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Abstra
t

In this note we use a sequen
e 
onstru
ted by H. Furtsenberg in

1981 to disprove the following 
onje
ture posted by T. Brown: If a set

of positive numbers L is su
h that for any �nite 
oloring of N there

are arbitrarily long mono
hromati
 sequen
es with all gaps in L, then

for any �nite 
oloring of N there are arbitrarily long mono
hromati


arithmeti
 progressions whose 
ommon di�eren
es belong to L.

1 Introdu
tion

Let N be the set of positive integers. For r 2 N, an r-
oloring of N is a

fun
tion f : N ! A, with jAj = r. A �nite 
oloring is an r-
oloring for some

r. If f is a �nite 
oloring and if B � N satis�es jf (B)j = 1, we say that

B is f -mono
hromati
. An arithmeti
 progression of length k and 
ommon

di�eren
e d, k; d 2 N, is a set of the form fa+ (i� 1) d : i 2 [1; k℄g, for some

a 2 N.

Van der Waerden's theorem [5℄ on arithmeti
 progressions says that for

any �nite 
oloring f and any k 2 N there is an f -mono
hromati
 arithmeti


progression of length k. Brown, Graham, and Landman in [2℄ study subsets

L of N su
h that van der Waerden's theorem 
an be strengthened to guaran-

tee the existen
e of arbitrarily long mono
hromati
 arithmeti
 progressions

having 
ommon di�eren
es in L. Sets with this property are 
alled large.

Somehow surprisingly there are many large sets. For example, by the Poly-

nomial van der Waerden's Theorem [1℄, if p is a polynomial with rational


oeÆ
ients taking integer values on the integers and satisfying p(0) = 0

then jp(N)j is large.
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For a given set D of positive integers Landman and Robertson ([4℄,

De�nition 10.12) de�ne a k-term D-di�sequen
e as a sequen
e x

1

< x

2

<

: : : < x

k

su
h that x

i

� x

i�1

2 D for all i = 2; 3; : : : ; k. D is said to be

a

essible if for any �nite 
oloring f of positive integers there are arbitrarily

long f -mono
hromati
 D-di�sequen
es.

It is known ([4℄, Theorem 10.27) that for any in�nite set T of positive

integers, the di�eren
e set T � T = fjt� sj : s; t 2 Tg is a

essible.

T. Brown 
onju
tured ([4℄, Resear
h Problem 10.9) that every a

essible

set is large.

We use a sequen
e of positive numbers 
onstru
ted by H. Furstenberg

[3℄ to disprove Brown's 
onje
ture. In [3℄ this sequen
e is used to show that

there is a set that interse
ts ea
h IP -set of Z, but does not interse
t ea
h

di�eren
e set of Z. A set Q � Z is an IP -set of Z if there is sequen
e fa

i

g

i2Z

of not ne
essarily distin
t integers so that Q = f

P

i2F

a

i

: F � N and jF j <

1g for some S � Z. (IP stands for in�nite-dimensional parallepiped.)

2 Not All A

essible Sets Are Large

In this se
tion we show that there is an a

essible set that is not large.

It is not diÆ
ult to 
he
k that

kxk = minfjx+ nj : n 2 Zg

is a norm on R. It is known ([3℄, page 22) that for any �; a 2 (0; 1), with �

irrational, and any " > 0 there is n 2 N su
h that

maxfkn�k; kn

2

�� akg < ":

Let � 2 (0; 1) be irrational and let " 2 (0;

1

8

). We de�ne the set S =

fs

i

g

i2N

indu
tively in the following way. Let s

1

2 N be su
h that

max

�

ks

1

�k ;
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1

��

1

4













�

< ":

If s

1

; : : : ; s

k

are de�ned, then s

k+1

2 N is su
h that

max

�

ks

k+1

�k ;
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�
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"

Q

k

i=1

s

i
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We note that for all n 2 N
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n
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and, for all m;n 2 N su
h that m < n,

ks

m

s

n

�k � s

m

ks

n

�k <

"

Q

i 6=m

s

i

< ":

Thus, for m 6= n we have that
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� s
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+ 2 ks

m

s

n

�k+













s

2

n

��

1

4













< 4":

In parti
ular, sin
e " <

1

8

, we have that s

n

6= s

m

if n 6= m. Hen
e, S is an

in�nite set and by ([4℄, Theorem 10.27), L = S � S = fjs

m

� s

n

j : m 6= ng

is a

essible.

We 
laim that there is a �nite 
oloring of N with no mono
hromati


3-term arithmeti
 progression having its 
ommon di�eren
e in L.

For m 2 N we de�ne an m-
oloring f

m

: N ! f1; : : : ;mg in the following

way. By de�nition f

m

(n) = i if and only if










n(n�1)

2

�










2

�

i�1

2m

;

i

2m

�

.

Suppose that n; p 2 N are su
h that fn; n+ p; n+ 2pg is f

m

-mono
hromati


and suppose that i is su
h that f

m

(fn; n+ p; n+ 2pg) = fig . Then, for all

k 2 fn; n+ p; n+ 2pg,










k(k�1)

2

��

i�1

2m










2

�

0;

1

2m

�

.

Parti
ularly, for k = n+ p

1

2m

>













n (n� 1)

2

��

i� 1

2m

+ pn�+

p (p� 1)

2

�













�

�













pn�+

p (p� 1)
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n (n� 1)

2

��

i� 1

2m













:

It follows that










pn�+

p(p�1)

2

�










<

1

m

, or, equivalently, k2pn�+ p (p� 1)�k <

2

m

.

From

1

2m

>













(n+ 2p) (n+ 2p� 1)

2

��

i� 1

2m













�

�







p

2

�







�













n (n� 1)

2

��

i� 1

2m













� k2pn�+ p (p� 1)�k >

>







p

2

�







�

1

2m

�

2

m

we have that if p is the 
ommon di�eren
e of a f

m

-mono
hromati
 3-term

arithmeti
 progression, then







p

2

�







<

3

m

.
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Let k 2 N be su
h that

1

k

<

1

3

�

1

2

� 4"

�

and let l; n 2 N, l 6= n. From

1

2

�
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l

� s

n

)

2

�










�
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l

� s

n

)

2

��

1
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< 4"

we have that










(s

l

� s

n

)

2

�










>

1

2

� 4" >

3

k

:

Thus, f

k

is a �nite 
oloring of N su
h that there is no f

k

-mono
hromati


3-term arithmeti
 progression having 
ommon di�eren
e in L.

Therefore, L is not large.

3 Brown-Graham-Landman Conje
ture

For k 2 N, a set of positive integers L is said to be 
hromati
ally k-

interse
tive if for any 
oloring f of positive integers there is an f -mono
hromati


k-term arithmeti
 progression whose 
ommon di�eren
e belongs to L. Clearly,

L is large if it is 
hromati
ally k-interse
tive for all k. The di�eren
e set

of Furstenberg's sequen
e from the previous se
tion is an example of a set

that is 
hromati
ally 2-interse
tive, but not 
hromati
ally 3-interse
tive.

Another way to de�ne large sets is to start by �xing the number of 
olors

and then to vary the length of mono
hromati
 arithmeti
 progressions. For

r 2 N, a set of positive integers L is said to be r-large if for any r-
oloring

f of positive integers there are arbitrarily long f -mono
hromati
 arithmeti


progressions whose 
ommon di�eren
es belong to L. L is large if it is r-large

for all r. It is not known if there is an r-large set that is not large.

Brown, Graham, and Landman posted the following 
onje
ture [2℄.

Conje
ture 1 Every 2-large set is large.
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