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Abstra
t. We show that prohibiting a 
ombinatorial tree in the

Priestley duals determines an axomatizable 
lass of distributive lat-

ti
es. On the other hand, prohibiting n-
rowns with n � 3 does

not. Given what is known about the diamond, this is another strong

indi
ation that this fa
t 
hara
terizes 
ombinatorial trees. We also

dis
uss varieties of 2-Heyting algebras in this 
ontext.

Introdu
tion

Priestley duality provides a link between distributive latti
es and 
ertain

ordered topologi
al spa
es. Properties of a latti
e L 
an sometimes be

expressed by 
on�gurations, or their absen
e, in the spa
e X asso
iated

with L. For instan
e, it is a well known 
lassi
al fa
t that L is a Boolean

algebra if and only if every prime �lter is maximal, and this 
ondition 
an

be reformulated by saying that the spa
e X 
ontains no two-element 
hain.

In 1991 Adams and Beazer generalized this result by presenting �rst order

formulas in L equivalent to the absen
e of an n-element 
hain in X ([1℄).

Mu
h earlier in 1974 ([10℄), Monteiro proved that L is relatively normal

if and only if X 
ontains no V, i.e., no three-element poset fx; y; zg with

x < y; z and y in
omparable with z.
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This arti
le is a 
ontinuation of our investigation into results of this

type. We began by investigating 
on�gurations with a top element. We

showed that prohibiting su
h 
on�gurations P 
an be expressed by �rst

order formulas, indeed by a �nite number of su
h, if and only if P is a tree,

produ
ing the formulas in [3℄ and proving the negative in [5℄.

In this paper we prove some results 
on
erning the general 
ase. Here

the role of trees is played by a
y
li
 
on�gurations. (To distinguish them

we refer to the former as CS-trees and the latter as 
ombinatorial trees; see

Se
tion 2). The fa
t that the diversity of the 
ombinatorial trees greatly

ex
eeds that of the CS-trees, together with the fa
t that, in the negative


ase, the diamond may be absent from a 
ombinatorial tree while 
y
les of

another sort may be present instead, 
reates 
onsiderable diÆ
ulties, and

not only of a te
hni
al nature. The new 
y
les are the n-
rowns, and to

make matters even more 
ompli
ated, a 2-
rown 
an sometimes indi
ate a

genuine 
y
le and sometimes not | see Figure 1.
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Figure 1. A 2-
rown, a 2-
rown indu
ed in a 
ombinato-

rial tree (remove a), and a 3-
rown.

We prove that prohibiting a 
ombinatorial tree determines an axiomati-

zable 
lass (Se
tion 3), i.e., is �rst-order de�nable in the latti
e, and that

n-
rowns with n � 3 do not (Se
tion 5). With the ex
eption of the 
ases


onfused by the simultaneous appearan
e of the \genuine" 2-
rowns and the

2-
rowns indu
ed by an element separating its two anti
hains, we present

a 
hara
terization of the prohibitions that produ
e varieties of 2-Heyting

algebras (Se
tion 4).

The results are not as 
omplete as those on the 
on�gurations with tops.

However, we have 
hosen to 
on�ne ourselves to what we present here be-


ause our results whi
h go further di�er in the te
hniques used and in the

nature of the links with other problems (see 5.6). And we prefer to keep

the length of this arti
le within reasonable bounds.
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1. Preliminaries

1.1. For subsets M , resp. elements x of a poset (P;�), we write #M =

fy j y � m 2 Mg, "M = fy j y � m 2 Mg, #x = #fxg and "x = "fxg.

An M � (P;�) is said to be de
reasing, resp. in
reasing, if #M = M , resp.

"M = M . An interval is a subset of the form [x; y℄ � #x \ "y for x � y in

P .

1.2. Re
all that a Priestley spa
e is an ordered 
ompa
t spa
e (X; �;�)

su
h that for any two x; y 2 X with x � y there is a 
losed open in
reasing

U � X su
h that x 2 U and y =2 U . The 
ategory of Priestley spa
es and

monotone 
ontinuous maps will be denoted by

PSp:

Further re
all the famous Priestley duality (see, e.g., [11℄, [12℄) between PSp

and the 
ategory

DLat

of bounded distributive latti
es, usually given by the equivalen
e fun
tors

P : DLat! PSp

op

; D : PSp! DLat

op

de�ned by

P(L) = fx j x proper prime ideal on Lg; P(h)(x) = h

�1

[x℄;

D(X) = fU j U 
lopen de
reasing subset of Xg; D(f)(U) = f

�1

[U ℄;

P(L) is endowed with a suitable topology and partially ordered by in
lusion.

1.3. A Heyting algebra is a (bounded) distributive latti
e posessing

a binary operation ! satisfying a ^ b � 
 i� a � b ! 
; a 2-Heyting

algebra has, moreover an operation n su
h that a n b � 
 i� a � b _ 
.

The homomorphisms also preserve the extra operation(s). The resulting


ategories will be denoted by

Hey and 2Hey:

It is a well-known fa
t that a Priestley spa
e X is isomorphi
 to a P(H) for

a Heyting algebra, resp. 2-Heyting algebra, H i�

whenever U � X is 
lopen then also "U is 
lopen,

resp. "U and #U are 
lopen.

Priestley spa
es with this property will be referred to as h-spa
es, resp.

2h-spa
es. Furthermore, the Priestley maps f : X ! Y 
orresponding to
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Heyting (resp. 2-Heyting) homomorphisms, hen
eforth 
alled h-maps, resp.

2h-maps, are known to be 
hara
terized by the formula

8x; f( #x) = #f(x), resp. f( #x) = #f(x) and f( "x) = "f(x).

The resulting sub
ategories of PSp will be denoted by

HPSp and 2HPSp

and Priestley duality restri
ts to the dualities

HPSp

�

=

Hey

op

and 2HPSp

�

=

2Hey

op

:

Note that ea
h �nite distributive latti
e is a 2-Heyting algebra, and ea
h

�nite poset is a 2h-spa
e.

1.4. In a �nite poset (P;�) we will write x � y if x is the immediate

prede
essor of y; the inverse relation (immediate su

essor) is indi
ated by

�. The symmetri
 relation �� on P is de�ned by

x �� y i� x � y or x � y:

A �nite poset (P;�) is 
alled a 
ombinatorial tree if the graph (P;��) is a

tree in the standard sense of 
ombinatori
s, that is, if it has no non-trivial


y
le. Note the di�eren
e between this notion and that of tree, as typi
ally

used in 
omputer s
ien
e for 
onne
ted posets in whi
h for any x there is

at most one immediate su

essor. These trees | to avoid 
onfusion we will

sometimes speak of them as CS-trees | are those 
ombinatorial trees that

have a top element; see also Se
tion 2.)

1.4.1. Let C � x

0

�� x

1

�� x

2

�� � � � �� x

n�1

�� x

n

= x

0

be a 
y
le

in the graph (P;��). We say that the 
y
le is nontrivial if x

i�1

6= x

i+1

for

0 � i � n� 1. All index arithmeti
 is done mod n. Thus for example, the

statement that C is nontrivial in
ludes the assertion that x

n+1

6= x

n�1

. If

C is trivial, we may omit from C the point x

i

with least index su
h that

x

i�1

= x

i+1

, identify x

i�1

with x

i+1

, re-index the 
y
le, and repeat the

pro
ess. The result is either a nontrivial 
y
le or a single point; we refer to

it as the redu
ed form of C.

An upper, resp. lower, turning point in C is any x

i

su
h that x

i�1

6= x

i+1

and

x

i�1

� x

i

� x

i+1

resp. x

i�1

� x

i

� x

i+1

:
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Note that 
ertain types of 
y
les, for example x

0

� x

1

� x

2

� x

3

= x

0

, are

ruled out by the de�nition of � as the immediate prede
essor relation.

1

A


y
le must have an even number of turning points, and we refer to a 
y
le

with 2n turning points as an n-
y
le.

1.5. A 
on�guration P is a �nite poset whose Hasse diagram (P;��)

forms a 
onne
ted graph. An embedding of a 
on�guration P into a Priestley

spa
e X is a mapping m : P ! X su
h that

m(x) � m(y) i� x � y:

The existen
e, resp. non-existen
e, of an embedding m : P ! X is indi
ated

by

P ,! X , resp. P ,!j X

We also say that \X 
ontains, resp. does not 
ontain, the 
on�guration P ."

1.5.1. Let L be a distributive latti
e. Consider the Priestley spa
e P(L).

By Lemma 2.5 of [3℄, for ea
h embedding m : P ! P(L) there is a separator,

that is, a mapping a : P ! L su
h that

a(s) 2 m(t) i� t � s:

1.6. The 
lass of Priestley spa
es X su
h that P ,!j X will be denoted

by

SForb(P )

and its Priestley image in DLat by

Forb(P ):

Our main obje
tive is the question of whether, and when, Forb(P ) is �rst-

order de�nable, or even axiomatizable, that is, des
ribable by a �nite number

of �rst order senten
es, in DLat.

The image of SForb \ 2HPSp in 2Hey will be denoted by

Forb

2H

;

here we are interested in the question of when it is a variety.

1.7. The 
oprodu
t

`

i

X

i

in PSp 
an be represented as the disjoint

union

[

u2�J

X

u

;

1

It follows that the minimum length of a nontrivial 
y
le is four; su
h a 
y
le forms

either a diamond or a 2-
rown, both terms to be de�ned in the sequel.
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indexed by the set �J of all ultra�lters on J , where ea
h original spa
e X

i

appears as X

u(i)

with u(i) the prin
ipal ultra�lter fM j i 2Mg, all the X

u

are order independent, and

(�) ea
h X

u

is the Priestley spa
e dual to the ultraprodu
t

Q

u

D(X

i

)

(see [8℄).

A 
on�guration P is said to be 
oprodu
tive if it 
annot be embedded

into a 
oprodu
t

`

i2J

X

i

unless it is embeddable into one of the X

i

's. In

general, the X

u

's indexed by free ultra�lters u 
an 
ontain new 
o�gurations

{ see [4℄, [5℄.

By  Lo�s's Theorem (see, e.g., [9℄), a system that 
an be 
hara
terized by

�rst order formulas in a �rst order theory is 
losed under ultraprodu
ts. In


onsequen
e, using (�) we obtain (see also [4℄)

1.7.1. Proposition. If the 
lass Forb(P ) is 
hara
terized by �rst order

formulas in the theory of bounded distributive latti
es then the 
on�guration

P is 
oprodu
tive.

2. Combinatorial trees

In this se
tion we will prove a simple 
hara
teristi
s of 
ombinatorial

trees. The way we do it may not be the shortest possible; however, we will

need the lemmas in the present formulation again in the se
tion on varieties

of 2-Heyting algebras.

2.1. An n-
rown in a poset P = (P;�) is a subset fa

0

; a

1

; : : : ; a

2n�1

g

su
h that

a

i

< a

j

if and only if i is even and j = i� 1 mod 2n:

A diamond in P is a subset a < b; 
;< d with b; 
 in
omparable.

2.2. Lemma. In (P;�) let

a

0

� a

1

� � � � � a

r

and

b

0

� b

1

� � � � � b

s

;

and let b

0

� a

r

. Then

1. b

i

� a

j

for any i; j.

2. If, moreover, a

0

= 


0

� 


1

� � � � � 


t

= b

s

, 


i

= a

k

and 


j

= b

l

then

i < j for some i > 0.
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3. If a

0

= 


0

� 


1

� � � � � 


t

= b

s

, a

1

6= 


1

and a

i

� b

j

for some i � 1

and j then P 
ontains a diamond.

Proof. Those are trivial observations. In (3) observe that a

1

; 


1

are

ne
essarily in
omparable. �

2.3. Lemma. A poset P 
ontains a diamond i� (P;��) 
ontains a

nontrivial 1-
y
le. And any su
h 
y
le with a minimum number of points

must have the additional feature that two of its elements are related i� no

turning point lies stri
tly between them on the 
y
le.

Proof. Given the diamond a < b; 
 < d, sele
t from the non-void sets

A

0

= ( #b) \ ( #
) and A

1

= ( "b) \ ( "
) a maximal a

0

2 A

0

and a minimal

a

1

2 A

1

. Choosing arbitrary maximal 
hains in ea
h of the intervals [a

0

; b℄,

[b; a

1

℄, [a

0

; 
℄ and [
; a

1

℄ then produ
es a sequen
e

(1) a

0

� a

01

� � � � � a

0k

� a

1

� a

1l

� a

1;l�1

� � � � � a

11

� a

0

;

with k; l � 1 and a

0i

6= a

1j

for all i; j.

On the other hand, the elements a

01

and a

11

are obviously in
omparable

in the displayed sequen
e, and hen
e a < a

01

; a

11

< d is a diamond. �

We refer to a 
on�guration whi
h 
ontains no diamond as diamond-free.

A 
on�guration is diamond-free i� every interval is a 
hain. Thus in a

diamond-free 
on�guration, there is at most one 
y
le with a given set

of turning points. In this 
ontext, the 
y
le asso
iated with an n-
rown

fa

0

; a

1

; : : : ; a

2n�1

g is the redu
ed form of the 
y
le obtained by interpolating

between ea
h a

i

and a

i+1

the entire 
hain [a

i

; a

i+1

℄.

The asso
iated 
y
le may have fewer than 2n turning points, and may

even 
onsist of a single point. This will happen i� there is some point b 2 P

su
h that b � a

i

for all the i odd and b � a

i

for all the i even. We 
all a


rown proper if no su
h point b 2 P exists.

2.4 Lemma Every n-
rown with n � 3 is proper. In fa
t, in a diamond-

free 
on�guration the 
y
le asso
iated with an n-
rown, n � 3, is a nontrivial

n-
y
le, and its turning points also form an n-
rown. Furthermore, two

distin
t elements of su
h a 
y
le are related i� no turning point lies stri
tly

between them on the 
y
le.

Proof. We leave it to the reader to perform the easy veri�
ation that

any n-
rown with n � 3 is proper, and remind her that Figure 1 illustrates

both proper and improper 2-
rowns. Now suppose we are given the n-


rown b

0

< b

1

> b

2

< � � � < b

2n�1

> b

2n

= b

0

, n � 3, in a diamond-free
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on�guration P . Fill in this 
rown by su

essors to obtain

b

0

=b

00

� b

01

� � � � � b

0;l

0

= b

1

= b

1;l

1

� � � � � b

11

� b

10

= b

2

= b

20

�

b

21

� � � � � b

2;l

2

= b

3

= b

3;l

3

� � � � � � � � � b

2n�1;1

� b

0

:

By 2.2.1, b

ij

= b

kl

only if ji� kj � 1. Denote by a

i

� for i even the last o

uren
e of b

i�1;j

0

= b

i;j

, and

� for i odd the �rst o

uren
e of b

i�1;j

0

= b

i;j

.

By 2.2.2 we have a

0

< a

1

> a

2

< � � � < a

2n�1

> a

0

, and 
omparing the a

i

with the respe
tive b

i

we see that they 
onstitute a 
rown. Finally, by 2.2.1

and 3, the b

ij

between the a

i

; a

i+1

are in
omparable with the b

kl

between

the a

k

; a

k+1

with k 6= i. �

2.5. Lemma. In a diamond-free 
on�guration, the 
y
le asso
iated

with a proper 2-
rown is a nontrivial 2-
y
le whose turning points form a

2-
rown. Furthermore, two distin
t elements of su
h a 
y
le are related i�

no turning point lies stri
tly between them on the 
y
le.

Proof. Given proper 2-
rown b

0

; b

2

< b

1

; b

3

, �ll it in by su

essors as in

2.4 to obtain

b

0

=b

00

� b

01

� � � � � b

0;l

0

= b

1

= b

1;l

1

� � � � � b

11

� b

10

= b

2

= b

20

�

b

21

� � � � � b

2;l

2

= b

3

= b

3;l

3

� � � � � b

31

� b

0

:

Again, we 
annot have b

ij

= b

kl

for ji�kj > 1, that is, k = i+ 2 mod 4, but

the reason is di�erent. If, say, b

0j

= b

2l

= 
 we would have b

0

; b

2

< 
 < b

1

; b

3

.

The rest is as in 2.4. �

2.6. Proposition. A �nite 
onne
ted poset (X;�) is a 
ombinatorial

tree if and only if it 
ontains

� no diamond,

� no k-
rown with k � 3, and

� no proper 2-
rown.

Proof. I. Let (P;�) 
ontain a diamond. Then the sequen
e (1) from 2.3

is a 
y
le in (P;��).

Let (P;�) not 
ontain a diamond and let it 
ontain either a k-
rown with

k � 3 or a proper 2-
rown. Then the sequen
e (2.4.2), resp. (2.5.2), from

2.4, resp. 2.5, is a 
y
le in (P;��).

II. Let

a

0

� a

01

� � � � � a

0;k

0

�1

� a

1

� a

1;k

1

�1

� � � � � a

11

� a

2

�(2.6.1)

a

21

� � � � � a

2;k

2

�1

� a

3

� a

3;k

3

�1

� � � � � � � � � a

m;1

� a

0

8



be a 
y
le in (P;��) with the smallest possible number m of turns. Then

indeed � � � � a

m;1

� a

0

and m = 2n� 1 is odd sin
e otherwise we 
ould join

the segments a

m

� � � � � a

0

and a

0

� � � � � a

1

.

If n = 1 and hen
e m = 1, we have a diamond in (P;�) by 2.3. If

n � 3 we have an n-
rown sin
e if, up to a shift mod 2n, a

0

< a

2k�1

with

1 < 2k � 1 < 2n� 1 we would have by 2.4 and 2.5 a 
y
le in (P;��) with a

smaller number of turns.

Thus we are left with the 
ase of a 
y
le

a

0

� a

01

� � � � � a

0;k

0

�1

� a

1

� a

1;k

1

�1

� � � � � a

11

� a

2

�

a

21

� � � � � a

2;k

2

�1

� a

3

� a

3;k

3

�1

� � � � � a

3;1

� a

0

:

We have a 2-
rown a

0

; a

2

< a

1

; a

3

, sin
e any 
omparability between a

0

and

a

2

, resp. a

1

and a

3

, would 
reate a diamond. Finally, if there is a 
 with

a

0

; a

2

< 
 < a

1

; a

3

, it 
annot be among both the a

01

� � � � � a

0;k

0

�1

and

the a

21

� � � � � a

2;k

2

�1

. If it is not in the �rst, say, we have a diamond

a

0

< a

0j

; 
 < a

1

for a suitable j. �

Remark. Note that, in 
ontrast with CS-trees, a 
ombinatorial tree 
an


ontain a 
onne
ted subposet that is not a 
ombinatorial tree: a 2-
rown


an be proper in a Q � P without being proper in P .

3. First order formulas for prohibiting 
ombinatorial trees

In this se
tion we will prove that if a 
on�guration P is a 
ombinato-

rial tree then the 
lass Forb(P ) of distributive latti
es 
orresponding to the

Priestley spa
es with forbidden P is axiomatizable, that is, it 
an be 
hara
-

terized among distributive latti
es by a �nite number of �rst order formulas.

Moreover, we present a re
ursive pro
edure produ
ing su
h formulas.

3.1. Some operations with ideals and �lters. Ideals and �lters in a

bounded distributive latti
e are assumed to be non-void but not ne
essarily

proper. Let J

i

, resp. F

i

, i = 1; 2; : : : ; n, be ideals, resp. �lters, in L. Then

n

_

i=1

J

i

= fx

1

_ � � � _ x

n

j x

i

2 J

i

g resp.

n

_

i=1

F

i

= fx

1

^ � � � ^ x

n

j x

i

2 F

i

g

is the smallest ideal, resp. �lter, 
ontaining all the J

i

(resp. F

i

).

9



Let J be an ideal and F a �lter. Set

J # F = f
 2 L j 9f 2 F; 
 ^ f 2 Jg;

J " F = f
 2 L j 9j 2 J; 
 _ j 2 Fg:

The following statements are easy to 
he
k.

3.1.1. J # F is an ideal and J � J # F .

3.1.2. J " F is a �lter and F � J " F .

3.1.3. The ideal J # F is proper i� the �lter J " F is proper i�

J \ F = ;.

3.1.4. J

0

\ (J " F ) = ; ) (J _ J

0

) \ F = ; and

F

0

\ (J # F ) = ; ) J \ (F _ F

0

) = ;.

3.2. Let T be a 
ombinatorial tree and let t

0

2 T . Set

T

i

(t

0

) = ft 2 T j 9 shortest path t

0

�� � � � �� t

i

= tg:

Thus,

T

0

(t

0

) = ft

0

g ( T

1

(t

0

) ( � � � ( T

d

(t

0

) = T

d+1

(t

0

) = T

for some d = d(t

0

) determined by the 
hoi
e of t

0

. Note that

(3.2.1) for ea
h t 2 T

i+1

n T

i

there is exa
tly one t

0

2 T

i

su
h that t

0

�� t.

3.3. Let L be a bounded distributive latti
e. For a mapping a : T ! L

de�ne a

0

: T ! L by setting

a

0

(t) =

_

s�t

a(t):

De�ne �lters F

a

n

(t) and ideals J

a

n

(t) by indu
tion as follows.

J

a

0

(t) = #a

0

(t); F

a

0

(t) = "a(t);

J

a

n+1

(t) = (

_

s�t

J

a

n

(s)) # (

_

s�t

F

a

n

(s)); and

F

a

n+1

(t) = (

_

s�t

J

a

n

(s)) " (

_

s�t

F

a

n

(s)):

3.4. Proposition. Let T be a tree, t

0

2 T and a : T ! L. Suppose that

for d = d(t

0

) the �lter F

a

d+1

(t

0

) is proper. Then T ,! P(L).

Proof. For simpli
ity write T

i

for T

i

(t

0

) and omit the supers
ripts in J

a

n

and F

a

n

.

10



Suppose F

d+1

(t

0

) is proper. Then by 3.1.3,

_

s�t

0

J

d

(s) \

_

s�t

0

F

d

(s) = ;

and there is a prime ideal m(t

0

) su
h that

_

s�t

0

J

d

(s) � m(t

0

) and

_

s�t

0

F

d

(s) � m(t

0

)

where the bar indi
ates the 
omplementing �lter. Suppose we have de�ned

for t 2 T

i

prime �lters m(t) su
h that

(1) m is monotone, and

(2)

W

s�t

J

d�i

(s) � m(t) and

W

s�t

F

d�i

(s) � m(t).

Let t 2 T

i+1

n T

i

and t

0

2 T

i

be as in 3.2.1, say t

0

< t. Sin
e m(t

0

) \

F

d�i

(t) � m(t

0

) \ (

W

s�t

0

F

d�i

(s)) = ; and F

d�i

(t) = (

W

s�t

J

d�i�1

(s)) "

(

W

s�t

F

d�i�1

(s)) we have by 3.1.4 that

(

_

s�t

J

d�i�1

(s) _m(t

0

)) \

_

s�t

F

d�i�1

(s) = ;

and hen
e there is a prime �lter m(t) su
h that

_

s�t

J

d�i�1

(s) � m(t); m(t

0

) � m(t) and (

_

s�t

F

d�i�1

(s)) � m(t):

Similarly if t

0

> t we obtain from 3.1.4 a prime ideal m(t) su
h that

_

s�t

J

d�i�1

(s) � m(t); and (

_

s�t

F

d�i�1

(s)) _m(t

0

) � m(t)

and hen
e m(t

0

) � m(t). In both 
ases we have extended m to T

i+1

so that

(1) and (2) are satis�ed.

Finally, in parti
ular

a

0

(t) 2 J

0

(t) � J

d�i

(t) � m(t); and

a(t) 2 F

0

(t) � F

d�i

(t) � m(t)

so that a(t) =2 m(t) and if r � t then a(r) 2 m(t). Thus

m(s) � m(t) ) s � t

and m is an embedding. �

3.5. Proposition. Let T ,! P(L) and t

0

2 T . Then there is an

a : T ! L su
h that F

a

d+1

(t

0

) is proper.

11



Proof. Let m : T ,! P(L) be an embedding and let a be a separator

(re
all 1.5.1). Thus,

J

a

0

(t) � m(t) and F

a

0

(t) � m(t):

If x is a prime ideal then

x # x = x and x " x = x:

(Indeed, if f ^ 
 2 x with f =2 x then 
 2 x by primeness.) Thus, if we know

that J

a

n

(t) � m(t) and F

a

n

(t) � m(t) we obtain

J

a

n+1

(t) =(

_

s�t

J

a

n

(s)) # (

_

s�t

F

a

n

(s)) �

�

_

s�t

m(s) #

_

s�t

m(s) = m(t) # m(t) = m(t)

and similarly for F and m so that in parti
ular all the J

a

n

(t) are proper. �

3.6. Theorem. Let T be a 
ombinatorial tree. Then there is a �rst

order formula T in the language of bounded distributive latti
es su
h that

T ,!j P(L) i� L j= T .

Proof. By 3.4 and 3.5, T ,!j P(L) i�

(�) for ea
h a : T ! L; F

a

d+1

(t

0

) 3 0:

Fix a : T ! L. We indu
tively de�ne formulas A(n; a; t; 
) and B(n; a; t; 
)

for t 2 T , 
 2 L, and n � 0, su
h that


 2 J

a

n

(t) i� L j= A(n; a; t; 
);


 2 F

a

n

(t) i� L j= B(n; a; t; 
):

Here is the de�nition.

A(0; a; t; 
) � 
 �

_

s�t

a(s);

B(0; a; t; 
) � 
 � a(t);

A(n+ 1; a; t; 
) � 9j

s

A(n; a; s; j

s

)9f

s

B(n; a; s; f

s

);

^

s�t

f

s

^ 
 �

_

s�t

j

s

;

B(n+ 1; a; t; 
) � 9j

s

A(n; a; s; j

s

)9f

s

B(n; a; s; f

s

);

^

s�t

f

s

� 
 _

_

s�t

j

s

:

Then the desired T 
an be obtained as

T � 8a : T ! L;B(d+ 1; a; t

0

; 0):

12



�

3.7. From 3.6 and 1.7.1 we immediately obtain

Corollary. Ea
h 
ombinatorial tree is 
oprodu
tive.

4. 2-Heyting varieties obtained prohibiting a 
onfiguration

In this se
tion we are going to prove an in
omplete 
ounterpart of the

theorem from [3℄ stating that the 
lass of Heyting algebras determined by

prohibiting a 
on�guration P is a variety i� P is a CS-tree.

Here we are interested in 
ombinatorial trees. Instead of Heyting al-

gebras, the stru
ture on the algebrai
 side of the duality is that of the

2-Heyting algebras. The result is in
omplete in that we avoid the 
lass of

the 
on�gurations 
ontaining simultaneously proper and improper 2-
rowns.

In that 
ase we do not know the general answer.

4.1. The ex
eption E . We will abbreviate the expression

\with the ex
eption of the diamond-free 
on�gurations P 
ontaining

proper 2-
rowns, but ea
h proper 2-
rown gives rise to an asso
iated

nontrivial 2-
y
le having only four elements"

by saying

\with the ex
eption E".

4.2. It is a well-known fa
t that in Priestley duality

� the Priestley maps that are onto 
orrespond exa
tly to the one-one

homomorphisms, and

� the Priestley embeddings 
orrespond exa
tly to the onto homomor-

phisms,

and that the same holds in the Heyting and the 2-Heyting restri
tions.

Further, the produ
ts in Hey and 2Hey 
oin
ide with those in DLat.

Consequently, by Birkho�'s Theorem,

4.2.1. A 
lass of 2-Heyting algebras is a variety i� its Priestley dual is


losed under

� 
oprodu
ts,

� 2h-maps onto, and

� 2h-embeddings.

13



Furthermore, a prohibition of a 
on�guration is, trivially, inherited by sub-

spa
es. Thus,

4.2.2. Forb

2H

(P ) is a variety i� it is a quasivariety.

4.3. Constru
tion. Take a poset P and a mapping � : S = f(x; y) j x �

yg ! N. In n = f0; 1; : : : ; n � 1g > max

S

�(x; y) 
onsider the addition

modulo n (denoted by +) and de�ne a relation � on P � n by setting

(x; i) � (y; j) if x � y and j = i+ �(x; y):

Set (x; i) � (y; j) if (x; i) = (y; j) or there is a sequen
e (x; i) = (x

0

; i

0

) �

(x

1

; i

1

) � � � � � (x

k

; i

k

) = (y; j). Then obviously Q = (P � n;�) is a poset,

and � is the asso
iated relation of immediate pre
eden
e.

4.3.1. Lemma. p = ((x; i) 7! x) : P � n! P is a 2h-map.

Proof. Obviously it suÆ
es to 
he
k the 2h-property via the immediate

su

essors and prede
essors. If x � y = p(y; i) then x = p(x; i� �(x; y)); if

x = p(x; i) � y then y = p(y; i+ �(x; y)). �

We 
ontinue the 
onstru
tion 4.3. Take a natural number r greater than

the size of S, and a one-one map ' : S ! N. Set �(x; y) = r

'(x;y)

. Then a

sum

(�)

m

X

i=1

"

i

�(x

i

; y

i

) modn

with m � jSj and "

i

= �1 is never zero unless ea
h (x

i

; y

i

) o

urs an even

number of times.

4.3.2. Lemma. Q is diamond-free.

Proof. Suppose not. Then by 2.3, Q 
ontains a 1-
y
le

a

0

= a

00

� a

01

� � � � � a

0;k�1

� a

0k

=

a

1

= a

1l

� a

1;l�1

� � � � � a

11

� a

10

= a

0

;

with k; l � 1, and no relations holding between these elements ex
ept those

displayed. In parti
ular, note that a

01

6= a

11

. This fa
t implies that x

01

6=

x

11

, where we are expressing ea
h a

ij

in the form (x

ij

; n

ij

), for otherwise

a

01

= (x

01

; n

01

) = (x

01

; n

00

+ �(x

00

; x

01

)) = (x

11

; n

00

+ �(x

00

; x

11

)) = a

11

The point is that both mentioned values of � appear just on
e in the sum

l

X

i=1

�(x

i�1

; x

i

)�

k

X

j=1

�(x

j�1

; x

j

);
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whi
h therefore 
annot be 0. But this fa
t prevents the 
y
le from 
losing.

�

4.4. Lemma. Let n be the least positive integer su
h that (P;��) 
on-

tains a nontrivial n-
y
le. Then the turning points of any n-
y
le 
onstitute

a proper n-
rown.

Proof. If distin
t turning points of an n-
y
le C are 
omparable, the


y
le 
an be shortened by the omission of 
onse
utive points in an obvious

way to a
hieve a nontrivial k-
y
le with k < n. �

4.5. Proposition. Suppose P is not a 
ombinatorial tree for one of the

following reasons. Either P 
ontains a diamond, or P 
ontains an n-
rown

for n � 3 but no proper 2-
rown, or P 
ontains a proper 2-
rown, but every

proper 2-
rown gives rise to an asso
iated 2-
y
le having only four elements.

Then there is an onto 2h-map p : Q! P su
h that P ,!j Q.

Proof. Let p : Q ! P be as in 4.3. Suppose f : P ! Q is an order

embedding. Then P is diamond-free by Lemma 4.3.2. Let n be the least

positive integer su
h that P 
ontains a proper n-
rown. By Lemmas 2.4,

2.5, and 4.4, n is also the least positive integer su
h that (P;��) 
ontains a

nontrivial n-
y
le. Fix su
h a 
y
le C, with the provision that it 
ontains

at least �ve elements in 
ase n = 2. Then f(C) is not ne
essarily a 
y
le in

(Q;��), of 
ourse, for the fa
t that adja
ent elements of C are related by

�� guarantees only that their f -images are related by < or > in Q. But the

hypotheses on C do guarantee that there is a nontrivial n-
y
le in (Q;��)

asso
iated with f(C), denoted

a

0

= a

00

� a

01

� � � � a

0;k

0

= a

1

= a

1;k

1

� � � � � a

11

� a

10

= a

2

= a

20

�

a

21

� � � � � a

2;k

2

= a

3

= a

3;k

3

� � � � � � � � � a

2n�1;1

� a

2n�1;0

= a

0

:

(This is 
lear for n � 3, sin
e the turning points of f(C) 
onstitute an

n-
rown, but the reader will have no trouble providing the justi�
ation for

the n = 2 
ase, whi
h depends on the existen
e of the �fth point in f(C).)

Then writing p(a

ij

) as x

ij

gives the 
y
le

x

00

� x

01

� � � �x

0;k

0

= x

1

= x

1;k

1

� � � � � x

11

� x

10

= x

2

= x

20

�

x

21

� � � � � x

2;k

2

= x

3

= x

3;k

3

� � � � � � � � � x

2n�1;1

� x

0

in (P;��). An argument like the one given in the proof of Lemma 4.3.2

establishes that the latter 
y
le is nontrivial, i.e., x

i�1;k

i�1

�1

6= x

i;k

i

�1

for

all i, and be
ause n is minimal, its turning points form a proper 
rown by

Lemma 4.4. The point is that ea
h turning point appears just on
e in the


y
le. But then, again arguing as in the proof of Lemma 4.3.2, the 
y
le
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annot 
lose. This 
ontradi
tion for
es us to abandon our hypothesis that

f exists. �

4.6. Lemma. Let P be a 
ombinatorial tree and let f : Q ! P be

a surje
tive 2h-map. Then there is an embedding g : P ,! Q su
h that

f(g(x)) = x for all x 2 P .

Proof. Choose an x

0

2 P . Set P

0

= X

0

= fx

0

g and indu
tively P

k+1

=

fx j x �� y for some y 2 P

k

g. Sin
e P is a 
ombinatorial tree, for an

x 2 P

k+1

n P

k

there is exa
tly one y =  (x) 2 P

k

su
h that x �� y (else

there would be distin
t paths 
onne
ting x with x

0

).

Choose a y

0

= g(x

0

) in Q su
h that f(y

0

) = x

0

. Now suppose g is already

de�ned on P

k

so that

(1) f(g(x)) = x for all x 2 P

x

, and

(2) g is monotone.

Now for an x 2 P

k+1

n P

k

we have either x 2 # (x) = #f(g( (x))) =

f( # g( (x))) or x 2 " (x) = f( " g( (x))). Hen
e we 
an 
hoose a

y

x

2 #g( (x)) resp "g( (x)) su
h that f(y

x

) = x. Setting g(x) = y

x

we

have de�ned g on P

k+1

su
h that the (1) and (2) above are satis�ed (for (2)

use the tree property again).

Thus we indu
tively obtain a monotone g : P ! Q su
h that f(g(x)) = x;

by the last equality, g(x) � g(y) ) x � y and g is an embedding. �

4.7. Theorem. With the possible ex
eption E, the following statements

are equivalent.

(1) Forb

2H

(P ) is a variety,

(2) Forb

2H

(P ) is a quasivariety,

(3) P is a 
ombinatorial tree.

Proof. The statements (1) and (2) are equivalent by 4.2.2.

Now if P is a 
ombinatorial tree, the Priestley dual of Forb

2H

(P ) is 
losed

under 
oprodu
ts by 3.7, and by 4.6 it is 
losed under onto 2h-maps.

On the other hand, if P is not a 
ombinatorial tree then with the possible

ex
eption E , the 
orresponding 
lass of spa
es is by 4.5 not 
losed under 2h-

maps onto. �
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5. n-
rowns with n � 3 are not 
oprodu
tive

In 
ase when P is a 
on�guration with top, one knows that P is 
opro-

du
tive (and determines an axiomatizable 
lass of distributive latti
es) i�

it is a (CS) tree. There are strong indi
ations for the more general

Conje
ture. A general 
on�guration P is 
oprodu
tive if and only if it

is a 
ombinatorial tree.

This seems to be, however, a mu
h harder task. In this se
tion we present

a �rst step in this dire
tion. (Perhaps it is more a

urate to say we present

the next step after what we already know 
on
erning 
on�gurations with

top and diamond { see [5℄). Namely, we prove that the n-
rown with n > 2

is not 
oprodu
tive.

5.1. Set

N = f2; 3; 4; : : :g:

For n 2 N 
onsider the posets

X

n

= f1; 2; : : : ; r; 1

0

; 2

0

; : : : ; r

0

g � f1; 2; : : : ; ng

with the order given by the rule (ij stands for (i; j))

for k < r; ki < l

0

j i� l = k or k + 1; and i = j;

for k = r; ri < l

0

j i� l = r and i < j; or l = 1 and i = j:

5.2. Let u be an ultra�lter on N . On the set

I = f(n; j) j 1 � j � ng


onsider the family of subsets (℄M is the 
ardinality of M)

F = fJ � I j 9m; fn j ℄fj j (n; j) =2 Jg � mg 2 ug

The F is a �lter be
ause ℄fj j (n; j) =2 J

i

g � m

i

, i = 1; 2, implies ℄fj j (n; j) =2

(J

1

^ J

2

)g � m

1

+ m

2

, and F is proper be
ause ℄fj j (n; j) =2 ;g = n and

hen
e fn j ℄fj j (n; j) =2 ;g � mg is �nite. Choose an ultra�lter

v � F

on I .

5.3. For J � I set

f(J) = f(n; j) j 9i; (n; i) 2 J; i < jg:

5.3.1. Observation. If J

1

� J

2

then f(J

1

) � f(J

2

).
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5.3.2. Lemma. If J 2 v then f(J) 2 v.

Proof. Suppose not. Then there is a J 2 v su
h that f(J) =2 v, and hen
e

I n f(J) 2 v. Repla
ing J by J \ (I n f(J)) and using 5.3.1 we see that we


an 
hoose the J 2 v so that

J \ f(J) = ;:

Then for any n, fj j (n; j) 2 Jg � 1 for otherwise we had some i < j with

(n; i); (n; j) 2 J so that (n; j) 2 J \ f(J). Then I nJ 2 F � v 
ontradi
ting

J 2 v. �

5.4. Observation. Let r � 3. Then none of the X

n


ontains an

r-
rown.

Indeed, on
e a 
y
le leaves f(r; j); (r

0

; j) j j � ng, say in (r; i

0

) it returns

to (r

0

; i

0

) that is not 
onne
ted with (r; i

0

). If it does not leave this set,

it 
ontains a 2-
rown: take the leftmost edge ij

0

in the 
y
le; it has to be

su

eeded by a j

0

k with i < k < j and then by a kl

0

with k < l. Then il

0

is

an edge, too.

5.5. Theorem. None of the r-
rowns with r � 3 is 
oprodu
tive.

Proof. We will prove that

`

n2N

X

n


ontains an r-
rown. The r-
rown

will be represented as

C = f1; 2; : : : ; r; 1

0

; 2

0

; : : : ; r

0

g

with the order given by the rule

for k < r; k < l

0

i� l = k; k + 1;

for k = r; r < l

0

i� l = r or l = 1:

Set A

n

= P(X

n

). We will asso
iate with the p 2 C prime ideals m(p) in

Q

A

n

so that p � q i� m(p) � m(q).

Set

m(p) = fa = (a

n

)

n2N

j f(n; j) j pj =2 a

n

g 2 vg:

Obviously, m(p) is a de
reasing set. If a; b 2 m(p) then f(n; j) j pj =2

(a _ b)

n

= a

n

[ b

n

g = f(n; j) j pj =2 a

n

g \ f(n; j) j pj 2 b

n

g 2 v and

a_ b 2 m(p). If a^ b 2 m(p) we have f(n; j) j pj =2 a

n

\ b

n

g = f(n; j) j pj =2

a

n

or pj =2 b

n

g = f(n; j) j pj =2 a

n

g [ f(n; j) j pj =2 b

n

g 2 v. As v is a prime

�lter, either f(n; j) j pj =2 a

n

g 2 v or f(n; j) j pj =2 b

n

g 2 v, that is, either

a 2 m(p) or b 2 m(p). Thus, m(p) is a prime ideal.
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Now let p < q. First, let (p; q) 6= (r; r

0

). If a 2 m(p) we have f(n; j) j pj =2

a

n

g 2 v; sin
e a

n

is de
reasing, pj =2 a

n

implies qj =2 a

n

and f(n; j) j qj =2

a

n

g � f(n; j) j pj =2 a

n

g and hen
e it also is in v, and a 2 m(q).

Let (p; q) = (r; r

0

) and let a 2 m(r). We have J = f(n; j) j rj =2 a

n

g 2 v.

Now if ri =2 a

n

then r

0

j =2 a

n

for all j > i; thus

f(n; j) j r

0

j =2 a

n

g � f(n; j) j 9 i < j; ri =2 a

n

g = f(J) 2 v

by 5.3.2, and a 2 m(r

0

).

Thus, in any 
ase, p � q implies that m(p) � m(q).

Finally, let p � q. Consider the downsets a

n

= ftj j t � pg. We have

f(n; j) j pj =2 a

n

g = f(n; j) j p � pg = I 2 v and

f(n; j) j qj =2 a

n

g = f(n; j) j q � pg = ; =2 v

and hen
e m(p) 3 a =2 m(q) and m(p) * m(q). �

5.6. Notes. 1. The question of the 
oprodu
tivity of the 2-
rown seems

to be related to some open problems of number theory. For instan
e, the

2-
rown is not 
oprodu
tive if the answer to the Erd�os problem on Sidon

sets is positive).

2. We have seen in Se
tion 4 that the 2-
rowns 
ause problems also in the

problem of varieties. But it is not quite the same question: for instan
e, if P

itself is the 2-
rown, Forb

2H

(P ) is not a variety regardless of the 2-
rown's


oprodu
tivity.

3. Even if the problem of 2-
rown will have been solved, 
onsiderable

work will need to be done to prove the Conje
ture presented above. For

instan
e, even in the already mentioned fa
t on 
on�gurations with top and

diamond it is not at all easy to remove the requirement about the top.
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