidden stars and t of whi
h are 
opies of K

1

.

Note that a superstar 
an have more super
enters: every (t; 1)-superstar

with t 62 H has exa
tly two super
enters. From now, a star S

l


an be

viewed as a (l; 0)-superstar with super
enter in the 
enter or (if l is an

overgap) as a (0; 1)-superstar with super
enter in a leaf of S

l

.

We 
all a 1-degree vertex of a superstar a leaf if it is not a super
enter. A

vertex of a superstar that is neither super
enter nor leaf is 
alled a 
enter. A

superstar L 
ontaining at least one 
enter is 
alled underloaded, otherwise

L is 
alled loaded. Observe that an underloaded superstar has a unique

super
enter and that the degrees of all verti
es of a loaded superstar and the

degrees of all verti
es of an underloaded star di�erent from its super
enter

are in H . We may observe that if L 2 S

H;b

, v is a leaf of L and X




is a

subgraph of L indu
ed by its 
enter 
 and the neighboring leaves, then the

graphs L n v and L nX




are S

H;b

-saturable.

Let us 
ontinue by studying the properties of small hedgehogs. Re
all

that all neighbors of a �xed vertex of a small hedgehog are free and their

number is a gap in H . We may easily �nd out that a small hedgehog is not

S

H;b

-saturable. On the other hand, the following holds:

Proposition 3.1. LetW be small hedgehog. The following graphs are S

H;b

-

saturable:

� W n w, where w is a free vertex of W

� W n L, where L is a subgraph of W indu
ed by a �xed vertex of W

and all of its neighbors.

Proof. If W is a single vertex or an odd 
y
le then the result is trivial. IfW


onsists of l glued-together forbidden stars then the perfe
t S

H;b

-pa
kings

of W n w, W n L 
onsist of l and l � 1 undergap-stars, respe
tively.

Proposition 3.2. LetW be a 
onne
ted graph 
onstru
ted from two disjoint

small hedgehogs W

1

;W

2

by 
onne
ting arbitrary verti
es w

1

2 V (W

1

), w

2

2

V (W

2

) by a new edge e. Then W is S

H;b

-saturable.
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Proof. Let L

1

; L

2

be subgraphs of W

1

;W

2

, respe
tively, de�ned as follows:

If w

i

is free in W

i

then L

i

= fw

i

g. If w

i

is �xed in W

i

then L

i

is the

star indu
ed by w

i

and all of its neighbors. The perfe
t S

H;b

-pa
king of W


onsists of perfe
t S

H;b

-pa
kings of W

i

n L

i

guaranteed by Proposition 3.1

and of the graph L

1

[ L

2

[ e, whi
h is a 
opy of K

2

, an overgap-star, or a

(t; 1)-superstar where t is a gap in H .

Proposition 3.3. Let W be a small hedgehog and let u 6= v 2 V (W ) be two

non-adja
ent verti
es of W . Then W [ uv is S

H;b

-saturable or a hedgehog.

Proof. If W is a non-S

H;b

-saturable odd 
y
le then 2 is a gap of H and

W [ uv is S

H;b

-saturable using edges and exa
tly one (1; 1)-superstar.

If W is a tree then by adding the edge uv, we 
reate exa
tly one 
y
le C.

Every �xed vertex of W lies in at most two edges of C. Consider the graph

W

0


onstru
ted from W by deleting every pair of edges e; f 2 E(C) n fuvg

su
h that e; f meet in a �xed vertex. W

0

has an odd number of 
omponents

ea
h of whi
h is either a small hedgehog or S

H;b

-saturable. Moreover, every

graph indu
ed by an edge of C and the two adja
ent 
omponents of W

0

is also S

H;b

-saturable. If any of the 
omponents is S

H;b

-saturable, then

the whole W [ uv is, otherwise W [ uv is a hypomat
hable union of small

hedgehogs, and so it is either S

H;b

-saturable or a hedgehog.

In the following, we will introdu
e the 
ru
ial properties of hypomat
h-

able unions of small hedgehogs.

Proposition 3.4. Let D be a hypomat
hable union of small hedgehogs with

de
omposition W. If W is a small hedgehog of (D;W) then there exists

a perfe
t S

H;b

-pa
king Q

W

of D n W . Moreover, Q

W

uses only loaded

superstars.

Proof. Let D

0

be the skeleton of D and let v

W

2 V (D

0

) be the shrunk vertex

asso
iated to W . The perfe
t S

H;b

-pa
king Q

W

of D nW is the union of

perfe
t S

H;b

-pa
kings of pairs of small hedgehogs (the pairs are indu
ed by

a perfe
t mat
hing of D

0

n v

W

) guaranteed by Proposition 3.2.

The following 
orollaries follow easily from Propositions 3.1, 3.2 and 3.4.

Corollary 3.5. Let D be a 
onne
ted graph 
onstru
ted from two disjoint

hypomat
hable unions of small hedgehogs D

1

; D

2

by 
onne
ting arbitrary

verti
es v

1

2 V (D

1

), v

2

2 V (D

2

) by a new edge e. Then D is S

H;b

-saturable.
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Corollary 3.6. Let w be a free vertex of a hypomat
hable union of small

hedgehogs D. Then D n w is S

H;b

-saturable.

We say that Q is a near-perfe
t pa
king of a hypomat
hable union of

small hedgehogs D if for some w 2 V (D), Q is a perfe
t S

H;b

-pa
king of

D n w using only loaded superstars, or if for some l 62 H , Q is a perfe
t

(S

H;b

[ fS

l

g)-pa
king of D using loaded superstars and and exa
tly one


opy of S

l

. The unique vertex un
overed by Q or 
overed by a 
enter of a

forbidden star is 
alled the 
riti
al vertex of Q.

Lemma 3.7. A hypomat
hable union of small hedgehogs D is S

H;b

-saturable

if and only if

� D admits a near-perfe
t pa
king Q skipping a vertex neighboring to

a vertex of a superstar of Q whi
h is not a super
enter or is a (t; s)-

super
enter with s � 1 and t + s < u, or s = 0 and t + 1 2 H,

or

� D admits a near-perfe
t pa
king Q using exa
tly one forbidden star

whose 
enter is a neighbor of a vertex of a superstar of Q whi
h is not

a super
enter or is a (t; s)-super
enter with s < b and t+ s < u.

Proof. The \if"-part of the Lemma is obvious. In all 
ases we may simply

alter the pa
king Q to get a perfe
t S

H;b

-pa
king of D.

Let us 
on
entrate on the \only if" part of the proof. Let D be a S

H;b

-

saturable hypomat
hable union of small hedgehogs, let Q

p

be a perfe
t

S

H;b

-pa
king of D and let Q be a near-perfe
t pa
king of D su
h that

(I) if Q uses exa
tly one forbidden star S with 
enter 
 then every edge

of S is in E(Q

p

), every leaf of S has degree one in Q

p

and 
 belongs

to an edge of E(Q

p

) nE(S).

We de�ne the distan
e of Q from Q

p

by dist(Q;Q

p

) = 2u(jE(Q)nE(Q

p

)j+

jE(Q

p

) n E(Q)j) � deg

Q

p

(v), where v is the 
riti
al vertex of Q. Without

loss of generality assume Q is a pa
king with minimum dist(Q;Q

p

).

If Q skips v and Q does not satisfy the 
onditions of Lemma 3.7 then

every neighbor of v is a (t; s)-super
enter of a superstar of Q with t+s = u,

or s = 0 and t + 1 62 H . Let vy 2 E(Q

p

) n E(Q) su
h that deg

Q

p

(y) is

a minimum. If deg

Q

(y) = u then let yz 2 E(Q) n E(Q

p

) be an edge su
h

that the degree of z in Q is a maximum. If there is an edge zz

0

su
h that

zz

0

2 E(Q)nE(Q

p

) or zz

0

2 E(Q)\E(Q

p

) and deg

Q

p

(z

0

) > 1 then 
onsider

8



the S

H;b

-pa
king Q

0

= Q�fvy; yz; zz

0

g. Otherwise, let Q

0

= Q�fvy; yzg

and observe that Q

0

satis�es (I). In both 
ases dist(Q

0

;Q

p

) < dist(Q;Q

p

)

whi
h 
ontradi
ts the sele
tion of Q.

If deg

Q

(y) < u then y is a 
enter of a star S

i

with i + 1 62 H in Q. If

there exists an edge yz 2 E(Q) n E(Q

p

) then let Q

0

= Q�fvy; yzg. If all

edges of S

i

are in E(Q

0

) and there is a leaf y

0

of S

i

with deg

Q

p

(y

0

) > 1

then let Q

0

= Q�fvy; yy

0

g. If all leaves of S

i

have degree one in Q

p

then

put Q

0

= Q�fvyg: this time Q

0


ontains a forbidden star with 
enter y

satisfying (I); otherwise deg

Q

p

(y) was not a minimum. In all 
ases, Q

0

is

a near-perfe
t pa
king of D with dist(Q

p

;Q

0

) < dist(Q

p

;Q), whi
h gives a


ontradi
tion with the sele
tion of Q.

If Q 
overs v by a 
enter of a forbidden star S then by the assumption,

there is an edge vw 2 E(Q

p

) nE(Q). If Q does not satisfy the 
onditions of

Lemma 3.7 then w is a (t; s)-super
enter of a superstar ofQ with t+s = u, or

s = b. If w is a 
enter of S

u

in Q then there is an edge ww

0

2 E(Q)nE(Q

p

)

and we put Q

0

= Q�fvw;ww

0

g. Otherwise, there are two 
onse
utive

edges wz; zz

0

2 E(Q) with deg

Q

(z) � 1 62 H and deg

Q

(z

0

) = 1 su
h that

at least one of wz; zz

0

is not in E(Q

p

). If there exists su
h pair wz; zz

0

with zz

0

62 E(Q

p

) or deg

Q

p

(z

0

) > 1 then put Q

0

= Q�Nfxw;wz; zz

0

g.

Otherwise in every su
h pair zz

0

2 E(Q

p

) and so wz 62 E(Q

p

). We sele
t

wz; zz

0

2 E(Q) arbitrarily and put Q

0

= Q�fxw;wzg.

In all 
ases, we have 
onstru
ted a near-perfe
t pa
king Q

0

of D with

dist(Q

p

;Q

0

) < dist(Q

p

;Q), whi
h is a 
ontradi
tion. Hen
e Q satis�es the


onditions of Lemma 3.7.

Lemma 3.8. Given a hypomat
hable union of small hedgehogs D and a

de
omposition W of D in whi
h two free verti
es v; v

0

of two distin
t small

hedgehogs are adja
ent, we may �nd a perfe
t S

H;b

-pa
king of D or a de-


omposition of D into smaller number of small hedgehogs in polynomial

time.

Proof. Let Q be a perfe
t S

H;b

-pa
king of D n v guaranteed by Proposition

3.6. Observe that deg

Q

(v

0

) = 1. Hen
e if Q 
overs v

0

by a graph di�erent

from K

2

or if 2 2 H , then Q satis�es the 
onditions of Lemma 3.7 and so

D is S

H;b

-saturable.

If 2 62 H and Q 
overs v

0

by a 
opy of K

2

then let Q

0

be a perfe
t

S

H;b

-pa
king D n v

0

guaranteed by Proposition 3.6. Consider a path P of

maximum length starting in v and 
ontaining alternately edges of E(Q

0

) n

E(Q) and E(Q) n E(Q

0

) leading to verti
es of degree one in Q

0

and Q,

respe
tively.
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If the number of edges on P is odd then the last vertex z of P is a leaf

or a 1-degree super
enter of a superstar L in Q. In both 
ases, Q may be

augmented to an S

H;b

-pa
king 
overing more verti
es by swapping edges

and non-edges along P and repla
ing the newly 
onstru
ted graphs by their

perfe
t S

H;b

-pa
kings.

If the number of edges on P is even then the last vertex z of P is either

un
overed by Q

0

or a leaf or a 1-degree super
enter of a superstar L in Q

0

.

If z is 
overed by Q

0

then Q

0

may be augmented to a S

H;b

-pa
king 
overing

more verti
es by swapping edges and non-edges along fv

0

vg [ P and by

repla
ing the newly 
onstru
ted graphs by their perfe
t S

H;b

-pa
kings.

If z is un
overed by Q

0

then z = v

0

and C = P [ zv is an odd 
y
le.

If every small hedgehog of (D;W) interse
ting C is a subgraph of C then

by repla
ing these small hedgehogs by C in W , we obtain a smaller de
om-

position. Otherwise, there exists a small hedgehog W interse
ting C with

jV (W ) n V (C)j > 0. If all graphs of Q

0

interse
ting C are 
opies of K

2

then W [ C is S

H;b

-saturable and so D is S

H;b

-saturable. Otherwise let L

be the union of graphs of Q

0

interse
ting C. Let us observe that L [ C is

S

H;b

-saturable and so D is S

H;b

-saturable.

A de
omposition W of D with no two free verti
es of two distin
t small

hedgehogs joined by an edge is 
alled standard. Given a de
omposition

W

0

of D, we may in polynomial time �nd a standard de
omposition W

su
h that verti
es free in (D;W

0

) are free in (D;W), or 
on
lude that D is

S

H;b

-saturable.

Corollary 3.9. For every S

H;b

-saturable hypomat
hable union of small

hedgehogs D, there exists a perfe
t S

H;b

-pa
king Q using at most one un-

derloaded superstar. If Q uses an underloaded superstar L then L is a

(t; s)-superstar with s � 2. Hen
e for at most one v 2 V (D), deg

Q

(v) 62 H.

Moreover, if W is a standard de
omposition of D, then all free verti
es

of non-odd-
y
le small hedgehogs of (D;W) that are not 
overed by L have

degree one.

Proof. Let N be the near-perfe
t pa
king guaranteed by Lemma 3.7. N

does not 
ontain any underloaded superstar. When transforming N to a

perfe
t S

H;b

-pa
king Q, we maintain at most two graphs of N and 
reate

at most one underloaded superstar L whi
h is a (t; s)-superstar with s � 2.

Due to the properties of superstars, for at most one vertex v 2 V (H),

deg

Q

(v) 62 H (if su
h v exists then v is the super
enter of L).

10



Let us re
olle
t the proof of Lemma 3.7. Consider a standard de
om-

position W of an S

H;b

-saturable hypomat
hable union of small hedgehogs

D. Consider a free vertex w of (D;W) and a perfe
t S

H;b

-pa
king N

0

of

D n w guaranteed by Corollary 3.6. N

0

uses only loaded superstars and

every free vertex of (D;W) has degree one in N

0

. Let Q

p

be a perfe
t S

H;b

-

pa
king of the whole D and 
onsider the sequen
e of near-perfe
t pa
kings

(N

0

; : : : ; N

n

= N ) 
onstru
ted as in the proof of Lemma 3.7 by subse-

quently improving the distan
e from Q

p

. We may observe that in every N

i

,

all free verti
es of non-odd-
y
le small hedgehogs of (D;W) have degree

one, ex
ept for at most one whi
h is un
overed by N

i

. It follows that after

the transformation of N into a perfe
t S

H;b

-pa
king of D, all free verti
es


overed by loaded superstars have degree one.

Lemma 3.10. Let D be a hypomat
hable union of small hedgehogs with

standard de
omposition W. If D is not S

H;b

-saturable then for no �xed

vertex v of (D;W), the graph D n v is S

H;b

-saturable.

Proof. Suppose that for a �xed vertex v 2 V (D), D n v has a perfe
t S

H;b

-

pa
king Q. Let v

0

be a free neighbor of v from the same small hedgehog

of (D;W). Let Q

0

be a perfe
t S

H;b

-pa
king of D n v

0

. Consider a path

P of maximum length starting in v and 
ontaining alternately edges of

E(Q

0

) nE(Q) and E(Q) nE(Q

0

) leading to verti
es of degree one in Q

0

and

Q, respe
tively.

If the number of edges on P is odd then the last vertex z of P is a leaf

or a 1-degree super
enter of a superstar L in Q. In both 
ases, Q may

be augmented to a S

H;b

-pa
king 
overing more verti
es by swapping edges

and non-edges along P and repla
ing the newly 
onstru
ted graphs by their

perfe
t S

H;b

-pa
kings.

If the number of edges on P is even then the last vertex z of P is either

un
overed by Q

0

or a leaf or a 1-degree super
enter of a superstar L in Q

0

.

If z is 
overed by Q

0

then Q

0

may be augmented to a S

H;b

-pa
king 
overing

more verti
es by swapping edges and non-edges along fv

0

vg [ P and by

repla
ing the newly 
onstru
ted graphs by their perfe
t S

H;b

-pa
kings.

If z is un
overed byQ

0

then z = v

0

. Sin
eW is a standard de
omposition

of W , P must 
ontain an edge of E(Q

0

) 
onne
ting two �xed verti
es of

(D;W) or an edge of E(Q) nE(Q

0

) 
onne
ting two free verti
es of (D;W).

Both of these situations lead to a 
ontradi
tion with the 
onstru
tion of

Q

0

: if an edge of Q

0


onne
ts two �xed verti
es then their degree must be

at least 3, and ea
h odd 
y
le of (D;W) is visited by at most one edge of

Q

0

.
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In our polynomial re
ognition algorithm for S

H;b

-saturable hypomat
h-

able unions of small hedgehogs, we will use a redu
tion to the H-fa
tor

problem, introdu
ed by Lov�asz [15℄. This is the following: Let G be an

undire
ted graph and let H

v

� N be a degree-pres
ription for all v 2 V (G).

A subgraph F � G is 
alled an H-fa
tor if deg

F

(v) 2 H

v

for all verti
es

v 2 V (G). The H-fa
tor problem is to de
ide if there exists an H-fa
tor of

G. The instan
es of the H-fa
tor problem were studied extensively. Lov�asz

[15, 16℄ developed a stru
ture theory for the H-fa
tor problem. He proved

that the H-fa
tor problem is NP-
omplete when gaps of length 2 are allowed

and gave a polynomial algorithm for solving the Antifa
tor problem, where

degree pres
riptions ex
lude only one value at ea
h vertex [17℄. Cornu�ejols

[1℄ proved the 
onje
ture of Lov�asz that the H-fa
tor problem is polynomial

in 
ase H

v

has no two 
onse
utive gaps for all v 2 V (G). Cornu�ejols also

showed redu
tions of some instan
es of the H-fa
tor problem to the edge-

and-triangle partitioning problem by repla
ing ea
h vertex with a `gadget'

representing its degree pres
ription. Later, Loebl [11℄ �nished his work by

proving that only �ve types of degree pres
riptions 
an be represented by a

gadget.

In the following, we des
ribe the redu
tion of the polynomial re
ognition

of S

H;b

-saturable hypomat
hable unions of small hedgehogs to the H-fa
tor

problem:

Let D be a hypomat
hable union of small hedgehogs with standard de-


omposition W . Let v 2 V (D). We denote by e(v) and f(v) the number of

edges starting in v and ending in free and �xed verti
es of (D;W), respe
-

tively.

Let D be the graph 
onstru
ted from D by repla
ing every vertex v 2

V (D) by the gadget depi
ted in Figure 3, where edges e

1

; : : : ; e

e(v)


on-

ne
t v to free verti
es of (D;W) and edges f

1

; : : : ; f

f(v)


onne
t v to �xed

verti
es of (D;W).

A family of degree pres
riptions fH

v

g

v2V (D)

is said to be indu
ed by a

family of tuples fP

v

= (P

1

v

; P

2

v

; P

3

v

; P

4

v

; P

5

v

)g

v2V (D)

if for every v 2 V (D),

H

v

0

= P

1

v

, H

v

0

0

= P

2

v

, H

v

00

0

= P

3

v

, H

v

F

= P

4

v

and H

v

0

i

= P

5

v

for 1 � i � f(v).

A family of degree pres
riptions indu
ed by a family of tuples P will be

denoted by P . Consider the following families of tuples and the indu
ed

families of degree pres
riptions:

Let

P = fP

v

= (H; f0; 2g; f0g; ff(v)g; f1g)g

v2V (D)

(1)
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v

e1 . . .

f1 . . .

f1

vF

. . .

. . .

e1

v0
ee(v)

ee(v)

ff(v)

ff(v)

v′0

v′1 v′
f(v)

v′′0

Figure 3: Gadget

For any j 2 V (D), let P

j

= fP

j

v

g

v2V (D)

, , where

P

j

v

=

8

>

<

>

:

P

v

if v 6= j

(f1; : : : ; ug; f2g; f0g; ff(v)g; f1g) if v = j and b = 1

(f1; : : : ; ug; f2g; f0; 2g; ff(v)g; f1g) if v = j and b � 2

(2)

Lemma 3.11. D is S

H;b

-saturable if and only if

(i) D has a P-fa
tor, or

(ii) D has a P

j

-fa
tor for some j 2 V (D).

Proof. If D is S

H;b

-saturable then let Q be the S

H;b

-pa
king of D from

Corollary3.9. If Q uses only loaded superstars then deg

Q

(v) 2 H for every

v 2 V (D) and Q may be translated into a P-fa
tor of D. If Q uses ex-

a
tly one underloaded superstar with super
enter j 2 V (D) then Q may be

translated into a P

j

-fa
tor of D.

Conversely, we may observe that every P-fa
tor and every P

j

-fa
tor of

D 
an be translated to a subgraph of D whi
h is S

H;b

-saturable.

Lemma 3.11 has algorithmi
 impli
ations. To 
he
k if a hypomat
hable

union of small hedgehogs D with a standard de
omposition W is S

H;b

-

saturable, at most jV (D)j + 1 fa
tor problems have to be solved, namely

those indu
ed by P and every P

j

, j 2 V (D). Ea
h of these fa
tor problems


onsists of degree pres
riptions with no two 
onse
utive gaps an hen
e it is

polynomially solvable. Given an arbitrary de
omposition W

0

, a standard

de
omposition may be obtained by a polynomial-time pro
edure (whi
h may

also end by �nding a perfe
t S

H;b

-pa
king of D).
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4 Algorithm for S

H;b

-pa
king

In this se
tion we present the Edmonds-like algorithm for solving the S

H;b

-

pa
king problem. Let G be a 
onne
ted graph and let Q be a S

H;b

-pa
king

of G. We say that (S; Y ) is an alternating stru
ture with respe
t to Q, if S

is a subgraph of G, Y is an independent set of verti
es of S, 
alled the odd

verti
es and the following properties are satis�ed:

� Every 
onne
ted 
omponent of S n Y is a hedgehog (su
h graphs are


alled the hedgehogs of S).

� The graph S

0

obtained from S by shrinking the hedgehogs of S is a

forest.

� The odd verti
es of S are of the following types

{ A �xed odd vertex lies on exa
tly b+1 edges of S leading to �xed

verti
es of distin
t hedgehogs of S.

{ A free odd vertex lies on exa
tly u + 1 edges of S leading to

verti
es of distin
t hedgehogs of S at most b of whi
h are �xed.

� Every edge e 2 E(Q) with je \ V (S)j = 1 starts in a �xed odd vertex

of S and ends in a 1-degree vertex of Q 
alled an outside vertex of S.

The graph indu
ed by V (S) and the edges ofQ leading to outside verti
es

of S will be denoted by S

+

.

Let T be a 
onne
ted 
omponent of S. Due to the properties of hedge-

hogs, for any hedgehog W of T , the subgraph of G indu
ed by V (T

+

nW )

is S

H;b

-saturable.

The algorithm maintains a S

H;b

-pa
kingQ of G, an alternating stru
ture

(S; Y ) with respe
t to Q, and standard de
ompositions of the hedgehogs of

S. In ea
h step, it grows S or �nds a S

H;b

-pa
king of G 
overing more ver-

ti
es than Q (whi
h is 
alled an augmentation). When stopping, it returns

either a perfe
t S

H;b

-pa
king of G or a set H of 
omponents of S n Y whi
h

is a set of indu
ed disjoint non-adja
ent hedgehog-subgraphs of G with

jHj � ujY

H

free

j � bjY

H

fixed

j > 0, whi
h shows that G is not S

H;b

-saturable.

Algorithm for the S

H;b

-pa
king problem

Step 0 (Initialization). Start with any S

H;b

-pa
king Q of G. Go to step

1.
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Step 1 (Optimality test). If Q is perfe
t, stop. Otherwise, let S =

V (G) n V (Q) and Y = ?. Go to step 2.

Step 2 (Edge sele
tion, and augmentation or growing). Look for an edge

xy 62 E(S) su
h that x is free in a hedgehog W of S and v is not a free odd

vertex of S, or x is �xed in a hedgehog W of S and v is not an odd vertex

of S. If no su
h edge exists, stop: we have a maximal S

H;b

-pa
king (this


laim will be proved later). Otherwise, distinguish the following 
ases:

Case 1a. x is free in a hedgehog W of a 
omponent T of S, y is not in

S and Q 
overs y by a leaf, a 
enter or a (t; s)-super
enter of a superstar L

with s � 1 and s+ t < u, or s = 0 and t+ 1 2 H . Augment Q by deleting

the graphs interse
ting T

+

[L and adding perfe
t S

H;b

-pa
kings of T

+

nW

and L [W [ xy. Go to step 1.

Case 1b. x is �xed in a hedgehog W of a 
omponent T of S, y is not in

S and Q 
overs y by a leaf, a 
enter, or a (t; s)-super
enter of a superstar L

with s < b and s+ t < u. Augment Q by repla
ing the graphs interse
ting

T

+

[ L by the graphs 
ontained in perfe
t S

H;b

-pa
kings of T

+

nW and

L [W [ xy. Go to step 1.

Case 1
. x is �xed in a hedgehog W of S, y is not in S and Q 
overs

y by a (t; s)-super
enter of a superstar L with s = b. Denote by L

0

the

subgraph of L indu
ed by y and the non-K

1


omponents of L n y. Grow S

by the following: S = S [L

0

[ xy and Y = Y [ fyg (y be
omes a �xed odd

vertex). Go to step 2.

Case 1d. y is not in S and Q 
overs y by a (t; s)-super
enter of a

superstar L su
h that t+ s = u, and s < b or x is free in a hedgehog W of

S. Grow S as follows: S = S [ L [ xy and Y = Y [ fyg (y be
omes a free

odd vertex). Go to step 2.

Case 1e. x is free in a hedgehog W of a tree T of S, y is not in S

and Q 
overs y by a 
enter of an undergap-star L. Let W be the standard

de
omposition of W . If x is a vertex of an odd-
y
le small hedgehog C

of (W;W) then augment Q by repla
ing the graphs interse
ting T [ L by

perfe
t S

H;b

-pa
kings of T nW , W n C and C [ L [ xy. Go to step 1.

Otherwise, grow S by adding L [ xy. The standard de
omposition W

0

of W [L[ xy is de�ned by W

0

= (W nfPg)[ fP [L[ xyg where P is the

small hedgehog of W 
ontaining x. Go to step 2.

Case 2. x and y are in the same hedgehogW of a 
omponent T of S. Let

W be the de
omposition of W . If W [ xy is S

H;b

-saturable then augment
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Q by repla
ing the graphs interse
ting T by the graphs 
ontained in perfe
t

S

H;b

-pa
kings of W [ xy and T

+

nW . Go to step 1.

Otherwise, W [xy is a hedgehog and there is a standard de
omposition

W

0

ofW [xy su
h that if v was free in (W;W) then v is free in (W [xy;W

0

).

If a �xed odd vertex w

F

of T is adja
ent to a �xed vertex of W whi
h is

free in (W [ xy;W

0

) then distinguish the following 
ases: if w

F

is adja
ent

to at most u � b � 1 outside verti
es of T then T

+

[ xy is S

H;b

-saturable

and we may augment Q and go to step 1. If w

F

is adja
ent to exa
tly b�u

outside verti
es of T then grow S by the edges 
onne
ting w

F

to the outside

verti
es (w

F

be
omes a free odd vertex). Go to step 2.

If no �xed odd vertex of T is adja
ent to a �xed vertex of W whi
h is

free in (W [ xy;W

0

) then the types of odd verti
es of T remain un
hanged.

We grow S by adding xy and 
ontinue by step 2.

Case 3a. x is in a hedgehog W of 
omponent T of S and y is in a

hedgehog W

1

of a 
omponent T

1

6= T of S. Augment Q by repla
ing the

graphs interse
ting T [T

1

by the graphs 
ontained in perfe
t S

H;b

-pa
kings

of T nW , T

1

nW

1

and W [W

1

[ xy. Go to step 1.

Case 3b. x is in a hedgehog W of 
omponent T of S and y is in a

hedgehog W

0

of the same 
omponent of S. In this 
ase, adding the edge xy


reates a 
y
le C in the shrunk graph T

0

. Let T

C

be the subgraph of T [xy


onsisting of the odd verti
es 
ontained in C, the hedgehogs interse
ted by

C or adja
ent to odd verti
es of T

C

, and the outside edges of T adja
ent to

odd verti
es of C.

Consider the 
omponents of the graph obtained from T

C

by deleting

the edges of C. Every su
h 
omponent is a hedgehog or 
onsists of an odd

vertex z 
onne
ted by edges to hedgehogs. If some z is 
onne
ted to at least

one �xed vertex or to exa
tly l free verti
es of neighboring hedgehogs with

l 2 H then the 
omponent 
ontaining z is S

H;b

-saturable, hen
e C and the

whole T is S

H;b

-saturable and we may augment Q and go to step 1.

If every z is 
onne
ted to free verti
es of neighboring hedgehogs number

of whi
h is a gap inH , then T

C

is a hypomat
hable union of small hedgehogs.

If T

C

is S

H;b

-saturable then augment Q and go to step 1. Otherwise T

C

is

a hedgehog and we may obtain a standard de
omposition W

0

of T

C

su
h

that the free verti
es of hedgehogs of T

C

n E(C) are free in (T

C

;W

0

). If a

�xed odd vertex w

F

of T n C is adja
ent to a �xed vertex of a hedgehog of

T

C

nE(C) whi
h is free in (T

C

;W

0

) then distinguish the following 
ases: if

w

F

is adja
ent to at most u � b � 1 outside verti
es of T then T

+

[ xy is

S

H;b

-saturable and we may augment Q and go to step 1. If w

F

is adja
ent
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to exa
tly b� u outside verti
es of T then grow S by the edges 
onne
ting

w

F

to the outside verti
es (w

F

be
omes a free odd vertex). Go to step 2.

If no �xed odd vertex of T nC is adja
ent to a �xed vertex of a hedgehog

of T

C

n E(C) whi
h is free in (T

C

;W

0

), then the types of odd verti
es in

T nC remain un
hanged and we grow S by S = S [ xy and Y = Y n V (T

C

)

and go to step 2.

Case 4. x is a free vertex of a hedgehog W of 
omponent T of S and

y is a �xed odd vertex of a 
omponent T

1

of S. Let L be the graph of Q


overing y and let X � E(L) be the set of edges 
onne
ting y to outside

verti
es of S. If jX j < u� b then T

+

[L[xy is S

H;b

-saturable and we may

augment Q and go to step 1.

If jX j = u� b and T 6= T

1

then let y

0

be a �xed neighbor of y in T . We

put S = (S n yy

0

) [ xy [ X (y be
omes a free odd vertex of S) and go to

step 2.

If jX j = u � b and T = T

1

then by adding xy we 
reate a 
y
le C in

the shrunk graph T

0

. Let yy

0

be the edge of C di�erent from xy. We put

S = (S n yy

0

)[ xy [X (y be
omes a free odd vertex of S) and go to step 2.

Proof. (Theorem 2.4) Let G be a graph su
h that every S

H;b

-pa
king skips

at least d verti
es. Let Q be a maximal S

H;b

-pa
king of G. The algorithm

�nds a family H of disjoint non-adja
ent hedgehog-subgraphs of G with

jHj � ujY

H

free

j � bjY

H

fixed

j = d.

On the other hand, let G be the smallest graph in whi
h we 
an �nd

a family H of disjoint non-adja
ent hedgehog-subgraphs of G with jHj �

ujY

H

free

j � bjY

H

fixed

j > d and a maximal S

H;b

-pa
king Q skipping at most d

verti
es.

Let Y = Y

H

free

[ Y

H

fixed

. Obviously, there is some x 2 Y 
ontained in

more than b edges of Q leading to �xed verti
es of distin
t hedgehogs of H.

Let L be the graph of Q 
overing x. Let xy be an edge of L su
h that y

is �xed in W 2 H and deg

L

(y) = 1. W is not S

H;b

-saturable and due to

Lemma 3.10, W n y is not S

H;b

-saturable.

Let N be a near-perfe
t pa
king ofW using exa
tly one forbidden starX

with 
enter in y. Assume that the index i of X is a minimum (we know that

i � 2). Let N

0

be the S

H;b

-pa
king ofW ny 
onstru
ted from N by deleting

all verti
es of X . N

0

is a maximal S

H;b

-pa
king of H n y, otherwise H or

Hny is S

H;b

-saturable. Hen
e the algorithm �nds a familyH

0

of disjoint non-

adja
ent hedgehog-subgraphs of Hny with jH

0

j�ujY

H

0

free

j�bjY

H

0

fixed

j � i � 2.

Note that the verti
es that were �xed in W remain �xed in members of H

0

,

otherwise for some �xed vertex v of W , W n v is S

H;b

-saturable, whi
h is
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a 
ontradi
tion by Lemma 3.10. The verti
es that were free in W have

degree at most one in N

0

and it 
an be observed that during the run of the

algorithm, none of them be
omes �xed in a member of H

0

.

This operation 
an be done for every hedgehog W

i

2 H whose �xed

vertex y

i

is visited by a leaf-edge from x. Let H

i

denote the hedgehog-set

obtained by the algorithm in W

i

n y

i

. We have a smaller graph - a union

G

0

of 
omponents of G n L with S

H;b

-de�
ien
y at most d, and a set H

00

of

hedgehog-subgraphs of G

0

de�ned by

H

00

= (H n fW

i

: W

i

is adja
ent to xg) [

[

i

H

i

with jH

00

j � ujY

H

00

free

j � bjY

H

00

fixed

j > d.

5 The C

H;b

-pa
king problem

The algorithm presented in Se
tion 4 may be modi�ed to solve the C

H;b

-

pa
king problem. In this se
tion, we will show the modi�
ation.

Let G be a graph and let Q be a C

H;b

-pa
king of G. Again (S; Y ) is

an alternating stru
ture with respe
t to Q if S is a subgraph of G, Y is an

independent set of verti
es of S 
alled the odd verti
es and the 
omponents

of SnY are hedgehogs. Again, a hedgehog is de�ned as a non-C

H;b

-saturable

hypomat
hable union of small hedgehogs. The polynomial re
ognition of

C

H;b

-saturable hypomat
hable unions of small hedgehogs would be 
arried

out similarly as in the S

H;b

-pa
king 
ase. The only di�eren
e is that some

(t; s)-superstars with t + s � u have to be also admitted to the perfe
t

C

H;b

-pa
kings and so in the redu
tion,

P

j

v

=

8

>

<

>

:

P

v

if v 6= j

(f1; : : : ; u+ 1g; f2g; f0g; ff(v)g; f1g) if v = j and b = 1

(f1; : : : ; u+ 1g; f2g; f0; 2g; ff(v)g; f1g) if v = j and b � 2

We do not go into details.

The odd verti
es of the alternating stru
ture neighbor either with u+1

free verti
es of distin
t hedgehogs of S (the free odd verti
es), or with b+1

�xed verti
es (the �xed odd verti
es), or with b �xed verti
es and u+1 free

verti
es at least one of whi
h belongs to an odd-
y
le small hedgehog of the

de
omposition of the appropriate hedgehog (the full odd verti
es).
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But now, the trees of the alternating stru
ture are not disjoint any more,

even one tree may overlap itself: a vertex 
an be 
overed at most twi
e and

if it is 
overed twi
e then it is a free odd vertex in one tree and �xed odd

vertex in the other (these two trees may 
oin
ide). The verti
es of hedgehogs

of S are 
overed by only one tree of S. If a vertex is an odd vertex in only

one tree, where it is free odd (�xed odd), then it may have at most l (u)

outside stars (verti
es), respe
tively. Twi
e 
overed odd verti
es and full

odd verti
es have no outside things. In this way we 
an keep the property

that deleting a hedgehog from a tree, the remaining of the tree 
an be

perfe
tly pa
ked. The C

H;b

-de�
ien
y of the graph will be the number of

the trees in the end of the algorithm.

As in Se
tion 4, the algorithm maintains a C

H;b

-pa
king Q of G, an

alternating stru
ture (S; Y ) with respe
t toQ, and standard de
ompositions

of the hedgehogs of S. In ea
h step, it grows S or �nds a C

H;b

-pa
king of G


overing more verti
es than Q. When stopping, it returns either a perfe
t

C

H;b

-pa
king of G or a set H of indu
ed disjoint non-adja
ent hedgehog-

subgraphs of G with jHj � ujZ

H

free

j � bjZ

H

fixed

j > 0, where Z

H

free

is the set

of neighbors of graphs from H whi
h have at least one free neighbor and

Z

H

fixed

is the set of neighbors of graphs from H whi
h have at least one

�xed neighbor or a neighbor that is free in an odd-
y
le small hedgehog of

a standard de
omposition of a graph from H.

Algorithm for the C

H;b

-pa
king problem

Step 0 (Initialization). Start with any C

H;b

-pa
king Q of G. Go to step

1.

Step 1 (Optimality test). If Q is perfe
t, stop. Otherwise, let S =

V (G) n V (Q) and Y = ?. Go to step 2.

Step 2 (Edge sele
tion, and augmentation or growing). Look for an edge

xy 62 E(S) su
h that x is free in a hedgehog W of S and v is not an free

odd vertex of S, or x is �xed in a hedgehog W of S and v is not a �xed odd

vertex of S. If no su
h edge exists, stop: we have a maximal C

H;b

-pa
king

(this 
laim will be proved later). Otherwise, distinguish the following 
ases:

Case 1a. x is free in a hedgehog W of a tree T of S, y is not in S and

Q 
overs y by a leaf, a 
enter or a (t; s)-super
enter of a superstar L with

s � 1 and t < u, or s = 0 and t + 1 2 H . Augment Q by deleting the

graphs interse
ting T

+

[L and adding perfe
t S

H;b

-pa
kings of T

+

nW and

L [W [ xy. Go to step 1.

Case 1b. x is �xed in a hedgehog W of a tree T of S, y is not in S
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and Q 
overs y by a leaf, a 
enter, or a (t; s)-super
enter of a superstar L

with s < b. Augment Q by repla
ing the graphs interse
ting T

+

[L by the

graphs 
ontained in perfe
t S

H;b

-pa
kings of T

+

nW and L [W [ xy. Go

to step 1.

Case 1
. x is �xed in a hedgehog W of S, y is not in S and Q 
overs

y by a (t; s)-super
enter of a superstar L with s = b. Denote by L

0

the

subgraph of L indu
ed by y and the non-K

1


omponents of L n y. Grow S

by the following: S = S [L

0

[ xy and Y = Y [ fyg (y be
omes a �xed odd

vertex). Go to step 2.

Case 1d. x is free in a hedgehog W of S, y is not in S and Q 
overs y

by a (t; s)-super
enter of a superstar L su
h that t = u. If x is a member of

an odd-
y
le small hedgehog of a standard de
omposition of W and s < b

then augment Q and go to step 1. If x is a member of an odd-
y
le small

hedgehog of a stadard de
omposition of W and s = b then grow S by

S = S [ L [ xy and Y = Y [ fyg (y be
omes a full odd vertex) and go to

step 2.

If x is not a member of an odd-
y
le small hedgehog of a stadard de-


omposition of W then denote by L

0

the subgraph of L indu
ed by y and

the K

1


omponents of L n y and grow S as follows: S = S [ L

0

[ xy and

Y = Y [ fyg (y be
omes a free odd vertex). Go to step 2.

Case 1e. x is free in a hedgehog W of a tree T of S, y is not in S

and Q 
overs y by a 
enter of an undergap-star L. Let W be the standard

de
omposition of W . If x is a vertex of an odd-
y
le small hedgehog C

of (W;W) then augment Q by repla
ing the graphs interse
ting T [ L by

perfe
t S

H;b

-pa
kings of T nW , W n C and C [ L [ xy. Go to step 1.

Otherwise, grow S by adding L [ xy. The standard de
omposition W

0

of W [L[ xy is de�ned by W

0

= (W nfPg)[ fP [L[ xyg where P is the

small hedgehog of W 
ontaining x. Go to step 2.

Case 2. x and y are in the same hedgehog W of a tree T of S. Let W

be the de
omposition of W . If W [ xy is S

H;b

-saturable then augment Q

by repla
ing the graphs interse
ting T by the graphs 
ontained in perfe
t

S

H;b

-pa
kings of W [ xy and T

+

nW . Go to step 1.

Otherwise, W [xy is a hedgehog and there is a standard de
omposition

W

0

ofW [xy su
h that if v was free in (W;W) then v is free in (W [xy;W

0

).

If a �xed odd vertex w

F

of T is adja
ent to a �xed vertex ofW whi
h is free

in (W [ xy;W

0

) (and hen
e a member of an odd-
y
le small hedgehog of

W

0

) then distinguish the following 
ases: if w

F

is adja
ent to at most u� 1

outside verti
es of T then T

+

[ xy is S

H;b

-saturable and we may augment
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Q and go to step 1. If w

F

is adja
ent to exa
tly u outside verti
es of T then

grow S by the edges 
onne
ting w

F

to the outside verti
es (w

F

be
omes a

full odd vertex). Go to step 2.

If a free odd vertex w

f

of T is adja
ent to a free vertex of W whi
h is

a member of an odd-
y
le small hedgehog of (W [ xy;W

0

) then distinguish

the following 
ases: if w

f

is adja
ent to at most b � 1 outside stars of T

then T

+

[ xy is S

H;b

-saturable and we may augment Q and go to step 1. If

w

f

is adja
ent to exa
tly u outside stars of T then grow S by the outside

stars and the edges 
onne
ting w

f

to the outside stars (w

f

be
omes a full

odd vertex). Go to step 2.

If none of the above o

urs then the types of odd verti
es of T remain

un
hanged. We grow S by adding xy and 
ontinue by step 2.

Case 3a. x is in a hedgehog W of tree T of S and y is in a hedgehog

W

1

of a tree T

1

6= T of S. Augment Q by repla
ing the graphs interse
ting

T [ T

1

by the graphs 
ontained in perfe
t S

H;b

-pa
kings of T nW , T

1

nW

1

and W [W

1

[ xy. Go to step 1.

Case 3b. x is in a hedgehog W of tree T of S and y is in a hedgehog W

0

of the same tree of S. In this 
ase, adding the edge xy 
reates a 
y
le C in

the shrunk graph T

0

. Let T

C

be the subgraph of T [ xy 
onsisting of the

odd verti
es 
ontained in C, of the hedgehogs interse
ted by C or adja
ent

to odd verti
es of T

C

and of the outside verti
es and stars of T adja
ent to

odd verti
es of C.

Consider the 
omponents of the graph obtained from T

C

by deleting

the edges of C. Every su
h 
omponent is a hedgehog or 
onsists of an odd

vertex z 
onne
ted by edges to hedgehogs. If some z is 
onne
ted to at least

one �xed or odd-
y
le free vertex, or to exa
tly l free verti
es of neighboring

hedgehogs with l 2 H then the 
omponent 
ontaining z is S

H;b

-saburable,

hen
e C and the whole T is S

H;b

-saturable and we may augment Q and go

to step 1.

If every su
h z is 
onne
ted only to non-odd 
y
le free verti
es of neigh-

boring hedgehogs, number of whi
h is a gap in H , then T

C

is a hypomat
h-

able union of small hedgehogs. If T

C

is S

H;b

-saturable then augment Q

and go to step 1. Otherwise T

C

is a hedgehog and we may obtain a stan-

dard de
omposition W

0

of T

C

su
h that the free verti
es of hedgehogs of

T

C

nE(C) are free in (T

C

;W

0

). If a �xed odd vertex w

F

of T nC is adja
ent

to a �xed vertex of a hedgehog of T

C

nE(C) whi
h is free in (T

C

;W

0

) (and

hen
e a member of an odd-
y
le small hedgehog of W

0

) then distinguish

the following 
ases: if w

F

is adja
ent to at most u� 1 outside verti
es of T
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then T

+

[ xy is S

H;b

-saturable and we may augment Q and go to step 1. If

w

F

is adja
ent to exa
tly u outside verti
es of T then grow S by the edges


onne
ting w

F

to the outside verti
es (w

F

be
omes a full odd vertex). Go

to step 2.

If a free odd vertex w

f

of T nC is adja
ent to a free vertex of a hedgehog

of T

C

nE(C) whi
h is a member of an odd-
y
le small hedgehog of (T

C

;W

0

)

then distinguish the following 
ases: if w

f

is adja
ent to at most b�1 outside

stars of T then T

+

[xy is S

H;b

-saturable and we may augment Q and go to

step 1. If w

f

is adja
ent to exa
tly u outside stars of T then grow S by the

outside stars and the edges 
onne
ting w

f

to the outside stars (w

f

be
omes

a full odd vertex). Go to step 2.

If none of the above o

urs then the types of odd verti
es in T nC remain

un
hanged and we grow S by S = S [ xy and Y = Y n V (T

C

) and go to

step 2.

Case 4a. x is a free vertex of a hedgehog W of a tree T of S and y is a

�xed odd vertex of a tree T

1

of S (T and T

1

may be the same). Let X be

the set of outside edges of S 
ontaining y. If jX j < u then T

+

[ T

+

1

[ xy is

S

H;b

-saturable and we may augment Q and go to step 1.

If jX j = u then grow S by adding xy and the edges of X (y be
omes a

twi
e-
overed odd vertex of S). Go to step 2.

Case 4b. x is a �xed vertex of a hedgehog W of a tree T of S and y is a

free odd vertex of a tree T

1

of S (T and T

1

may be the same). Let L be the

graph of Q 
overing y and let X be the set of outside stars of S 
onne
ted

by an edge of Q to y. If jX j < b then T

+

[W [ xy is S

H;b

-saturable and

we may augment Q and go to step 1.

If jX j = b then grow S by adding xy, all graphs of X and the edges


onne
ting y to X (y be
omes a twi
e-
overed odd vertex of S). Go to step

2.

We 
on
lude this se
tion by a Berge-type theorem for C

H;b

-pa
king.

Theorem 5.1. The C

H;b

-de�
ien
y of a graph G is

max jHj � ujZ

H

free

j � bjZ

H

fixed

j;

where max is taken over all setsH of indu
ed disjoint non-adja
ent hedgehog-

subgraphs of G, Z

H

free

is the set of neighbors of graphs from H whi
h have

at least one free neighbor and Z

H

fixed

is the set of neighbors of graphs from

H whi
h have at least one �xed neighbor or a neighbor that is free in an

odd-
y
le of a de
omposition of a graph from H.
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Proof. Let G be a graph su
h that every C

H;b

-pa
king skips at least d ver-

ti
es. Let Q be a maximal C

H;b

-pa
king of G. The algorithm �nds a family

H of disjoint non-adja
ent hedgehog-subgraphs of G with jHj � ujZ

H

free

j �

bjZ

H

fixed

j = d.

On the other hand, let G be the smallest graph in whi
h we 
an �nd

a family H of disjoint non-adja
ent hedgehog-subgraphs of G with jHj �

ujZ

H

free

j � bjZ

H

fixed

j > d and a maximal C

H;b

-pa
king Q skipping at most d

verti
es.

Obviously, there exists x 2 V (G) su
h that x 2 Z

H

fixed

n Z

H

free

an x

is 
ontained in more than b edges of Q leading to �xed verti
es of distin
t

hedgehogs ofH, or x 2 Z

H

free

nZ

H

fixed

and x is 
ontained in more than u edges

of Q leading to free verti
es not 
ontained in odd-
y
le small hedgehogs of

the standard de
ompositions of the appropriate hedgehogs.

If x 2 Z

H

fixed

nZ

H

free

then similarly as in the proof of Theorem 2.4 at the

end of Se
tion 4, we may �nd a smaller graph 
ontradi
ting the sele
tion of

G.

If x 2 Z

H

free

nZ

H

fixed

then let L be the graph ofQ 
overing x. Let xy be an

edge of L su
h that y is free in a non-odd 
y
le small hedgehog of a standard

de
omposition of W 2 H and deg

Q

(y) > 1. W is not C

H;b

-saturable and

due to Lemma 3.10, W n L is not C

H;b

-saturable.

Let N be a near-perfe
t pa
king of W skipping y. Note that N 
overs

all neighbors of y by super
enters of superstars. Assume that the sum

of degrees of neighbors of y is a minimum (we know that it is at least

2). Let N

0

be the C

H;b

-pa
king of W n y 
onstru
ted from N by deleting

the graphs 
overing the neighbors of y. N

0

is a maximal C

H;b

-pa
king of

H n L, otherwise H or H n L is C

H;b

-saturable. Hen
e the algorithm �nds

a family H

0

of disjoint non-adja
ent hedgehog-subgraphs of (H n L) with

jH

0

j � ujZ

H

0

free

j � bjZ

H

0

fixed

j � 2. Note that the verti
es that were �xed in

W remain �xed in members of H

0

, otherwise for some �xed vertex v of

W , W n v is C

H;b

-saturable, whi
h is a 
ontradi
tion by Lemma 3.10. The

verti
es that were free in W have degree at most one in N

0

and it 
an be

observed that during the run of the algorithm, none of them be
omes �xed

in a member of H

0

.

This operation 
an be done for every hedgehog W

i

2 H whose non-odd-


y
le free vertex y

i

is visited by an edge from x and has degree more than

one. Let H

i

denote the hedgehog-set obtained by the algorithm in W

i

n L.

We have a smaller graph - a union G

0

of 
omponents of G n L with S

H;b

-

de�
ien
y at most d, and a set H

00

of hedgehog-subgraphs of G

0

de�ned
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by

H

00

= (H n fW

i

: W

i

is adja
ent to xg) [

[

i

H

i

with jH

00

j � ujZ

H

00

free

j � bjZ

H

00

fixed

j > d.

6 Con
lusion

We have introdu
ed two types of graph sets that 
an be added to a family

S

H

= fS

i

; i 2 Hg of stars with no two 
onse
utive gaps in H su
h that

the pa
king problem by the resulting family is polynomially solvable. For

both types of the families S

H;b

and C

H;b

, an Edmonds-type algorithm and

a Berge-type theorem were presented. The 
lassi
al Edmonds mat
hing

forest 
overs the verti
es of the graph at most on
e. In the Edmonds-type

algorithm for C

H;b

-pa
king, we had to allow 2-fold overlapping trees.

Generalizing our approa
h, another interesting question is whi
h super-

stars from S

H;b

and C

H;b

(or propellers from the Loebl-Poljak's propeller

pa
king families) 
an be repla
ed by other graphs to maintain polynomial-

ity.
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