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Abstra
t

We prove that the 
lass of all �nite ordered metri
 spa
es is a Ram-

sey 
lass. This solves a problem of Ke
hris, Pestov and Todor�
evi
.

1 Ramsey Classes

Let K be a 
lass of obje
ts whi
h is isomorphism 
losed and endowed with

subobje
ts. Given two obje
ts A;B 2 K we denote by

�

B

A

�

the set of all

subobje
ts A

0

of B whi
h are isomorphi
 to A. (Thus in this notation the

rôle of K is suppressed. It should be always 
lear from the 
ontext.) We say

that the 
lass K has A-Ramsey property if the following statement holds:

For every positive integer k and for every B 2 K there exists C 2 K

su
h that C �! (B)

A

k

. Here the last symbol (Erd}os-Rado partition arrow)

has the following meaning:

For every partition

�

C

A

�

= A

1

[A

2

[ : : : [A

k

there exists B

0

2

�

C

B

�

and

an i; 1 � i � k su
h that

�

B

0

A

�

� A

i

.

In the extremal 
ase that a 
lass K has A-Ramsey property for every its

obje
t A we say that K is a Ramsey 
lass.

�
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These notions 
rystallized in the early seventies, see e.g. [9, 18, 3℄. This

formalism and the natural questions it motivated essentially 
ontributed to


reate establish Ramsey theory as a \theory" (as ni
ely put in the intro-

du
tion to [4℄).

The notion of a Ramsey 
lass is highly stru
tured and in a sense it is

the top of the line of the Ramsey notions (\one 
an partition everything in

any number of 
lasses to get anything homogeneous"). Consequently there

are not many (essentially di�erent) examples of Ramsey 
lasses known.

Examples of Ramsey 
lasses in
lude

i. The 
lass of all �nite ordered graphs;

ii. The 
lass of all �nite partially ordered sets (with a �xed linear exten-

sion);

iii. The 
lass of all �nite ve
tor spa
es (over a �xed �eld F ).

iv. The 
lass of all (labeled) �nite partitions.

For these results see [3, 4, 16, 12℄. We formulate expli
itly one of the

most general results (for relational stru
tures) whi
h will be needed in the

sequel:

Let I be a �nite set of real numbers and � = (Æ

i

; i 2 I) be a sequen
e of

natural numbers. � is 
alled the type (or signature). We 
onsider obje
ts

ordered relational stru
tures of the form A = (X; (R

i

; i 2 I)) where X is

a non-empty ordered set and R

i

� X

Æ

i

(i.e. R

i

is a Æ

i

-nary relation). We

also denote the type of A by �(A) = � = (Æ

i

; i 2 I), the underlying set

(verti
es) of A by A = X (sometimes we simply denote the set of verti
es

as A) the relations by R

i

(A) = R

i

.

We denote by Rel the 
lass of all su
h ordered relational stru
tures A

of all possible (�nite) types �. The 
lass Rel will be 
onsidered with em-

beddings (
orresponding to indu
ed substru
tures): Given relational stru
-

tures A = (X; (R

i

; i 2 I)) and A

0

= (X

0

; (R

0

i

0

; i

0

2 I

0

)) of types � and

�

0

= (Æ

0

i

0

; i

0

2 I

0

) (note that the types � and �

0

may be di�erent) a map-

ping f : X �! X

0

is 
alled an embedding of A into A

0

if I � I

0

and Æ

i

= Æ

0

i

for every i 2 I (i.e. � is a subtype of �

0

) and if f is a monotone inje
tion of

X into X

0

satisfying (f(x

j

); j = 1; : : : ; Æ

i

0

) 2 R

0

i

i� (x

j

; j = 1; : : : ; Æ

i

) 2 R

i

.

As usual, an in
lusion (or bije
tive) embedding is 
alled substru
ture (or

isomorphism). Given two ordered relational stru
tures A;B we denote by

�

B

A

�

the 
lass of all substru
tures A

0

of B whi
h are isomorphi
 to A. One

2



more de�nition: For real numbers d;D; 0 < d < D; we denote by Rel(d;D)

the sub
lass of Rel indu
ed by all systems A = (X; (R

i

; i 2 I)) where I is

a subset of the interval [d;D℄. We have the following

Theorem 1.1 ([14℄) For every 
hoi
e of reals d;D; 0 < d < D the 
lass

Rel(d;D) is a Ramsey 
lass.

Expli
itly: For every 
hoi
e of a natural number k and of stru
tures

A;B 2 Rel(d;D) there exists a stru
ture C 2 Rel(d;D) with the following

property: For every partition

�

C

A

�

= A

1

[ A

2

[ : : : [ A

k

there exists i; 1 �

i � k, and a substru
ture B

0

2

�

C

B

�

su
h that

�

B

0

A

�

� A

i

.

In [14, 13, 12℄ (and elsewhere) Theorem1.1 is stated in its equivalent form

as a Ramsey theorem for 
lasses Rel(�) of all ordered relational stru
tures

of a �xed type �. We shall make use of Theorem 1.1 in our proof of the

following theorem whi
h is the main result of this paper:

Theorem 1.2 The 
lass of all �nite ordered metri
 spa
es is a Ramsey


lass.

Let us formulate Theorem 1.2 expli
itly:

Denote by M the 
lass of all �nite ordered metri
 spa
es (i.e. metri


spa
es where the set of points is linearly ordered). An embedding will be

monotone isometry. We 
laim thatM is a Ramsey 
lass: For every 
hoi
e of

ordered metri
 spa
es (X; �); (Y; �) (ordering is not indi
ated) there exists

a metri
 spa
e (Z; �) su
h that

(Z; �) �! (Y; �)

(X;�)

2

:

(To keep the notation simple from now on we shall 
onsider only 2-


olorings. Colorings using more 
olors 
an be redu
ed to 2-
olorings by

iterating.)

Theorem 1.2 solves a problem of Ke
hris, Pestov and Todor�
evi
, see

[6℄. The paper [6℄ lists several 
onsequen
es of Theorem 1.2 to dynami
al

systems and topologi
al groups (extremal amenable groups, minimal 
ows).

This also implies a remarkable property of the Urysohn Spa
e whi
h is de-

�ned as a 
ompletion of the homogeneous universal rational metri
 spa
e,

see e.g. [21, 22℄. (The author, himself student of Kat�etov, 
annot resist men-

tioning that this 
onstru
tion was one of the last results of both Urysohn

[20℄ and Kat�etov [5℄.) Theorem 1.2 also generalizes Ramsey theorem for

pairs in metri
 spa
es stated in [13℄.
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Theorem 1.2 will be proved as a 
onsequen
e of a more te
hni
al form

stated in Se
tions 2 and 3. Here is the outline of our proof:

We view any metri
 spa
e (X; �) as a labeled 
omplete graph and this

in turn may be viewed as a binary relational system of type � = (Æ

i

; i 2 I)

where Æ

i

= 2: we put (x; y) 2 R

i

i� �(x; y) = i. (Thus I is the set of all

possible distan
es in (X; �), an i 2 I may be viewed as the length (or weight)

of edge (x; y).) Clearly not every binary relational system 
orresponds to

a metri
 spa
e (we need symmetry and triangle inequality). But every

binary relational system A may be 
onverted to a metri
 spa
e (A; �

A

) by

de�ning �

A

(x; y) as the minimal (weighted) length of a path from x to y

in A. �

A

is also 
alled free metri
 generated by A. We denote by F (A)

the binary relational system 
orresponding to the metri
 spa
e (A; �

A

).

Clearly it 
an (only too often) happen that a binary relational system B

satis�es B ! A while B 6! F (A). Thus we shall introdu
e the notion of

`-approximation system.We then prove by indu
tion on ` a Ramsey type

theorem for ordered `- approximation systems (Theorem 2.1). On the other

hand, for ea
h (�xed) B there exists ` su
h that B! F (A) i� there exists

an `-approximation embedding of B into A. This 
an then be used to prove

that Ramsey theorems for `-approximation systems implies Theorem 1.2.

The paper is organized as follows: In Se
tion 2 we state the Theo-

rem 1.2 in a more te
hni
al form and introdu
e 
lasses Rel

(`)

(d;D) of `-

approximation systems (and a given range of edge lengths). In Se
tions 3

and 4 we further re�ne the 
lasses Rel

(`)

(d;D) to 
lasses PartiRel

(`)

(d;D)

and prove A-Ramsey property by a variant of amalgamation te
hnique

(known also as Partite Constru
tion) see [19, 17, 16, 12℄. This then im-

plies Theorem 1.2. Se
tion 5 
ontains 
on
luding remarks and some related

results.

2 Metri
 Approximation

Let d < D be positive real numbers, ` a positive integer. Before de�ning

obje
ts and morphisms of our 
lasses we take time out for a de�nition: We

say that (x; y) 2 R

i

is `-metri
 edge in A = (X; (R

i

; i 2 I)) if for any path

x = x

0

; x

1

; : : : ; x

t

; t � `; with lengths of edges i

1

; i

2

; : : : ; i

t

(i.e. we assume

�(x

j�1

; x

j

) = i

j

) holds i � i

1

+ i

2

+ : : :+ i

t

. A pair (x; y) whi
h is `-metri


for every ` is 
alled a metri
 edge.

We shall de�ne the 
lass Rel

(`)

(d;D) as follows:

Obje
ts of Rel

(`)

(d;D) (
alled approximative systems and usually de-
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noted by A;B; : : :) are those obje
ts A = (X; (R

i

; i 2 I)) of the 
lass

Rel(d;D) whi
h satisfy the following additional properties:

i: R

i

� X

2

for ea
h i 2 I ;

ii: all relations R

i

are symmetri
 and antire
exive and R

i

\ R

j

= ;

whenever i 6= j 2 I .

iii: every edge of A is `-metri
.

Thus the obje
ts are relational stru
tures of the type � where � =

(2; 2; : : : ; 2) (a sequen
e of 2's indexed by a set of real numbers whi
h we

may interpret as lengths (or weights) of edges; these lengths will be denoted

by �: if (x; y) 2 R

i

we also write �(x; y) = i).

Embeddings of Rel

(`)

(d;D) are inherited from Rel(d;D).

An edge (x; y) whi
h is `-metri
 for every ` is 
alled a metri
 edge. If all

pairs of verti
es of a system A are edges and they are metri
 (and in this


ase it suÆ
es that they are 2-metri
) then of 
ourse A 
orresponds to a

metri
 spa
e (A; �).

Note that the obje
tsA;A

0

of Rel

(`)

(d;D) need not 
orrespond to metri


spa
es. However lengths of edges of an `-approximate systems 
annot be

\shortened" by paths of length � `. Thus the larger `-approximate system

we have the better approximation of an isometry we get.

The 
lass Rel

(`)

(d;D) will be 
onsidered with embeddings and given ob-

je
ts A;B we denote again by

�

B

A

�

the 
lass of all subobje
ts of B whi
h are

isomorphi
 to A. Note also that for ` = 1 the notion of an `-approximative

system (and their embeddings) 
oin
ide with the notion of relational stru
-

tures (and their embeddings) { it is Rel

(1)

(d;D) = Rel(d;D). Thus the

following generalizes Theorem 1.1:

Theorem 2.1 For every metri
 systems A and B in Rel(d;D) and for

every positive integer ` and every pair of real numbers 0 < d < D there

exists C 2 Rel

(`)

(d;D) su
h that in the 
lass Rel

(`)

(d;D) holds

C �! (B)

A

2

:

We postpone the proof to Se
tion 4. Here we show that Theorem 2.1

implies Theorem 1.2.

Proof.

Let (X; �); (Y; �) be �nite ordered metri
 spa
es. We may assume that

(Y; �) 
ontains an isometri
 
opy of (X; �). Put d = minf�(x; y)g and

D = maxf�(x; y)g. Let ` � D=d. Let A = (X; (R

i

; i 2 I)) and B =

5



(Y; (S

j

; j 2 J)) be binary relational systems 
orresponding to the metri


spa
es (X; �) and (Y; �) (thus both systems have all edges metri
). By

Theorem 2.1 there exists a binary relational system C = (Z; (T

k

; k 2 K))

whi
h is Ramsey for A and B in the 
lass Rel

(`)

(d;D). Let us write this

expli
itly:

For every partition

�

C

A

�

= A

1

[ A

2

there exists an `-approximation em-

bedding g : B �! C and � 2 f1; 2g su
h that for all `-approximation

embeddings f : A �! B we have g Æ f 2 A

�

.

In this situation 
onsider the metri
 spa
e (Z; �) freely generated by the

binary relational system C: we put �(x; y) = minfD;minfi

1

+ i

2

+ : : :+ i

t

gg

where the se
ond minimum is taken over all paths x = x

0

; x

1

; : : : ; x

t

where

(x

r�1

; x

r

) has length i

r

. We note that all the � distan
es are in the interval

[d;D℄ and thus the 
orresponding binary system F (C) belongs toRel

(`)

(d;D).

As ` � D=d we have that for every edge (x; y) of C holds (x; y) 2 R

i

i�

�(x; y) = i.

f : A �! C is an `-embedding i� f : A �! F (C) is an embedding i�

f : (X; �) �! (Z; �) is an isometry.

Similarly, f : B �! C is an `-embedding i� g : B �! F (C) is an

embedding i� g : (Y; �) �! (Z; �) is an isometry.

Thus F (C) is a Ramsey (for A and B) ordered binary relational system

whi
h 
orresponds to a metri
 spa
e. Thus F (C) �! (B)

A

2

(in the 
lass

Rel

(`)

(d;D)) and also (Z; �) �! (Y; �)

(X;�)

2

. This proves Theorem 1.2.

3 Partite Approximative Classes.

Our proof pro
eeds by a double indu
tion and towards this end we introdu
e

a version of Partite Constru
tion (see Introdu
tion).

We de�ne the 
lass PartiRel

(`)

(d;D) of stru
tures as follows:

An obje
t is a triple (B;A; �) where A;B are ordered binary relational

stru
tures A 2 Rel

(`)

(d;D), B 2 Rel

(`�1)

(d;D). Put expli
itly

A = (X; (R

i

; i 2 I)), B = (Y; (S

j

; j 2 J)) , I; J are �nite set of reals

I � [d;D℄. � is a monotone homomorphism � : B ! A. Let us de�ne

expli
itly the properties of �:

i: If (x; y) 2 S

j

the (f(x); f(y)) 2 R

j

(thus J � I);

ii: For simpli
ity we shall assume that � : Y ! X is not only monotone

but also ea
h set �

�1

(x) is an interval in (the ordering of) Y .

6



We also 
all B an A-partite (binary relational) system. This looks as a

little 
hange. But in fa
t 
onsidering partite (\leveled") systems is the key

fa
t whi
h allows us to derive more 
omplex Ramsey type statements from

simpler ones and to start the indu
tion pro
edure in our 
ase. And for this

the key is the de�nition of morphisms whi
h we de�ne as follows:

Let (B;A; �) and (B

0

;A

0

; �

0

) be obje
ts of PartiRel

(`)

(d;D). An embed-

ding is a pair (f; �) with the following properties:

i: � : A! A

0

is an embedding (in the 
lass Rel

(`�1)

(d;D));

ii: f : B! B

0

is an embedding (in the 
lass Rel

(`)

(d;D));

iii: �

0

Æ f = � Æ �.

This means that the mappings f and g 
ommute with �'s as indi
ated

by the following diagram.

B

�

-

A

B

0

f

?

�

0

-

A

0

�

?

(Thus an embedding has to preserve parts of B and B

0

.)

Consider an obje
t (A;B; �) 2 PartiRel

(`)

(d;D); � : B ! A. If � is

an inje
tive mapping then we say that B is a transversal system. Clearly

any B 2 Rel

(`)

(d;D) 
an be regarded as a transversal system (B;B;1) 2

PartiRel

(`)

(d;D) where 1 : B �! B) is the identity mapping. Thus we

may regard Rel

(`)

(d;D) as a sub
ategory of PartiRel

(`)

(d;D).

We shall prove the following te
hni
al result :

Theorem 3.1 Let A and B be metri
 systems in Rel(d;D). Then for every

` there exists C 2 PartiRel

(`)

(d;D) su
h that (in the 
lass PartiRel

(`)

(d;D)

holds

C �! (B)

A

2

:

We 
ould also prove that the 
lasses Rel

(`)

(d;D) and PartiRel

(`)

(d;D)

are Ramsey 
lasses. (We want to keep generalities at the minimum and 
on-


entrate on the proof of Theorem 1.2 only; we shall publish generalizations

of the proof elsewhere.)
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B

0

�

0

-

A

B

2

�

2

-

f

2

-

1

C

1

-

B

1

f

1

?

�

1

-

C

?

B

3

g

2

?

�

3

-

g

1

-

C

1

?

1

-

4 Proofs

As stated above we apply Partite Constru
tion in the heart of whi
h lies

the amalgamation property.

The amalgamation property now takes the following te
hni
al form. (To

simplify the notation the symbol 1 will denote an in
lusion mapping or

identity mapping.)

Lemma 4.1 (Amalgamation Lemma)

Let C 2 Rel

(`)

(d;D), and let A be a metri
 subsystem of C (in Rel

(`)

(d;D)),

denote by 1 : A �! C the in
lusion map. Let for i = 1; 2 be given systems

(B

i

;C; �

i

: B

i

�! C) 2 PartiRel

(`+1)

(d;D). Let (B

0

;A; �

0

: B

0

�! A)

be a system with embeddings (f

i

;1) : (B

0

;A; �

0

) �! (B

i

;A; �

i

); i = 1; 2

in PartiRel

(`)

(d;D). Then there exists (B

3

;C; �

3

) 2 PartiRel

(`+1)

(d;D)

and embedding (g

i

;1) : (B

i

;C; �

i

) �! (B

3

;C; �

3

) 2 PartiRel

(`+1)

(d;D)

su
h that (g

i

;1) is an amalgam of (f

i

;1); i = 1; 2. Expli
itly, we have

g

1

Æ f

1

= g

2

Æ f

2

while the embeddings g

i


ommute with homomorphisms �

i

,

see Fig. 2.

Proof. We let (B

3

;C; �

3

) with embeddings (g

i

;1) : (B

i

;C; �

i

) �! (B

3

;C; �

3

)

8



be the (free) amalgamation of (B

i

;C; �

i

) with respe
t to the embeddings

(f

i

;1). We only have to justify our 
laim that (B

3

;C; �

3

) belongs to the


lass PartiRel

(`+1)

(d;D). Let fx; yg be an edge of B

3

and let P = (x =

x

0

; x

1

; : : : ; x

t

= y) be a path in C from x to y of length � ` + 1. We

have to prove that the length �(x; y) of the edge fx; yg satis�es �(x; y) �

�(P ) =

P

t

i=1

�(x

i�1

; x

i

). Towards this end 
onsider the image �

3

(P ) =

(�

3

(x

0

); �

3

(x

1

); : : : ; �

3

(x

t

)). Note that it is �(x

i

; x

i+1

) = �(�

3

(x

i

); �

3

(x

i+1

)

(as �

3

is a homomorphisms of binary relational systems). The sequen
e

�

3

(P ) = (�

3

(x

0

); �

3

(x

1

); : : : ; �

3

(x

t

)) indu
es a trail in C and some verti
es

and edges may be identi�ed by �

3

. However if this really happens then the

length �(P ) = �(�

3

(P ) is bounded by �(P

0

) where P

0

is a path (a subpath

of �(P )) from �(x) to �(y) of length � ` and thus (as C 2 Rel

(`)

(d;D) we

have that �(�(x); �(y)) = �(x; y) � �(P

0

) is an `-metri
 edge. Thus we 
an

assume that �(P ) is a path of length `+1 in C. We distinguish three 
ases:

If �(P ) is a subset of A then 
learly (�(x); �(y)) is a metri
 pair as A is

a metri
 spa
e (this holds for any length t).

If P is a subset of either B

1

or B

2

then again �(x; y) � �(P ) =

P

t

i=1

�(x

i�1

; x

i

) (as (B

i

;C; �

i

) 2 PartiRel

(`+1)

(d;D).

Thus assume that there exist x

j(i)

su
h that x

j(i)

2 B

i

; �(x

j(i)

) 62 A; i =

1; 2. But as B

3

is a free amalgamation there are no edges outside �

�1

(A)

and thus there are at least two verti
es x

k(i)

; i = 1; 2; k(1) < k(2); for whi
h

�(x

k(i)

) 2 A. But then the path between �(x

k(1)

) and �(x

k(2)

) has length

at least �(�(x

k(1)

); �(x

k(2)

)) and thus �(P ) � �(P

0

) where P

0

= (�(x) =

�(x

0

); �(x

1

); : : : ; �(x

k(1)

); �(x

k(2)

); : : : ; �(x

t

) = �(y)) and we have

�(P

0

) � �(�(x); �(y)) = �(x; y) again by the assumption on C.

Proof. We are now in position to prove Theorem 2.1. We shall pro
eed

by indu
tion on `. As explained above, for ` = 1 Theorem 2.1 redu
es to

Theorem 1.1.

In the indu
tion step (` ) ` + 1) we assume that Theorem 2.1 holds

`. Let A;B be metri
 binary systems 
onsidered as transversal systems in

PartiRel

(`+1)

(d;D). Let R 2 Rel

(`)

(d;D) be a system satisfying R �!

(B)

A

2

in the 
lass Rel

(`)

(d;D). R will be �xed from now on and it will be


onsidered as transversal system (in PartiRel

`

(d;D)). We shall 
onstru
t

R-partite systems P

0

;P

1

; : : : ;P

b

where a = j

�

R

A

�

j. The system C = P

b

will

satisfy (as we shall show below) all the required properties of Theorem 2.1.

Put expli
itly

�

R

A

�

= fA

1

;A

2

; : : : ;A

a

g and also

�

R

B

�

= fB

1

;B

2

; : : : ;B

b

g.

Let the system (P

0

;R; �

0

) be any system in the 
lass PartiRel

(`+1)

(d;D)

9



for whi
h the mapping �

0

) satis�es:

For any i = 1; : : : ; b the set (�

0

)

�1

(B

i

) 
ontains a subsystem isomorphi


to B

i

(in PartiRel

(`+1)

(d;D)).

Su
h a system is easy to 
onstru
t: we 
an take the disjoint union of b


opies of B and de�ne mapping �

0

su
h that the above 
ondition holds.

In the indu
tion step (i ) i + 1) let be given an R-partite system

(P

i

;R; �

i

) 2 PartiRel

(`+1)

(d;D). Consider the system B and let (D

i

;A; �

i

)

denote the subsystem of (P

i

;R; �

i

) indu
ed by the set (�

i

)

�1

(B

i

) (we de-

noted the restri
tion of �

i

to the subset by the same symbol). We have

(D

i

;R; �

i

) 2 PartiRel

(`+1)

(d;D) thus by the indu
tion hypothesis there

exits a system (E

i

;A; �

i

) su
h that

E

i

�! (D

i

)

A

2

(in the 
lass PartiRel

(`)

(d;D)).

Let (P

i+1

;R; �

i+1

) be a free amalgamation of 
opies of (P

i

;R; �

i

) su
h

that every 
opy of (D

i

;A; �

i

) in (E

i

;A; �

i

) is extended to unique 
opy of

(P

i

;R; �

i

). (Su
h a free amalgamation we obtain by repeatedly using amal-

gamation of pairs de�ned above.) A

ording to Lemma 4.1 we know that

(P

i+1

;R; �

i+1

) 2 PartiRel

(`+1)

(d;D).

Thus let (C;R; �) = (P

a

;R; �

a

) 2 PartiRel

(`+1)

(d;D). It remains to

show that

C �! (B)

A

2

:

However this is the underlying idea of every appli
ation of the Partite

Constru
tion and this follows by a ba
kward indu
tion for i = a;

a � 1; : : : ; 1; 0. Let

�

C

A

�

= A

1

[ A

2

be arbitrary partition (
oloring). By

indu
tion for i = a; a � 1; : : : ; 1; 0 we prove that there exists a subsystem

(

f

P

i

;R;~�) (in PartiRel

(`+1)

(d;D)) isomorphi
 to P

i

su
h that for all j > i

all 
opies

~

A 2

�

C

A

�

for whi
h ~�(

~

A) = A

j

get the same 
olor, say 
(j).

In the indu
tion step (as for i = a the statement 
learly holds) we


onsider a 
opy

f

P

i

of P

i

with the stated properties. In the set

�

f

P

i

A

�


onsider

those

~

A for whi
h ~�(

~

A) = A

i

. These 
opies of lie in a 
opy of A-partite

system whi
h is isomorphi
 to E

i

and thus by E

i

�! (D

i

)

A

2

we get that

there exists a subsystem (

℄

P

i�1

;R;~�)) of (

f

P

i

;R;~�) whi
h is isomorphi
 to

(P

i

;R; �

i

) with the stated properties.

Finally, we obtain a 
opy (

f

P

0

;R;~�) of (P

0

;R; �

0

) su
h that for every

~

A 2

�

f

P

0

A

�

its 
olor depends only on ~�(

~

A). But this in turn indu
es a 
oloring

10



e

A

1

[

e

A

2

of the set

�

R

A

�

de�ned by A

j

2

e

A

i

i� 
(j) = i. Thus there exists

e

B 2

�

R

B

�

su
h that

�

e

B

A

�

�

e

A

i(0)

and thus by the 
onstru
tion of P

0

any

B

0

2

�

f

P

0

B

�

with ~�(B

0

) =

e

B satis�es

�

B

0

A

�

� A

i(0)

whi
h we wanted to prove.

5 Remarks and Open Problems

1: Theorem 1.2 also implies the following (ordering property of �nite metri


spa
es:

Theorem 5.1 For every metri
 spa
e there exists a metri
 spa
e (Y; �)

su
h that for any linear orderings �

X

and �

Y

of X and Y there exists a

monotone isometry (X; �) �! (Y; �).

This result explains why we are 
onsidering ordered metri
 spa
es. The-

orem 5.1 may be derived either from Theorem 1.2 (applied for a A with just

2 verti
es; 
ompare [18℄ or dire
tly, see [11℄.

2: One 
an prove results analogous to Theorem 1.2 for other 
lasses

of metri
 spa
es: for example one 
an 
onsider only rational, or integer

or graph-metri
s. We only have to 
he
k that the amalgamation property

holds for these 
lasses. Rational metri
s then applies to the Urysohn spa
e.

3: Perhaps in the spirit of [10, 11℄ one 
ould ask for a 
hara
terization of

all Ramsey 
lasses of metri
 spa
es. However this seems to be beyond the

rea
h as the 
orresponding 
hara
terization of homogeneous metri
 spa
es

(and thus equivalently (Fraiss�e 
lasses) seems not be known, 
ompare [2, 7,

8℄.

4: It is interesting that the amalgamation te
hnique is (almost) ne
essary

as we have the following easy but important result observed already in [10℄,

see re
ent [11, 6℄. Parti
ularly one 
an prove that every hereditary Ramsey


lass of stru
tures with the joint embedding property is amalgamation 
lass.

This shows the relevan
e of the 
lassi�
ation programme of Ramsey 
lasses

[11℄ and the 
lassi�
ation programme for homogeneous stru
tures [2℄.

5: It would be interesting to investigate the "simple" Ramsey properties

(su
h as the vertex- and edge-partitions of the Urysohn spa
e (in the analogy

of a similar results for the Random graph, [1℄.
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