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Prefa
e

The Tenth Prague Midsummer Combinatorial Workshop was held from

July 28 to August 1, 2003 in a romanti
 Nosti
ovo divadlo (Nosti
 Theatre;

our fa
ulty building was at that time 
losed for re
onstru
tion). The work-

shop was organized by the Department of Applied Mathemati
s (KAM) of

Charles University jointly with the DIMATIA 
entre. Only a small but

distinguished group of mathemati
ians was invited and we were parti
u-

larly happy to have Endr�e Szemer�edi among the parti
ipants. The list of

parti
ipants is in
luded in this booklet.

As it already be
ame a tradition, the workshop bene�ted from parti
i-

pation of young resear
hers and PhD students, and as in the last two years

within a (joint DIMATIA-DIMACS) program International REU (supported

jointly by NSF and Cze
h ministery of edu
ation) 5 undergraduate students

from the USA and 3 underargraduate students from Charles University took

part in the workshop, together with their mentors Ond�rej Pangr�a
 and Clif-

ford Smyth.

The workshop followed an informal daily routine with morning and early

afternoon dis
ussions and presentations. This report re
e
ts some of the

presentations during the workshop. Perhaps you 
an digest from these pro-


eedings some of the atmosphere at the workshop and you 
an also see that

the fruitful ex
hange of ideas led dire
tly to some new results and papers.

This volume was edited by Martin B�alek. Most of the problems de-

s
ribed here were supplied by the authors in ele
troni
 form; in a few 
ases,

slight typographi
al 
hanges were ne
essary. We apologize for any possible

ina

ura
ies whi
h might have o

urred in the editing pro
ess.

The Tenth Midsummer Combinatorial Workshop was supported by the

Kontakt CS-US Grants and by our institute ITI (�nan
ed by the Ministry

of Edu
ation of the Cze
h Republi
 as proje
t LN00A056). DIMATIA was

the main organizer.

Based on our past experien
e and being en
ouraged by several parti
i-

pants, we hope to organize the Eleventh Prague Combinatorial Workshop

in the summer of 2004. We hope to meet you there!

Jaroslav Ne�set�ril
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Workshop programme

Monday 28.7., 
hairman J. Ne�set�ril

Martin

�

Skoviera: Fa
torization of Irredu
ible Snarks

Andrzej Ru
i�nski: Dira
 Theorem for Hypergraphs

J�rgen Bang-Jensen: Problems/
onje
tures on Conne
tivity of Tourna-

ments

Tuesday 29.7., 
hairman J. Krato
hv��l

Daniel Kr�al': Hamiltonian prisms

Jarek Gryt
zuk: Thue type problems for graphs, points and numbers

Ji�r�� Fiala: BBC (ba
kbone 
oloring)

Roman Nedela: H{W problem

Jan K�ara: Triangle pa
kings in 
hordal graphs

Ni
holas J. Cavenagh: 3-homogenous Latin Trades

Wednesday 30.7., 
hairman P. Valtr

Endr�e Szemer�edi: Three Combinatorial Problems

Jaroslav Ne�set�ril: An antiszemer�edi problem

Trip to the Karl�stejn 
astle

Thursday 31.7., 
hairman J. Matou�sek

Jan Vondr�ak: Covering MTSs of random subgraphs

Martin Klazar: Some problems on 
ounting permutations

Tom�a�s Kaiser: An odd graph question

Helmut Alt: Geometri
 Comparison of Patterns and Shapes

Attila P�or: Partitioning sets on the line into separated ones
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Friday 1.8., 
hairman M. Klazar

Kryzstof Prezslawski: On System of boxes

Jan Krato
hv��l: Interse
tion Graphs

Jaroslav Ne�set�ril: MAC

Riste

�

Skrekowski: A Map Colour Theorem for the Union of Graphs

Patri
e Ossona de Mendez: Balan
ed bi
oloration, Homomorphism and

Graph Dimension

Yared Nigussie: NP-
ompleteness Problem

Ma lgorzata Bednarska: Games on Complete Graphs

3



4



5



6



7



8



9



All photos from the workshop 
an be found at

http://kam.mff.
uni.
z/photos/MidSummer03/
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Geometri
 Comparison of Patterns

and Shapes

Helmut Alt

The 
omparison of geometri
 patterns and shapes is of importan
e in various

appli
ation areas, in parti
ular in 
omputer vision and pattern re
ognition,

but also in other dis
iplines 
on
erned with the form of obje
ts su
h as


artography, mole
ular biology, and 
omputer animation.

The general situation is that we are given two obje
ts A, B and want

to know how mu
h they resemble ea
h other. Usually one of the obje
ts

may undergo 
ertain transformations like translations, rotations or s
alings

in order to be mat
hed with the other as well as possible. Variants of this

problem in
lude partial mat
hing, i.e. when A resembles only some part

of B, and a data stru
tures version where, for a given obje
t A, the most

similar one in a �xed prepro
essed set of obje
ts has to be found, e.g. in


hara
ter or traÆ
 sign re
ognition.

First it is ne
essary to formally de�ne the notions of obje
ts, resem-

blan
e, mat
hing, and transformations.

Obje
ts are usually �nite sets of points (\point patterns") or \shapes"

given in two dimensions by polygons or polygonal 
hains. Generalizations to,

for example, polyhedral surfa
es in three and higher dimensions are possible,

but most of the work has 
on
entrated on two or three dimensions.

In order to measure \resemblan
e" various distan
e fun
tions have been

used, in parti
ular mu
h work has been based on the so-
alled Hausdor�

distan
e.

For two 
ompa
t subsets A, B of the d-dimensional spa
e IR

d

, we de�ne

the one-sided Hausdor� distan
e from A to B as

~

Æ

H

(A;B) = max

a2A

min

b2B

jja� bjj ;

where jj�jj is the Eu
lidean distan
e in IR

d

(if not expli
itly stated otherwise).

The (bidire
tional) Hausdor� distan
e between A and B then is de�ned as

Æ

H

(A;B) = max

�

~

Æ

H

(A;B);

~

Æ

H

(B;A)

�

:

The Hausdor� distan
e simply assigns to ea
h point of one set the distan
e

to its 
losest point on the other and takes the maximum over all these values.
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It performs reasonably well in pra
ti
e but may fail if there is noise in the

images.

What kind of geometri
 transformations are allowed to mat
h obje
ts

A and B depends on the appli
ation. The most simple kind are 
ertainly

translations. The mat
hing problem usually be
omes mu
h more diÆ
ult if

we allow rotations and translations (rigid motions, Eu
lidean transforma-

tions). In most 
ases re
e
tions 
an be in
luded as well without any further

diÆ
ulty.

In [ABB91℄ it was also observed that the mat
hing problem under trans-

lations or rigid motions 
an be solved in polynomial time. These results are

based on the fa
t that if the transformation has k degrees of freedom (e.g.

k = 3 for rigid motions) then in the optimal position the Hausdor�-distan
e

essentially must o

ur in at least k+1 di�erent pla
es.In some appli
ations,

the simpli
ity of the Hausdor�-distan
e 
an be a disadvantage. In fa
t, when

the distan
e between 
urves is measured the Hausdor�-distan
e may give a

wrong pi
ture. Figure 1 shows an example where two 
urves have a small

Hausdor�-distan
e although they have no resemblan
e at all.

δ

Figure 1: Two 
urves with small Hausdor�-distan
e Æ.

The reason for this problem is that the Hausdor�-distan
e is only 
on-


erned with the point sets but not with the 
ourse of the 
urves. A distan
e


onsidering the 
urves' 
ourses 
an informally be illustrated as follows: Sup-

pose a man is walking his dog, he is walking on one 
urve, the dog on the

other. Both are allowed to 
ontrol their speed but not to go ba
kward.

What is the shortest length of a leash that is possible? Formally, this dis-

tan
e measure between two 
urves in d-dimensional spa
e 
an be des
ribed

as follows

Æ

F

(f; g) = inf

�;�

max

t2[0;1℄

jjf(�(t))� g(�(t))jj

where f; g : [0; 1℄ ! IR

d

are parameterizations of the two 
urves and �; � :

12



[0; 1℄ ! [0; 1℄ range over all 
ontinuous and monotone in
reasing fun
tions.

This distan
e measure is known under the name Fr�e
het-distan
e.

The Fr�e
het-distan
e seems 
onsiderably more diÆ
ult to handle than

the Hausdor�-distan
e and no mat
hing algorithms have been developed

yet. The following algorithm for measuring the Fr�e
het-distan
e between

two polygonal 
hains has been given by Alt and Godau [AG92, AG95℄.

Let P and Q be the given polygonal 
hains 
onsisting of n and m line

segments respe
tively. First we 
onsider the de
ision problem, so in addition

to P and Q some " > 0 is given and we want to de
ide whether Æ

F

(P;Q) � ".

We �rst 
onsider the m� n-diagram D

"

(P;Q) shown in Figure 2 whi
h in-

di
ates by the white area for whi
h points p 2 P , q 2 Q jjp � qjj � ". The

horizontal dire
tion of the diagram 
orresponds to the natural parameteri-

zation of P and the verti
al one to that of Q. One square 
ell of the diagram


orresponds to a pair of edges one from P and one from Q and 
an easily be


omputed sin
e it is the interse
tion of the bounding square with an ellipse.

P

Q

"

P

Q

Figure 2: P , Q, " and the diagram D

"

(P;Q).

Now it follows from the de�nition that Æ

F

(P;Q) � " exa
tly if there is

a monotone in
reasing 
urve from the lower left to the upper right 
orner

of the diagram. These 
onsiderations lead to an algorithm of running time

O(mn) for the de
ision problem. Then Cole's variant of parametri
 sear
h

[Col87℄ 
an be used to obtain an algorithm of running time O(mn log(mn))

to 
ompute the Fr�e
het-distan
e between P and Q. In pra
ti
e, it seems

more reasonable to determine Æ

F

(P;Q) bit by bit using binary sear
h where

in ea
h step the algorithm for the de
ision problem is applied.

A mat
hing algorithm for Fr�e
het distan
e is given in [AKW01℄, but it

has a very high runtime, so that it makes sense to look for approximation

13



algorithms for this problem.

Referen
es

[ABB91℄ H. Alt, B. Behrends, and J. Bl�omer. Approximate mat
hing of

polygonal shapes. In Pro
. 7th Annu. ACM Sympos. Comput.

Geom., pages 186{193, 1991.

[AG92℄ H. Alt and M. Godau. Measuring the resemblan
e of polygonal


urves. In Pro
. 8th Annu. ACM Sympos. Comput. Geom., pages

102{109, 1992.

[AG95℄ H. Alt and M. Godau. Computing the Fr�e
het distan
e between

two polygonal 
urves. International Journal of Computational

Geometry and Appli
ations, 5:75{91, 1995.

[AKW01℄ Helmut Alt, Christian Knauer, and Carola Wenk. Mat
hing

polygonal 
urves with respe
t to the Fr�e
het distan
e. In Pro-


eedings 18th International Symposium on Theoreti
al Aspe
ts of

Computer S
ien
e, pages 63{74, 2001.

[Col87℄ R. Cole. Slowing down sorting networks to obtain faster sorting

algorithms. J. ACM, 34(1):200{208, 1987.
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Problems and 
onje
tures


on
erning 
onne
tivity of

Tournaments

J�rgen Bang-Jensen

A digraph D is k-ar
-strong, for some natural number k, if we must

remove at least k ar
s from D in order to obtain a digraph whi
h is not

strongly 
onne
ted. We denote by �(D) the maximum k for whi
h D is

k-ar
-strong.

The so-
alled Kelly 
onje
ture

1

states that every regular tournament on

2k + 1 verti
es has a de
omposition into k-ar
-disjoint hamiltonian 
y
les.

Conje
ture 1 (Kelly, 1968) Every k-regular tournament 
ontains k ar
-

disjoint hamiltonian 
y
les (see [5℄).

In [1℄ a generalization of the Kelly 
onje
ture is given

Conje
ture 2 [1℄ Every k-ar
-strong tournament de
omposes into k span-

ning strong digraphs.

The paper [1℄ 
ontains several results whi
h support the 
onje
ture

� If D = (V;A) is a 2-ar
-strong semi
omplete digraph then it 
ontains

2 ar
-disjoint spanning strong subdigraphs ex
ept for one digraph on

4 verti
es.

� The 
onje
ture is true for every tournament (in fa
t semi
omplete

digraphs) whi
h has a non-trivial 
ut (both sides of size at least 2)

with pre
isely k ar
s in one dire
tion.

� Every k-ar
-strong tournament with minimum in- and out-degree at

least 37k 
ontains k ar
-disjoint spanning subdigraphs H

1

;H

2

; : : : ; H

k

su
h that ea
h H

i

is strongly 
onne
ted.

Various weakenings on Conje
ture 2 are listed below.

1

A proof of the Kelly 
onje
ture for large k has been announ
ed by R. H�aggkvist at

several 
onferen
es and in [3℄ but to this date no proof has been published.
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Conje
ture 3 Let k; s and t be natural numbers su
h that k = s+ t. Then

every k-ar
-strong tournament 
ontains ar
-disjoint spanning strong subdi-

graphs D

1

;D

2

su
h that D

1

is s-ar
-strong and D

2

is t-ar
-strong.

Conje
ture 4 Every k-ar
-strong tournament 
ontains a spanning strong

subdigraph H su
h that T �A(H) is (k � 1)-ar
-strong.

Thomassen proved [6, Theorem 4.2℄ that every 2-ar
-strong tournament

T 
ontains a hamiltonian path P su
h that T � A(P ) is strong. It is in-

teresting to note that we 
annot repla
e hamiltonian path by hamiltonian


y
le above, as shown by the in�nite 
lass of 2-ar
-strong tournaments in

Figure 1.

2-strong

2-strong

Figure 1: An in�nite family of 2-ar
-strong tournaments su
h that the dele-

tion of the ar
s of any hamiltonian 
y
le leaves a non-strong digraph. The

�rst and the last box symbolizes arbitrary 2-ar
-strong tournaments and the

fat ar
 indi
ates that ex
ept for the 6 ar
s shown from right to left all other

ar
s to from left to right.

Conje
ture 5 Ex
ept for �nitely many ex
eptions for ea
h k, every k-ar
-

strong semi
omplete digraph 
an be de
omposed in k ar
-disjoint spanning

strong subdigraphs.

As pointed out by Thomassen in [6℄ there is no degree r of ar
-strong 
on-

ne
tivity whi
h guaranties that every r-ar
-strong tournament 
ontains two

ar
-disjoint hamiltonian 
y
les. In fa
t, a tournament may have arbitrarily

high ar
-strong 
onne
tivity and still deleting a single ar
 may destroy all

hamiltonian 
y
les. See Figure 2. Thomassen also mentions a 
onstru
tion

of Ja
kson showing that a tournament may have arbitrary high ar
-strong


onne
tivity without having 4 ar
-disjoint hamiltonian paths. On the other

hand Thomassen 
onje
tures that there is some �(k) su
h that every �(k)-

strong tournament 
ontains k ar
-disjoint hamiltonian 
y
les. He shows

that �(2) > 2 and 
onje
tures that every 3-strong tournament 
ontains 2

ar
-disjoint hamiltonian 
y
les.

16



Conje
ture 6 (Thomassen, 1982) Every 3-strong tournament 
ontains

two ar
-disjoint hamiltonian 
y
les.

By a result of Fraisse and Thomassen [4℄ (saying that every k-strong

tournament has a hamiltonian 
y
le whi
h avoids any pres
ribed set of k�1

ar
s), this 
onje
ture would follow from the following 
onje
ture.

Conje
ture 7 Every tournament T either 
ontains two ar
-disjoint hamil-

tonian 
y
les or a set A

0

of at most two ar
s su
h that T � A

0

has no

hamiltonian 
y
le.

� = k � = k

x

Figure 2: An In�nite family of k-ar
-strong tournaments with no two ar
-

disjoint hamiltonian 
y
les. Ea
h box symbolizes an arbitrary k-ar
-strong

tournament and the two dots in between are strong 
omponents of size one

when x is deleted.

Problem 1 (Bang-Jensen, Huang and Yeo, 2001) Whi
h tourna-

ments T 
ontain a hamiltonian 
y
le C su
h that

�(T � C) � �(T )� 1?

Conje
ture 8 There exists a polynomial algorithm for de
iding whether a

given tournament 
ontains two ar
-disjoint hamiltonian 
y
les.

An tournament is almost transitive if it 
an be obtained from a transi-

tive tournament by reversing the ar
 from the vertex of maximum out-degree

to the vertex of maximum in-degree. Thomassen [6℄ proved that a tourna-

ment T 
ontains two ar
-disjoint hamiltonian paths unless it has a strong


omponent whi
h is an almost transitive tournament of odd order or has

two 
onse
utive strong 
omponents of size 1.

17



Figure 3: Examples of tournaments with no two ar
-disjoint hamiltonian

paths. The one to the right is an almost transitive tournament.

Problem 2 Chara
terize those tournaments whi
h 
ontain two ar
-disjoint

hamiltonian paths with pres
ribed start verti
es.

By inspe
tion of Figure 2 we see that no ar
-strong 
onne
tivity suÆ
es.

The following is a possible extension of the notion of hamiltonian-


onne
tivity. Note that f(1) = 4 by Thomassen's theorem on hamiltonian


onne
ted tournaments and examples by Thomassen of 3-strong tournament

with no (x; y)-hamiltonian path.

Problem 3 Does there exists a fun
tion f(k) su
h that every f(k)-strong

tournament 
ontains k ar
-disjoint hamiltonian paths from x to y for every


hoi
e of x and y?

Theorem 1 [2℄ For any n � 3 and k � 1, every k-ar
-strong tournament

T on n verti
es 
ontains a spanning k-ar
-strong subdigraph D

0

with at most

nk + 136k

2

ar
s. Furthermore, su
h a spanning subdigraph 
an be found in

polynomial time.

For any tournament T we denote by h(k; T ) the minimum number of

ar
s in a spanning subdigraph D of T in whi
h has Æ(D) � k. If Æ(T ) < k

we let h(k; T ) = 1.

The following result 
an be shown using 
ows. We leave the details to

the interested reader.

Proposition 2 [2℄ For every tournament with Æ(T ) � k we have h(k; T ) �

nk+k(k+1)=2 and this is sharp. Furthermore, if T is k-ar
-strong h(k; T ) �

nk + k(k � 1)=2.

For any tournament T we denote by i(k; T ) the minimum number of ar
s

in a spanning k-ar
-strong subdigraph D of T . If T is not k-ar
-strong then

i(k; T ) = 1.

18



Conje
ture 9 [2℄ For every natural number k and every k-ar
-strong tour-

nament T we have i(k; T ) = h(k; T ).

Problem 4 Does there exist a fun
tion g = g(k) su
h that every k-strong

tournament 
ontain a spanning k-strong subdigraph with at most kn + g(k)

ar
s?

Referen
es

[1℄ J. Bang-Jensen and A. Yeo, De
omposing k-ar
-strong tournaments into

strong spanning subdigraphs, Combinatori
a, to appear.

[2℄ J. Bang-Jensen, J. Huang and A. Yeo, Finding small k-ar
-strong span-

ning subdigraphs in k-ar
-strong tournaments, J. Graph Theory, to ap-

pear.

[3℄ B. Bollob�as and R. H�aggkvist, Powers of Hamilton 
y
les in tournaments,

J. Combinatorial Theory 50 (1990) 309-318.

[4℄ P. Fraisse and C. Thomassen, Hamiltonian di
y
les avoiding pres
ribed

ar
s in tournaments, Graphs and Combinatori
s 3 (1987) 239-250.

[5℄ J.W.Moon, Topi
s on tournaments, Holt. Rinehart and Winston, New

York 1968.

[6℄ C. Thomassen, Edge-disjoint hamiltonian paths and 
y
les in tourna-

ments, Pro
. London Math. So
. 45 (1982) 151-168.
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Density games onK

n

Ma lgorzata Bednarska

Suppose we are given natural numbers n; q and a familyF of subgraphs of

the 
omplete graph K

n

. Two players, Maker and Breaker, take turns (Maker

starts the game) and sele
t respe
tively 1 and q previously un
laimed edges

of K

n

. Maker wins if and only if he 
laims all edges of some graph from F .

We are interested in �nding q

F

, the minimum q su
h that Breaker has

a winning strategy (i.e. he 
an prevent Maker from building some F 2 F).

We refer to q

F

as to the threshold of the game. The problem of �nding the

threshold for the positional games on graphs and hypergraphs originates

from papers by Chv�atal and Erd}os [2℄ and Be
k [1℄, and was extensively

explored by the latter author afterwards.

For given a � 1, let us propose a density game D

a

(K

n

; 1; q), in whi
h

Maker's aim is to 
laim any graph H of density e(H)=v(H) � a. For exam-

ple, for a = 1 we obtain the 
y
le game, i.e. the game in whi
h F 
ontains all


y
les of K

n

. Let us denote the threshold for the density game D

a

(K

n

; 1; q)

by q

a

.

We 
an show that for every integer a � 1 the threshold is

q

a

=

l

�

n

2

�

an� 1

m

� 1: (1)

The estimation q

a

�

l

(

n

2

)

an�1

m

� 1 is easy to obtain: if q + 1 <

(

n

2

)

an�1

then

at the end of the game D

a

(K

n

; 1; q) Maker's graph 
onsists of at least an

edges. That means every strategy of Maker is a wining strategy.

Thus, in order to obtain the desired threshold, we have to show that if

q + 1 �

(

n

2

)

an�1

then Breaker 
an win the game. In [3℄ we des
ribe a winning

strategy for Breaker, based on the de
omposition of K

n

into graphs G su
h

that max

H�G

e(G)

v(G)

< a. Unfortunately, the approa
h from [3℄ breaks down

if a is not an integer.

Nevertheless, we 
onje
ture that the threshold of any density game is

roughly n=(2a).

Conje
ture 1 For any real a � 1, the threshold of the density game

D

a

(K

n

; 1; q) is

q

a

=

n

2a

+ o(n):

By (1), the 
onje
ture holds for every integer a.
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3-homogeneous latin trades

Ni
holas J. Cavenagh

1 De�nitions

Let N = N(n) = f0; 1; 2; : : : ; n� 1g. A partial latin square P of order n is a

set of ordered triples of the form (i; j; k), where i; j; k 2 N with the following

properties:

� if (i; j; k) 2 P and (i; j; k

0

) 2 P then k = k

0

,

� if (i; j; k) 2 P and (i; j

0

; k) 2 P then j = j

0

and

� if (i; j; k) 2 P and (i

0

; j; k) 2 P then i = i

0

.

We may also represent a partial latin square P as an n�n array with entries


hosen from the set N su
h that if (i; j; k) 2 P , the entry k o

urs in 
ell

(i; j). We sometimes refer to the entry k in 
ell (i; j) of a partial latin square

P as (i; j)

P

.

A partial latin square has the property that ea
h entry o

urs at most

on
e in ea
h row and at most on
e in ea
h 
olumn. If all the 
ells of the

array are �lled then the partial latin square is termed a latin square. That

is, a latin square L of order n is an n�n array with entries 
hosen from the

set N = N(n) = f0; 1; 2; : : : ; n � 1g in su
h a way that ea
h element of N

o

urs pre
isely on
e in ea
h row and pre
isely on
e in ea
h 
olumn of the

array.

A partial latin square T of order n is said to be a latin trade (or latin

inter
hange) if there exist two latin squares L

1

and L

2

of order n, with

L

1

6= L

2

, su
h that T = L

1

n L

2

. The partial latin square L

2

n L

1

is said to

be the disjoint mate of T .

A latin trade T of order n is said to be k-homogeneous if it has either 0

or k entries in ea
h row, either 0 or k entries in ea
h 
olumn, and ea
h entry

o

urs either 0 or k times within T . Clearly if T is k-homogeneous, its size

is equal to km for some integer m, where m � k.

A 
riti
al set in a latin square L (of order n) is a partial latin square

P � L, su
h that

(1) L is the only latin square of order n whi
h has element k in 
ell (i; j)

for ea
h (i; j; k) 2 P ; and
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(2) no proper subset of P satis�es (1).

Let T be a partial latin square that is a subset of a latin square L.

Observe that T is a latin trade if and only if there exists a disjoint mate T

0

,

with T

0

\ T = ;, su
h that (L n T ) [ T

0

is a latin square. It follows that a


riti
al set P in a latin square L must interse
t every latin trade in L; and

is minimal with respe
t to this property.

2 Known Results

Results on lower bounds for the sizes of 
riti
al sets often rely on 
onstru
-

tions of latin trades. In [2℄, it is shown that if a 
riti
al set of order n has

an empty row, its size must be at least 2n � 4. The proof in [2℄ relies on

latin trades that o

ur within sets of three rows of a latin square. A more

general result is given in [4℄, where it is shown that the size of a 
riti
al set

in a latin square of order n is at least b(4n�8)=3
. Their proof relies on the


onstru
tion of latin trades in the union of three rows and three 
olumns.

In [3℄, it is shown that a 
riti
al set in the ba
k 
ir
ulant latin square B

n

must have size at least O(n

4=3

).

We are still a long way from the 
onje
tured lower bound on the size of

a 
riti
al set in a latin square of order n: bn

2

=4
 [1℄. One way to go forward

is to learn more about latin trades that interse
t a large number of rows, a

large number of 
olumns and a large number of entries (large meaning with

respe
t to n), yet are still relatively small in size.

One way to �nd su
h latin trades is to look at k-homogeneous latin

trades.

3 New results, open problems

In the talk we presented a 
onstru
tion for 3-homogeneous latin trades based

on the hexagonal pa
king of 
ir
les in the plane. This gave 3-homogeneous

latin trades of size 3m, for ea
h m � 3. For details of this 
onstru
tion

please email the author for a 
opy of the full paper (
onta
t details above).

We pose the following open problems.

Open Problem 1 For what values of k and m do there exist a k-

homogeneous trade of size km?

We must have k � 2, sin
e ea
h row, 
olumn and entry in a latin trade

o

urs at least twi
e. Also m � k, as ea
h row must have k distin
t entries. If
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k = 2 then we must have m = 2, with the unique (minimal) 2-homogeneous

trade being a 2 � 2 latin square. If m = k � 1 and m 62 f2; 6g, we 
an use

a pair of mutually orthogonal latin squares of order m. The authors have

made progress on the above open problem in the 
ase where k = 4; we are


urrently in the pro
ess of writing up this result.

Next, we ask:

Open Problem 2 Does the 
onstru
tion given in the talk give every pos-

sible 3-homogeneous latin trade?

Finally, using k-homogeneous latin trades or otherwise,

Open Problem 3 Improve the following bounds: b(4n � 8)=3
 � the size

of the smallest 
riti
al set of order n � bn

2

=4
:
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Ba
kbone 
oloring of planar graphs

Ji�r�� Fiala

Given a graph G and its spanning tree T , the ba
kbone 
oloring of G

is an assignment of integers to verti
es of G that is a valid 
oloring, and

moreover whenever two verti
es are adja
ent in T their labels di�er by at

least two. The mimimum possible span of the set of used labels is denoted

as the bb
 number of G.

This notion stems from 
hannel assignment area, where for a ba
kbone

of a possible network higher separation (i.e. less possible interfern
e of the

asso
iated signals) is required.

A simple example shows that there exist planar graphs with bb
 number

at least 6. On the other hand the famous Four-
olor theorem implies that

the bb
 number of planar graphs is at most 7.

Then the two questions follows:

1. What is the right upper bound on the bb
 number of planar graphs:

6 or 7?

2. Can you prove the same bound without use of the Four-
olor theorem?
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Thue type problems for graphs,

points, and numbers

Jaros law Gryt
zuk

1 Introdu
tion

A repetition is a sequen
e of the form x

1

x

2

:::x

n

x

1

x

2

:::x

n

, where n is an

arbitrary positive integer. A blo
k in a sequen
e S is any subsequen
e of


onse
utive terms of S. A �nite sequen
e is nonrepetitive if none of its blo
ks

looks like a repetition. About 100 years ago Axel Thue [8℄ dis
overed that

there are arbitrarily long nonrepetitive sequen
es over the set f0; 1; 2g. This

remarkable fa
t inspired many further investigations leading to a variety of

pattern avoidan
e problems and a range of new types of nonrepetitiveness.

Re
ently a number of new 
hallenges appeared in this area 
onne
ting it

more 
losely to 
lassi
al 
ombinatori
s. Below we present four of them.

2 Graphs

A 
oloring of the verti
es of a graph G is nonrepetitive if the sequen
e of


olors on any simple path in G is nonrepetitive. The minimum number of


olors needed is denoted by �(G) and is 
alled the Thue 
hromati
 number of

a graph G. Thus, the theorem of Thue asserts that �(P

n

) = 3 for all n � 3,

where P

n

denotes a path with n edges. It follows immediately that �(C

n

) � 4

for all 
y
les. A
tually, �(C

n

) = 3 for all n � 3 ex
ept n = 5; 7; 9; 10; 14; 17,

as it as proved by Currie [2℄. For graphs with larger maximum degree the

situation is less 
lear. Applying the probabilisti
 method it 
an been proved

that �(G) � 100�

2

for any graph G with maximum degree at most � (see

[1℄). However, the following question remains open.

Problem 1 Does there exist an absolute 
onstant C su
h that �(G) � C

for any planar graph G?

The answer is not known even for outerplanar or bipartite planar graphs.

But it is known for trees, namely �(T ) � 4 holds for any tree T . There are

also some 
onstru
tions showing that C � 10 if it exists at all.
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3 Points

Let X be a dis
rete set of points in the plane. A 
oloring of X is nonrepetitive

if no straight line segment looks like a repetition. Denote by �(X) the related

Thue number of a set X de�ned as the minimum number of 
olors needed.

Again, Thue's theorem asserts that �(Z) = 3.

Problem 2 (Currie-Simpson, 2002) Is �(Z

2

) �nite?

Currie and Simpson [3℄ proved that there is a 5-
oloring of Z

2

in whi
h

no line of one of the four dire
tions �1; 0;1 is 
olored repetitively.

4 Numbers

A stronger form of nonrepetitiveness is de�ned as follows. An anagram

repetition is a sequen
e of the form r

1

r

2

:::r

n

r

�(1)

r

�(2)

:::r

�(n)

, where � is any

permutation of n symbols. A sequen
e S is said to be strongly nonrepetitive

if no blo
k of S looks like an anagram repetition. It is easy to 
he
k that

no analog of Thue's theorem is possible over the set f0; 1; 2g. In 1961 Erd}os

[4℄ asked whether four symbols will do and it was open until Ker�anen [7℄

found a 
omputer aided 
on�rmation. This result may be interpreted in

arithmeti
 terms as follows: there is a fun
tion F : N ! f2; 3; 5; 7g su
h

that

Q

i2I

F (i) 6=

Q

j2J

F (j), for any two adja
ent segments I and J . But

what happens if we try to avoid equal sums instead of equal produ
ts in

adja
ent segments?

Problem 3 (Halbeisen-Hungerb�uhler, 2000) Is there a natural number N

and a fun
tion F : N ! f1; 2; :::; Ng su
h that

P

i2I

F (i) 6=

P

j2J

F (j) for

any two adja
ent segments I and J , with jIj = jJ j?

Van der Waerden's theorem on arithmeti
 progressions shows easily that

without the last assumption the answer is in the negative. In fa
t, for any

fun
tion mapping N into a �nite subset of itself there will be arbitrarily

many 
onse
utive segments with equal sums (see [5℄).

Similar problems may be investigated for other 
ombinatorial stru
tures

as well. Consider for instan
e a 
oloring of the edges of a graph G in whi
h

the multisets of 
olors around adja
ent verti
es are never the same. A re
ent

result of Karo�nski at al. [6℄ shows that there is a �nite number K su
h that

any 
onne
ted graph G (with at least two edges) may be 
olored that way,

using only K 
olors. What is the minimal value of K remains however a

mystery. An additive version of this problem is even more diÆ
ult.
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Problem 4 (Karo�nski- Lu
zak-Thomason, 2002) Is there a natural number

M su
h that every 
onne
ted graph G = (V;E), with at least two edges,

has an edge labelling f : E ! f1; 2; :::;Mg satisfying

P

x2N(u)

f(ux) 6=

P

y2N(v)

f(vy), for every pair of adja
ent verti
es u; v 2 V ?

A
tually, they 
onje
ture that M = 3 should suÆ
e.
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An odd graph question

Tom�a�s Kaiser

Abstra
t

We propose a problem related to the Odd graph 
onje
ture of

N. L. Biggs.

Given integers m and n, the Kneser graph K(m;n) is de�ned as follows.

Its verti
es are the n-element subsets of [m℄ = f1; : : : ;mg, and two su
h

subsets are joined by an edge if they are disjoint. Although the 
hromati


number of Kneser graphs has been known for a long time (see [3℄), less

information seems to be available on their 
hromati
 index (edge-
hromati


number).

In parti
ular, an appealing long-standing 
onje
ture due to N. L. Biggs


on
erns the 
hromati
 index of odd graphs O

n

= K(2n�1; n�1). Sin
e O

n

is an n-regular graph, Vizing's theorem [5℄ implies that its 
hromati
 index

�

0

(O

n

) is either n or n + 1. The Odd graph 
onje
ture of Biggs [1℄ states

that the latter is the 
ase.

Conje
ture 1 (Odd graph 
onje
ture) For all n � 2,

�

0

(O

n

) = n+ 1:

(As observed by Naserasr [4℄, the a

ount of this 
onje
ture in the |

otherwise ex
ellent | book [2℄ is erroneous; it is quoted there as saying

essentially the opposite.) Note that O

3

, the Petersen graph, is a notorious

example of 
ubi
 graph whose 
hromati
 index is 4.

We �rst reformulate Conje
ture 1 as a problem about systems of paths.

Let P be a set of dire
ted paths in the symmetri
 orientation K of the


omplete graph K

2n�1

. We shall 
all P admissible if it has the following

properties:

(1) all paths in P have n� 1 verti
es, and for ea
h (n� 1)-element subset

A � V (K), there is exa
tly one path P

A

2 P with V (P

A

) = A,

(2) for P

A

; P

B

2 P, if jA \Bj = 1, then the vertex x 2 A \ B is at the

same position in both paths (i.e., the distan
e of x from the beginning

of ea
h path is the same).

It is not diÆ
ult to establish a 
onne
tion between the Odd graph 
on-

je
ture and admissible systems of paths.
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Proposition 2 The Odd graph 
onje
ture is equivalent to the following


laim:

There is no admissible system of dire
ted paths in the symmetri


orientation of K

2n�1

, where n � 2.

Consider now the undire
ted analogue of an admissible system. More

pre
isely, de�ne a system of undire
ted paths in K

2n�1

to be admissible if it

has property (1) (with K repla
ed by K

2n�1

) and the obvious modi�
ation

of property (2) for undire
ted paths. Are there any n su
h that K

2n�1

has

an admissible system? Indeed there are; those in K

3

and K

5

are given in

Fig. 4. (In these two 
ases, they are unique up to an automorphism of the


omplete graph.)

Figure 4: Admissible systems of undire
ted paths in K

3

and K

5

.

It turns out that admissible systems of undire
ted paths also exist in K

7

and K

9

. This suggests a surprising di�eren
e from the oriented 
ase, and

leads us to pose the following problem.

Problem 3 Does K

2n�1

have an admissible system of undire
ted paths for

all n � 2?

A
knowlegment. I thank Reza Naserasr for an inspiring 
onversation on

the subje
t.
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Triangle pa
kings in 
hordal graphs

Jan K�ara

The problem of 
overing a graph with graphs from some 
lass is really

broad and deeply studied topi
. Common problem of this type is for example

the 
y
le pa
king problem (that is 
overing a graph with disjoint 
y
les).

Computing 
y
le pa
king with maximum number of 
y
les is NP-
omplete

for general graphs and even for planar graphs be
ause it 
ontains a partition

into triangles as a subproblem.

When we require all the 
y
les in the pa
king to be triangles we get the

triangle pa
king problem. This problem is also known to be NP-hard.

It is also known that it remains NP-hard also in the 
ase of planar graphs

and is APX-hard for graphs with maximum degree four. In 
hordal graphs

the maximum 
y
le pa
king problem and the maximum triangle pa
king

problem are identi
al sin
e in any 
y
le pa
king in a 
hordal graph we 
an

repla
e any 
y
le of size greater than three by a triangle. It was shown

by Jan Krato
hv��l that the maximum triangle pa
king problem is NP-hard

for 
hordal graphs. We show that 
he
king whether there exists a perfe
t

triangle pa
king (a triangle pa
king 
overing all verti
es of a graph) in a


hordal graph is polynomial.

In the following text n will denote the number of verti
es and m the

number of edges of a graph G = (V;E). A triangle pa
king of a graph

G = (V;E) is a set of triples of verti
es of G ffv

1

1

; v

1

2

; v

1

3

g; fv

2

1

; v

2

2

; v

2

3

g; : : :,

fv

k

1

; v

k

2

; v

k

3

gg su
h that for ea
h i 2 f1; : : : ; kg fv

i

1

; v

i

2

g; fv

i

2

; v

i

3

g; fv

i

1

; v

i

3

g 2 E

and for ea
h i; j 2 f1; : : : ; kg; i 6= j holds that fv

i

1

; v

i

2

; v

i

3

g \ fv

j

1

; v

j

2

; v

j

3

g = ;.

A perfe
t triangle pa
king is su
h a triangle pa
king whi
h 
overs all verti
es

of a graph | i.e.,

S

k

i=1

fv

i

1

; v

i

2

; v

i

3

g = V .

It is a well known fa
t that a 
hordal graph 
an be represented as an

interse
tion graph of subtrees in a tree. To be more pre
ise for ea
h 
hordal

graph G = (V;E) there exists a tree T and trees T

1

; T

2

; : : : ; T

n

, T

i

� T for

ea
h 1 � i � n, su
h that fv

i

; v

j

g 2 E if and only if T

i

\ T

j

6= ;. In the

following text it will be more 
omfortable for us to 
onsider T as a tree rooted

in some of its leaves and with edges oriented from the root. The orientation

of the edges of T naturally de�nes an orientation of its subtrees T

1

; T

2

; : : : ; T

n

and their root. We will 
all the ordered set (T; r; T

1

; T

2

; : : : ; T

n

) the tree

representation of the graph G. A tree T will be 
alled a base tree, trees

T

1

; T

2

; : : : ; T

n

vertex trees and a vertex r 2 T root of a tree representation.

A
tually we 
an assume that a tree representation has the properties as

written in the following lemma:
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Lemma 1 For ea
h 
hordal graph G = (V;E) there exists a tree represen-

tation R = (T; r; T

1

; T

2

; : : : ; T

n

) su
h that:

� A root of ea
h vertex tree is its leaf.

� No vertex tree has a root in a vertex of degree three or more of the base

tree.

� No vertex in the base tree is a root of more than one vertex tree.

Moreover this representation R will have size O(n

2

) and 
an be 
omputed in

time O(n

2

).

Now we introdu
e an algorithm whi
h redu
es the problem of �nding

a perfe
t triangle pa
king to the problem of maximum 
ow in the 
reated

network.

Let us 
onsider a 
hordal graph G = (V;E), n is divisible by three

(otherwise the graph trivially does not have a perfe
t triangle pa
king).

From Lemma 1 we know that there exists a tree representation R =

(T; r; T

1

; : : : ; T

n

) of G with spe
ial properties. Now we 
reate a basi
 network

from this representation. We will number the verti
es in the preorder num-

bering of the depth �rst sear
h from the root of the representation (i.e., the

numbering in whi
h verti
es re
eive mutually distin
t numbers from one to

jV (T )j su
h that parent has always greater number than any of its 
hildren).

For ea
h vertex tree T

j

on k verti
es v

i

1

; v

i

2

; : : : ; v

i

k

we add the new verti
es

v

T

j

i

1

; v

T

j

i

2

; : : : ; v

T

j

i

k

and appropriate edges between those verti
es (
opied from

T

i

) to the basi
 network. We 
all the verti
es v

T

j

i

; j 2 f1; : : : ; ng the verti
es

derived from the vertex v

i

. Finally we add the sour
e and the sink to the

basi
 network and 
onne
t the sour
e to all the roots (the only verti
es with

an input degree zero) of the 
reated trees | for the following text we will

identify the vertex trees T

j

from the representation of the graph with the

trees in the network indu
ed on the verti
es v

T

j

i

1

; : : : ; v

T

j

i

k

. All the edges in

the basi
 network have 
apa
ity one.

A �nal network is a network 
reated from a basi
 network by 
hoosing

some verti
es u

1

; : : : ; u

n=3

of T (we 
all these verti
es gathering verti
es)

whi
h are roots of some vertex trees and for ea
h i 2 f1; : : : ; n=3g 
onne
t all

the verti
es derived from u

i

to the new vertex s

u

i

by edges with 
apa
ity one

and then 
onne
t all the verti
es s

u

i

to the sink by edges with 
apa
ity three.

Sometimes we will say that the �nal network is indu
ed by the gathering

verti
es u

1

; : : : ; u

n=3

. We will show that the problem of the perfe
t triangle

pa
king of the original graph G is equivalent to the existen
e of a 
ow of size

at least n in some �nal network. First we 
an make an easy observation:
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Lemma 2 If a 
hordal graph G = (V;E) has a perfe
t triangle pa
king T

then there exists a �nal network N with a 
ow of size n.

Now we will show how we 
an 
onstru
t the set of gathering verti
es (and

hen
e the �nal network): We will go through the verti
es of T in the in
reas-

ing order (we use the numbering des
ribed above). Let v denote the a
tual

vertex and N the network 
reated so far. N

v

is then the indu
ed subgraph of

N on the verti
es fs; s

0

g[fs

u

i

: u

i

is a gathering vertex in the subtree of vg

plus the verti
es derived from any vertex of the subtree of v (e.g., if

v

1

; v

2

; : : : ; v

k

were the verti
es in the subtree of v then the derived verti
es

would be v

T

j

i

; i 2 f1; : : : ; kg; j 2 fl : v

i

2 T

l

g).

If there is no root of any vertex tree in v we simply do nothing. If there

is root of some vertex tree T

i

in v (a
tually it is the only vertex tree whi
h

has a root in this vertex due to the third 
ondition in Lemma 1) we will do

the following: We take the network N

v

, 
onne
t the sour
e to all the roots

of the trees in N

v

(if they are not already 
onne
ted to it) by edges with


apa
ity one, 
onne
t all the verti
es derived from v ex
ept for the root of

the tree T

i

to a new vertex s

0

by edges with 
apa
ity one and 
onne
t this

vertex to the sink by an edge with 
apa
ity t

v

�3 �g

v

where t

v

is the number

of trees in N

v

and g

v

is the number of gathering verti
es in the subtree of

v. Let N

0

v

denote the 
onstru
ted network. If there exists a 
ow of size at

least t

v

in N

0

v

we do nothing and 
ontinue by pro
essing of the next vertex.

Otherwise we add the vertex v to the set of gathering verti
es and 
he
k

that t

v

� 3 � g

v

(we 
ount also the freshly added vertex v). If the inequality

holds we 
ontinue by pro
essing of the next vertex otherwise we answer that

a perfe
t triangle pa
king does not exist. If we manage to pro
ess all the

verti
es of T we have just 
onstru
ted a �nal network.

Lemma 3 Let G = (V;E) be a 
hordal graph and N the �nal network


reated by the algorithm. Then the graph G has a perfe
t triangle pa
king.

Theorem 1 There exists an algorithm running in time O(n

3

) de
iding

whether a 
hordal graph G = (V;E) has a perfe
t triangle pa
king.

It 
an be shown that a maximum triangle pa
king in a split graph 
an

be 
omputed in polynomial time. Still the following interesting problem

remains unsolved:

Problem 1 Can be a maximum triangle pa
king in an interval graph 
om-

puted in polynomial time?
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Some problems on 
ounting

permutations

Martin Klazar

Re
all that a permutation � = a

1

a

2

: : : a

m

of [m℄ = f1; 2; : : : ;mg is


ontained in a permutation � = b

1

b

2

: : : b

n

of [n℄, in symbols � � �, if � has

a subsequen
e b

k

1

b

k

2

: : : b

k

m

(thus, in parti
ular, m � n) su
h that for every

two indi
es i; j we have a

i

< a

j

if and only if b

k

i

< b

k

j

. Let S(A), for a set

A of permutations (whi
h may have distin
t lengths and A may be in�nite),

be the set of all permutations � su
h that � 6� � for every � 2 A. Let S

n

(A)

be the � 2 S(A) with length n.

Problem 1. (Stanley{Wilf 
onje
ture, 1997). Prove that for any A 6= ;

one has the bound jS

n

(A)j < 


n

for all n = 1; 2; : : : (
 > 1 is a 
onstant

depending only on A).

Problem 2. Find the exa
t asymptoti
s for the numbers jS

n

(f1324g)j. Is

there a formula or re
urren
e for them?

Problem 3. (I. Gessel's problem, 1990). SupposeA is �nite. Is the sequen
e

(jS

n

(A)j)

n�1

always P-re
ursive?

Remarks.

P1. Clearly, it suÆ
es to look only at the 
ase jAj = 1. An almost exponen-

tial bound was proved in [Alon & Friedgut℄. For further partial results see

[B�ona1℄ and [B�ona2℄. Remark added on November 19, 2003: The 
onje
ture

was proved by A. Mar
us and G. Tardos, see [Mar
us & Tardos℄.

P2. For more ba
kground see [Marinov & Radoi�
i�
℄ and [Bousquet-M�elou℄.

P3. This problem was posed, although not very expli
itly, in [Gessel℄. P-

re
ursiveness of a sequen
e of numbers a = (a

n

)

n�1

� C means that there

are polynomials p

0

(x); : : : ; p

k

(x) 2 C[x℄, not all zero, su
h that for every

n = 1; 2; : : : one has p

0

(n)a

n

+ p

1

(n)a

n+1

+ � � � + p

k

(n)a

n+k

= 0. An alge-

brai
 argument shows that if a 
onsists of integers then also all p

i

(x) may

be taken with integral 
oeÆ
ients. If A may be in�nite, then an appli
a-

tion of Cantor's diagonalization shows that the set of all 
ounting sequen
es

(jS

n

(A)j)

n�1

is un
ountable, and hen
e (for in�nite A's) almost all of them

are not P-re
ursive. (This was observed by myself in July 2003.) But prob-

ably even for �nite A's there are examples of non-P-re
ursive 
ounting se-

quen
es but so far nobody 
ould present one.
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Closure for the Property of Having

a Hamiltonian Prism

Daniel Kr�al'

(joint work with Ladislav Sta
ho)

A graph has a Hamilton 
y
le if it 
ontains a spanning 
y
le. A 
ouple of

generalizations of the 
on
ept of a Hamilton 
y
le were introdu
ed, among

them, so-
alled k-walks. A k-walk is a 
losed spanning walk whi
h visits

ea
h vertex at most k times (thus a Hamilton 
y
le is a 1-walk) and a k-tree

is a spanning tree with maximum degree k. It is not hard to show that a

graph whi
h has a k-tree has also a k-walk and a graph whi
h has a k-walk

has a (k + 1)-tree. Hen
e, the properties of \having a k-walk" and \having

a k-tree" are interla
ed in the following sense:

1-walk ) 2-tree ) 2-walk ) 3-tree ) 3-walk : : :

Re
ently, another property sandwi
hed between \having a 2-tree", i.e., a

Hamilton path, and \having a 2-walk" has attra
ted attention of resear
hers.

This property is that the prism of a graph is hamiltonian. The prism of a

graph G is the graph obtained from two 
opies of G by 
onne
ting all the

pairs of images of the same vertex by an edge.

One of 
on
epts whi
h does not obviously translate to the 
ase of hamil-

tonian prisms is the 
on
ept of graph 
losures. A k-
losure of a graph G,

denoted by Cl

k

(G), is the unique graph obtained from G by re
ursively join-

ing pairs of non-adja
ent verti
es whose degree sum is at least k until no

su
h pair remains. A graph property is 
alled k-stable if G has the prop-

erty if and only if Cl

k

(G) has. The motivation for this 
on
ept 
omes from

the original 
losure of Bondy and Chv�atal developed for Hamilton 
y
les:

A graph G of order n is hamiltonian if and only if Cl

n

(G) is hamiltonian

and it is known that this 
annot be weaken to Cl

n�1

(G), i.e., the property

of \having a Hamilton 
y
le" is n-stable but not (n � 1)-stable. It is also

known that a property of \having a k-walk" for k � 2 is (n� 1)-stable but

not (n� 2)-stable.

Our main result is that the prism of a graph G of order n is hamiltonian if

and only if the prism of Cl

k

(G) is hamiltonian for k = 4n=3�4=3. A double


ounting argument (formulated using the dis
harging method) is used to

show that the property is k-stable with k = 4n=3 � 1 and this is then

improved to k = 4n=3� 4=3 by a little te
hni
al 
ase analysis. We strongly

37



believe that this 
an be further improved by more tedious 
ase analysis. On

the other hand, the property of \having a hamiltonian prism" is not k-stable

for k = 4n=3�16=3. We pose the following 
onje
ture, mainly to en
ourage

the resear
h to 
lose the (quite small) gap between the upper and the lower

bound, that the lower bound is tight:

Conje
ture 1 The property of \having a hamiltonian prism" is k-stable

with k = 4n=3�5 for graphs of order n and this 
annot be further improved.

38



TheHamilton-Waterloo problem

Roman Nedela

(joint work with P. Hor�ak and A. Rosa)

Problem. Is there a de
omposition of K

m

into 2-fa
tors su
h that

exa
tly one of the fa
tors is a Hamiltonian 
y
le and all the other (m�3)=2

fa
tors are triangle fa
tors?

Note that if there is a solution for an integer m then m = 6k + 3 for

some integer k. It is known [FR℄ that for m = 9 there is no solution. For

small values of m = 6k+3 � 15 the solution was shown to exists for m = 15

in [FMR℄, for m = 21 in [M℄, and for m = 39 and 57 in [HNR℄. Applying a

tripli
ating lemma proved in [HNR℄ one 
an 
onstru
t solutions for integers

of the form m = b �3

a

, where b 2 f5; 7; 13; 19g and a > 0 is an integer. Hen
e

the least number m � 15 
ongruent to 3 modulo 6 for whi
h the existen
e

of a solution was not 
on�rmed is m = 27.

History and ba
kground. The Oberwolfa
h problem �rst formu-

lated by Ringel at a meeting in Oberwolfa
h asks for 2-fa
torization of

the 
omplete graph K

2n+1

into 2-fa
tors ea
h of whi
h is isomorphi
 to

a given 2-fa
tor Q. If Q is a disjoint union of 
y
les of lengths 


1

; 


2

; : : : ; 


s

with 2n + 1 =

P

s

i=1




i

then the 
orresponding instan
e of the Oberwolfa
h

problem is denoted by OP (2n + 1; 


1

; 


2

; : : : ; 


s

). It has been 
onje
tured

that a solution to OP (


1

; 


2

; : : : ; 


s

) exists always ex
ept OP (9; 4; 5) and

OP (11; 3; 3; 5) when the solution is known not to exist. The pres
ribed

2-fa
tor Q will be 
alled uniform if all 
omponents of Q have the same (ne
-

essarily odd) length. The Oberwolfa
h problem has been 
ompletely settled

in the 
ase of uniform Q, a solution has been shown to exist in all su
h 
ases

[ASSW℄ (see also [A℄). However, the Oberwolfa
h problem remains open in

general.

The Hamilton-Waterloo problem is an extension of the Oberwolfa
h

problem. It asks for a 2-fa
torization of the 
omplete graph K

2n+1

su
h

that r of the fa
tors are isomorphi
 to a given 2-fa
tor R and q of the 2-

fa
tors are isomorphi
 to a given 2-fa
tor Q, with r + q = n. For q = 0

or r = 0 we get the Oberwolfa
h problem. The 
orresponding instan
e of

the Hamilton-Waterloo problem problem will be denoted HW (q; r;Q;R).

A spe
ial sub
ase when R is a triangle fa
tor and Q is a Hamiltonian 
y-


le we denote by HW

�

(q; r). Note that HW

�

(0; n) is the 
lassi
al question

on the existen
e of a Kirkmann triple system on n-points (see [CR℄) while
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HW

�

(n; 0) = OP (2n + 1; 2n + 1; : : : ; 2n + 1) (see [ASSW℄ for a solution).

Hen
e we 
an assume r > 0 implying that the number of verti
es m is 
on-

gruent to 3 modulo 6. Given m = 6k + 3 we set HW

�

(m) to be the set of

integers r, 0 < r � (m�1)=2 su
h that HW

�

(r; (m�1)=2�r) has a solution.

Denote by I(m) the integer interval [1; : : : ; (m � 1)=2℄. It is 
onje
tured in

[HNR℄ that HW

�

(m) = I(m) for all m = 6k+ 3 > 9. It is proved there that

if k = 1 mod 3 then I(n) n f1g � I(n). Hen
e to verify the 
onje
ture for

m 
ongruent to 9 modulo 18 it is suÆ
ient to �nd the de
omposition of K

m

into one Hamiltonian 
y
le and (m� 3)=2 triangle fa
tors.
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AnAntiSzemer�edi Problem

Jaroslav Ne�set�ril

Is it true that for every k there exists "

k

> 0 and a set X

(k)

of natural

numbers su
h that

(1) For every �nite partition X

(k)

= A

1

[ � � � [ A

t

one of the 
lasses A

i


ontains an arithmeti
 progression with k-terms;

(2) For every �nite set Y � X

(k)

there exists a subset Z � Y su
h that

(i) jZj � "

k

jY j

(ii) Z 
ontains no arithmeti
 progression with k-terms.

Comments

(a) By 
elebrated Szemer�edi theorem X

(k)

has density 0. It is easy to


onstru
t a Van der Waerden set X (i.e. set with (1)) whi
h has

density 0. But (2) asks for "hereditary density".

(b) The problem seems to be �rst formulated by Erd}os, Ne�set�ril and R�odl

in [1℄, [2℄ in the 
ontext of Pisier-type theorems. Famous Pisier problem

[3℄ asks a similar problem for sets with all subsetsums distin
t. See

[1, 2℄ for other Pisier-type statements.
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MAC

Jaroslav Ne�set�ril

Graphs (oriented or undire
ted) G

1

, G

2

are 
alled (big) MAC if the following

holds:

(1) There are no homomorphisms G

1

! G

2

and G

2

! G

1

(i.e. fG

1

; G

2

g

is an anti
hain in the homomorphism order)

(2) For every G there exist i su
h that either G ! G

i

or G

i

! G (i.e.

fG

1

; G

2

g is maximal anti
hain in the homomorphism order).

For �nite graphs holds (with trivial ex
eptions):

Theorem [1℄: fG

1

; G

2

g is MAC if and only if (G

1

; G

2

) is a dual pair.

(Here dual pair in the sense of homomorphism duality, see [1℄, [2℄).

For 
ountable graphs there are also examples of MAC, for example

fK

3

; U

3

g where U

3

is the universal triangle free (Henson) graph.

Homomorphism order for 
ountable graphs was studied e.g. in [3℄. This

motivates the following

Problem: Let fG

1

; G

2

g be a MAC, G

1

, G

2


ountable graphs. Then one of

the graphs G

i

is �nite.

This is open even in the 
ase of 
ountable oriented graphs.
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NP-
ompleteness Problem

Yared Nigussie

Abstra
t

The 
omplexity of languages for membership of a graph G in a

topologi
al-minor 
losed set I 
an be stated in a simpli�ed manner

using �nite sequen
es of 0's and 1's. For a �xed I, determining mem-

bership of a given graph is known to be polynomial time solvable, as

long as suÆ
ient information about I, (for instan
e the forbidden mi-

nors of I) is given as input. However, when the set I varies with

the input, the 
omplexity of the general problem is not quite 
lear.

Formally, we 
onsider a language L = f< G; I

n

>: G 2 I

n

; n � 1g,

where the sequen
e I

1

; I

2

; : : : is de�ned in a 
ertain way. We prove a

language 
alled LS1 to be NP-
omplete and present a slightly di�er-

ent language LS2 in NP. De
iding the 
lass of LS2 is remarkable for

reasons we explain later. We 
onje
ture LS2 to be NP-hard.

The simpli�ed languages LS

1

and LS

2

are stated as follows:

De�nition Let s = [u

1

; u

2

; : : : ; u

p

℄, s

0

= [u

0

1

; u

0

2

; : : : ; u

0

p

0

℄, where u

i

; u

0

j

2

f0; 1g; 1 � i � p; 1 � j � p

0

. We write s �

M

s

0

if there exists a subsequen
e

s

00

of s

0

, s

00

= [u

0

i

1

; u

0

i

2

; : : : ; u

0

i

p

℄; 1 � i

1

< i

2

< � � � < i

p

� p

0

, su
h that

u

j

� u

0

i

j

for all j = 1; 2; : : : ; p, under the usual integer inequality �. Let

S = [s

1

; s

2

; : : : s

n

℄ and S

0

= [s

0

1

; s

0

2

; : : : ; s

0

n

0

℄ be sequen
es of f0; 1g-sequen
es.

We write S �

1�1

S

0

if there exists an inje
tive map f : S ! S

0

su
h that

s

i

�

M

f(s

i

);8i; 1 � i � n.

LS1 = f< S

m

;S

q

>: S

m

= [S

1

; S

2

; : : : ; S

m

℄, S

i

is a sequen
e of f0; 1g-

sequen
es, S

q

= fS

1

; S

2

; : : : ; S

q

g, where S

i

= fx

i

; y

i

g, x

i

and y

i

are f0; 1g-

sequen
es, and there exist a 
hoi
e z

1

; z

2

; : : : ; z

q

, z

i

2 fx

i

; y

i

g su
h that

[z

1

; z

2

; : : : ; z

q

℄ 6�

1�1

S

i

, for all i; 1 � i � mg.

LS2 = f< S

m

;S

q

>: S

m

= [S

1

; S

2

; : : : ; S

m

℄, S

i

is a sequen
e of f0; 1g-

sequen
es, S

q

= fS

1

; S

2

; : : : ; S

q

g, where S

i

= fx

i

; y

i

g, x

i

and y

i

are f0; 1g-

sequen
es, and there exist a 
hoi
e z

1

; z

2

; : : : ; z

q

, z

i

2 fx

i

; y

i

g su
h that

[z

1

; z

2

; : : : ; z

q

℄ 6�

1�1

[s

1

; s

2

; : : : ; s

m

℄, for any m-tuple su
h that s

i

2 S

i

; 1 �

i � mg.

We prove next that LS1 is NP-
omplete.

Theorem 1 LS1 2 NP .

44



proof Let an instan
e I =< S

m

;S

q

> be given. If I 2 LS1, then there

exists a 
hoi
e fz

1

; : : : ; z

q

g; z

i

2 fx

i

; y

i

g, su
h that [z

1

; z

2

; : : : ; z

q

℄ 6�

M

S

i

for

all i; i = 1; 2; : : : ;m. A guess gives as a 
erti�
ate 
 = [z

1

; : : : ; z

q

℄. A veri�er

needs to 
he
k if z

i

2 fx

i

; y

i

g; for i = 1; 2; : : : ; q, and 
he
k if 
 6�

1�1

S

i

for

i = 1; 2; : : : ;m, whi
h 
an be done in polynomial time in the size jS

m

j+ jS

q

j.

�

Theorem 2 LS1 is NP-hard.

proof We show that 3-SAT 
an be redu
ed to LS1. Let � be a formula

with k 
lauses C = f


1

; : : : ; 


k

g and n variables X = fx

1

; x

2

; : : : ; x

n

g. Using

C and X, we 
onstru
t 2n, f0; 1g�sequen
es, ffx

1

; y

1

g; : : : ; fx

n

; y

n

gg = S

n

as follows: For i = 1; : : : ; n, let x

i

and y

i

be initially sequen
es of 0's of

length k. For j = 1; 2; : : : ; k, repla
e 0 by 1 at the jth index of x

i

if x

i

2 


j

,

and of y

i

if x

i

2 


j

.

We next 
onstru
t the elements S

1

; S

2

; : : : ; S

k

of S

k

as follows: For i =

1; 2; : : : k, let S

i

= [s

i;1

; s

i;2

; : : : ; s

i;n

℄ be initially sequen
e of 1's of length k.

At the ith index of s

i;j

repla
e 1 by a 0. Note that s

1;1

= s

1;2

= � � � = s

1;n

=

[0; 1; 1; : : : ; 1℄. , s

2;1

= s

2;2

= � � � = s

2;n

= [1; 0; 1; 1; : : : ; 1℄ and so on.

We have an instan
e S

k

= [S

1

; : : : ; S

k

℄ and S

n

= ffx

1

; y

1

g; : : : fx

n

; y

n

gg.

We have 
onstru
ted 2n sequen
es that are of size k, and S

k

whi
h has size

k

2

n, with O(k

2

n) total size. Hen
e the redu
tion is polynomial in k and n.

We show � 2 3-SAT if and only if < S

k

;S

n

>2 LS1.

Assume � 2 3-SAT. Then � has a satisfying assignment. Pi
k a satisfy-

ing assignment. For i = 1; : : : ; n, if x

i

is assigned true, let z

i

= x

i

, and if x

i

is assigned false, let z

i

= y

i

. Let Z = [z

1

; : : : ; z

n

℄. We show Z 6�

1�1

S

i

, for

all i; i = 1; 2; : : : ; k.

We 
laim that for ea
h i; 1 � i � k, Z has at least one sequen
e with

ith entry 1. Fix some j; 1 � j � k, and 
onsider the 
lause 


j

. Then some

x

i

or �x

i

in 


j

is valued TRUE, sin
e � is satis�ed. If it is x

i

, then x

i

is

assigned TRUE and by our 
hoi
e z

i

= x

i

, and there is a 1 at the jth entry,

by 
onstru
tion of x

i

. If it is �x

i

that is TRUE, then x

i

is assigned FALSE

and so z

i

= y

i

, by our 
hoi
e, and so y

i

has a 1 at the jth entry. But then

every sequen
e in S

i

has all 0's at the ith entry. Hen
e the 
laim follows,

and so < S

k

;S

n

>2 LS1.

Conversely, assume there is a Z = [z

1

; : : : ; z

n

℄, su
h that z

i

2 fx

i

; y

i

g

and Z 6�

1�1

S

i

; i = 1; 2; : : : ; k. By the 
onstru
tion of S

k

, we dedu
e that Z

has at least one 1 at some sequen
e jth entry, for all 1 � j � k.

Now if z

i

= x

i

assign x

i

=TRUE. If z

i

= y

i

, assign x

i

=FALSE. Take
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any 
lause 


j

, 1 � j � k. By the above observation, there is some z

i

that

has an entry 1 at the jth entry. If z

i

= x

i

, then x

i

is in 


j

and x

i

is assigned

TRUE and hen
e 


j

is satis�ed. If z

i

= y

i

then �x

i

is in 


j

and x

i

is assigned

FALSE and so 


j

is satis�ed. Hen
e � 2 3-SAT. �

Theorem 3 LS2 2 NP .

proof This is obvious sin
e one 
an use maximal mat
hing algorithm

from a given guess 
 = [z

1

; z

2

; : : : ; z

q

℄ to [S

1

; S

2

; : : : ; S

k

℄ under the relation

�

m

, to 
he
k if 
 is a valid 
erti�
ate. If the maximal mat
hing number

M = q reje
ts otherwise a

epts. �

Conje
ture LS2 is NP-hard.

A result that determines if either LS2 is NP-
omplete or in P has an

interesting impli
ation. This is be
ause, if LS2 is NP-
omplete, then unlike

most other NP-
omplete problems, the 
omplement of LS2 seems to have

an easy to verify 
erti�
ate. On the other hand, if one proves LS2 to be

in P, it is by far more surprising be
ause some 
omputer generated tests

of possible number of 
erti�
ates, for example problems with small n, tend

to grow faster than, with a very generous lower bound, double exponential

fun
tions.
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Balan
ed bi
oloration,

Homomorphism andGraph

Dimension

Patri
e Ossona de Mendez

(joint work with Pierre Rosenstiehl)

Abstra
t

The dimension of a graph, that is the dimension of its in
iden
e

poset, be
ame a major bridge between posets and graphs. Although

allowing a ni
e 
hara
terization of planarity, this dimension badly be-

haves with respe
t to homomorphisms.

We introdu
e the universal dimension of a graphG as the maximum

dimension of a graph having a homomorphism to G. The universal

dimension, whi
h is 
learly homomorphism monotone, is related to the

existen
e of some balan
ed bi
oloration of the verti
es with respe
t to

some realizer.

Non trivial new results related to the original graph dimension are

subsequently dedu
ed from our study of universal dimension, in
lud-

ing 
hromati
 properties, extremal properties and a disproof of two


onje
tures of Felsner and Trotter.

Introdu
tion

Half a 
entury ago, from the 
on
ept of dimension of a partial order [9℄,

Dushnik started an investigation of the poset of one- and k- element subsets

of [n ℄ = f1; : : : ; ng [8℄, and introdu
ed a 
onstru
tion whi
h has a natural

interpretation in terms of abstra
t simpli
ial 
omplexes, and whi
h has been

used or reintrodu
ed in several 
ontexts, like mathemati
al e
onomy [18℄,

integer programming [2℄, or 
ommutative algebra [3℄.

The dimension of the poset of one- and two-element subsets of [n ℄

(the 
omplete graph in
iden
e poset) has been parti
ularly investigated by

Spen
er [20℄, F�uredi, Hajnal, R�odl and Trotter [12℄ and, more re
ently, by

Ho�sten and Morris [13℄.

The study of the dimension of the in
iden
e poset of graphs (other than


omplete ones) have gained a parti
ular attention these last years, sin
e it

was proved by W. S
hnyder that the in
iden
e poset of a graph has dimen-

sion at most 3 if and only if the graph is planar [19℄. This theorem has
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been generalized by Brightwell and Trotter [6℄[7℄ to a 
hara
terization of the

dimension of the vertex, edges and fa
es posets of planar graphs, and to a

generalization to multigraphs.

Although the generalization of S
hnyder's result to the problem of the

geometri
 realization of an abstra
t simpli
ial 
omplex is quite natural [16℄

and may be viewed as the existen
e of embeddings of posets in Eu
lidean

spa
e with a general separation property [17℄, the property of the 
lass

of planar graphs to be minor 
losed disappears in dimension at least 4.

The in
iden
e poset dimension is not homomorphism monotone (any non

planar graph with an homorphism to K

4

has dimension 4, although K

4

has dimension 3). In this paper, we introdu
e a new graph dimension, the

universal dimension of a graph, whi
h will make 
lear this 
onne
tion. We

will prove that this universal dimension di�ers by at most two from the

in
iden
e poset dimension, while being (by its de�nition) homomorphism

monotone.

We will relate the universal dimension of a graph to the existen
e of

realizers admitting a spe
ial bi
oloration and will give some appli
ations

of our results, like the non-bounding of 
hromati
 numbers of graphs of

dimension 4, or extremal results about graphs of in
iden
e poset dimension

d, in the framework investigated by Bollob�as and Thomason [5℄. We also

disprove two 
onje
tures of Felsner and Trotter.

De�nitions and Notations

In the following we will only 
onsider �nite simple loopless graphs with at

least one edge.

Let P = (X;�) be a �nite poset. A realizer of P is a nonempty family

R = (<

1

; : : : ; <

t

) of linear orders on X whose interse
tion

T

t

i=1

<

i

is P . The

dimension of P is the minimum 
ardinality of a realizer of P [9℄. Homomor-

phisms of graphs are adja
en
y preserving maps: a map f : V (H) ! V (G)

is a homomorphism of the graph H to the graph G if ff(x); f(y)g 2 E(G)

whenever fx; yg 2 E(H). We will denote by H ! G the existen
e of a

homomorphism of H to G. The 
hromati
 number �(H) of a graph H is

thus the smallest integer n, su
h that H has a homomorphism to K

n

.

De�nition 1 Let G be a graph. The in
iden
e poset P

G

of G is the height

2 poset having V (G) [ E(G) as its ground set, su
h that a < b in P

G

if

a 2 V (G), b 2 E(G) and b is in
ident to a.
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De�nition 2 Let G be a graph. A graph realizer of G of size t is a family

R = (<

1

; : : : ; <

t

) of linear orders on V (G), su
h that:

8x 6= y 2 V (G); 9i 2 [ t ℄ ; x <

i

y

8fx; yg 2 E(G);8z 2 V (G) n fx; yg; 9i 2 [ t ℄ ; x <

i

z and y <

i

z

The dimension dimG is the smallest size of a graph realizer of G.

Remark 1 Noti
e that dimG = dimP

G

. The redu
tion of the ground set

to the vertex set of the graph already appeared in [8℄.

Remark 2 Let G be a graph and let H be a subgraph of G. Then, the

restri
tion of the linear orders of a graph realizer of G to V (H) de�nes a

graph realizer of H:

H � G =) dimH � dimG

The universal dimension of a graph

De�nition 3 Let G be a graph. The universal dimension udimG is the

supremum of the dimensions of the graphs having a homomorphism to G:

udimG = sup

H!G

dimH (2)

Remark 3

H ! G =) udim(H) � udim(G)

De�nition 4 Let R = f<

1

; : : : ; <

t

g be a graph realizer of a graph G. A

balan
ed bi
oloration of G with respe
t to R is a map � : V (G)�[ t ℄ ! f0; 1g

su
h that, for every vertex x and for every vertex y adja
ent to x (in G),

there exists i; j 2 [ t ℄ so that

(

y <

i

x and �(x; i) = 0

y <

j

x and �(x; j) = 1

(3)

When su
h a map exists, R is said to be bi
olorable.

De�nition 5 Following the de�nition of [14℄, the multipli
ation

G

::

(W

1

; : : : ;W

n

) of a graph G with vertex set V (G) = fv

1

; : : : ; v

n

g is

de�ned by:

V (G

::

) = W

1

[ � � � [W

n

;

81 � i � n;

�

�

W

i

�

�

� 1

81 � i < j � n; W

i

\W

j

= ;;

81 � i � j � n;8u 2W

i

;8v 2W

j

; fu; vg 2 E(G

::

) i� fv

i

; v

j

g 2 E(G)
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The sets W

1

; : : : ;W

n

are 
alled the multiverti
es 
orresponding to verti
es

v

1

; : : : ; v

n

, respe
tively.

Theorem 1 Let G be a graph of order n, let d > 3 be an integer, and let

G

+

= G

::

(W

1

; : : : ;W

n

) be the multipli
ation of G, where

�

�

W

i

�

�

= (2i�1)

d

+1.

Then, the following assertions are equivalent:

1. G has a bi
olorable graph realizer of size d.

2. udimG � d,

3. dimG

+

� d,

Thus, the universal dimension udimG of a graph G is the smallest size

of a bi
olorable graph realizer of G.

Corollary 1 Let 1 < k < d be integers. Assume G has a graph realizer

(<

1

; : : : ; <

d

) su
h that no two adja
ent verti
es are 
omparable in

Q

k

i=1

<

i

or

Q

d

i=k+1

<

i

. Then (<

1

; : : : ; <

d

) is bi
olorable and thus udimG � d.

Corollary 2 For any graph G, dimG � udimG � dimG + 2

Theorem 2 Let t be a non null integer. Then,

dimK

2t+udimK

t

� udimK

t

� dimK

t+1

+ 1 (4)

Remark 4 Let p � 3. If dimK

p+1

> dimK

p

, then dimK

2(p�1)

=

udimK

p�1

= dimK

p

+ 1. Thus, Theorem 2 is optimal for an in�nite set of

graphs.

Problem 1 Let G be a graph with dimension at least 3. Is it true that

udim(G) � dim(G) + 1?

Chromati
 Number

Theorem 3 ([15℄) For ea
h k > 0, there exists a �nite set X and and

linear orderings <

1

; <

2

on X su
h that the Hasse diagram H of <

1

<

2

has


hromati
 number at least k.

Theorem 4 For any integer k � 2, there exists a graph G

k

with 
hromati


number at least k, universal dimension 4, and having a realizer of the form

(<

1

; <

2

; <

1

; <

2

).

Lemma 1 Let P = (X;�) be a poset of dimension at least 2 and let H(P )

be its Hasse diagram. Then, H(P ) has a graph realizer of the form (<

1

; : : : ; <

dimP

; <

1

; : : : ; <

dimP

) and thus udim(H(P )) � 2 dimP .
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Extremal Graphs

The speed

�

�

(dim � d)

n

�

�

of the property (dim � d) is the number of graphs

of order n having dimension at most d.

The size e

dim�d

(n) of the property (dim � d) (resp. (udim � d)) is the

maximum number of edges a graph G 
an have when it has n verti
es and

dimension at most d.

Theorem 5 (Bollob�as, Thomason [5℄) Let P be a hereditary property of

graphs and let P

n

be the set of graphs in P with vertex set [n ℄. Then

�

�

P

n

�

�

= 2

(1�1=r+o(1))n

2

=2

where r = r(P) is the 
oloring number of P.

Theorem 6 Let d � 4 be an integer, and let t be the greatest integer su
h

that udimK

t

= d. Then the 
oloring number of the property (dim � d) is

r(dim � d) = t

Thus, the number of labeled graphs of order n having dimension at most

d is 2

(1�1=t+o(1))n

2

=2

Known results:

e

dim�2

(n)=n

2

= n� 1 (paths)

e

dim�3

(n)=n

2

= 3n� 6 from S
hnyder's theorem

lim

p!1

e

dim�4

(n)=n

2

= 3=8 [1℄

Theorem 7 Let d � 4 be an integer, and let t be the greatest integer su
h

that udimK

t

= d. Then:

e

dim�d

(n) =

�

1�

1

t

��

n

2

�

+ O(n

3=2

)

From udimK

30

= 5;udimK

1088

= 6 and udimK

583507

= 7, we get:

1�

1

30

� lim

p!1

e

dim�5

(n)

�

n

2

�

� 1�

1

38

1�

1

1088

� lim

p!1

e

dim�6

(n)

�

n

2

�

� 1�

1

1320

1�

1

583507

� lim

p!1

e

dim�7

(n)

�

n

2

�

� 1�

1

712728
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<

1

: 17 15 16 5 1 2 3 4 7 6 12 8 9 10 11 14 13 21 22 18 19 20 28 27 25 23 24 26 29 30

<

2

: 20 18 19 21 22 6 7 2 1 4 3 5 13 14 9 8 11 10 12 15 16 17 30 29 26 24 23 25 27 28

<

3

: 26 25 23 24 28 27 30 29 7 6 5 3 4 1 2 14 13 12 10 11 8 9 17 16 15 20 19 18 22 21

<

4

: 29 30 27 28 23 24 25 26 21 22 18 19 20 15 16 17 8 9 10 11 12 13 14 1 2 3 4 5 6 7

<

5

: 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

Figure 5: A bi
olorable graph realizer of K

30

Problems

For any k � 2 and any d � 4, does there exists a �nite k-
hromati
 graph

U

d;k

of universal dimension d su
h that any k-
hromati
 graph of universal

dimension d has a homomorphism to U

d;k

?

Let G be an extremal graph of universal dimension d (i.e.: udimG = d,

but the addition of any edge to G in
reases the universal dimension). Then,

is the 
omplementary graph of G dis
onne
ted?
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Partitioning sets on the line into

separated ones

Attila P�or

1 Introdu
tion

We 
all two subsets of the real numbers, X;Y � R, separated if either the

maximal element of X is smaller then the minimal element of Y or the

minimal element of X is larger then the maximal element of Y or one of the

sets is empty.

For any k > 1 let n

k

denote the smallest integer for whi
h the following

holds: Let A

1

; : : : ; A

k

be arbitrary �nite pairwise disjoint subsets of R of the

same 
ardinality. There exists a partition of ea
h A

i

into n

k

parts (there

might be empty sets in between)

A

i

= A

i;1

[ : : : [A

i;n

k

su
h that:

(i) jA

i

1

;j

j = jA

i

2

;j

j for all 1 � j � n

k

and i

1

6= i

2

.

(ii) For all j the sets A

1;j

; A

2;j

; : : : ; A

k;j

are pairwise separated.

Asymptoti
ally tight bounds were shown by A. P�or[P℄, namely

Theorem 1.1

�

k � 1

2

�

�

�

k + 1

2

�

+ 1 � n

k

� (k � 1)

2

+ 1

Open questions:

- What is the truth, i.e. the exa
t value of n

k

?

- We know that 4 � n

3

� 5, but whi
h one is the right answer?

We give a sket
h of the proof for the Theorem, a 
omplete proof 
an be

found in [P℄.

Proof of the upper bound Let A = [

i

A

i

. Let i

0

; : : : ; i

k

62 A be real numbers

su
h that

jA \ [�1; i

l

℄j = ljA

1

j for all l:
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Let I

l

= [i

l�1

; i

l

℄ be intervals for 1 � l � k and X

i;l

= A

i

\ I

l

. Let X be the

k � k matrix with elements x

i;l

= jX

i;l

j. Observe that the sum of elements

in ea
h row and ea
h 
olumn of X is equal to jA

1

j. The idea is to have A

i;j

as a subset of X

i;l

i;j

and that l

i

1

;j

6= l

i

2

;j

. This would imply the property (ii)

of separation. There is a known result, for example in [MM℄, that X 
an

be written as a positive integer linear 
ombination of at most (k � 1)

2

+ 1

permutation matri
es. This 
ombination yields almost automati
ally the

desired partitions. 2

Proof of the lower bound Let suppose that k = 2l+1 is odd. We would like

to 
onstru
t k sets of equal 
ardinality su
h that any partition of the desired

form has to have at least l

2

+l+1 parts. The idea is to use ea
h se
ond set for

separation, i.e. for 1 � i � l the set A

2i

will have all of its elements almost

equal to i. The other l + 1 sets will have elements in the interval [0; l + 1℄

but not 
lose to any integer. We again derive an (l + 1)� (l + 1) matrix X

with elements x

i;j

= jA

2i�1

\ [j � 1; j℄j. In this way we may 
onstru
t any

positive integer matrix X where in ea
h row the sum of elements is equal.

Let 
all these matri
es ni
e matri
es. Let 
all spe
ial matrix a matrix that

has in ea
h row an element equal to one and all other elements in this row

are zero. A partition of the sets A

i

would yield that X is a positive integer

linear 
ombination of at most n

k

spe
ial matri
es.

From the fa
t that any positive integer ni
e matrix 
an be written as

positive integer linear 
ombination of at most n

k

spe
ial matri
es one 
an

prove that any positive rational ni
e matrix 
an be written as a positive

rational linear 
ombination of at most n

k

spe
ial matri
es.

From this you 
an prove that any positive ni
e matrix 
an be written as

positive linear 
ombination of at most n

k

spe
ial matri
es. Now you observe

that the dimension of the spa
e of ni
e matri
es, l

2

+ l+ 1, is a lower bound

for n

k

. This, in fa
t, 
an be obtained if you 
onsider the elements in the

�rst l 
olumns and the �rst element of the last 
olumn to be a subset of

some Hummel base. 2

Referen
es
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55



[P℄ A. P�or, A partitioned version of the Erd}os Szekeres theorem for
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On systems of boxes

Krzysztof Przes lawski

Let X

1

; : : : ;X

d

be �nite sets and let ea
h of them 
ontain at least two

elements. A non-empty subset A of the 
artesian produ
t X := X

1

�� � ��X

d

is said to be a box if there are subsets A

i

� X

i

, i = 1; : : : d, su
h that

A = A

1

� � � � �A

d

. If A

i

6= X

i

for ea
h i, then A is a proper box.

A box B is a partial 
omplement of a box A if B

i

= X

i

n A

i

for some

i 2 [d℄.

Let F � X. We say that F is a p
 set if there is a partition P of F ,

whi
h 
onsists of proper boxes, su
h that

(M) any box A 2 P is a partial 
omplement of the remaining members of

P.

It 
an be proved that for any p
 set F and any partition P of F into

proper boxes saying that P satis�es (M) is equivalent to saying that P has

the minimum 
ardinality among all partitions of F into proper boxes. (This

result is shown in [2℄ for the 
ase F = X. The proof rests on an idea drawn

from [1℄.)

The above equivalen
e suggests to 
all all partitions of F that satisfy

(M) minimal.

We say that two boxes A and B 
ontained in X are 
oherent if A is a

partial 
omplement of B and for all i 2 [d℄ but one A

i

= B

i

.

Let P and R be di�erent minimal partitions of a p
 set G. We say that

they are adja
ent if and only if there are 
oherent boxes A, B in P, and C,

D in R su
h that

A [B = C [D and P n fA;Bg = R n fC;Dg:

In this way, one may de�ne a graph � on the family of all minimal partitions.

It is 
onje
tured that � is 
onne
ted.

There are questions related to this 
onje
ture. For example, A.

Kisielewi
z asks whether ea
h minimal partition of X 
ontains 
oherent

boxes.

The 
onne
tedness of � would give a 
ommon explanation of numerous

fa
ts 
on
erning minimal partitions. To give an example, let us �x a proper

box A in X, and for ea
h " 2 f�1; 1g

d

de�ne the box A

"

by the formula

A

"

i

=

�

A

i

if "

i

= 1;

X

i

nA

i

if "

i

= �1:
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Let �(") = "

1

� � � � � "

d

. For ea
h minimal partition P of G one 
an de�ne a

kind of degree:

deg(A;P) =

X

"

"1

P

(A

"

):

It 
an be shown that the fun
tion P 7! deg(A;P) is 
onstant. On the other

hand, the 
onne
tedness of � implies this fa
t immediately: It suÆ
es to

observe that deg(A;P) = deg(A;R), whenever P and R are adja
ent.

Referen
es
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rete boxes, Dis
rete Math. 257(2002), 255{258.

[2℄ J. Gryt
zuk, A. Kisielewi
z, K. Przes lawski, Minimal partitions of a

box into boxes. (submitted)
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ADira
-type theorem for

3-uniform hypergraphs

Andrzej Ru
i�nski

(joint work with Vojt�e
h R�odl and Endr�e Szemer�edi)

A substan
ial amount of resear
h in graph theory 
ontinues to 
on
en-

trate on the existen
e of hamiltonian 
y
les. A 
lassi
 theorem of Dira


states that a suÆ
ient 
ondition for an n-vertex graph to be hamiltonian

is that the minimum degree is at least n=2, and there is an obvious 
oun-

terexamples showing that this is best possible. For 3-uniform hypergraphs

a natural extension of Dira
's theorem has been 
onje
tured in [3℄, where as

a suÆ
ient 
ondition one demands that every pair of verti
es belongs to at

least n=2 triples. Here too there is an example showing that the above, if

true, is best possible.

The study of hamiltonian 
y
les in hypergraphs was initiated in [1℄

where, however, a di�erent de�nition than the one 
onsidered here was in-

trodu
ed. By a hamiltonian 
y
le in a 3-uniform hypergraph we mean a

spanning subgraph whose verti
es 
an be ordered v

1

; : : : ; v

n

in su
h a way

that for ea
h i = 1; : : : ; n, the triple (v

i

; v

i+1

; v

i+2

) is an edge, and so are

the triples (v

n�1

; v

n

; v

1

) and (v

n

; v

1

; v

2

).

This notion and its generalizations has a potential to be appli
able in

many 
ontexts whi
h still need to be explored. As observed in [3℄, the square

of a (graph) hamiltonian 
y
le naturally 
oin
ides with a hamiltonian 
y
le

in a hypergraph built on top of the triangles of the graph.

Let us add here one other possible 
ontext in whi
h, we believe, 3-uniform

(and more generally, k-uniform) hamiltonian 
y
les may prove to be the right

mathemati
al model.

Consider a robot walking through a tough terrain with the task to visit n

designated lo
ations and return to the base (one may view these lo
ations as

fuel providers). In order for the robot to move from one lo
ation to another,

after rea
hing any one of them it has to be able to \see' the next one. To

optimize, we do not want the robot to visit a lo
ation more than on
e. So

far, this is just the standard travelling salesman problem, but suppose that

in order to speed up the motion, or to smooth out the traje
tory, we request

that the robot must \see" the next two lo
ations. Then our problem be
omes

that of �nding a hamiltonian 
y
le in a 3-uniform hypergraph whose edges

are those triplets of the n lo
ations whi
h 
an mutually \see" ea
h other.
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In [3℄ the authors found a suÆ
ient 
ondition for a hypergraph to have

a hamiltonian 
y
le in terms of the pair degrees, whi
h 
an be viewed as

an analog of Dira
's degree 
ondition for graphs (in fa
t, as they worked

with k-uniform hypergraphs they introdu
ed the notion of (k�1)-degree for

arbitrary k � 2.) For k = 3 they proved that if every pair of verti
es belongs

to more than

5

6

(n�1)+1 edges, then the hypergraph 
ontains a hamiltonian


y
le. They also 
onje
tured that, in fa
t, a mu
h stronger result is true,

namely that

5

6

(n � 1) + 1 
an be repla
ed by n=2. The support for this


onje
ture stems from a 
onstru
tion of an edge-maximal, 3-uniform hyper-

graph with ea
h pair degree at least bn=2
�1, not 
ontaining a hamiltonian


y
le (see [3℄, Theorem 3). Re
ently, we have proven an asymptoti
 version

of this 
onje
ture.

We say that a 3-uniform hypergraph H is an (n; 
)-graph if H has n

verti
es and every pair of verti
es belongs to at least (1=2 + 
)n edges.

Theorem 1 Let 
 > 0. Then, for suÆ
iently large n, every (n; 
)-graph


ontains a hamiltonian 
y
le.

Problem 1 Eliminate 
 from Theorem 1, that is prove that for suÆ
iently

large n, every 3-uniform hypergraph on n verti
es with every pair belonging

to at least n=2 edges 
ontains a hamiltonian 
y
le.

Problem 2 Prove analogous statement for k-uniform hypergraphs for k �

4.

Referen
es
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ThreeCombinatorial Problems

Endr�e Szem�eredi

We dis
ussed 3 problems:

Problem 1. G is a bipartite graph. Let G = (V;E) be a bipartite graph

on n verti
es (jV j = n). E(G) =

S

l

i=1

M

i

. M

i

is a partial mat
hing jM

i

j �

n

log n

, l �

n

log n

. Prove that there are four verti
es, say a; b; 
; d, su
h that

(a; b); (
; d) 2M

i

and (b; 
); (a; d) 2M

k

for some i and k.

Problem 2. Let A = fa

1

; a

2

; : : : a

n

g be a set of n integers. Prove that there

exists B � A, jBj �

n

3

+ w(n) and for x; y; z 2 B, x + y 6= z (for jBj �

n

3

it

is not hard) w(n) 7! 1 if n 7! 1.

Problem 3. Let A = fa

1

; a

2

; : : : a

n

; : : : g be and in�nite sequen
e of integers.

A(n) is the number of elements of A less than n. A has the following

property: a

i

+ a

j

+ a

k

6= a

t

+ a

q

+ a

s

(The sum of any 3 is di�erent). Prove

that for any " > 0 A(n) < "n

1=3

for in�nitely many n. (Noti
e: there is a

set B � [1; n℄, jBj � n

1=3

and the sum of any 3 elements is di�erent.
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Fa
torisation of irredu
ible snarks

Martin

�

Skoviera

A snark is a \non-trivial" 
ubi
 graph whi
h has no edge-
olouring by

three 
olours in su
h a way that adja
ent edges re
eive distin
t 
olours. The

idea of what the loose term non-trivial means has been extensively dis
ussed

by many resear
hers.

It has been generally a

epted that any \non-trivial" snark should be


y
li
ally 4-edge-
onne
ted and have girth at least 5, for otherwise it 
ould

be obtained from one or two smaller snarks by a \simple" modi�
ation. In

1987, Cameron, Chetwynd and Watkins [J. Graph Theory 11 (1987), 13{

19℄ showed that 
ertain 
y
li
ally 4-edge-
onne
ted snarks of girth at least 5


an still be obtained from smaller snarks by 
ertain well-de�ned operations

su
h as the dot-produ
t. Nedela and

�

Skoviera [J. Graph Theory 22 (1996),

253{279℄ therefore suggested a stru
tural and dynami
al approa
h to the

idea of non-triviality of a snark by introdu
ing the 
on
ept of a k-redu
tion

of a snark. A snark H is said to be a k-redu
tion of a snark G if G has a

k-edge-
ut S whose removal leaves a 
omponent of G � S whi
h is not 3-

edge-
olourable and whi
h 
an be 
ompleted to H by adding some verti
es

and edges; moreover, H is a proper k-redu
tion of G if the order of H is

stri
tly smaller than that of G. Roughly speaking, the essen
e of non-3-

edge-
olourability of G is 
ontained in the redu
ed snark H.

We say that a snark G is m-irredu
ible if it has no proper k-redu
tion

for any k < m. A snark whi
h is m-irredu
ible for ea
h m � 1 will be simply


alled irredu
ible. In the above mentioned paper, Nedela and

�

Skoviera gave

the following 
hara
terisation of m-irredu
ible snarks.

For 1 � m � 4, a snark is m-irredu
ible if and only if it is 
y
li
ally

m-edge 
onne
ted. For 5 � m � 6, a snark is m-irredu
ible if and only if it

is 
riti
al. For m � 7, a snark is m-irredu
ible if and only if it is bi
riti
al.

A snark is 
riti
al if the removal of any two adja
ent verti
es yields a

3-edge-
olourable graph, and is bi
riti
al if the removal of any two distin
t

verti
es yields a 3-edge-
olourable graph.

It follows from the above 
hara
terisation that the hierar
hy of m-ir-

redu
ible snarks has only six di�erent levels, with the top level formed by

7-irredu
ible snarks whi
h 
oin
ide with irredu
ible snarks, and whi
h in

turn are identi
al with bi
riti
al snarks.

It should be mentioned that every irredu
ible snark is 
y
li
ally 4-edge-


onne
ted and has girth at least 5, but not vi
e versa. Thus irredu
ible

snarks are \non-trivial" in the usual sense.
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It was proved by Goldgerg [J. Combin. Theory Ser B 31 (1981), 282{

291℄ and reproved by Cameron, Chetwynd and Watkins [lo
. 
it℄ that any

snark whi
h has a 
y
le-separating 4-edge-
ut 
an be expressed as a dot-

produ
t of two smaller snarks. It turns out that if a snark is irredu
ible,

then both smaller snarks are again irredu
ible (this fa
t is not immediate).

Thus, by iterating this pro
ess as long as possible, we see that every snark


an be de
omposed into a sequen
e of 
y
li
ally 5-
onne
ted irredu
ible

snarks. Note that the dot-produ
t operation is not 
ommutative and even

not asso
iative. Moreover, in a snark there may be many 
y
le separating 4-

edge 
uts, some of whi
h may interse
t, and by dis
onne
ting one parti
ular


ut we 
an destroy some other 
uts. Thus, in general a snark (in parti
ular,

an irredu
ible snark) may have many di�erent de
ompositions into 
y
li
ally

5-
onne
ted snarks. However, Chladn�y and

�

Skoviera have re
ently showed

that up to isomorphism and ordering of the fa
tors, any irredu
ible snark

has only one de
omposition into 
y
li
ally 5-
onne
ted snarks. This Unique-

Fa
torisation Theorem for irredu
ible snarks shows that, in some sense,


y
li
ally 5-
onne
ted irredu
ible snarks are the basi
 stones from whi
h all

irredu
ible snarks 
an be obtained by iterated dot-produ
ts.

We remark that the assumption of irredu
ibility is ne
essary for the

textitUnique-Fa
torisation Theorem to be true sin
e there exist in�nitely

many 
riti
al snarks with at least two non-isomorphi
 de
ompositions.

Nevertheless, Cameron, Chetwynd and Watkins [lo
. 
it℄ showed that

there is a well-de�ned operation similar to the dot-produ
t whi
h from two


y
li
ally 5-edge 
onne
ted snarks 
an produ
e a new 
y
li
ally 5-edge 
on-

ne
ted snark. Simply, take a snark G

1

and a 5-
y
le C

1

in G

1

, and similarly

take a snark G

2

and a 5-
y
le C

2

in G

2

. Remove the 5-
y
les, thereby pro-

du
ing in both G

1

and G

2

�ve dangling edges, and 
onne
t the dangling

edges in a Petersen-like manner. It 
an be shown that the resulting graph

is a snark.

The question whi
h I would like to pose today is: Can one develop a

similar (but perhaps more restri
ted) de
omposition theory for 
y
li
ally 5-


onne
ted irredu
ible snarks with respe
t to the operation just des
ribed?
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AMapColour Theorem for the

Union of Graphs

Riste

�

Skrekovski

(joint work with Mi
hael Stiebitz)

In 1890 Heawood established an upper bound H(g) =

j

7+

p

24g+1

2

k

for

the 
hromati
 number of a graph embedded on a surfa
e of Euler genus

g � 1. This upper bound be
omes known as the Heawood number. Almost a


entury later, Ringel and Ringel & Youngs proved that the Heawood number

H(g) is in fa
t the maximum 
hromati
 number as well as the maximum


lique number of graphs embbeded on a surfa
e of Euler genus g � 1 beside

the Klein bottle.

In this talk we present a Heawood type formula for the edge disjoint

union of two graphs that are embedded on a given surfa
e � of Euler genus

g � 0. De�ne the number H

2

= H

2

(�) as follows: If � is orientable and

g = 12(2q+1)

2

for some integer q � 0, then H

2

= 6+

p

12g = 24q+18. If �

is orientable and g � 2 (mod 4), then H

2

= 7 + b

p

12g
. In all other 
ases,

H

2

= 7 + b

p

12g + 1
: So, if a graph G embedded on � is the edge disjoint

union of two graphs G

1

and G

2

, then

!(G

1

) + !(G

2

) � �(G

1

) + �(G

2

) � H

2

(�):

Similar to the results of Ringel and Ringel & Youngs, we show that this

bound is sharp for all but at most one non-orientable surfa
e �.
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CoveringMinimumSpanning Trees

of RandomSubgraphs

Jan Vondr�ak

(joint work with Mi
hel X. Goemans)

We 
onsider the problem of 
overing the minimum spanning tree (MST)

of a random subgraph of G by a sparse set of edges, with high probability.

The two random models that we 
onsider are subgraphs indu
ed by a ran-

dom subset of verti
es, ea
h vertex in
luded independently with probability

p, and subgraphs generated as a random subset of edges, ea
h edge with

probability p.

Let n be the number of verti
es in G. We show that in both 
ases,

there is a 
overing set Q of 
ardinality O(n log n) and this is asymptoti
ally

optimal. More generally, we show a similar bound on the 
overing set in a

matroid, whi
h 
ontains the minimum-weight basis of a random subset with

high probability.

More pre
isely, we have the following theorems.

Theorem 1 Let G be a weighted graph on n verti
es, 1=n < p < 1, and


 > 0. Let b = 1=(1 � p). Then there exists a set Q � E of size

jQj � en((
 + 1) log

b

n + log

b

(ep)) + O(n)

su
h that for a random W = V (p),

Pr[MST (W ) � Q℄ > 1�

1

n




:

Theorem 2 For any weighted matroid (E;M; w) of rank n, 0 < p < 1,


 > 0, and b = 1=(1� p), there exists a set Q � E of size

jQj � en((
 + 1) log

b

n+ log

b

e) + O(n)

su
h that for a random F = E(p),

Pr[MB(F ) � Q℄ > 1�

1

n




:

The proofs of both theorems use the fa
t that the event of an edge

appearing in the minimum spanning tree of a random subgraph, 
onditioned

on the edge being in
luded in the subgraph, is a down-monotone event. We

derive a \boosting lemma" whi
h states how the probability of a down-

monotone event depends on the sampling probability.
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Lemma 3 Let X be a �nite set, F a down-monotone event on the spa
e

2

X

, 0 < q < p < 1, and let X(p) denote a random subset of X, where ea
h

element is sampled independently with probability p. If

Pr[X(p) 2 F ℄ � (1� p)

k

for some k 2 N, then

Pr[X(q) 2 F ℄ � (1� q)

k

:

This lemma is a key element in the proof, whi
h shows that there 
annot

be too many edges (u; v) su
h that

Pr[(u; v) 2MST (W )℄ >

1

n




:

Thus we 
an in
lude all edges with suÆ
iently large probability in Q,

whi
h yields a set of desired properties. We feel that this approa
h 
ould

be applied to other situations involving down-monotone events, however the

matroid setting is the most general one we 
ould �nd so far.
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