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Abstra
t

Binary de
ision diagrams (BDDs) are graph-based data stru
tures

representing Boolean fun
tions; `-BDDs are BDDs with an additional

restri
tion that ea
h input bit 
an be tested at most ` times. A d-

uniform hypergraph H on N verti
es is an exa
tly half-d-hyper
lique

if N=2 of its verti
es form a hyper
lique and the remaining verti
es

are isolated. Wegener [J. ACM 35(2) (1988), 461{471℄ 
onje
tured

that there is no polynomial-size (d � 1)-BDD for the Exa
tly half-

d-hyper
lique problem. We disprove this 
onje
ture by 
onstru
ting

polynomial-size 2-BDDs for the Exa
tly half-d-hyper
lique problem

for every d � 2. Our 
onstru
tion is based on a new idea involving

log-spa
e algorithms with faulty inputs.

1 Introdu
tion

Binary de
ision diagrams are important data stru
ture for representation

of Boolean fun
tions. In parti
ular, they are signi�
ant data stru
tures in


ir
uit veri�
ation algorithms [12℄. Several modi�
ations of binary de
ision

diagrams have been proposed in hope that they 
an provide small 
ompa
t

representations of important Boolean fun
tions su
h as integer multipli
a-

tion. This leads to an enormous interest in upper and lower bounds on the

sizes of binary de
ision diagrams and their variants for various naturally
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de�ned Boolean fun
tions. However, sin
e the sizes of binary de
ision dia-

grams are 
losely related to non-uniform spa
e 
omplexity, the problems are

also interesting from the theoreti
al point of view. The reader is referred to

the monographs [10, 12℄ by Wegener for a more detailed exposition.

A binary de
ision diagram (BDD) is an a
y
li
 oriented graph with three

spe
ial nodes: the sour
e, the 0-sink and the 1-sink. Ea
h node v of the dia-

gram, ex
ept for the 0-sink and 1-sink, is assigned one of the input variables

x

i

and its out-degree is two. One of the ar
s leaving v is labeled with 0, the

other with 1. The out-degrees of both the 0-sink and the 1-sink are zero.

The 
omputation path for the input x

1

; : : : ; x

n

is the path v

1

; : : : ; v

k

where

the node v

1

is the sour
e, v

k

is one of the sinks and the ar
 between v

i

and

v

i+1

is labeled by the value of the variable x

j

i

assigned to the node v

i

. The

variable x

j

i

is said to be tested at the node v

i

. The input is a

epted if the

�nal node of the path is the 1-sink, and the input is reje
ted, otherwise.

The size of the diagram is the number of its nodes. The sizes of BDDs for

naturally de�ned sequen
es of Boolean fun
tions f

n

: f0; 1g

n

! f0; 1g are

often expressed as a fun
tion of the input length n.

In this paper, we study binary de
ision diagrams where the number of

tests of input bits is restri
ted. As noti
ed by Borodin et al. [2℄, there are

a
tually two possible types of restri
tions: if ea
h path from the sour
e to a

sink 
ontains at most ` nodes labeled by ea
h of the variables, the BDD is

said to be a synta
ti
 `-BDD. On the other hand, if only on ea
h 
omputa-

tion path from the sour
e to one of the sinks, i.e., the path 
orresponding to

some input, ea
h variable is tested at most ` times, the BDD is said to be

a semanti
 `-BDD. The notions of synta
ti
 `-BDDs and semanti
 `-BDDs


oin
ide for ` = 1. A 1-BDD is also 
alled a free binary de
ision diagram

(FBDD).

Clearly, a synta
ti
 `-BDD is also a semanti
 `-BDD for every ` � 1.

On the other hand, there is not known a single example of a Boolean fun
-

tion whi
h has polynomial-size semanti
 `-BDDs but whi
h does not have

polynomial-size synta
ti
 `-BDDs. In fa
t, there is not even known an

exponential lower bound on the size of semanti
 `-BDDs for any expli
it

fun
tion with polynomial-size BDDs (for ` � 2). This 
ontrasts to the 
ase

of well-understood lower bound te
hniques for free binary de
ision diagrams

(1-BDDs) [6, 7, 8℄.

Wegener [11℄ raised the question whether the 
lass of Boolean fun
tions

whi
h 
an be represented by polynomial-size `-BDDs is a proper subset of

the 
lass of Boolean fun
tions whi
h 
an be represented by polynomial-size

(`+1)-BDDs for every ` � 1. The the �rst fun
tion suggested as an example
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to separate the two 
lasses [12℄ was the fun
tion ex
l

d

N

. The fun
tion ex
l

d

N

is a fun
tion of

�

N

d

�

Boolean variables whi
h represent possible edges of a

d-uniform hypergraph H on N verti
es and the fun
tion ex
l

d

N

is true if

there is a set A of N=2 verti
es of H su
h that the edges of H are pre
isely

the sets of

�

A

d

�

, i.e., H is formed by a hyper
lique of order N=2 and its

remaining verti
es are isolated. Wegener [11℄ 
onje
tured the following:

Conje
ture 1 For every d � 1, there is no polynomial-size (d � 1)-BDD

representing the fun
tion ex
l

d

N

.

The 
onje
ture also appears as Problem 7.7 in [12℄. The question whether

the fun
tion ex
l

d

N

has a polynomial-size (d� 1)-BDDs is still of parti
ular

interest (see 
omments after Theorem 7.2.6 in [12℄), though the separation of

the 
lasses of synta
ti
 `-BDDs, whi
h motivated Conje
ture 1, has re
ently

been settled by Thatha
har [9℄ who 
onstru
ted two families of expli
it

fun
tions, whi
h he 
alled the hyperplanar sum-of-produ
ts predi
ates and

the 
onjun
tion of hyperplanar sum-of-produ
ts predi
ates, with polynomial-

size `-BDDs and with no polynomial-size (`+1)-BDDs. In the present paper,

we disprove Conje
ture 1 by 
onstru
ting polynomial-size synta
ti
 2-BDDs

for the fun
tion ex
l

d

N

for every d � 3.

If d = 2 (the 
ase of ordinary graphs), an exponential lower bound on

the size of 1-BDDs (FBDDs) for ex
l

d

N

was proved by

�

Z�ak [13℄. He showed

that the size of ea
h 1-BDD whi
h represents the fun
tion ex
l

d

N

is at least

2


(N)

(note that the bound is a
tually of order 2


(n

1=2

)

where n =

�

N

2

�

is

the length of the input). Let us remark that the �rst lower bound of order

2


(n)

where n is the length of the input on the size of 1-BDDs for a fun
tion

with polynomial-size BDDs was proved by Ajtai et al. [1℄.

As mentioned before, we disprove Conje
ture 1 by showing that the

fun
tion ex
l

d

N

has synta
ti
 2-BDDs of size O(N

d

2

+3d�4

2

) for every d � 2

(Theorem 2), i.e., of size O(n

d

2

+3d�4

2d

) where n =

�

N

d

�

is the length of the

input. We design a log-spa
e algorithm for the fun
tion ex
l

d

N

whi
h a

esses

ea
h input bit at most twi
e. Sin
e it is well-known that the logarithm

of the size of BDDs is essentially the spa
e needed by non-uniform Turing

ma
hines [3, 5℄, this already proves the existen
e of polynomial-size semanti


2-BDDs for ex
l

d

N

. In order, to 
onstru
t synta
ti
 2-BDDs for ex
l

d

N

, we

show that our algorithm has the log-spa
e 
omplexity and the restri
tion on

the number of tests of input bits is preserved even for \faulty" inputs (see

Se
tion 2 for a formal de�nition). To our best knowledge, the upper bound

te
hnique for synta
ti
 `-BDDs based on algorithms with faulty inputs has
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not been used before. For the sake of 
ompleteness, we show that the

fun
tion ex
l

d

N

has no polynomial-size 1-BDDs in Se
tion 4.

2 Relation between spa
e 
omplexity and BDD

size

Our upper bound 
onstru
tion is based on the 
lose relation between the

spa
e 
omplexity of non-uniform Turing ma
hines and the sizes of binary

de
ision diagrams 
omputing the same Boolean fun
tion. For ordinary

BDDs, this relation were already observed by Cobham [3℄ and by Pudl�ak

and

�

Z�ak [5℄. However in our 
ase, we deal with semanti
 and synta
ti


`-BDDs instead of ordinary BDDs, so an additional assumption that the

algorithm reads ea
h input bit limited number of times has to be added.

The 
omputational model 
onsidered throughout the paper is the fol-

lowing: the algorithm 
an be in one of �nitely many states. The number of

states 
annot depend on the input size. The 
on�guration of the algorithm

is determined by the pair 
onsisting of its state and the 
urrent 
ontent of

the memory. The allo
ated memory may depend on the input size. The


on�guration uniquely determines the next step of the algorithm whi
h re-

sults in either a 
hange of the state and the 
ontent of the memory or a


hange of the state whi
h depends on the read input bit (i.e., the new state

depends on whether the read input bit is 0 or 1). The step in whi
h the

new state depends on the i-th input bit is said to be a test of the i-th bit,

or simply, the algorithm tests the i-th bit. The spa
e 
omplexity of the al-

gorithm is the number of bits of memory needed to run the algorithm. The

input size n is stored in additional logn bits of memory whi
h 
annot be

modi�ed and whi
h are thus not 
ounted to the spa
e 
omplexity. Finally,

let us remark that the base of all logarithms through the paper is two.

We �rst 
onsider the 
ase of semanti
 `-BDDs. The proof follows the

same idea as in the 
ase of ordinary BDDs but we de
ided to in
lude its

sket
h in order to demonstrate the main ideas. We remark that a similar

proposition for FBDDs, i.e., 1-BDDs, 
an be found in [4℄.

Proposition 1 Let f

n

: f0; 1g

n

! f0; 1g be a sequen
e of Boolean fun
tions

and ` � 1 an integer. If there exists an algorithm whi
h for the input of

length n:

� 
omputes the fun
tion f

n

,
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� works in spa
e k logn+O(1) for some k � 0, and

� a

esses ea
h bit of the input string at most ` times,

then there exists a semanti
 `-BDD representing the fun
tion f

n

of size

O(n

2k

).

Proof: Consider a dire
ted graph G whose verti
es are the triples (s; �; t)


onsisting of a state s and 
ontent of memory � whi
h 
an be rea
hed after

t � 0 steps for some input. If the algorithm at the 
on�guration (s; �) does

not test any input bits, the vertex (s; �; t) is joined by two edges to the vertex

(s

0

; �

0

; t+1) where (s

0

; �

0

) is the 
on�guration rea
hed after (s; �). The two

edges leaving (s; �; t) are labeled with 0 and 1. If the algorithm reads an

input bit x

i

at the 
on�guration (s; �), the vertex (s; �; t) is assigned x

i

and it is joined by an edge labeled with 0 to the vertex (s

0

; �

0

; t+ 1) where

(s

0

; �

0

) is the 
on�guration rea
hed by the algorithm after (s; �) if x

i

= 0

and by an edge labeled with 1 to the vertex (s

0

; �

0

; t + 1) where (s

0

; �

0

) is

the 
on�guration rea
hed by the algorithm after (s; �) if x

i

= 1. There are

no edges leaving the verti
es 
orresponding to the halting 
on�gurations of

the algorithm. Note that the graph G is a
y
li
 be
ause a vertex (s; �; t) is

joined by edges only to verti
es (s

0

; �

0

; t+ 1).

We now modify G to a BDD. Contra
t all the halting 
on�gurations in

whi
h the algorithm a

epts to a single vertex. This vertex will be the 1-sink.

Similarly, 
ontra
t all the halting 
on�gurations in whi
h the algorithm

reje
ts to a single vertex whi
h will be the 0-sink. If there is a single edge

leaving a vertex (s; �; t) (this may happen if one of the results of input tests is

in
onsistent with the previous 
omputation) or there are two edges leaving

a vertex (s; �; t) whi
h lead to the same vertex of G, 
ontra
t the vertex

(s; �; t) and its unique su

essor. The variable assigned to the resulting

vertex is the variable assigned to the su

essor. Let G

0

be the resulting

graph. Observe that ea
h vertex of G

0

ex
ept for the sinks has out-degree

two and it is assigned one of the variables. In addition, the graph G

0

is

a
y
li
.

We 
laim that G

0

is a semanti
 `-BDD representing the fun
tions f

n

if

we set the sour
e of G

0

to be the vertex (s; �; 0) where (s; �) is the initial


on�guration of the algorithm. Consider the 
omputation path for an input

x

1

; : : : ; x

n

in G

0

. If we expand the edges of the path whi
h were 
ontra
ted,

we obtain a sequen
e of 
on�gurations rea
hed by the algorithm, starting

in the initial 
on�guration and ending in a halting 
on�guration. If the

algorithm a

epts, the �nal node of the 
omputation path is the 1-sink. If

5



the algorithm reje
ts, the �nal node is the 0-sink. Sin
e the algorithm tests

ea
h variable at most ` times, there are at most ` nodes on the 
omputation

path whi
h are assigned a variable x

i

.

It remains to estimate the size of G

0

. The number of steps of the al-

gorithm is bounded by the number of possible 
on�gurations. Sin
e the

number of possible 
on�gurations does not ex
eed S � 2

k logn+O(1)

= O(n

k

)

where S is the number of states of the algorithm, the number of nodes of

the original graph G is at most O(n

2k

). This also bounds the number of

nodes of G

0

.

We now 
onsider the 
ase of synta
ti
 `-BDDs. The input is said to

be faulty if the test of a bit of the input string does not ne
essarily yields

its 
orre
t value, i.e., it may yield the opposite one. We do not assume

any probability distribution of good and bad answers. The 
onsidered algo-

rithms are always required to 
ompute the 
orre
t answer only if all input

tests resulted in 
orre
t answers, but they are required to keep their spa
e


omplexity as well as the restri
tion on the number of tests of input bits for

all faulty inputs:

Proposition 2 Let f

n

: f0; 1g

n

! f0; 1g be a sequen
e of Boolean fun
tions

and ` � 1 an integer. If there exists an algorithm whi
h for the input of

length n:

� terminates even if the input is faulty,

� 
omputes the fun
tion f

n

(if the input is not faulty),

� works in spa
e k logN+O(1) for some k � 0 even in the 
ase of faulty

inputs, and

� a

esses ea
h bit of the input string at most ` times even in the 
ase

of faulty inputs,

then there exists a synta
ti
 `-BDD representing the fun
tion f

n

of size

O(n

k

).

Proof: We pro
eed similarly as in the proof of Proposition 1. Consider a

dire
ted graph G whose verti
es are the 
on�gurations (s; �) whi
h 
an be

rea
hed for some possibly faulty input. If the algorithm at the 
on�guration

(s; �) does not test any input bits, the vertex (s; �) is joined by two edges to

6



the vertex (s

0

; �

0

) where (s

0

; �

0

) is the 
on�guration rea
hed after (s; �). The

two edges leaving (s; �; t) are labeled with 0 and 1. If the algorithm reads an

input bit x

i

at the 
on�guration (s; �), the vertex (s; �) is joined by an edge

labeled with 0 to the vertex (s

0

; �

0

) where (s

0

; �

0

) is the 
on�guration rea
hed

by the algorithm after (s; �) if x

i

= 0 and by an edge labeled with 1 to the

vertex (s

0

; �

0

) where (s

0

; �

0

) is the 
on�guration rea
hed if x

i

= 1. There are

no edges leaving the verti
es 
orresponding to the halting 
on�gurations of

the algorithm. Note that the out-degrees of all the verti
es ex
ept for those


orresponding to the halting 
on�gurations are two.

We 
laim that the graphG is a
y
li
. If G 
ontains a 
y
le C, 
onsider an

in�nite trail 
omprised by a path from the initial 
on�guration to a vertex

of C (su
h a path exists sin
e we in
luded to G only the 
on�gurations

rea
hable for some faulty input) and by in�nite number of 
opies of the


y
le C. The obtained trail 
orresponds to exe
ution of the algorithm for

some faulty input whi
h never terminates. However, this 
ontradi
ts our

assumption that the algorithm always terminates even for faulty inputs.

We now modify G to a BDD. Contra
t all the halting 
on�gurations

in whi
h the algorithm a

epts to a single vertex. This vertex will be the

1-sink. Similarly, the halting 
on�gurations at whi
h the algorithm reje
ts

are 
ontra
ted to a single vertex whi
h will be the 0-sink. The initial 
on-

�guration will be the sour
e. If there are two edges leaving a vertex (s; �)

whi
h lead to the same vertex of G, 
ontra
t the vertex (s; �) and its unique

su

essor. The variable assigned to the resulting vertex is the variable as-

signed to the su

essor. Let G

0

be the resulting graph. Observe that ea
h

vertex of G

0

ex
ept for the sinks has out-degree two and it is assigned one

of the variables. Moreover, sin
e the graph G is a
y
li
, the graph G

0

is also

a
y
li
.

We 
laim that G

0

is a synta
ti
 `-BDD representing the fun
tion f

n

. Let

P be a path from the sour
e to a sink in G

0

. Note that ea
h vertex of G

0

lies on at least one su
h path. The path P 
orresponds to exe
ution of the

algorithm for some faulty input. Sin
e the algorithm tests ea
h variable at

most ` times for the 
onsidered faulty input, ea
h variable is assigned to at

most ` verti
es of the path P . The proof that G

0

represents the fun
tion f

n

is the same as in Proposition 1.

Sin
e the number of 
on�gurations of the algorithm is bounded by

S � 2

k log n+O(1)

= O(n

k

), where S is the number of possible states of the

algorithm, the size of the synta
ti
 `-BDD G

0

does not ex
eed O(n

k

).

7



3 Upper Bound for ex
l

d

N

In this se
tion, we design a logspa
e algorithm 
omputing the fun
tion

ex
l

d

N

. The algorithm terminates and tests ea
h input bit at most twi
e

even if the input is faulty. The verti
es of an input d-uniform hypergraph

H are 
onsidered to be ordered and identi�ed with the numbers 1; : : : ; N .

The d-tuples (A

1

; : : : ; A

d

) with A

1

< A

2

< : : : < A

d


orrespond to the edges

of H . The edges of the hypergraph H are 
onsidered to be lexi
ographi
ally

ordered.

Let us now brie
y sket
h the main idea of the algorithm. The 
ore of

the algorithm is a pro
edure CLIQUE whi
h a

epts a d-uniform hypergraph

H if and only if it is 
omprised by a hyper
lique and isolated verti
es. The

hypergraph H is 
omprised by a hyper
lique and isolated verti
es if there

exists a subset V � f1; : : : ; Ng su
h that the edges of H are pre
isely all

the d-element subsets of V . Note that if jV j < d, then su
h a hypergraph

H 
ontains no edges at all. We explain the idea behind the pro
edure for

d = 2: �nd the smallest non-isolated vertex X and its smallest neighbor Y .

Note that Y > X . Next, verify that the neighbors of X (di�erent from Y )

are pre
isely the neighbors of Y (di�erent from X). Observe that the input

graph is formed by a 
lique and isolated verti
es if and only if the subgraph

indu
ed by the verti
es Y; : : : ; N has this property. The property is then

repeatedly veri�ed when repla
ing Y with X . In this way, ea
h edge of an

input graph is tested at most twi
e.

If d � 3, we pro
eed similarly ex
ept for that we use verti
es 
ontained

in edges together with the smallest non-isolated vertex X instead of the

neighbors of X . The stru
ture of the entire algorithm is then the following:

First, the algorithm �nds the lexi
ographi
ally smallest edge e ofH . Se
ond,

it veri�es that the smallest d � 1 verti
es of e are 
ontained in exa
tly

N=2�(d�1) edges of H , i.e., the potential hyper
lique of H has the 
orre
t

order. Finally, the pro
edure CLIQUE is invoked to verify that the stru
ture

of H is as required.

This se
tion is stru
tured as follows: �rst, we design the pro
edure for

d = 2. The 
ase d = 2 has to be handled separately sin
e in the general 
ase

the pro
edure for d-uniform hypergraphs invokes the pro
edure for (d� 1)-

uniform hypergraphs. In addition, the 
ase d = 2 is 
on
eptually simpler

than the general 
ase, thus it is easier to explain �rst the main ideas just

for d = 2. Next, we design the pro
edure for d � 3. In Subse
tion 3.3, we

present the �nal algorithm and 
onstru
t polynomial-size synta
ti
 2-BDDs

representing ex
l

d

N

.
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3.1 Basi
 
ase

As mentioned above, we �rst 
onsider the 
ase of ordinary graphs (d = 2):

Lemma 1 There is an (3 logN + O(1))-spa
e algorithm whi
h a

epts an

N-vertex graph and an integer V if and only if G 
onsists of a 
lique whose

smallest vertex is V and the remaining verti
es of G are isolated. In addi-

tion, the algorithm has the following properties:

� ea
h edge of G is tested at most twi
e, and

� ea
h edge e, e � (V;N), is tested at most on
e.

The spa
e 
omplexity and the bounds on the number of tests of input bits

are preserved and the algorithm terminates even if the input is faulty. In

addition, the algorithm 
an be modi�ed, without in
reasing its spa
e 
om-

plexity, so that it outputs the verti
es of the 
lique whi
h are di�erent from

V in the in
reasing order.

Proof: We �rst explain how the algorithm works. When des
ribing the

algorithm, we will be referring to Figure 1 whi
h 
ontains its pseudo
ode.

The algorithm uses two auxiliary dlogNe-bit variables A and B and the bits

of the input are a

essed through the predi
ate edge. At the beginning, we


he
k that all the verti
es 1; : : : ; V � 1 are isolated (lines 1 and 2). In the

main loop (lines 3{10), it is veri�ed that the indu
ed subgraph G

0

of G

formed by the verti
es V; : : : ; N is formed by a 
lique whose smallest vertex

is V and its remaining verti
es are isolated. Note that the 
ontent of V is

altered at the end of ea
h iteration of the main loop. In the rest, let us

write V

0

for the initial value stored in V .

We now des
ribe the main loop in more detail. First, the smallest neigh-

bor A of V in G

0

is found (lines 3{5). During this stage, it is also 
he
ked

that all the verti
es V + 1; : : : ; A � 1 are isolated in G

0

(line 5). If all the

verti
es of G

0

are isolated, the while-
y
le is left with A = N + 1 and G is

a

epted (line 6). Otherwise, we test whether G

0

has the following property

(lines 7 and 8): Ea
h vertex B, A < B � N , is adja
ent to A if and only

if it is adja
ent to V . If G

0

does not have this property, then the verti
es

V , A and a 
ounterexample vertex B form an indu
ed subpath of length

three and we 
an reje
t. If V and A have the same neighbors, then G

0

is

of the desired form if and only if the subgraph G

00

of G indu
ed by the

verti
es A;A+ 1; : : : ; N 
onsists of a 
lique whose smallest vertex is A and

9



Input: a graph G of order N

a vertex V

Auxiliary variables: A,B

fun
tion independent: Boolean;

for B:=A+1 to N do

if edge(A,B) then return false;

return true;

1 for A:=1 to V-1 do

2 if not independent then reje
t;

restart:

3 A:=V+1;

4 while not edge(V,A) and A<=N do

5 if not independent then reje
t else A:=A+1;

6 if A>N then a

ept;

7 for B:=A+1 to N do

8 if edge(V,B)<>edge(A,B) then reje
t;

9 V:=A

10 goto restart

Figure 1: The algorithm from Lemma 1.

10



its remaining verti
es are isolated. So, we 
an repla
e V by A (line 9) and

exe
ute the main loop again (line 10).

The algorithm 
learly a

epts if and only if G 
onsists of a 
lique whose

smallest vertex is V and its remaining verti
es are isolated. Besides the two

auxiliary dlogNe-bit variables A and B, the 
ontent of the variable dlogNe-

bit variable V is also modi�ed. Hen
e, the spa
e 
omplexity is 3 logN+O(1)

bits. The spa
e 
omplexity is 
learly preserved and the algorithm always

terminates even if the input is faulty.

We now analyze the number of tests of the edges of G. The edges smaller

than (V; V +1) are a

essed only in the fun
tion independent 
alled on line 2

and ea
h su
h edge is tested at most on
e. Let us �x V and let A be its

smallest neighbor greater than V in G. The following edges are tested in

the main loop on lines 4{9:

� ea
h edge between (V +1; V +2) and (A� 1; N) exa
tly on
e (line 5)

� ea
h edge (V; x) for x = V + 1; : : : ; N exa
tly on
e (lines 4 and 8)

� ea
h edge (A; x) for x = A+ 1; : : : ; N exa
tly on
e (line 8)

Hen
e, ea
h edge e, e � (V; V +1), in
ident with one of the verti
es V; : : : ; A

is tested exa
tly on
e in the main loop (for a �xed V ). Sin
e in the next

loop, the present V is repla
ed by A > V , the only edges tested twi
e during

the entire algorithm are those in
ident with a vertex V , V > V

0

, for whi
h

the main loop is exe
uted. In parti
ular, all the edges e, e � (V;N), are

tested at most on
e. Observe that the above reasoning remains un
hanged

if the input is faulty.

It remains to show how to modify the algorithm to output the verti
es

of the 
lique di�erent from V

0

in the in
reasing order. Sin
e the verti
es

forming the 
lique are pre
isely those stored in V when the main loop is

exe
uted, it is enough just to output the new value of V between lines 9

and 10 (re
all that the value V is in
reasing during the exe
ution of the

algorithm). The value of V should be output at the end of the main loop

in order to skip outputting V

0

.

3.2 General 
ase

We now extend the pro
edure from Subse
tion 3.1 to d-uniform hyper-

graphs, d � 3. The pro
edure CLIQUE for d-uniform hypergraphs invokes

11



itself for (d � 1)-uniform ones. In the proof of Lemma 2, the following no-

tation is used: If H is a d-uniform hypergraph and V is a vertex of it, then

H [V; �; : : : ; �℄ is the (d� 1)-uniform hypergraph whose vertex set is formed

by the verti
es greater than V and a (d � 1)-element subset A is an edge

of H [V; �; : : : ; �℄ if and only if fV g [ A is an edge of H . In the re
ursive

instan
e, the verti
es of H [V; �; : : : ; �℄ are 
onsidered to be numbered from

1 starting at the vertex V + 1.

Lemma 2 Let d � 2 be a �xed integer. There exists a pro
edure CLIQUE

whi
h a

epts a d-uniform N-vertex hypergraph H together with a sequen
e

V

1

; : : : ; V

d�1

of its verti
es if and only if the hypergraph H is formed by

a hyper
lique whose smallest verti
es are V

1

; : : : ; V

d�1

and the verti
es of

H whi
h are not 
ontained in the hyper
lique are isolated. Moreover, the

pro
edure has the following properties:

� the pro
edure terminates,

� ea
h edge of H is tested at most twi
e,

� ea
h edge e of H, e � (V

1

; : : : ; V

d�1

; N), is tested at most on
e,

� the spa
e 
omplexity of the algorithm is

d

2

+3d�4

2

logN+O(1) bits, and

� the pro
edure outputs the verti
es of the hyper
lique larger than V

d�1

in the in
reasing order.

The �rst four properties are preserved even if the input is faulty.

Proof: As in the proof of Lemma 1, we �rst des
ribe the pro
edure CLIQUE

and we then show that it has the required properties. The pseudo
ode of

the pro
edure for d � 3 
an be found in Figure 2. If d = 2, the algorithm

des
ribed in Lemma 1 is used instead.

First, let us make few 
omments on the syntax used in the pseudo
ode.

The bits of the input are a

essed through the d-ary predi
ate edge. The

ma
ro independent(A,*,...,*) returns true if H 
ontains no edge whose

smallest vertex is A. This ma
ro 
an be easily implemented as d� 1 nested

for-
y
les.

Line 3 of the pro
edure is quite tri
ky: it is not just a re
ursive 
all of the

pro
edure CLIQUE but rather initiating an instan
e of the pro
edure running

in parallel. The new instan
e of the pro
edure CLIQUE re
eives as parameters

the hypergraph H [V

1

; �; : : : ; �℄ together with the verti
es V

2

; : : : ; V

d�1

(the

12



Pro
edure CLIQUE( H, V[1℄, ..., V[d-1℄ );

Input: a d-uniform hypergraph H of order N, d>=3

V[1℄, V[2℄, ..., V[d-1℄

Auxiliary variables: V[d℄, A

ma
ro independent: Boolean;

1 for A:=1 to V[1℄-1 do

2 if not independent(A, *, ..., *) then reje
t;

restart:

3 CLIQUE ( H[V[1℄,*,...,*℄, V[2℄, ..., V[d-1℄ ) >> PIPE;

4 if PIPE.
losed then

5 for A:=V[1℄+1 to N do

6 if not independent(A, *, ..., *) then reje
t;

7 return;

8 V[d℄:=PIPE.head; PIPE.pop;

9 A:=V[d℄+1;

10 while not PIPE.
losed do

12 while A<PIPE.head do

13 if edge( V[2℄, ..., V[d-1℄, V[d℄, A ) then reje
t;

14 A:=A+1;

15 if not edge ( V[2℄, ..., V[d-1℄, V[d℄, A ) then reje
t;

16 A:=A+1; PIPE.pop;

17 while A<=N do

18 if edge( V[2℄, ..., V[d-1℄, V[d℄, A ) then reje
t;

19 A:=A+1;

20 while V[1℄<V[2℄-1 do

21 V[1℄:=V[1℄+1;

22 if not independent(V[1℄, *, ..., *) then reje
t;

23 V[1℄:=V[2℄; V[2℄:=V[3℄; ...; V[d-2℄:=V[d-1℄; V[d-1℄:=V[d℄;

24 output V[d℄;

25 goto restart;

Figure 2: The pro
edure CLIQUE from Lemma 2.
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verti
es V

2

� V

1

; : : : ; V

d�1

� V

1

in the numbering used in H [V

1

; �; : : : ; �℄).

In parti
ular, the new instan
e of the pro
edure CLIQUE is initiated for a

(d � 1)-uniform hypergraph. If d = 3, the pro
edure from Lemma 1 is

initiated instead of CLIQUE. The original instan
e and the new instan
e are


onne
ted through a pipe PIPE (a �rst-in �rst-out queue). The output of

the new instan
e is stored in the pipe and it is a

essed by the original

instan
e using the following methods (we view the pipe as a data obje
t):

� PIPE.head

This method returns the value of the number stored at the head of

the pipe queue.

� PIPE.pop

This method removes from the pipe one element (the head of the pipe

queue).

� PIPE.
losed

This method returns true if all the elements have been popped out

from the pipe queue and the new instan
e of the pro
edure has �n-

ished, i.e., all the elements have been read and no new elements 
an

be added.

The two pro
edures run in parallel in the following sense: The original one

pro
eeds until a method of the pipe is 
alled. Then, the new pro
edure is

exe
uted until the result of the method is known. At this moment, the new

one is interrupted and the original one pro
eeds until it rea
hes a method

of the pipe whi
h 
annot be 
ompleted without 
ontinuing exe
ution of the

new pro
edure. At this moment, the original one is interrupted and the

new one is resumed. The exe
utions of the pro
edures alternate in this way

until the new one is �nished (or the input is reje
ted). Note that the value

stored at the head of the queue is determined by the status and the memory


ontent of the new pro
edure and thus we do not need any additional spa
e

to maintain the pipe if the algorithm pro
eeds as des
ribed above. Sin
e

the depth of the re
ursion is at most d�1 (the uniformity of the hypergraph

is always de
reased by one), we 
an view the state of the 
omputation as a

(d�1)-ary ve
tor of the states of the invoked pro
edures. In parti
ular, the

number of states of the pro
edure CLIQUE is independent of the input.

We are now ready to explain how the pro
edure works. The pro
edure

uses two auxiliary dlogNe-bit variables V

d

and A. At the beginning, we


he
k that all the verti
es 1; : : : ; V

1

� 1 are isolated (lines 1 and 2). In

14



the main loop (lines 3{25), the subhypergraph H

0

of H indu
ed by the

verti
es V

1

; : : : ; N is veri�ed to be formed by a hyper
lique whose smallest

d�1 verti
es are V

1

; : : : ; V

d�1

and its remaining verti
es are isolated. Re
all

that if H

0


ontains no edges, then it is of the required form (and the new

instan
e of the pro
edure CLIQUE outputs no verti
es). The 
ontent of the

variables V

1

; : : : ; V

d�1

is 
hanged at the end of ea
h iteration of the main

loop. Similarly as in the proof of Lemma 1, V

0

1

; : : : ; V

0

d�1

denote the initial

values stored in the variables V

1

; : : : ; V

d�1

.

If the new instan
e of the pro
edure outputs no verti
es and H is of

the required form, then the hyper
lique of H 
an 
ontain no verti
es ex
ept

for V

1

; : : : ; V

d�1

. In parti
ular, H must be formed by isolated verti
es only.

This 
ase is handled on lines 4{7. Otherwise, the new instan
e of the pro
e-

dure outputs verti
es of the (possible) hyper
lique of H greater than V

d�1

in the in
reasing order. The smallest vertex of this hyper
lique greater than

V

d�1

is stored in V

d

(line 8). Let further � be the set of the verti
es di�erent

from V

d

whi
h have been output. On lines 9{19, we 
he
k for ea
h vertex

A, V

d

< A � N , that the hypergraph H 
ontains the edge (V

2

; : : : ; V

d

; A) if

and only if A 2 �. Note that A 2 � if and only if H [V

1

; �; : : : ; �℄ 
ontains

an edge (V

2

; : : : ; V

d�1

; A) (whi
h is the 
ase if and only if (V

1

; : : : ; V

d�1

; A)

is an edge of H).

Observe now that the hypergraph H is of the required form if and only

if ea
h of the following holds:

� the (d � 1)-uniform hypergraph H [V

1

; �; : : : ; �℄ is formed by a hyper-


lique on the vertex set fV

2

; : : : ; V

d

g[� and its remaining verti
es are

isolated,

� ea
h vertex V , V

1

< V < V

2

, is isolated in H , and

� the d-uniform subhypergraph H

0

of H indu
ed by the verti
es greater

or equal to V

2


onsists of a hyper
lique with the vertex set fV

2

; : : : ; V

d

g[

� and its remaining verti
es are isolated.

The �rst 
ondition has been already veri�ed in the new instan
e of the pro-


edure CLIQUE. The se
ond 
ondition is veri�ed on lines 20{22. It remains

to verify the third one. Sin
e H

0


ontains an edge (V

2

; : : : ; V

d

; A) if and only

if A 2 �, the third 
ondition is equivalent to the following:

� H

0

is formed by the hyper
lique whose smallest d � 1 verti
es are

V

2

; : : : ; V

d

and its remaining verti
es are isolated.
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We verify this 
ondition by repla
ing the variables V

1

; : : : ; V

d�1

by V

2

; : : : ; V

d

(line 23) and running the main loop again (line 25) with the new 
ontent of

the variables V

1

; : : : ; V

d�1

. On line 24, we output the vertex V

d

whi
h is (if

H is of the required form) the smallest vertex 
ontained in the hyper
lique

larger than V

d�1

.

We have veri�ed that the pro
edure a

epts the hypergraph H if and

only if H is formed by a hyper
lique whose smallest verti
es are V

1

; : : : ; V

d�1

and the verti
es of H not 
ontained in the hyper
lique are isolated. The

pro
edure also outputs the verti
es of the hyper
lique larger than V

d�1

in

the in
reasing order. Let us now estimate the number of tests of input bits.

The only edges tested in the main loop, started for V

1

; : : : ; V

d�1

, are the

following:

� edges e, (V

1

; V

1

+ 1; : : : ; V

1

+ d� 1) � e � (V

1

; : : : ; V

d�1

; N)

Ea
h of them is tested at most on
e in the re
ursive 
all.

� edges e, (V

1

; : : : ; V

d�1

; N) < e � (V

1

; N � (d� 2); : : : ; N)

Ea
h of them is tested at most twi
e in the re
ursive 
all.

If the re
ursive 
all outputs some verti
es, then the following edges are

tested in addition:

� edges e = (V

2

; : : : ; V

d

; A) with V

d

< A � N

Ea
h of them is tested at most on
e on one of lines 13, 15 or 18.

� edges e, (V

1

+ 1; : : : ; V

1

+ d) � e < (V

2

; V

2

+ 1; : : : ; V

2

+ d� 1)

Ea
h of them is tested on
e on line 22.

If the re
ursive 
all outputs no verti
es, then ea
h edge e, e � (V

1

+

1; : : : ; V

1

+ d), is tested exa
tly on
e (line 6).

The next 
laim 
an be established by indu
tion on the number of the

remaining iterations of the main loop. The only tests performed in the main

loop in
luding the tests from the re
ursive 
alls are the following:

� ea
h edge e, (V

0

1

; V

0

1

+ 1; : : : ; V

0

1

+ d � 1) � e � (V

0

1

; : : : ; V

0

d�1

; N) is

tested at most on
e, and

� ea
h edge e, e > (V

0

1

; : : : ; V

0

d�1

; N) is tested at most twi
e.

Sin
e the only edges tested before the main loop are the edges smaller than

(V

0

1

; V

0

1

+ 1; : : : ; V

0

1

+ d � 1) and ea
h of them is tested at most on
e (line

6), the estimate on the number of tests from the statement of the lemma
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readily follows. It is routine to verify that we have not used assumption on

the 
onsisten
y of the input in our argumentation and thus the same bounds

also hold for faulty inputs. Similarly, the pro
edure always terminates.

It remains to establish the bound on the spa
e 
omplexity of the pro-


edure. The number a

d

of auxiliary dlogNe-bit variables is 
omputed by

indu
tion on d. If d = 2, Lemma 1 yields a

2

= 3. Assume now that d � 3.

Besides the auxiliary variables needed in the ma
ro independent, there are

d+ 1 auxiliary dlogNe-bit variables V

1

; : : : ; V

d

and A. Note that sin
e the


ontent of the variables V

1

; : : : ; V

d�1

is altered, they have to be 
onsidered

when estimating the spa
e 
omplexity of the pro
edure. An indu
ed sub-

hypergraph of H passed to the re
ursive 
all is determined by the value

of V

1

. However, sin
e the value of V

1

is preserved until the pipe is 
losed,

this does not result in additional spa
e requirements. We do also not need

any additional spa
e to maintain the pipe as explained when des
ribing the

pro
edure. Finally, the ma
ro independent is exe
uted only when there is

no re
ursive 
opy of CLIQUE running. In parti
ular, we 
an utilize the spa
e

dedi
ated for the re
ursive 
alls of CLIQUE for storing the d � 1 auxiliary

dlogNe-bit variables needed in the ma
ro. This leads us to the following

equality for a

d

:

a

d

= (d+ 1) +maxfd� 1; a

d�1

g = (d+ 1) + a

d�1

=

(d+ 1) +

(d� 1)

2

+ 3(d� 1)� 4

2

=

d

2

+ 3d� 4

2

.

Hen
e, the spa
e 
omplexity of the pro
edure CLIQUE is

d

2

+3d�4

2

logN+O(1)

bits. Again, we have not used the assumption on the 
onsisten
y of the

input, and therefore the bound holds for the 
ase when the input is faulty,

too.

3.3 Main results

We are now ready to design a log-spa
e algorithm for the fun
tion ex
l

d

N

:

Theorem 1 Let d � 2 be a �xed integer. There is an algorithm whi
h

a

epts a d-uniform N-vertex hypergraph H if and only if the hypergraph H

is formed by a hyper
lique of order N=2 and the verti
es of H not 
ontained

in the hyper
lique are isolated. Moreover, the algorithm has the following

properties (even if the input is faulty):
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Input: a d-uniform hypergraph H of order N, d>=3

Auxiliary variables: V[1℄, ..., V[d℄, K

1 for V[1℄:=1 to N do

2 for V[2℄:=V[1℄+1 to N do

3 ...

4 for V[d℄:=V[d-1℄+1 to N do

5 if edge( V[1℄, ..., V[d℄ ) then

6 break all for-
y
les;

7 if not broken then reje
t;

8 K=1;

9 while V[d℄<N do

10 V[d℄:=V[d℄+1;

11 if edge( V[1℄, ..., V[d℄ ) then K:=K+1;

12 if K <> N/2-(d-1) then reje
t;

13 CLIQUE(H, V[1℄, ..., V[d-1℄);

Figure 3: The algorithm from Theorem 1.

� the algorithm terminates,

� ea
h edge of H is tested at most twi
e, and

� the spa
e 
omplexity of the algorithm is

d

2

+3d�4

2

logN +O(1) bits.

Proof: The pseudo
ode of the algorithm 
an be found in Figure 3. The

algorithm tests the variables 
orresponding to edges in in
reasing order

until it �nds the �rst edge (V

1

; : : : ; V

d

) present in H (lines 1{6). If H


ontains no edges at all, the algorithm reje
ts (line 7). Otherwise, the

algorithm veri�es that the number of verti
es A su
h that H 
ontains the

edge (V

1

; : : : ; V

d�1

; A) is pre
iselyN=2�(d�1) (lines 8{12). If this is not the


ase, the algorithm reje
ts. Finally, the pro
edure CLIQUE from Lemma 2

is applied for V

1

; : : : ; V

d�1

(line 13).

If the pro
edure CLIQUE reje
ts, then the hypergraph H is 
learly not of

the required form. If it a

epts, then H is formed by a hyper
lique 
ontain-

ing verti
es V

1

; : : : ; V

d�1

and its remaining verti
es are isolated. Sin
e there

are exa
tly N=2 � (d � 1) verti
es A su
h that the edge (V

1

; : : : ; V

d�1

; A)

is 
ontained in H , the order of the hyper
lique is N=2 and the algorithm
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should a

ept. Note that we a
tually test twi
e that the verti
es 1; : : : ; V

1

�1

are isolated: for the �rst time when sear
hing for the smallest edge, and for

the se
ond time in the pro
edure CLIQUE.

The only edges tested by the algorithm before the 
all of the pro
e-

dure CLIQUE are those smaller or equal to (V

1

; : : : ; V

d�1

; N). Hen
e, ea
h

edge is tested at most twi
e by Lemma 2 even in the faulty environment.

Sin
e the prepro
essing steps requires only d+1 auxiliary dlogNe-bit vari-

ables, the spa
e demands of the algorithm are dominated by spa
e needed

for the pro
edure CLIQUE. Therefore, the spa
e 
omplexity does not ex-


eed

d

2

+3d�4

2

logN +O(1) bits by Lemma 2. Finally, the algorithm always

terminates, again, by Lemma 2.

Proposition 2 and Theorem 1 immediately yield:

Theorem 2 Let d � 2 be a �xed integer. There exists a synta
ti
 2-BDD

representing the fun
tion ex
l

d

N

whi
h has at most O(N

d

2

+3d�4

2

) nodes.

4 Lower bound for ex
l

d

N

We modify the lower bound proof (Theorem 6.2.6 [12℄) on the size of 1-BDDs

representing the fun
tion ex
l

d

N

for d = 2 to the 
ase of hypergraphs. Note

that the bound of Theorem 3 is slightly better than the bound presented

in [12℄ for d = 2.

Theorem 3 The size of an FBDD representing the fun
tion ex
l

d

N

is at

least

�

N

N=2

�

for every d � 2 and every even integer N � 2d.

Proof: Let N and d be �xed integers throughout the proof and G be an

FBDD representing the fun
tion ex
l

d

N

. Let H be the set of all the

�

N

N=2

�

hypergraphs H a

epted by G. For H 2 H, we de�ne v

H

to be the �rst

node on the 
omputation path for H su
h that for ea
h vertex x of the

hyper
lique of H , at least one edge 
ontaining x has been tested (in
luding

the test at the node v

H

).

We 
laim that if H and H

0

are di�erent hypergraphs from H, then

v

H

6= v

H

0

. Assume the opposite. Let P be the path in G 
omprised by

the 
omputation path for H to the node v

H

= v

H

0

and the 
omputation

path for H

0

from the node v

H

= v

H

0

. Sin
e G is a free binary de
ision
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diagram, no edge 
an be tested twi
e on the path P . In parti
ular, the path

P 
orresponds to some hypergraph H

P

whi
h is a

epted by G.

Let A

H

and A

H

0

be the set of the verti
es of the hyper
lique in H and

H

0

, respe
tively. By the 
hoi
e of the node v

H

, for ea
h vertex x of A

H

, at

least one edge 
ontaining x has been tested on P before v

H

(in
lusively).

Therefore, the degree of ea
h vertex of A

H

in H

P

is at least one. Let x

0

be the vertex of A

H

0

su
h that the �rst edge 
ontaining x

0

is tested at v

H

0

.

Be
ause of the 
hoi
e of v

H

0

and x

0

, all the edges of H

0


ontaining x

0

are

tested on the path P from the node v

H

0

(in
lusively). In parti
ular, the

degree of ea
h vertex of A

H

0

in H

P

is at least one (be
ause ea
h su
h vertex

is 
ontained together with x

0

in at least one edge).

We 
an now 
on
lude that the degree of ea
h vertex of A

H

[A

H

0

in H

P

is at least one. Therefore, H

P

has less than N=2 isolated verti
es and it

should be reje
ted by G | a 
ontradi
tion. We have shown that all the

nodes v

H

, H 2 H, are di�erent. This dire
tly implies that the size of G is

at least jHj =

�

N

N=2

�

.

The bound presented in Theorem 3 is of order 2


(n

1=d

)

where n =

�

N

d

�

=

�(N

d

) is the number of input bits. Sin
e it is not hard to 
onstru
t FBDDs

representing the fun
tion ex
l

d

N

of size 2

O(N log(N

d

))

= 2

O(dn

1=d

log(n

1=d

))

, a

signi�
antly better lower bound 
annot be established for ex
l

d

N

.

5 Con
lusion

The fun
tion ex
l

d

N

is not the only hypergraph fun
tion whi
h was suggested

as a possible 
andidate for separation of polynomial-size `-BDDs and (`+1)-

BDDs. In the monograph [12℄, the fun
tion exreg

d

N

whi
h is des
ribed in

the sequel is 
onsidered (Problem 7.7): The input is formed by

�

N

d

�

bits


orresponding to possible edges of a d-uniform hypergraph H on N verti
es.

The fun
tion exreg

d

N

(H) is true if the hypergraph H is b

�

N

d�1

�

=2
-regular,

i.e., ea
h vertex of H is 
ontained in exa
tly b

�

N

d�1

�

=2
 edges. It is not hard

to 
onstru
t a polynomial-size d-BDD for exreg

d

N

, but the existen
e of a

polynomial-size (d� 1)-BDDs for exreg

d

N

is unsettled:

Problem 1 Are there polynomial-size (d� 1)-BDDs representing exreg

d

N

?

Let us remark that the exponential lower on the size of (d � 1)-BDDs rep-

resenting exreg

d

N

for d = 2 
an be found in [8℄.
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Another Boolean fun
tion of the similar kind de�ned for d-uniform hy-

pergraphs is a \perfe
t mat
hing" fun
tion. Again, the input is formed by

�

N

d

�

bits 
orresponding to possible edges of a d-uniform hypergraph H . The

fun
tion mat
h

d

N

(H) is true if H is 1-regular, i.e., ea
h vertex is 
ontained

in exa
tly one edge of H . It is not hard to prove an exponential lower bound

on the size of (d � 1)-BDDs for the fun
tion mat
h

d

N

if d = 2. However, if

d � 3, the situation be
omes more diÆ
ult:

Problem 2 Are there polynomial-size (d�1)-BDDs representing mat
h

d

N

?
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