
Equipartite polytopes and graphs

Branko Gr�unbaum

�

Tom�a�s Kaiser

y

Daniel Kr�al'

z

Moshe Rosenfeld

x

Abstra
t

A graph G of even order is weakly equipartite if for any partition

of its vertex set into subsets V

1

and V

2

of equal size the indu
ed

subgraphs G[V

1

℄ and G[V

2

℄ are isomorphi
. A polytope P with 2n

verti
es is equipartite if for any partition of its vertex set into two

equal-size sets V

1

and V

2

, there is a symmetry of the polytope P that

maps V

1

onto V

2

.

A 
omplete 
hara
terization of equipartite graphs is provided.

This is then used to prove that an equipartite polytope in R

d


an

have at most 2d+ 2 verti
es. We prove that this bound is sharp.

1 Introdu
tion

Classi�
ation of polytopes possessing a variety of symmetries has been ex-

tensively studied: 
entrally symmetri
 polytopes, vertex transitive poly-

topes, self-dual polytopes are few su
h examples. In this paper, we intro-

du
e a new kind of symmetry whi
h we 
all equipartiteness. A d-polytope

�
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P � R

d

with 2n verti
es is equipartite if for every n-element set A of its

verti
es, there is a symmetry of P that maps A onto the 
omplementary set

of verti
es of P . Examples of equipartite d-polytopes in
lude re
tangles and

regular hexagons for d = 2, re
tangular boxes, regular tetrahedra, regular

o
tahedra and regular three-sided prisms for d = 3 and regular simpli
es

for odd d � 3. A 
omplete list of all equipartite polytopes in R

2

and R

3

is

obtained in Se
tion 7.

In Se
tion 6, we prove that the number of verti
es of an equipartite d-

polytope is at most 2d+2 and, later in Se
tion 8, we show that the bound is

tight by 
onstru
ting equipartite d-polytopes with 2d+ 2 verti
es for every

d � 2. When restri
ting the de�nition of equipartiteness of polytopes to

its 1-skeletons, we are naturally led to the notion of equipartite graphs:

A graph G of order 2n is equipartite if for every n-element subset A of

its verti
es, there is an automorphism of G mapping to the set A to the


omplementary set of the verti
es. It is noteworthy that in our proof we

use a weaker notion of equipartiteness de�ned as follows: A graph G of

order 2n is weakly equipartite if for every n-element subset A of its verti
es,

the subgraph of G indu
ed by A is isomorphi
 to the subgraph indu
ed

by rest of the verti
es. As a 
onsequen
e of our results, we prove that

the isomorphism between the two parts of the graph 
an be indu
ed by an

automorphism of the entire graph. Hen
e, if a graph is weakly equipartite,

it is also equipartite.

All equipartite graphs of order six and eight are depi
ted in Figures 1

and 2. In Se
tions 3{5, we provide a full 
hara
terization of equipartite

graphs.

Equipartite 2- and 3-polytopes are 
hara
terized in Se
tion 7. Some

equipartite d-polytopes are 
onstru
ted in Se
tion 8. They have d+ 1 and

d + 2 verti
es for odd and even d, respe
tively. Other 
onstru
tions yield

d-polytopes with 2d and 2d + 2 verti
es for all d. It will be interesting to


onstru
t equipartite polytopes with the number of verti
es between d + 3

and 2d� 2 (if they exist).

Some of our 
onstru
tions attempt to generalize 
onstru
tions of

equipartite 3-polytopes. This pro
ess 
an be tri
ky. For instan
e, there

are three distin
t types of equipartite 3-simpli
es, but we have no 
lue as to

the number of distin
t symmetry types of equipartite (2d+1)-simpli
es for

d � 2 (we identi�ed three distin
t types but we do not know whether there

are any other types). In the other extreme, we identi�ed three distin
t types

of equipartite 3-polytopes with eight verti
es (the largest possible number

of verti
es in R

3

) but only one type of equipartite polytope with 2d + 2
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Figure 1: Equipartite graphs of order six.

verti
es in R

d

.

2 De�nitions and notation

We use a terminology standard in graph theory whi
h 
an be found, e.g.,

in [4, 10℄. If G is a graph, V (G) and E(G) denote its vertex and edge

set, respe
tively. A graph G is d-regular if the degree of ea
h vertex is d.

A 
losed neighborhood N(v) of a vertex v in G is the set 
onsisting of the

vertex v and all neighbors of v in G. If A � V (G), then G[A℄ stands for

the subgraph indu
ed by the verti
es of A. The symbols K

n

, K

a;b

and C

l

denote the 
omplete graph of order n, the 
omplete bipartite graphs with

parts of sizes a and b and the 
y
le of length l, respe
tively. A union of k

vertex-disjoint 
opies of a graph G is denoted by kG. We write G +H for

an edge-disjoint union of two graphs G and H on the same vertex set; the

graph G +H will be always uniquely determined by the graphs G and H .

Similarly, G nH stands for a graph G without a subgraph isomorphi
 to H .

Again, the graph G nH will be always uniquely determined by the graphs

G and H . This notation is used in Figures 1 and 2.

The d-dimensional Eu
lidean spa
e is denoted by R

d

. A d-polytope is a


onvex hull of some n � d+1 points of R

d

whi
h are not 
ontained in (d�1)-

dimensional aÆne 
at. A symmetry of a d-polytope P � R

d

is an isometry �

of R

d

that maps P onto P . In a suitable 
oordinate system, ea
h symmetry


an be represented by an orthogonal transformation. If P is an equipartite

3



8K

1

4K

2

2C

4

K

4;4

n 4K

2

2K

4

K

8

K

8

n 4K

2

2C

4

2K

4

+ 4K

2

K

4;4

Figure 2: Equipartite graphs of order eight.

polytope, then the 1-skeleton of P is an equipartite graph. It is easy to


onstru
t examples of polytopes whose 1-skeleton is an equipartite graph,

but no 
ombinatorially equivalent polytope is equipartite. The simplest

examples are neighborly d-polytopes with many verti
es. They even fail to

be vertex-transitive.

Two d-polytopes P and Q have the same symmetry type if they are


ombinatorially equivalent and their symmetry groups are isomorphi
 under

an isomorphism 
ompatible with the 
ombinatorial equivalen
e [9℄.

A useful distin
tion for transitive a
tions of permutation groups on a

set A

0

is that of primitivity and imprimitivity [7℄. A partition �(A

0

) is

stable under the a
tion of a group � on A

0

if gA 2 �(A

0

) for all g 2 � and

A 2 �(A

0

). The partitions �

1

(A

0

) = fA

0

g and �

0

(A

0

) = ffagja 2 A

0

g

are stable under any group � a
ting on A

0

. These two partitions are 
alled

trivial partitions of A

0

. The a
tion of a permutation group � is primitive

if the trivial partitions �

0

and �

1

are the only partitions whi
h are stable

under �.

If the a
tion of a permutation group � on a set A

0

is not primitive and

if �(A

0

) is a non-trivial partition of A

0

stable under �, then the elements

of �(A

0

) are 
alled imprimitivity 
lasses. Note that if P is a 
entrally

symmetri
 polytope, then the a
tion of its symmetry group on the verti
es

is imprimitive, sin
e the partition 
onsisting of antipodal pairs of verti
es

is stabilized by the symmetry group. For odd d, the regular d-simpli
es are

equipartite polytopes for whi
h the symmetry group a
ts primitively. For

4



all other examples of equipartite polytopes that we were able to �nd, the

symmetry group a
ts imprimitively on the verti
es. We believe that this is

the 
ase for all equipartite polytopes (ex
ept for simpli
es).

A permutation group � a
ting on a set A

0

of size 2n has the inter
hange

property [1℄ if for every n-element subset A � A

0

, there is a group element

g 2 � whi
h inter
hanges A with its 
omplement. Note that a polytope P

is equipartite if and only if its symmetry group, a
ting as a permutation

group on the verti
es of P , has the inter
hange property.

3 Preliminaries

We �rst note that equipartite polytopes have very high degree of symmetry.

A polytope P is isogonal if for any two verti
es of P , there is a symmetry of

P that maps one of them onto the other. We now show that ea
h equipartite

polytope is isogonal:

Proposition 1 If a polytope P with 2n verti
es is equipartite, then P is

also isogonal.

Proof: Consider a graph G whose verti
es are the verti
es of P and two

of them are adja
ent if there is a symmetry of P that maps one of them

onto the other. Clearly, the graph G is well-de�ned. If G 
ontains a vertex

v of degree at most n � 1, 
hoose a subset A � V (G) with jAj = n so

that v is adja
ent to no vertex of A. Sin
e the polytope P is equipartite,

there is a symmetry that maps the verti
es of A onto the 
omplementary

set of verti
es of P . But this means that v must have a neighbor in A


ontradi
ting the de�nition of A. Hen
e, the minimum degree of G is at

least n. Therefore, the graph G is 
onne
ted (its order is 2n). Sin
e a


omposition of two symmetries of P is a symmetry of P , it follows that G

is the 
omplete graph and the polytope P is isogonal.

From the proof of Proposition 1, it is obvious that every equipartite

graph is vertex-transitive. In the sequel, we show that weak equipartiteness

implies vertex transitivity and also equipartiteness.

Let us now state two propositions on equipartite graphs. The proof of

the �rst one follows dire
tly from the de�nition.

Proposition 2 The 
omplement of a weakly equipartite graph is weakly

equipartite.
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Proposition 3 Every weakly equipartite graph G of order 2n is regular.

Proof: Consider a graphG of order 2n whi
h is not regular. Let v

1

; : : : ; v

2n

be the verti
es of G and let d

i

be the degree of the vertex v

i

. We 
an

assume that d

1

� d

2

� : : : � d

2n

. Sin
e G is not regular, it holds that

d

1

> d

2n

. Split the vertex set of G into two parts A = fv

1

; : : : ; v

n

g and

B = fv

n+1

; : : : ; v

2n

g. Let m

AB

be the number of edges ab of G with a 2 A

and b 2 B. The numbers of edges of the subgraphs G[A℄ and G[B℄ are

m

A

= (d

1

+ : : : + d

n

� m

AB

)=2 and m

B

= (d

n+1

+ : : : + d

2n

� m

AB

)=2,

respe
tively. Sin
e d

1

� d

2

� : : : � d

2n

and d

1

> d

2n

, we have m

A

> m

B

.

But then the graphs G[A℄ and G[B℄ are not isomorphi
. Thus, the graph G

is not weakly equipartite.

We further restri
t the vertex degrees whi
h 
an appear in weakly

equipartite graphs:

Lemma 4 If G is a weakly equipartite graph of order 2n, then G is a d-

regular graph where

d 2 f0; 1; n� 3; n� 2; n� 1; n; n+ 1; n+ 2; 2n� 2; 2n� 1g.

Proof: Fix a weakly equipartite graph G of order 2n. By Proposition 3,

the graph G is regular. Let d be the 
ommon degree of the verti
es of

G. Observe that if n � 5, then the statement of the lemma trivially holds

be
ause n � 3 � 2 and 2n� 2 � (n + 2) + 1. Hen
e, we only 
onsider the


ase that n � 6. Assume for the sake of 
ontradi
tion that 2 � d � n � 4.

The 
ase n+ 3 � d � 2n� 3 is symmetri
 by Proposition 2.

We show that the vertex set V (G) 
an be partitioned into 2dn=(d+ 1)e

partsA

i

, 1 � i � 2dn=(d+1)e, with the following property: Ea
hG

i

= G[A

i

℄


ontains a vertex 


i

adja
ent to all the remaining verti
es of G

i

. In addition,

the degree of 


1

in G

1

is d (thus jA

1

j = d+ 1).

We �rst �nd disjoint subsets N

1

; : : : ; N

2bn=(d+1)


of V (G) su
h that ea
h

N

i

is a 
losed neighborhood of a vertex, say �

i

, of G. Set N

1

to be the 
losed

neighborhood of any vertex of G. Split the vertex set of G into two parts A

and B of size n su
h that N

1

� A. Sin
e the graph G is weakly equipartite,

B 
ontains a 
losed neighborhood N

2

of a vertex of G. If 2(d + 1) > n,

the sets N

1

and N

2

are the sought subsets (note that 2bn=(d + 1)
 = 2 in

su
h 
ase). Otherwise, split the vertex set of G into two parts A

0

and B

0

su
h that N

1

[N

2

� A

0

. Again, sin
e the graph G is weakly equipartite, B

6




ontains 
losed neighborhoods N

3

and N

4

of some verti
es of G. Continue

in this way until the sets N

1

; : : : ; N

2bn=(d+1)


are found.

We now 
onstru
t the sets A

1

; : : : ; A

2dn=(d+1)e

. Set A

i

= N

i

for 1 � i �

bn=(d+ 1)
 (in this way, the �rst half of the sets N

i

is used). In 
ase that

d+1 does not divide n, the set A

dn=(d+1)e

is a subset of N

bn=(d+1)
+1

of size

n � jA

1

j � : : : � jA

bn=(d+1)


j = n � bn=(d + 1)
(d + 1) whi
h 
ontains the

vertex �

dn=(d+1)e

. Let A = A

1

[ : : : [ A

dn=(d+1)e

and B = V (G) n A. Note

that jAj = n by the 
hoi
e of A

1

; : : : ; A

dn=(d+1)e

. Hen
e, the subgraphs G[A℄

and G[B℄ are isomorphi
. For i > dn=(d + 1)e, set A

i

to be an isomorphi



opy of A

i�dn=(d+1)e

in G[B℄. Note that ea
h set A

i


ontains a vertex 


i

adja
ent to all the other verti
es of A

i

. Moreover, the set A

1

is the 
losed

neighborhood of 
 = �

1

.

Let A

0

= A

1

[ f


2

; : : : ; 


2dn=(d+1)e

g. Sin
e jA

0

j = d+ 2dn=(d+ 1)e � n

(the upper bound follows from 2 � d � n � 4 and n � 6), the vertex set

V (G) 
an be split into two n-element parts A and B su
h that A

0

� A.

Note �rst that the maximum degree of G[A℄ is d be
ause it 
ontains the

subgraph G[N

1

℄. On the other hand, ea
h vertex v of B is adja
ent to at

least one vertex of A (if v is in A

i

\ B, then this vertex is 


i

) and thus the

maximum degree of G[B℄ is at most d� 1. Hen
e, the subgraphs G[A℄ and

G[B℄ are not isomorphi
 | a 
ontradi
tion.

4 Weakly equipartite graphs with small de-

grees

The proof of the theorem whi
h 
hara
terizes weakly equipartite graphs is

split into several steps. We have already observed some general properties

of weakly equipartite graphs, in parti
ular, that they are regular graphs

with very restri
ted degrees. Next, we fo
us on d-regular graphs of order

2n with d � n � 1. We distinguish two 
ases based on that whether the

graph is dis
onne
ted or 
onne
ted. In Subse
tion 4.1, we show that the

only dis
onne
ted weakly equipartite graphs are 2nK

1

, nK

2

, 2C

4

and 2K

n

.

In Subse
tion 4.2, we establish that in most 
ases the only 
onne
ted weakly

equipartite bipartite graph of order 2n with degrees smaller than n is the

graph K

n;n

n nK

2

. Our results are then glued together to provide a full


hara
terization of equipartite and weakly equipartite graphs in the next

se
tion.
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4.1 Dis
onne
ted weakly equipartite graphs

We �rst show that the orders of all the 
omponents of a dis
onne
ted weakly

equipartite graph are the same:

Lemma 5 If G is a dis
onne
ted weakly equipartite graph, then all its 
om-

ponents have the same order.

Proof: Consider a weakly equipartite graph G of order 2n with k 
om-

ponents and let �

1

; : : : ;�

k

be the 
omponents of G. Further, let n

i

be the

order of �

i

. We 
an assume that n

1

� : : : � n

k

. Finally, let k

0

be the

smallest integer su
h that n

1

+ : : :+n

k

0

� n. Observe that k

0

� dk=2e. Set

w = n� n

1

� : : :� n

k

0

�1

and let W be a subset of verti
es of �

k

0

of size w

su
h that the subgraph �

k

0

[W ℄ is 
onne
ted. Split the vertex set of G into

two parts A and B as follows:

A = V (�

1

) [ : : : [ V (�

k

0

�1

) [W

B = V (G) nA

The number of 
omponents of G[A℄ is k

0

by the 
hoi
e of the set A. It

remains to estimate the number of 
omponents of G[B℄. Note that this

number must be also k

0

be
ause the graph G is weakly equipartite.

If n

1

+ : : :+ n

k

0

= n, the number of 
omponents of G[B℄ is k � k

0

(the

subgraph G[B℄ is 
omprised pre
isely by the 
omponents �

k

0

+1

; : : : ;�

k

). As

noted above, it must be k � k

0

= k

0

and thus k

0

= n. This together with

n

1

� : : : � n

k

and n

1

+ : : :+n

k

= 2n immediately yields that n

1

= : : : = n

k

.

Hen
e, all the 
omponents of G have the same order.

In the rest, we 
onsider the 
ase that n

1

+: : :+n

k

0

> n. Sin
e the number

of 
omponents of G[B℄ is at least k�k

0

+1, it must hold that k

0

� k�k

0

+1.

This immediately yields that k is odd and k

0

= d(k + 1)=2e. Hen
e, the

number of 
omponents of G[B℄ is exa
tly k�k

0

+1 and the graph �

k

0

nW is


onne
ted. The orders of 
omponents of G[A℄ are n

1

; : : : ; n

k

0

�1

; w and the

orders of 
omponents of G[B℄ are n

k

0

� w; n

k

0

+1

; : : : ; n

k

. Sin
e G[A℄ and

G[B℄ are isomorphi
, we 
an dedu
e from n

1

� : : : � n

k

and w > 0 that

n

1

= n

k

0

+1

, n

2

= n

k

0

+2

, et
. This is possible only if n

1

= n

2

= : : : = n

k

.

Hen
e, all the 
omponents of G have the same order.

In order to prove Lemma 7 below, we need the following proposition [8,

Lemma 1.15℄:

8



Proposition 6 Let G be a 2-
onne
ted graph. If G is neither a 
y
le nor

a 
omplete graph, then G 
ontains two non-adja
ent verti
es u and v su
h

that the graph G n fu; vg is 
onne
ted.

Lemma 7 Ea
h 
omponent of a dis
onne
ted weakly equipartite graph G is

a 
y
le or a 
omplete graph.

Proof: Consider a weakly equipartite graph G of order 2n with k � 2


omponents. Let �

1

; : : : ;�

k

be the 
omponents of G. By Lemma 5, the


omponents �

i

have the same order 
 = 2n=k. We now 
onstru
t two

disjoint subsets A

0

and B

0

of verti
es of G with jA

0

j = jB

0

j = n � 
 =

n � 2n=k. If k is odd, let W be a subset of V (�

3

) su
h that �

3

[W ℄ is


onne
ted and jW j = 
=2 = n=k (the number n=k is an integer be
ause k

is odd). The sets A

0

and B

0

are 
hosen as follows:

A

0

= W [ V (�

4

) [ V (�

5

) [ : : : [ V (�

(k+1)=2+1

)

B

0

= (V (�

3

) nW ) [ V (�

(k+1)=2+2

) [ : : : [ V (�

k�1

) [ V (�

k

)

If k is even, the sets A

0

and B

0

are 
hosen as follows:

A

0

= V (�

3

) [ : : : [ V (�

k=2+1

)

B

0

= V (�

k=2+2

) [ : : : [ V (�

k

)

Observe that regardless of the parity of k, the subgraph G[A

0

℄ 
onsists

of pre
isely d(k � 2)=2e 
omponents and the subgraph G[B

0

℄ of at least

d(k � 2)=2e 
omponents (the graph �

3

nW might be dis
onne
ted).

We now show that the 
omponent �

1

must be a 
y
le or a 
omplete

graph. First, we 
onsider the 
ase that �

1


ontains a 
ut-vertex v

1

. Let v

2

be a vertex of �

2

su
h that �

2

nv

2

is 
onne
ted. Split the set V (G) into two

parts A and B:

A = A

0

[ fv

1

g [ (V (�

2

) n fv

2

g)

B = B

0

[ fv

2

g [ (V (�

1

) n fv

1

g)

The number of 
omponents of G[A℄ is exa
tly d(k�2)=2e+2, but the number

of 
omponents of G[B℄ is at least d(k�2)=2e+3 by the 
hoi
e of the verti
es

v

1

and v

2

. However, sin
e G is a weakly equipartite graph, G[A℄ and G[B℄

must be isomorphi
 | a 
ontradi
tion. We 
an 
on
lude that �

1


ontains

no 
ut-vertex, i.e., �

1

is 2-
onne
ted.

Assume now that G

1

is neither a 
y
le nor a 
omplete graph. By Propo-

sition 6, �

1


ontains two non-adja
ent verti
es u and v su
h that �

1

nfu; vg

9



is 
onne
ted. Let u

0

v

0

be any edge of �

2

. We now 
onsider the following

partition of the vertex set of G:

A = A

0

[ fu

0

; v

0

g [ (V (�

1

) n fu; vg)

B = B

0

[ fu; vg [ (V (�

2

) n fu

0

; v

0

g)

Observe that the number of 
omponents of G[A℄ is exa
tly d(k � 2)=2e+ 2

and the number of 
omponents of G[B℄ is at least d(k � 2)=2e+ 3. Again,

this 
ontradi
ts the fa
t that G is weakly equipartite.

Sin
e the 
hoi
e of �

1

among the 
omponents of G was arbitrary, all the


omponents of G are 
y
les or 
omplete graphs.

We are now ready to 
hara
terize all dis
onne
ted weakly equipartite

graphs:

Theorem 8 Any dis
onne
ted weakly equipartite graph G is one of the fol-

lowing graphs:

2nK

1

; nK

2

; 2C

4

and 2K

n

.

Proof: It is straightforward to verify that the graphs 2nK

1

, nK

2

, 2C

4

and

2K

n

are weakly equipartite. Consider a weakly equipartite dis
onne
ted

graph G. The graph G is regular by Proposition 3. Let d be the 
ommon

degree of all its verti
es. All the 
omponents of G have the same order by

Lemma 5.

If d = 0, then G is 2nK

1

. If d = 1, then G is nK

2

. Hen
e, we 
an

assume d � 2. Under this assumption, we show that G 
onsists of exa
tly

two 
omponents. Let �

1

; : : : ;�

k

be the 
omponents of G and assume for

the sake of 
ontradi
tion that k � 3. Observe that if d = 2, then all the


omponents �

1

; : : : ;�

k

are 
y
les of the same length and if d 6= 2, then they

all are 
omplete graphs of the same order by Lemma 7.

If k is even, we pro
eed as follows: Let A be a set 
onsisting of the verti
es

of the 
omponents �

1

; : : : ;�

k=2

and B a set 
onsisting of the verti
es of the


omponents �

k=2+1

; : : : ;�

k

. Let a

1

be a vertex of �

1

and a

2

a vertex of �

2

.

Note that both �

1

n a

1

and �

2

n a

2

are 
onne
ted. Finally, let b

1

b

2

be an

edge of �

k=2+1

. Note that �

k=2+1

n fb

1

; b

2

g is 
onne
ted sin
e �

k=2+1

is a


y
le or 
omplete graph. Consider now the sets A

0

and B

0

obtained from

A and B by inter
hanging the pair of the verti
es a

1

and a

2

and the pair

of the verti
es b

1

and b

2

. Note that the number of 
omponents of G[A

0

℄ is

10



k+1 and the number of 
omponents of G[B

0

℄ is k+2. This 
ontradi
ts the

assumption that the graph G is weakly equipartite.

We now 
onsider the 
ase that k � 3 is odd. Let � be the 
ommon order

of the 
omponents of G. Sin
e k is odd, the number � must be even. Split

�

1

into two 
onne
ted parts A

0

and B

0

of orders � + 1 and � � 1 (re
all

that �

1

is a 
y
le or a 
omplete graph). Let uv be an edge of �

2

su
h that

�

2

n fu; vg is 
onne
ted. Consider now the following partition of the vertex

set V (G):

A = A

0

[ (V (�

2

) n fu; vg) [ V (�

3

) [ : : : [ V (�

(k+1)=2

)

B = B

0

[ fu; vg [ V (�

(k+3)=2

) [ : : : [ V (�

k

)

By the 
hoi
e of A

0

, B

0

, u and v, the subgraph G[A℄ 
onsists of exa
tly

(k + 1)=2 
omponents and the number of 
omponents of G[B℄ is at least

(k+1)=2+1. This again 
ontradi
ts that the graph G is weakly equipartite.

We have now proven that G 
onsists of two 
omponents. If both the


omponents are 
omplete graphs, then G is 2K

n

. Otherwise, they are both


y
les, i.e., G is 2C

l

. We show that it must hold that l � 4 and thus G is

either 2K

3

or 2C

4

. Assume for the sake of 
ontradi
tion that l � 5. Let A

and B be the vertex sets of the two 
y
les of G. Let a

1

and a

2

be two non-

adja
ent verti
es of the �rst 
y
le and b

1

and b

2

be two adja
ent verti
es of

the se
ond 
y
le. Let us 
onsider sets A

0

and B

0

obtained from the sets A

and B by inter
hanging the pair of the verti
es a

1

and a

2

and the pair of

the verti
es b

1

and b

2

. Observe that the number of 
omponents of G[A

0

℄ is

3 and the number of 
omponents of G[B

0

℄ is 4. This is impossible be
ause

G is a weakly equipartite graph | a 
ontradi
tion.

It is noteworthy that the only dis
onne
ted (weakly) equipartite graph

with two 
omponents that are not 
omplete graphs is the graph 2C

4

. This


orresponds to the existen
e of three symmetry types of equipartite boxes

in R

3

.

4.2 Conne
ted weakly equipartite graphs

First, we state a lemma that ea
h d-regular weakly equipartite graph of

order 2n with d � n � 1 
ontains a subgraph on n verti
es with a very

spe
ial stru
ture:

11



Lemma 9 Let G be a weakly equipartite d-regular graph of order 2n with

d � n � 1 and let v

0

be an arbitrary vertex of G. Then, there is a subset

A � V (G) with jAj = n su
h that G[A℄ 
onsists of a single 
omponent of

order d + 1 and the remaining 
omponents of G[A℄ are isolated verti
es.

In addition, the 
omponent of order d + 1 of G[A℄ is pre
isely the 
losed

neighborhood of the vertex v

0

in G.

Proof: Let A

0

be a subset of n verti
es of G whi
h 
ontains the 
losed

neighborhood of the vertex v

0

su
h that the number of edges of G[A

0

℄ is

the least possible. If A

0

is of the form des
ribed in the statement of the

lemma, we are done. Otherwise, there exists a vertex v whi
h is neither

v

0

nor a neighbor of v

0

joined by an edge to another vertex of A

0

. Let

B

0

= V (G) n A

0

and v

0

0

the 
ounterpart of the vertex v

0

in G[B

0

℄. Note

that all the d neighbors of v

0

0

are 
ontained in B

0

.

Let us 
onsider the set A

0

0

= (A

0

[ fv

0

0

g) n fvg. Clearly, the set A

0

0


ontains the 
losed neighborhood of the vertex v

0

. In addition, the vertex

v

0

0

is an isolated vertex of G[A

0

0

℄ sin
e all the neighbors of v

0

0

are 
ontained

in the set B

0

. Therefore, the number of edges of G[A

0

0

℄ is smaller than the

number of edges of G[A

0

℄ whi
h 
ontradi
ts the 
hoi
e of the set A

0

.

We now show that all regular 
onne
ted weakly equipartite graphs of

order 2n with maximum degree at most n� 1 are bipartite:

Lemma 10 If G is a weakly equipartite d-regular 
onne
ted graph of order

2n with maxf2; n� dg+ 1 � d � n� 1.

Proof: Let k = n � d � 1. Note that k is 0, 1 or 2 be
ause d is be

at least n � 3 by Lemma 4. Fix a set A � V (G) of size n su
h that the

subgraph G[A℄ 
onsists exa
tly of k isolated verti
es and a 
omponent of

order d + 1 whi
h 
ontains a vertex of degree d. Su
h a set A exists by

Lemma 9. Let �

A

be the 
omponent of order d + 1 of G[A℄, 


A

a vertex

of degree d 
ontained in �

A

and X

A

the set 
onsisting of the k isolated

verti
es of G[A℄. Sin
e the graph G is weakly equipartite, the subgraph

G[B℄ with B = V (G) n A is isomorphi
 to G[A℄. Let �

B

, 


B

and X

B

be

isomorphi
 images of �

A

, 


A

and X

A

in G[B℄, respe
tively. In addition, let

�

0

A

= �

A

n 


A

and �

0

B

= �

B

n 


B

(see Figure 3). By the 
hoi
e of �

B

and




B

, the graphs �

0

A

and �

0

B

are isomorphi
.

We show that both the graphs �

0

A

and �

0

B


onsist of isolated verti
es by


onsidering three distin
t 
ases. Before this, note that the set �

0

A


ontains

a vertex adja
ent to a vertex from the set B sin
e the graph G is 
onne
ted.

12



A B




B




A

�

0

B

�

0

A

X

B

X

A

Figure 3: Notation used in the proof of Lemma 10.

First, assume for the sake of 
ontradi
tion that the graphs �

0

A

and �

0

B

are 
onne
ted. Let x be a vertex of �

0

A

adja
ent to a vertex from the set B.

Let us partition the vertex set of G into two sets A

0

and B

0

as follows:

A

0

= (A n fxg) [ f


B

g

B

0

= (B n f


B

g) [ fxg

The subgraph G[A

0

℄ 
onsists pre
isely of k+2 
omponents: One of them is

formed by the vertex 


A

and its d � 1 neighbors in A

0

and the remaining


omponents are isolated verti
es, namely, the vertex 


B

and the k verti
es

of X

A

. On the other hand, the subgraph G[B

0

℄ 
onsists of at most k + 1


omponents. In order to see this, note that G[B n f


B

g℄ 
onsists of k + 1


omponents (�

0

B

and the isolated verti
es of X

B

). Sin
e a vertex x is joined

by an edge to a vertex of B and this vertex 
annot be 


B

be
ause all the

neighbors of 


B

are in the set B, the vertex x is not isolated in G[B

0

℄.

Hen
e, G[B

0

℄ 
onsists of at most k + 1 
omponents. Sin
e the numbers of


omponents of G[A

0

℄ and G[B

0

℄ are di�erent, we obtain a 
ontradi
tion with

our assumption that G is weakly equipartite.

Let us now 
onsider the 
ase that the graphs �

0

A

and �

0

B

are formed by

two 
omponents ea
h. Let k

1

and k

2

be the orders of the two 
omponents

of �

0

A

. We 
an assume that k

1

� k

2

. Sin
e the graph G is d-regular, ea
h

vertex of �

0

A

has at least one neighbor among the verti
es of B. Re
all that

no vertex of A is adja
ent to the vertex 


B

. Choose x to be any vertex of

the �rst (larger) 
omponent of �

0

A

. We 
onsider the following partition of

the set V (G):

A

0

= (A n fxg) [ f


B

g

B

0

= (B n f


B

g) [ fxg

13



The graph G[A

0

℄ 
onsists of exa
tly k + 2 
omponents: One of the 
ompo-

nents is formed by the vertex 


A

and its d� 1 neighbors and the remaining


omponents are formed by isolated verti
es, namely the vertex 


B

and the

verti
es of X

A

. On the other hand, G[B n f


B

g℄ 
onsists of exa
tly k + 2


omponents, namely two 
omponents of �

B

n 


B

and k isolated verti
es of

X

B

. A vertex x is joined to at least one of these k+2 
omponents. Sin
e the

graph G is weakly equipartite, the graphs G[A

0

℄ and G[B

0

℄ are isomorphi
.

In parti
ular, G[B

0

℄ must 
ontain k + 1 isolated verti
es. But this is possi-

ble only if k

2

= 1 and the vertex x is adja
ent only to the verti
es of the


omponent of �

0

B

of order k

1

. Let y be the only vertex of the 
omponent

of order k

2

= 1 of �

0

B

. Sin
e we 
ould 
hoose x to be any vertex of the

larger 
omponent of �

0

A

, we 
an 
on
lude that the vertex y is adja
ent to no

vertex of the 
omponent of order k

1

of �

0

A

. In the following two paragraphs,

we show that d � maxf2; n � dg = maxf2; k + 1g whi
h 
ontradi
ts our

assumption on the degree d.

Let us �rst 
onsider the 
ase that k = 0. By the assumption on the

stru
ture ofG[B℄, we know that 


B

is the only neighbor of y inB. Hen
e, the

only two verti
es to whi
h y 
ould be adja
ent are 


A

and the 
ounterpart

of y in �

0

A

. But we know that y is not adja
ent to the vertex 


A

(all the

neighbors of 


A

are in A). Thus the degree of y is at most 2, i.e., d � 2.

Next, we 
onsider the 
ase that k > 0. Let y

0

be one of the isolated

verti
es in G[B℄. Note that all the neighbors of y

0

are 
ontained in A.

Therefore, y

0


an be adja
ent only to the single vertex of the 
omponent of

order k

2

= 1 of �

0

A

and the k verti
es from X

A

(re
all that all the neighbors

of 


A

are in A). Thus, the degree of y

0

is at most k + 1, i.e., d � k + 1.

We have now ex
luded the 
ase that the graphs �

0

A

and �

0

B

are formed

by two 
omponents ea
h.

The �nal 
ase is that the graph �

0

A


onsists of least three 
omponents.

Note that the degree of any vertex from V (�

0

A

) in G[A℄ as well as of any

vertex from V (�

0

B

) in G[B℄ is at most d � 2. Let x be any vertex of �

0

A

.

Split the vertex set of G to two parts A

0

and B

0

as follows:

A

0

= (A n fxg) [ f


B

g

B

0

= (B n f


B

g) [ fxg

The degree of the vertex 


A

in G[A

0

℄ is d� 1. We now estimate the degrees

of the verti
es in G[B

0

℄. Ea
h of the verti
es of X

B


an now have degree at

most 1 whi
h is stri
tly smaller than d � 1 (re
all d � 3). The degrees of

the verti
es of V (�

0

B

) in G[B℄ are at most d� 2. Now, the vertex 


B

, whi
h

14



is adja
ent to ea
h vertex of V (�

0

B

), is moved to the set A and the vertex x

is added. Hen
e, in G[B

0

℄, ea
h of the verti
es of V (�

0

B

) has degree at most

d � 2. Sin
e the graph G is weakly equipartite, the subgraphs G[A

0

℄ and

G[B

0

℄ are isomorphi
. All the verti
es of G[B

0

℄ with a possible ex
eption of

x has degree at most d�2. Thus, the isomorphism between G[A

0

℄ and G[B

0

℄

must map the vertex 


A

to the vertex x. In parti
ular, the vertex x has

d� 1 neighbors in the set B n f


B

g. The degree of x in G[A℄ is one be
ause

the graph G is d-regular. Sin
e the 
hoi
e of x was arbitrary, we infer that

both the graphs �

0

A

and �

0

B

are 
omprised solely by isolated verti
es.

Split now the vertex set of G as follows:

V

1

= V (�

0

A

) [X

A

[ f


B

g

V

2

= V (�

0

B

) [X

B

[ f


A

g

Sin
e all the neighbors of 


B

are in the set B, the set V

1

is independent.

The set V

2

is also independent be
ause the graph G is weakly equipartite.

Then, the graph G is obviously bipartite (with parts V

1

and V

2

) as desired.

Finally, we 
hara
terize weakly equipartite 
onne
ted bipartite regular

graphs:

Lemma 11 Let G be a 
onne
ted bipartite d-regular weakly equipartite

graph of order 2n with 3 � d � n� 1. Then, G = K

n;n

n nK

2

.

Proof: Let V

1

and V

2

be the two independent sets to whi
h G 
an be

partitioned. Sin
e G is regular, we have jV

1

j = jV

2

j. In the rest, we show d =

n� 1. This immediately yields the statement of the lemma. By Lemma 4,

it is enough to ex
lude the 
ases that d = n� 2 and d = n� 3.

If d = n� 2, let w be a vertex of V

1

and let x and y be the two verti
es

of V

2

whi
h are not adja
ent to w. Note that n � 5 be
ause d � 3. Sin
e

2d = 2n� 4 > n, there is a 
ommon neighbor w

0

of x and y.

If d = n � 3, let w be again a vertex of V

1

and let x, y and z be the

three verti
es of V

2

whi
h are not adja
ent to w. Note that n � 6 be
ause

d � 3. Sin
e 3d = 3n� 9 > n, at least two of the verti
es x, y and z have

a 
ommon neighbor. Assume that x and y are su
h two verti
es and w

0

is

their 
ommon neighbor.

We now pro
eed jointly for both the 
ases n = d� 3 and n = d� 2. Let

us split the vertex set of G into sets A and B as follows:

A = (V

1

n fw;w

0

g) [ fx; yg
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B = (V

2

n fx; yg) [ fw;w

0

g

The degrees of x and y in G[A℄ are exa
tly d� 1 by the 
hoi
e of w and w

0

.

Ea
h vertex of V

1

is adja
ent to at least one vertex of V

2

nfx; yg (re
all that

d is at least three) and thus ea
h vertex of V

1

has degree at most d � 1 in

G[A℄. We 
an 
on
lude that the maximum degree of G[A℄ is d� 1. On the

other hand, G[B℄ 
ontains a vertex of degree d (the vertex w). Hen
e, the

subgraphs G[A℄ and G[B℄ are not isomorphi
. Therefore, d is neither n� 3

nor n� 2.

We 
on
lude that the graph G is an (n � 1)-regular bipartite graph of

order 2n.

5 Chara
terization of equipartite and weakly

equipartite graphs

Before we prove Theorem 14, we state two lemmas on 2- and 3-regular

weakly equipartite graphs whose 
ases were not 
overed in the previous two

se
tions:

Lemma 12 If C

l

is a weakly equipartite 
y
le, then its length l is either

four or six.

Proof: Clearly, the graphs C

4

and C

6

are weakly equipartite. Let us now


onsider a 
y
le C

l

= v

1

: : : v

l

of an even length l > 6. Split the set V (G)

into two parts A and B:

A = fv

1

; v

4

; : : : ; v

l=2+2

g

B = fv

2

; v

3

; v

l=2+3

; : : : ; v

l

g

Clearly, the subgraphs G[A℄ and G[B℄ are not isomorphi
. Hen
e, no 
y
le

C

l

with l > 6 is a weakly equipartite graph.

Before proving Theorem 14, we need to ex
lude another 
ase not 
overed

by the previous lemmas:

Lemma 13 There is no weakly equipartite 
ubi
 graph of order 12.
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Proof: Let G be a 
ubi
 graph of order 2n = 12. Assume for the sake of


ontradi
tion that G is weakly equipartite.

Let us �rst 
onsider the 
ase that the graph G is triangle-free. Let v

0

be any vertex of G and let A be a set of verti
es of G as in Lemma 9, i.e.,

the subgraph G[A℄ is isomorphi
 to K

1;3

+K

1

+K

1

. Let B = V (G) n A.

Sin
e the graph G is weakly equipartite, the subgraph G[B℄ is isomorphi


to G[A℄. Let v

0

0

be the 
ounterpart of v

0

in G[B℄. Sin
e G is 
ubi
, all the

neighbors of v

0

are in A and all the neighbors of v

0

0

in B. In parti
ular, the

sets A

0

= (A n fv

0

g) [ fv

0

0

g and B

0

= (B n fv

0

g) [ fv

0

0

g are independent.

Sin
e A

0

[ B

0

= V (G), the graph G is bipartite. But there is no weakly

equipartite 
ubi
 bipartite graph of order 12 by Lemma 11.

The remaining 
ase is that G 
ontains a triangle, say a triangle v

1

v

2

v

3

.

Let A

1

be a subset of six verti
es of V (G) whi
h 
ontains the verti
es v

1

, v

2

and v

3

and let B

1

= V (G)nA

1

. Sin
e the graph G is weakly equipartite, the

subgraph G[B

1

℄ is isomorphi
 to the subgraph G[A

1

℄. In parti
ular, G[B

1

℄


ontains a triangle, say a triangle v

4

v

5

v

6

. Let A

2

= fv

1

; v

2

; v

3

; v

4

; v

5

; v

6

g and

B

2

= V (G) n A

2

. The subgraphs G[A

2

℄ and G[B

2

℄ are isomorphi
 be
ause

G is weakly equipartite. In parti
ular, the subgraph G[B

2

℄ 
ontains two

vertex-disjoint triangles, say triangles v

7

v

8

v

9

and v

10

v

11

v

12

. Consider now

the following two sets A and B:

A = fv

1

; v

2

; v

3

; v

4

; v

7

; v

10

g

B = fv

5

; v

6

; v

8

; v

9

; v

11

; v

12

g

Sin
e the graph G is weakly equipartite, the graphs G[A℄ and G[B℄ are iso-

morphi
. Sin
e G[A℄ 
ontains the triangle v

1

v

2

v

3

, G[B℄ 
ontains a triangle,

too. Observe now that the maximum degree of G[B℄ is two be
ause ea
h

vertex of B has at least one neighbor among the verti
es v

4

, v

7

and v

10

(whi
h are 
ontained in A). Thus, a triangle 
ontained in G[B℄ a
tually

forms a 
omponent of G[B℄. In addition, the graph G[B℄ 
ontains a perfe
t

mat
hing (
onsider the edges v

5

v

6

, v

8

v

9

and v

11

v

12

). But this is impossible

be
ause one of the 
omponents of G[B℄ is a triangle | a 
ontradi
tion.

We are now ready to 
hara
terize weakly equipartite graphs. Let us

re
all that all weakly equipartite graphs of order six and eight are depi
ted

in Figures 1 and 2.
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Theorem 14 A graph G is weakly equipartite if and only if it is one of the

following graphs:

2nK

1

; nK

2

; 2C

4

; K

n; n

n nK

2

and 2K

n

;

or one of their 
omplements:

K

2n

; K

2n

n 2K

n

; K

8

n 2C

4

; 2K

n

+ nK

2

and K

n; n

.

Proof: It is straightforward to verify that all the graphs listed in the

statement of the theorem are weakly equipartite. We prove that no other

graph is weakly equipartite. Fix a weakly equipartite graph G of order 2n.

By Lemma 4, the graph G is d-regular with d 2 f0; 1; n� 3; n � 2; n � 1g.

By Proposition 2, we 
an assume that d � n�1 (otherwise, we 
onsider the


omplement of G).

If the graph G is dis
onne
ted, then G is one of the graphs 2nK

1

, nK

2

,

2C

4

and 2K

n

by Theorem 8. Let us assume in the rest that G is 
onne
ted.

In parti
ular, d � 2 unless G = K

2

. If d = 2, then G is a 
y
le and its

length is either four or six by Lemma 12. Note that C

4

is K

2;2

and C

6

is

K

3;3

n 3K

2

. In the rest, we assume that d � 3.

If n� d � 2, then the graph G is bipartite by Lemma 10. If n� d > 2,

we infer that n�d = 3 be
ause d 2 fn�3; n�2; n�1g. If n � 7 in addition

to n� d > 2, the assumption of Lemma 10 is also satis�ed:

d = n� 3 � maxf2; n� dg+ 1 = maxf2; 3g+ 1 = 4.

We 
on
lude by Lemma 10 that if d 6= n � 3 or n � 7, the graph G is

bipartite and by Lemma 11 that G is K

n; n

n nK

2

.

The 
ase whi
h remains to 
onsider is that d = n� 3 and n � 6. Re
all

that d � 3. Therefore, d = 3 and n = 6. However, there is no weakly

equipartite 
ubi
 graph of order 12 by Lemma 13.

We �nish this se
tion by an immediate 
orollary of Theorem 14:

Corollary 15 A graph G of order 2n is equipartite if and only if it is weakly

equipartite.

18



6 Equipartite polytopes

In this se
tion, we show that every equipartite d-polytope has at most 2(d+

1) verti
es. Sin
e the only equipartite 2-polytopes 
an be 
y
les (there are

no other 
onvex 2-polytopes), we 
an 
on
lude:

Proposition 16 An equipartite 2-polytope P has at most six verti
es.

We 
an now show that every equipartite d-polytope has at most 2(d+1)

points:

Theorem 17 If P is an equipartite d-polytope with 2n verti
es, then n �

d+ 1.

Proof: If d = 2, the 
laim follows from Proposition 16. Hen
eforth, we

assume that d � 3. Let D = fd

1

; : : : ; d

k

g be the set of the lengths of all

segments whose end-points are pairs of verti
es of P . For ea
h i = 1; : : : ; k,

we de�ne a graph G

i

with V (G

i

) = X and edges 
orresponding to the pairs

of verti
es at distan
e d

i

. The graphs G

i

partition K

2n

to edge-disjoint

subgraphs. Sin
e the polytope P is equipartite, the graph

S

i2I

G

i

is also

equipartite for ea
h set I � f1; : : : ; kg. In parti
ular, ea
hG

i

is a non-empty

equipartite graph of order 2n.

We show that n � d+1. Assume for 
ontradi
tion the opposite, i.e., n �

d+2. Sin
e R

d

does not 
ontain d+2 distin
t points with all distan
es equal,

no graph G

i


ontains a 
lique of order n. Note that the only equipartite

graphs of order 2n without a 
lique of order n are nK

2

, K

n;n

andK

n;n

nnK

2

.

Hen
e, ea
h G

i

is isomorphi
 to nK

2

, K

n;n

or K

n;n

nnK

2

. Therefore, k � 3.

At most one of the graphs G

i


an be isomorphi
 to nK

2

. Indeed, if two

of the graphs G

j

and G

j

0

were isomorphi
 to nK

2

, then the graph G

j

[G

j

0

would be an equipartite 2-regular graph of order 2n � 2(d + 2) � 10. But

there is no su
h equipartite graph by Theorem 14.

Sin
e at most one of the graphs G

i

is isomorphi
 to nK

2

and k � 3, two

of the graphsG

i

, sayG

1

and G

2

, are isomorphi
 toK

n;n

orK

n;n

nnK

2

. Both

G

1

and G

2


ontain K

n;n

nnK

2

as a subgraph. Sin
e the graphs G

i

partition

the 
omplete graph K

2n

, the graph G

2

is a subgraph of the 
omplement of

the graph G

1

. This immediately yields that K

n;n

nnK

2

is a subgraph of its


omplement, i.e., K

n;n

n nK

2

� 2K

n

+ nK

2

. However, this is not true for

n � 4 | a 
ontradi
tion.
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7 Equipartite 2- and 3-polytopes

We �rst 
hara
terize equipartite 2-polytopes:

Theorem 18 Equipartite polygons are pre
isely isogonal quadrangles and

hexagons, i.e., they are pre
isely re
tangles, regular hexagons and hexagons

whose all interior angles are all equal to 120

Æ

and their sides alternate be-

tween two lengths.

Proof: It is easy to see that isogonal quadrangles and hexagons, i.e.,

squares, non-square re
tangles, regular hexagons and non-regular isogonal

hexagons, are equipartite. These are all isogonal polygons with at most six

verti
es. Sin
e there is no equipartite polygon with eight or more verti
es

by Theorem 17, the statement of the theorem now follows.

Equipartite 3-polytopes are more interesting. In order to des
ribe all

of them, we start by re
alling that the symmetry types of all isogonal

3-polytopes have been determined [6℄. It is well-known that ea
h isog-

onal 3-polytope is 
ombinatorially equivalent to one of the Platoni
 or

Ar
himedean solids (we in
lude prisms and antiprisms among Ar
himedean

solids). We 
an now show the following:

Theorem 19 Equipartite 3-polytopes are pre
isely tetrahedra, 3-sided

prisms, 4-sided prisms and 3-sided antiprisms.

Proof: Ea
h equipartite 3-polytope has at most 8 verti
es by Theorem 17.

It is easy to 
he
k that the only isogonal polytope on at most 8 verti
es

not listed in the statement of the theorem is a 4-sided antiprism. However,

no 4-sided antiprism is equipartite (
onsider two su

essive verti
es of one

base and two non-adja
ent verti
es of the other). In order to assist the

reader to verify the proof, we list all isogonal 3-polytopes with 10 and more

verti
es identi�ed by their usual names and symbols [3℄: a regular dode
ahe-

dron (5.5.5), a trun
ated 
ube (3.8.8), a trun
ated dode
ahedron (3.10.10),

a 
ubo
tahedron (3.4.3.4), an i
osidode
ahedron (3.5.3.5), a trun
ated o
-

tahedron (4.6.6), a regular i
osahedron (3.3.3.3.3), a great rhombi
ubo
ta-

hedron (4.6.8), a trun
ated i
osahedron (5.6.6), a great rhombi
osidode
a-

hedron (4.6.10), a small rhombi
ubo
tahedron (3.4.4.4.4), a small rhombi-


osidode
ahedron (3.4.5.4), a snub 
ube (3.3.3.3.4), a snub dode
ahedron
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(3.3.3.3.5), a trun
ated tetrahedron (3.6.6), an n-prism and an n-antiprism

with n � 5.

An inspe
tion of symmetry types of isogonal tetrahedra, 3-sided prisms,

4-sided prisms and 3-sided antiprisms leads to the following exhaustive list

of possible symmetry types of equipartite 3-polytopes (representatives of

the symmetry types are depi
ted in Figure 4). The symmetry groups are

denoted as in [2℄:

� Tetrahedra

{ The 2-parameter type SIG1 with the symmetry group [2; 2℄

+

, i.e.,

a 
onvex hull of 
ongruent non-parallel segments, perpendi
ular

to the line 
onne
ting their midpoints but not to ea
h other.

{ The 1-parameter type SIG1 with the symmetry group [2

+

; 4℄, i.e.,

the limit 
ase of the above in whi
h the segments are perpendi
-

ular to ea
h other, but the fa
es are not equilateral triangles, i.e.,

they are non-equilateral isos
eles triangles.

{ The regular tetrahedron SIG5 with the symmetry group [3; 3℄.

� 3-sided prisms

{ The 1-parameter type SIG60(3) with the symmetry group [2; 3℄,

i.e., a straight prism with an equilateral triangle as a base.

� 4-sided prisms

{ The 2-parameter type SIG14 with the symmetry group [2; 2℄, i.e.,

a re
tangular box with three distin
t dimensions.

{ The 1-parameter type SIG19 with the symmetry group [2; 4℄, i.e.,

a straight prism with a square as a base and with non-square

mantle fa
es.

{ The 
ube SIG19 with the symmetry group [3; 4℄.

� 3-sided antiprisms

{ The 2-parameter type SIG30 with the symmetry group [2; 3℄

+

,

i.e.. a 
onvex hull of two 
ongruent equilateral triangles in hor-

izontal planes, perpendi
ular to the line 
onne
ting their 
en-

ters, with sides not parallel. The side fa
es are either 
ongruent
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SIG1 SIG3 SIG5

SIG60(3)

SIG30 SIG34 SIG37

SIG14 SIG90 SIG20

Figure 4: Examples of equipartite 3-polytopes for ea
h possible symmetry

type.
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s
alene triangles, or 
ongruent non-horizontal isos
eles triangles

with non-horizontal bases.

{ The 1-parameter type SIG34 with the symmetry group [2

+

; 6℄,

i.e., the limit 
ase of the above in whi
h the side fa
es are non-

equilateral isos
eles triangles with horizontal bases.

{ The regular o
tahedron SIG37 with the symmetry group [3; 4℄.

We 
on
lude this se
tion with a 
onstru
tion of an equipartite 4-polytope

with 8 verti
es. It is unique in the sense that this 
onstru
tion does not

generalize to higher dimensions.

Take two 
ongruent re
tangles lying in a pair of orthogonal 2-

dimensional subspa
es of R

4

. For instan
e, 
onsider the two

re
tangles with verti
es f(a; b; 0; 0); (a; 
; 0; 0); (d; b; 0; 0); (d; 
; 0; 0)g and

f(0; 0; a; b); (0; 0; a; 
); (0; 0; d; b); (0; 0; d; 
)g. Note that for ea
h two triples

of verti
es of a re
tangle in R

2

there is an isometry of the re
tangle that

maps one triple onto the other triple. Also any two verti
es of a re
tangle


an be isometri
ally mapped onto the other two verti
es. It is now easy to

verify that the 4�polytope obtained by the 
onvex hull of these 8 points in

R

4

is equipartite.

8 Constru
tions of equipartite polytopes

In this se
tion, we develop tools for 
onstru
ting equipartite polytopes.

We start with expli
it 
onstru
tions of d-polytopes with 2d verti
es. We

also identify three distin
t types of equipartite (2d+1)-simpli
es, 
onstru
t

equipartite 2d-polytopes with 2d + 2 verti
es and equipartite d-polytopes

with 2d and 2d+ 2 verti
es.

Lemma 20 The 
ross polytope P = 
onv(�e

1

; : : : ;�e

d

) where e

i

are the

unit ve
tors in R

d

is an equipartite polytope.

Proof: Let F = ff

1

; : : : ; f

d

g be any subset of d points from f�e

1

; : : : ;�e

d

g

and let G be its 
omplement. We shall 
onstru
t an orthogonal matrix P

that maps F onto G. Let:

� F

1

= fije

i

2 F;�e

i

62 Fg

� F

2

= fij � e

i

2 F; e

i

62 Fg

� F

3

= fije

i

2 F;�e

i

2 Fg
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Let G

1

; G

2

; G

3

be de�ned similarly. Clearly, F

1

= G

2

, F

2

= G

1

, F

3

\G

3

= ;

and jF

3

j = jG

3

j. Let  : F

3

! G

3

be a bije
tion from F

3

onto G

3

su
h that

 (e

i

) = � (�e

i

). De�ne the matrix P by:

P

i;j

=

8

>

>

<

>

>

:

�1 if i = j; i 2 F

1

[ F

2

,

1 if i 2 F

3

; j =  (i),

1 if j 2 G

3

; j =  (i),

0 otherwise.

Note that P is a permutation matrix in whi
h some of the 1-entries are

repla
ed by �1. So, P is an orthogonal matrix and it is simple to verify

that P : F ! G is a bije
tion.

Lemma 22 generalizes the proof above. It is based on the following

well-known basi
 property of orthogonal real matri
es:

Lemma 21 If fu

1

; : : : ; u

k

g and fv

1

; : : : ; v

k

g are two sets of unit ve
tors in

R

d

su
h that hu

i

; u

j

i = hv

i

; v

j

i 8fi; jg, then there is an orthogonal matrix �

su
h that �(u

i

) = v

i

.

Lemma 22 Let U = fu

1

; : : : ; u

k

g and V = fv

1

; : : : ; v

k

g be two disjoint

sets of unit ve
tors in R

d

. Suppose that hu

i

; u

j

i = hv

i

; v

j

i = � for all

1 � i < j � k, hu

i

; v

j

i = hu

j

; v

i

i = � for all 1 � i < j � k and hu

i

; v

i

i = 


for all 1 � i � k. Let P be the 
onvex hull of the end-points of the ve
tors

of U [ V . Then, the polytope P is equipartite.

Proof: We �rst note that k � d+1 and that there is essentially one 
on�g-

uration of d+1 equiangular unit ve
tors in R

d

; the unit ve
tors 
onne
ting

the 
enter of the regular d-simplex to its verti
es. The angle between any

two of these ve
tors is ar

os�

1

d

.

Let A be an arbitrary k-element subset of the ve
tors

fu

1

; : : : ; u

k

; v

1

; : : : ; v

k

g and let B be the remaining k ve
tors. By

Lemma 21 it is enough to show that the ve
tors in A and B 
an be

sequen
ed so that ha

i

; a

j

i = hb

i

; b

j

i 8fi; jg. The proof follows the same

approa
h used in the proof of Lemma 20. In A we �rst list the ve
tors u

i

for whi
h u

i

2 A but u

i

62 B. We then list the ve
tors v

i

for whi
h v

i

2 A

but v

i

62 B. We �nally list the pairs (in order) of ve
tors u

i

; v

i

for whi
h

both ve
tors are in A. We sequen
e the ve
tors in B similarly (note that

ea
h of the 3 sets of ve
tors both in A and B 
ontain the same number of

ve
tors).
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It is now simple to 
he
k that this sequen
ing guarantees the existen
e

of an orthogonal transformation that maps A onto B.

We now present three 
onstru
tions of equipartite polytopes:

Theorem 23 For every d � 2, there is an equipartite d-polytope with 2d+2

verti
es.

Proof: Let u

1

; : : : ; u

d+1

be a set of d+ 1 equiangular unit ve
tors in R

d

.

Note that the 
onvex hull of the end-points of the ve
tors u

1

; : : : ; u

d+1

is a

regular d-simplex. Set v

i

= �u

i

for ea
h i = 1; : : : ; d + 1 and let P be the


onvex hull of the end-points of the 2d+2 ve
tors u

1

; : : : ; u

d+1

; v

1

; : : : ; v

d+1

.

P is a 
entrally symmetri
 
onvex d-polytope with 2d + 2 verti
es. By

Lemma 22, the polytope P is equipartite.

Theorem 24 The prism over a regular (d � 1)-simplex is an equipartite

d-polytope with 2d verti
es for every d � 2.

Proof: Let w

1

; : : : ; w

d

be a set of d equiangular unit ve
tors 
ontained in a

(d� 1)-dimensional subspa
e of R

d

. For 0 < � < 1, We de�ne a d-polytope

P

�

to be the 
onvex hull of the end-points of the 2d ve
tors

�w

1

+

p

1� �

2

e; : : : ; �w

d

+

p

1� �

2

e

�w

1

�

p

1� �

2

e; : : : ; �w

d

�

p

1� �

2

e

where e is the unit ve
tor orthogonal to the subspa
e of R

d

spanned by the

ve
tors w

1

; : : : ; w

d

. Clearly, ea
h prism over a regular (d � 1)-simplex is


onformable to the polytope P

�

for a suitable �; 0 < � < 1. Sin
e P

�

is

equipartite by Lemma 22, the 
laim of the theorem now readily follows.

Theorem 25 The 
onvex hull of two regular isomorphi
 d-simpli
es 
en-

tered at the origin whi
h lie in orthogonal d-dimensional subspa
es of R

2d

is an equipartite (2d)-polytope with 2d+ 2 verti
es.
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Proof: Let u

1

; : : : ; u

d

and v

1

; : : : ; v

d

be ve
tors from the origin to the

verti
es of ea
h of the two regular d-simpli
es. We 
an assume without

loss of generality that all the ve
tors u

1

; : : : ; u

d

and v

1

; : : : ; v

d

are unit.

Lemma 22 now implies that the polytope des
ribed in the statement of the

theorem is equipartite.

Note that the 
onstru
tion des
ribed in Theorem 25 provides a 
y
li


neighborly (2d)-polytope with 2d + 2 verti
es. Let us remark that 
y
li


d-polytopes for d � 4 have the 
omplete graph as their 1-skeleton and

yet they fail to be equipartite when they have more than 2d + 2 verti
es.

Furthermore, by 
he
king the distan
es between points on various moment


urves used to 
onstru
t 
y
li
 polytopes with more than d+ 2 verti
es [5,

Se
tion 4.7℄, one 
an show that they fail to be vertex transitive.

We now fo
us on the number of distin
t symmetry types of equipartite

(2d+ 1)-simpli
es:

Theorem 26 For ea
h d � 2, there are at least three distin
t symmetry

types of equipartite (2d+ 1)-simpli
es.

Proof: The regular (2d+1)-simplex is 
learly equipartite. Another (2d+1)-

simplex, of a di�erent symmetry type, 
an be obtained as follows:

Let fX

1

; : : : ; X

d+1

g and fY

1

; : : : ; Y

d+1

g be the verti
es of two regular

d-simpli
es 
entered at the origin. Let A

i

= (X

i;1

; : : : ; X

i;d

;�1; 0; : : : ; 0) 2

R

2d+1

and B

i

= (0; : : : ; 0;+1; Y

i;1

; : : : ; Y

i;d

) 2 R

2d+1

for 1 � i � d + 1. Let

a

i

and b

i

be a ve
tor from the origin to the point A

i

and B

i

, respe
tively. In

order to show that the 
onvex hull C of the points A

1

; : : : ; A

d

; B

1

; : : : ; B

d

is a (2d + 1)-simplex, we verify that the ve
tors a

1

; : : : ; a

d

; b

1

; : : : ; b

d

are

aÆnely independent. Indeed:

det

0

B

B

B

B

B

B

B

B

B

B

B

B

�

1 x

1;1

� � � x

1;d

�1 0 � � � 0

1 x

2;1

� � � x

2;d

�1 0 � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 x

d+1;1

� � � x

d+1;d

�1 0 � � � 0

1 0 � � � 0 1 y

1;1

� � � y

1;d

1 0 � � � 0 1 y

2;1

� � � y

2;d

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 0 � � � 0 1 y

d+1;1

� � � y

d+1;d

1

C

C

C

C

C

C

C

C

C

C

C

C

A

=
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det

0

B

B

B

B

B

B

B

B

B

B

B

B

�

1 x

1;1

� � � x

1;d

0 0 � � � 0

1 x

2;1

� � � x

2;d

0 0 � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 x

d+1;1

� � � x

d+1;d

0 0 � � � 0

1 0 � � � 0 2 y

1;1

� � � y

1;d

1 0 � � � 0 2 y

2;1

� � � y

2;d

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 0 � � � 0 2 y

d+1;1

� � � y

d+1;d

1

C

C

C

C

C

C

C

C

C

C

C

C

A

=

det

0

B

B

B

�

1 x

1;1

� � � x

1;d

1 x

2;1

� � � x

2;d

.

.

.

.

.

.

.

.

.

1 x

d+1;1

� � � x

d+1;d

1

C

C

C

A

� det

0

B

B

B

�

2 y

1;1

� � � y

1;d

2 y

2;1

� � � y

2;d

.

.

.

.

.

.

.

.

.

2 y

d+1;1

� � � y

d+1;d

1

C

C

C

A

6= 0

Observe now that the ve
tors a

1

; : : : ; a

d

and b

1

; : : : ; b

d

satisfy the assump-

tion of Lemma 22. Hen
e, C is an equipartite (2d+ 1)-simplex. Note that

the simplex C is not regular. The symmetry group of this simplex a
ts im-

primitively with two 
lasses of imprimitivity, namely A and B, and no other

types of imprimitivity. In parti
ular, for d � 2, there are no imprimitivity


lasses of size 2. The symmetry group of this simplex is the wreath produ
t

of the groups S

d+1

and S

2

.

Finally, there is a third symmetry type of equipartite (2d+1)-simpli
es.

Let a

1

; : : : ; a

d+1

be d+1 equiangular unit ve
tors in R

d

and let e

1

; : : : ; e

d+1

be d+1 ve
tors of an orthonormal basis of R

d+1

. Note that the end-points

of the ve
tors a

1

; : : : ; a

d+1

form a regular d-simplex. We now de�ne ve
tors

b

1

; : : : ; b

2d+2

: The ve
tor b

2i�1

is equal to (a

i

je

i

) and b

2i

to (a

i

j � e

i

) where

(aje) is a (2d + 1)-dimensional ve
tor obtained by 
on
atenation of the

ve
tors a and e. It is easy to see that the ve
tors b

1

; : : : ; b

2d+2

are aÆnely

independent ve
tors and hen
e the 
onvex hull P of their end-points is a

(2d+ 1)-simplex.

In order to see that the (2d + 1)-simplex P is equipartite, note �rst

that hb

2i�1

; b

2i

i = 0 for ea
h i = 1; : : : ; d + 1 and hb

2i�1

; b

2k

i = hb

2i

; b

2k

i =

ar

os

�1

d

when i 6= k. Consider now an arbitrary permutation � : f1; : : : ; d+

1g ! f1; : : : ; d+1g. Let �

0

be a mapping whi
h maps, for i = 1; : : : ; d+1, the

numbers 2i�1 and 2i to the numbers 2�(i)�1 and 2�(i), respe
tively, and let

� be a mapping whi
h maps the end-point of the ve
tor b

i

, i = 1; : : : ; 2d+2,

to the end-point of the ve
tors b

�

0

(i)

. Sin
e hb

i

; b

i

0

i = hb

�

0

(i)

; b

�

0

(i

0

)

i for all

1 � i; i

0

� 2d + 2, the mapping � is an isometry of the simplex P . The
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mapping � is also an isometry of P if we rede�ne �

0

(2i � 1) to 2�(i) and

�

0

(2i) to 2�(i)� 1 for an arbitrary index i.

It is now a simple matter to verify that the isometries just des
ribed im-

ply that the simplex P is an equipartite polytope. Note that the symmetry

group of P is imprimitive with d+1 
lasses of imprimitivity, 
orresponding

to the pairs of verti
es b

2i�1

and b

2i

for i = 1; : : : ; d + 1. Therefore, the

symmetry group of P is the wreath produ
t of the groups S

2

and S

d+1

.

We now des
ribe a general 
onstru
tion of equipartite polytopes from

equipartite graphs. If G is a graph with verti
es v

1

; : : : ; v

n

, the matrix

A

G

(�; �) for (not ne
essarily positive) real numbers � and � is de�ned as

follows:

A

G

(�; �)

ij

=

8

<

:

0 if i = j,

� if v

i

v

j

2 E(G) and

� otherwise.

Note that if G is the 
omplement of a graph G, then A

G

(�; �) = A

G

(�; �).

Theorem 27 If G is an equipartite graph of order n = 2m, the smallest

eigenvalue � of the matrix A

G

(�; �) has multipli
ity k and � 6= 0;��;��,

then there is an equipartite d-polytope with n verti
es where d = n� k � 1

or d = n� k.

Proof: For the sake of brevity, we assume that the vertex set of G 
onsists

of the numbers 1; : : : ; n. The matrix B = I � �

�1

A

G

(�; �) is a positive

semide�nite matrix of rank n � k. Sin
e the graph G is equipartite, it

is r-regular for some r � 0 by Proposition 3. Hen
e, ea
h row of the

matrix A

G

(�; �) 
ontains the same number of �'s. Therefore, the unit

ve
tor (n

�1=2

; : : : ; n

�1=2

) 2 R

n

is an eigenve
tor of A

G

(�; �) 
orresponding

to the eigenvalue r� + (n � r � 1)�. Let v

1

; : : : ; v

n

be a 
omplete set of

mutually orthogonal unit eigenve
tors of the matrix B and let V be the

matrix whose rows are the ve
tors v

1

; : : : ; v

n

. Note that V BV

tr

= D for

a diagonal matrix D of order n with k diagonal entries equal to zero. By

properly arranging the eigenve
tors v

1

; : : : ; v

n

, we may assume that D

ii

= 0

for i = n� k + 1; : : : ; n.

Observe now that B = (

p

DV )

tr

(

p

DV ). Let u

1

; : : : ; u

n

be the 
olumn

ve
tors of the matrix

p

DV . Note that hu

i

; u

j

i = B

ij

for all 1 � i; j � n.

Sin
e the diagonal entries of the matrix B are equal to one, ea
h of the

ve
tors u

1

; : : : ; u

n

is unit. In addition, all the ve
tors u

1

; : : : ; u

n

are distin
t
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be
ause no entry of the matrix A

G

(�; �) is equal to ��. Sin
e the last k

rows of the matrix

p

DV are zero ve
tors, the ve
tors u

1

; : : : ; u

n

determine

n distin
t unit ve
tors of an (n � k)-dimensional subspa
e of R

n

. Let P

be the 
onvex hull of their end-points. If the ve
tors u

1

; : : : ; u

n

are aÆnely

independent, P is an (n�k)-polytope. If the smallest eigenvalue � is stri
tly

smaller than r�+(n�r�1)�, then the ve
tors u

1

; : : : ; u

n

have the same �rst


oordinate and P is an (n � k � 1)-polytope. In both 
ases, hu

i

; u

j

i = �

�

�

if ij 2 E(G) and hu

i

; u

j

i = �

�

�

otherwise.

Let us show that the polytope P is equipartite. Consider an arbitrary

subset X � f1; : : : ; ng of size m and set Y = f1; : : : ; ng n X . We aim to

show that there is a symmetry of P whi
h inter
hanges the end-points of

the ve
tors u

i

with i 2 X and the end-points of the ve
tors u

i

with i 2 Y .

Sin
e G is equipartite, there exists an automorphism �

G

of G whi
h maps

X onto Y . De�ne a mapping � : f1; : : : ; 2ng ! f1; : : : ; 2ng whi
h maps the

end-points of a ve
tor u

i

to end-points of the ve
tor u

�

G

(i)

. Observe that

hu

i

; u

j

i = hu

�(i)

; v

�(j)

i for every 1 � i; j � 2n. Hen
e, � 
an be viewed as

a symmetry of P . Sin
e the 
hoi
e of X was arbitrary, the polytope P is

equipartite. This 
ompletes the proof of Theorem 27.

We now brie
y des
ribe representatives of equipartite polytopes whi
h

we obtain for various equipartite graphs G and 
hoi
es of � and � in The-

orem 27. The a
tual polytopes obtained for a parti
ular 
hoi
e of � and

� may di�er from the des
ribed representative but their symmetry types

are the same. The smallest eigenvalue of the matrix is denoted by � as in

Theorem 27.

� A

2nK

1

(�; �) = A

K

2n

(�; �)

The eigenvalues of the matrix A

2nK

1

(�; �) are (n � 1)� with multi-

pli
ity one and �� with multipli
ity 2n� 1.

If � = (n� 1)�, we obtain a regular (2n� 1)-simplex.

If � = ��, the assumptions of Theorem 27 are not satis�ed.

� A

nK

2

(�; �) = A

K

2n

nnK

2

(�; �)

The eigenvalues of the matrix A

nK

2

(�; �) are � + (2n � 2)�, � � 2�

and �� with multipli
ities one, n� 1 and n.

We �rst 
onsider the 
ase that � = �+ (2n� 2)�. Let u

1

; : : : ; u

n

be

n equiangular unit ve
tors lying in an (n � 1)-dimensional subspa
e

of R

2n�1

and e

1

; : : : ; e

n

be n mutually orthogonal unit ve
tors whi
h
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are also orthogonal to the ve
tors u

1

; : : : ; u

n

. The 2n verti
es of the


onstru
ted (2n�1)-polytope lie at the end-points of the ve
tors u

1

+

e

1

; : : : ; u

n

+ e

n

; u

1

� e

1

; : : : ; u

n

� e

n

.

If � = � � 2�, we obtain an equipartite n-polytope with 2n verti
es

lying at the end-points of the ve
tors e

i

and �e

i

where e

1

; : : : ; e

n

are

n mutually orthogonal unit ve
tors in R

n

.

If � = ��, the assumptions of Theorem 27 are not satis�ed.

� A

K

n;n

nnK

2

(�; �) = A

2K

n

+nK

2

(�; �)

The eigenvalues of the matrix A

K

n;n

nnK

2

(�; �) are (n� 1)�+ n� and

�(n� 1)�+(n� 2)� both with multipli
ity one, �� and �� 2� both

with multipli
ity n� 1.

We �rst 
onsider the 
ase that � = �(n�1)�+(n�2)�. Let u

1

; : : : ; u

n

be n distin
t equiangular unit ve
tors lying in an (n� 1)-dimensional

subspa
e of R

2n�2

. Let ~u

1

; : : : ; ~u

n

be further n distin
t equiangular

unit ve
tors lying in the (n � 1)-dimensional subspa
e of R

2n�2

or-

thogonal to the subspa
e spanned by the ve
tors. The verti
es of the

obtained (2n � 2)-polytope with 2n verti
es lie at the end-points of

the ve
tors u

1

+ ~u

1

; : : : ; u

n

+ ~u

n

; u

1

� ~u

1

; : : : ; u

n

� ~u

n

.

If � = (n�1)�+n�, the obtained (2n�1)-polytope P with 2n verti
es

is similar to that for � = �(n� 1)�+ (n� 2)� but the verti
es of P


orresponding to the ve
tors u

1

+ ~u

1

; : : : ; u

n

+ ~u

n

and to the ve
tors

u

1

� ~u

1

; : : : ; u

n

� ~u

n

are shifted in the dire
tion orthogonal to the

subspa
e spanned by the ve
tors u

1

; : : : ; u

n

; ~u

1

; : : : ; ~u

n

.

If � = ��, the assumptions of Theorem 27 are not satis�ed.

If � = ��2�, we obtain an n-polytope whi
h is a prism over a regular

(n � 1)-simplex (this type of equipartite polytopes was des
ribed in

Theorem 24).

� A

2K

n

(�; �) = A

K

n;n

(�; �)

The eigenvalues of the matrix A

2K

n

(�; �) are (n� 1)�+n� and (n�

1)��n� both with multipli
ity one and �� with multipli
ity 2n� 2.

We �rst 
onsider the 
ase that � = (n � 1)� � n�. In this 
ase, the

obtained (2n� 2)-polytope with 2n verti
es is the 
onvex hull of two

regular (n � 1)-simpli
es in R

2n�2

whi
h lie in orthogonal (n � 1)-

dimensional subspa
es of R

2n�2

. Let us remark that this type of

equipartite polytopes was des
ribed in Theorem 23.
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If � = (n�1)�+n�, the obtained (2n�1)-polytope with 2n verti
es is

similar to that for � = (n�2)��(n�1)� but the two (n�1)-simpli
es

are mutually shifted in the dire
tion orthogonal to the subspa
es of

the two (n� 1)-simpli
es.

If � = ��, the assumptions of Theorem 27 are not satis�ed.

� A

2C

4

(�; �)

The eigenvalues of the matrix A

2C

4

(�; �) are 2� + 5� and 2� � 3�

with multipli
ities one, � � 2� with multipli
ity two and �� with

multipli
ity four.

If � = 2� + 5�, the obtained 7-polytope is the 
onvex hull of two

orthogonal regular 3-simpli
es whi
h are mutually shifted in the di-

re
tion orthogonal to the subspa
e spanned by the two 3-simpli
es.

If � = 2� � 3�, the obtained 6-polytope is the 
onvex hull of two

orthogonal regular 3-simpli
es (as des
ribed in Theorem 23).

If � = ��2�, the obtained 5-polytope is the 
onvex hull of two orthog-

onal squares whi
h are mutually shifted in the dire
tion orthogonal to

the planes of the two squares.

If � = ��, the assumptions of Theorem 27 are not satis�ed.

Let us remark that if two (or more) of eigenvalues of the above 
on-

sidered matri
es 
oin
ide, no polytope of a new symmetry type arises, e.g.,

A

2K

n

(�; 0) has an eigenvalue (n�1)� with multipli
ity two and the obtained

(2n�2)-polytope is still the 
onvex hull of two orthogonal (n�1)-simpli
es.

9 Con
lusion

Throughout the paper, we have already stated two questions related to the

notion of equipartite polytopes whi
h we were not able to answer. We list

them here:

Problem 1 For whi
h k does there exist an equipartite d-polytope with 2k

verti
es? In parti
ular, does there exist an equipartite d-polytope with 2k

verti
es for d � 7 and d=2 + 1 < k < d� 1?

Problem 2 Classify all possible symmetry groups of equipartite polytopes.

In parti
ular, is it true that the symmetry group of ea
h equipartite polytope

P whi
h is not a regular simplex a
ts imprimitively on the verti
es of P?

31



Several possible generalizations of the notions of equipartite graphs and

polytopes 
ome easily to one's mind. Some of them lead to new interesting

questions, some do not provide any new results.

The �rst possible generalization is to 
onsider, in addition to equipartite

polytopes, equipartite sets of points in R

d

. A set of 2n points is (weakly)

equipartite if for any partitioning to two parts of n points, there is an

isometry 
arrying one of the parts onto the other (there is an isometry

between the parts, respe
tively). However, it 
an be shown that if a set of

points is equipartite (or weakly equipartite), then the set is 
onvex and thus

the points form verti
es of a d-polytope.

Another generalization may be to 
onsider partitions into more than

two parts. It is not hard to show that the only graphs whi
h are equipartite

when splitting to k � 3 parts are the 
omplete graphs K

kn

and the trivial

graphs nkK

1

. If the weak equipartiteness is 
onsidered, the list is enhan
ed

by all graphs of order k (whi
h are weakly equipartite when splitting to k

parts from trivial reasons). This yields that the only equipartite polytopes

with respe
t to splitting to k � 3 parts are the regular simpli
es.

Finally, some relaxations of the notion of equipartiteness also seem to

be of some interest:

Problem 3 A graph G of order 2n is degree-equipartite if for every n-

element set A � V (G), the degree sequen
es of the graphs G[A℄ and G[V (G)n

A℄ are the same. Whi
h graphs G are degree-equipartite? In parti
ular, is

there a degree-equipartite graph whi
h is not equipartite?

Problem 4 A set X of 2n points in R

d

is "-almost weakly equipartite if

for every partition of X into two n-element subsets X

1

and X

2

there is a

bije
tion � between X

1

and X

2

su
h that

1

1+"

dist(a; b) � dist(�(a); �(b)) �

(1 + ")dist(a; b) for every a; b 2 X

1

. What is the largest 
ardinality of an

"-almost equipartite set of points in R

d

?
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