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Abstra
t

An instan
e of a 
onstraint satisfa
tion problem is l-
onsistent if

any l 
onstraints of it 
an be simultaneously satis�ed. For a set � of


onstraint types, �

l

(�) denotes the largest ratio of 
onstraints whi
h


an be satis�ed in any l-
onsistent instan
e 
omposed by 
onstraints

from the set �. We study the asymptoti
 behavior of �

l

(�) for sets

� 
onsisting of Boolean predi
ates. The value �

1

(�) := lim

l!1

�

l

(�)

is determined for all su
h sets �. Moreover, we design a robust de-

terministi
 algorithm (for a �xed set � of predi
ates) running in time

linear in the size of the input and 1=" whi
h �nds either an in
onsis-

tent set of 
onstraints (of size bounded by the fun
tion of ") or a truth

assignment whi
h satis�es the fra
tion of at least �

1

(�) � " of the

given 
onstraints. Most of our results hold for both the unweighted

and weighted versions of the problem.

1 Introdu
tion

Constraint satisfa
tion problems form an important abstra
t 
omputational

model for a lot of problems arising in pra
ti
e. This is witnessed by an enor-

mous re
ent interest in the 
omputational 
omplexity of various 
onstraint

satisfa
tion problems [3, 5, 6, 18℄. However, some instan
es of real problems

do not require all the 
onstraints to be satis�ed but it is enough to satisfy a

�

Institute for Theoreti
al Computer S
ien
e (ITI), Charles University, Malostransk�e

n�am�est�� 25, 118 00 Prague, Cze
h Republi
. E-mail: fkral,pangra
g�kam.mff.
uni.
z.

Institute for Theoreti
al Computer S
ien
e is supported by Ministry of Edu
ation

of Cze
h Republi
 as proje
t LN00A056.

1



large fra
tion of them. In order to maximize this fra
tion, the input 
an be

usually pruned at the beginning by removing small sets of 
ontradi
tory 
on-

straints so the input instan
e is usually \lo
ally" 
onsistent. Formally, an

instan
e of the (weighted) 
onstraint satisfa
tion problem is l-
onsistent if

any l 
onstraints of it 
an be simultaneously satis�ed. In a weighted version

of the problem the 
onstraints are assigned (positive) weights and the goal

is to maximize the total weight of satis�ed 
onstraints. In this paper, we

design a robust linear-time algorithm for l-
onsistent 
onstraint satisfa
tion

problems whose 
onstraints are Boolean predi
ates whi
h is asymptoti
ally

optimal as l tends to in�nity.

If � is a set of Boolean predi
ates, then �

l

(�) denotes the fra
tion of

the 
onstraints whi
h 
an be satis�ed in ea
h l-
onsistent instan
e of the

problem whose 
onstraints are the predi
ates of �. Similarly, �

w

l

(�) denotes

this maximum for the weighted version of the problem (see Se
tion 2 for

more formal de�nitions). Let further �

1

(�) = lim

l!1

�

l

(�) and �

w

1

(�) =

lim

l!1

�

w

l

(�). We express �

w

1

(�) for all �nite sets of predi
ates � and

�

1

(�) for all su
h sets of predi
ates � of arities at least two as the minimum

of a 
ertain fun
tional 	 on a 
onvex hull of a �nite set �(�) of polynomials

derived from � (Corollary 8). We postpone the formal de�nitions of the

fun
tional 	 and the set �(�) to Se
tion 2. Examples how to apply this

result 
an be found in Examples 3 and 4. Some of our results also hold for

the 
ase when the set � is in�nite as dis
ussed in Se
tion 5.

The main algorithmi
 result of this paper (Theorem 2) is designing, for

any �xed set � of Boolean predi
ates, a deterministi
 algorithm whi
h given

" > 0 and a suÆ
iently lo
ally 
onsistent instan
e of the weighted 
onstraint

satisfa
tion problem with total weight w

0

�nds a truth assignment whi
h

satis�es the 
onstraints whose weight is at least (�

w

1

(�)�")w

0

. The running

time of the algorithm is, for a �xed set �, linear in the number of the input


onstraints and 1=". The algorithm is robust in the sense that if it fails

to �nd the desired truth assignment, then it outputs an in
onsistent set of


onstraints 
ontained in the input whose size is bounded by the fun
tion

of ". However, it might �nd a good truth assignment even if the input

instan
e is not suÆ
iently lo
ally 
onsistent (in parti
ular, the algorithm

does not determine the lo
al 
onsisten
y of the input instan
e). Finally, the

presented algorithm is asymptoti
ally optimal in the sense that the ratio of

the weights of satis�ed 
onstraints 
an be made arbitrarily 
lose to �

w

1

(�)

by 
hoosing the input parameter " to be suÆ
iently small.
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1.1 Previous results and their relation to our results

Constraint satisfa
tion problems whose 
onstraints are Boolean predi
ates


an be tra
ed ba
k to the late 1970's. S
haefer [15℄ proved that the de-


ision problem whether a given set of predi
ates (with allowed negations

in their arguments) from a set � is satis�able is NP-
omplete unless ea
h

predi
ate of � 
an be de�ned by a CNF formula 
onsisting only of 
lauses

of size at most two or ea
h predi
ate of � 
an be des
ribed by a system

of linear equations, i.e., the truth assignment whi
h satis�es it form an

aÆne subspa
e over GF(2). However, even if this de
ision problem 
an

be solved in a polynomial time, the problem to maximize the number of

satis�ed predi
ates 
an still be hard, e.g., H�astad [8℄ showed that there is

no (2� ")-approximation algorithm for the 
ase when the set � 
ontains a

single predi
ate P (x

1

; x

2

; x

3

) = (x

1

+x

2

+x

3

) mod 2 unless P = NP . Note

that �

l

(�) = 1=2 for every l � 1 in this 
ase [4℄. In parti
ular, �

1

(�) = 1=2

and our algorithm a
hieves the best possible ratio.

Lo
ally 
onsistent 
onstraint satisfa
tion problems for 
onstraints whi
h

are Boolean predi
ates was �rst studied by Trevisan [16℄ and sin
e then they

have attra
ted a substantial interest of resear
hers. Trevisan [16℄ proved

that if � is the set of all the Boolean predi
ates of arity k, then �

w

1

(�) =

�

1

(�) = 2

1�k

. Dvo�r�ak et al. [4℄ showed that if � is a set 
ontaining a

single 1-extendable Boolean predi
ate P of arity k (see Se
tion 2 for the

de�nition of 1-extendibility), then �

w

l

(�) = �

l

(�) = �(P )=2

k

for all l � 1

where �(P ) is the number of possible 
ombinations of arguments whi
h

satisfy the predi
ate P . In parti
ular, �

w

1

(�) = �

1

(�) = �(P )=2

k

. In [4℄,

all the values �

w

l

(�) has also been determined for sets � 
onsisting of a

single Boolean predi
ate with the arity k � 3, e.g., it was shown in [4℄

that �

w

1

(�

k

) = 3=4 for k = 3 where �

k

is the set 
ontaining a single (non-1-

extendable) predi
ate P (x

1

; : : : ; x

k

) = x

1

^(x

2

_� � �_x

k

). Our results imply

that �

w

1

(�

k

) = 3=4 for all 3 � k � 6 (see Examples 2 and 4). However,

surprisingly, �

w

1

(�

k

) > 3=4 for all k � 7 as shown in Example 5.

The most studied variant of the problem are lo
ally 
onsistent CNF

formulas in whi
h the 
lauses of a formula are viewed as the given 
on-

straints. The 
orresponding set �

SAT

of the predi
ates is just the set of all

the disjun
tions. Similarly, �

2�SAT

denotes the set f(x

1

); (x

1

_ x

2

)g of the

predi
ates 
orresponding to 
lauses of a 2-SAT formula. The interest in this


ase is witnessed by a separate se
tion (20.6) devoted to this 
on
ept in a re-


ent monograph on extremal 
ombinatori
s by Jukna [10℄. The exa
t values

of �

w

l

(�

SAT

) and �

w

l

(�

2�SAT

) are known only for small values of l: 
learly,
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�

w

1

(�

SAT

) = �

w

1

(�

2�SAT

) = 1=2. Lieberherr and Spe
ker [12℄ showed that

�

w

2

(�

SAT

) = �

w

2

(�

2�SAT

) =

p

5�1

2

� 0:6180 and subsequently [13℄ they

showed that �

w

3

(�

SAT

) = �

w

3

(�

2�SAT

) = 2=3. Later, these proofs have been

simpli�ed by Yannakakis [19℄ using a probabilisti
 argument. The 
ase of

4-lo
ally 
onsistent CNF formulas somewhat surprisingly di�ers from the

previous ones: First, �

w

4

(�

SAT

) � 0:6992 but �

w

4

(�

2�SAT

) > 0:6992. Se
-

ond, the values �

w

l

(�

SAT

) for l = 1; 2; 3 
oin
ide with the 
orresponding

values de�ned for a \fra
tional" version of the problem (whi
h are known

for all l � 1 [11℄ and are equal to so-
alled Usiskin's numbers [17℄) but the

value �

w

4

(�

SAT

) di�ers from the value 0:6920 for the fra
tional version of

the problem.

The asymptoti
 behavior of �

w

l

(�

SAT

) was �rst addressed by Huang and

Lieberherr [9℄ who showed that �

w

1

(�

SAT

) � 3=4. The limit was settled by

Trevisan [16℄ who showed �

w

1

(�

SAT

) = 3=4. Trevisan's result also yields

that �

w

1

(�

2�SAT

) = 3=4. The latter result 
an be easily derived from our

general expression for �

w

1

(�) as demonstrated in Examples 1 and 3.

2 Notation

In the paper, we only deal with 
onstraints whi
h are Boolean predi
ates and

so we prefer to 
all them predi
ates to emphasize their kind. For a �xed set

� of (types of) Boolean predi
ates, let � be a set of predi
ates whose types

are from the set �. The arguments of the predi
ates of � may be both

positive and negative literals, but a single variable 
annot be 
ontained

in two distin
t arguments of the same predi
ate. This does not de
rease

generality of our results: if a single variable is allowed to be 
ontained

in several distin
t arguments of a single predi
ate, enhan
e the set � by

Boolean predi
ates obtained from the predi
ates of � by identifying some

of their arguments. The goal is to �nd a truth assignment whi
h satis�es

the largest fra
tion �(�) of the predi
ates of �. Hen
e, �

l

(�) = inf �(�)

where the in�mum is taken over all l-
onsistent sets � of (unweighted)

predi
ates whose types are from the set �. Similarly, if � is a set of weighted

predi
ates, �(�) denotes the ratio between the weights of the predi
ates

whi
h 
an be satis�ed and the total weight of all the predi
ates of � and

�

w

l

(�) = inf �(�) where the in�mum is taken over all l-
onsistent sets � of

weighted predi
ates. Note that in the unweighted 
ase, � is a set, not a

multiset (otherwise, the ratios �

1

and �

w

1

would 
oin
ide).

A Boolean predi
ate P is 1-extendable if it has the following property: if
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we �x one of its arguments, we 
an 
hoose the remaining ones in su
h a way

that the predi
ate is satis�ed. In parti
ular, the 0-ary Boolean predi
ate

whi
h is 
onstantly true is 1-extendable. A restri
tion of a predi
ate P is a

predi
ate P

0

obtained from P by �xing values of some of its arguments, e.g.,

P

0

(x

1

; x

2

) = (x

1

^ x

2

) is a restri
tion of the predi
ate P (x

1

; x

2

; x

3

) = (x

1

^

x

2

^ x

3

)_ (:x

3

) obtained by �xing the value of x

3

to be true. A restri
tion

P

0

of a k-ary predi
ate P 
an be des
ribed by a ve
tor � 2 f0; 1; ?g

k

where

0 and 1 denote an argument whi
h is �xed to be false and true, respe
tively,

and ? denotes an un�xed argument. Let �

P;�

(p) : h0; 1i ! h0; 1i be equal

to the probability that the k-ary predi
ate P with arguments x

1

; : : : ; x

k

is

satis�ed if ea
h x

i

is set to be true randomly and independently with the

probability 1 � p, p and 1=2, if �

i

is 0, 1 and ?, respe
tively. Note that

�

P;�

(p) is a polynomial in p of degree at most k. For a set � of predi
ates,

let �(�) be the set of all the fun
tions �

P;�

where P 2 � and the restri
tion

of P 
orresponding to � is 1-extendable.

Example 1 Let � be the set 
onsisting of two predi
ates P

1

(x

1

) = (x

1

)

and P

2

(x

1

; x

2

) = (x

1

^ x

2

). There is a single restri
tion of the predi
ate

P

1

whi
h is 1-extendable and this restri
tion 
orresponds to the ve
tor 1.

There are four restri
tions of the predi
ate P

2

whi
h are 1-extendable, those


orresponding to 11, 1?, ?1 and ??. Hen
e, the set �(�) 
onsists of the

following four fun
tions:

�

P

1

;1

(p) = p �

P

2

;11

(p) = 2p� p

2

�

P

2

;1?

(p) = �

P

2

;?1

(p) = (p+ 1)=2 �

P

2

;??

(p) = 3=4.

Example 2 Consider a set � 
ontaining the predi
ate P (x

1

; x

2

; x

3

; x

4

; x

5

) =

(x

1

^ (x

2

_ x

3

_ x

4

_ x

5

)). There are several restri
tions of P whi
h are

1-extendable, but ea
h su
h restri
tion is isomorphi
 to a restri
tion 
orre-

sponding to one of the following ve
tors: 1 ? ? ? ?, 10 ? ??, 11 ? ??, 100 ? ?,

110??, 111??, 1100?, 1100?, 1110?, 1111?, 11000, 11100, 11110 and 11111.

Let 	 be the fun
tional whi
h assigns a 
ontinuous fun
tion f : h0; 1i !

h0; 1i its maximum on the interval h0; 1i. If F is a �nite family of fun
tions

f : h0; 1i ! h0; 1i, then 	(F ) is de�ned to be the in�mum 	(f) where the

fun
tion f ranges over all 
onvex 
ombinations of the fun
tions of F . Note

that the in�mum is attained if the set F is a set of polynomials (whi
h is

the 
ase of �(�) for any set of predi
ates �). As mentioned in Se
tion 1,

one of our results is that the limit �

1

(�) = lim

l!1

�

l

(�) is equal to 	(�(�))
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for any set � of Boolean predi
ates with arities at least two and �

w

1

(�) is

equal to 	(�(�)) for any set � of Boolean predi
ates (see Corollary 8 and

Examples 3{5 after it).

3 The algorithm and the upper bound

Before we 
an design our algorithm, we �rst establish the following lemma

on the derivatives of 
onvex 
ombinations of the fun
tions 
ontained in �(�):

Lemma 1 Let � be a set of predi
ates of arity at most K and let f(p) be

any 
onvex 
ombination of fun
tions 
ontained in �(�). The derivative of

the fun
tion f(p) for p 2 h0; 1i takes values from the interval h�K;+Ki.

Proof: Sin
e the derivative of a 
onvex 
ombination of some fun
tions is a


onvex 
ombination of their derivatives, it is enough to prove the statement

of the lemma only for the fun
tions 
ontained in the set �(�). Let f be

a fun
tion 
ontained in �(�) 
orresponding to a predi
ate P 2 � and a

ve
tor � . Let k be the arity of P (whi
h is also the length of �) and k

0

the

number of 0's and 1's 
ontained in � . The fun
tion f 
an be expressed as

the following linear 
ombination:

f(p) =

X

i

1

=0;1

� � �

X

i

k

0

=0;1

�

i

1

;:::;i

k

0

k

0

Y

j=1

f

i

j

(p)

where 0 � �

i

1

;:::;i

k

0

� 1, f

0

(p) = (1� p) and f

1

(p) = p. The derivative f

0

of

f is the following:

f

0

(p) =

1

X

i

1

=0

� � �

1

X

i

k

0

=0

�

i

1

;:::;i

k

0

k

0

X

j

0

=1

(�1)

1+i

j

0

k

0

Y

j=1;j 6=j

0

f

i

j

(p)

=

k

0

X

j

0

=1

1

X

i

j

0

=0

(�1)

1+i

j

0

1

X

i

1

=0

� � �

1

X

i

j

0

�1

=0

1

X

i

j

0

+1

=0

� � �

1

X

i

k

0

=0

�

i

1

;:::;i

k

0

k

0

Y

j=1;j 6=j

0

f

i

j

(p)

It remains to estimate the absolute value of f

0

(p) for p 2 h0; 1i:

jf

0

(p)j �

�

k

0

X

j

0

=1

�

�

�

�

�

�

1

X

i

j

0

=0

(�1)

1+i

j

0

1

X

i

1

=0

� � �

1

X

i

j

0

�1

=0

1

X

i

j

0

+1

=0

� � �

1

X

i

k

0

=0

�

i

1

;:::;i

k

0

k

0

Y

j=1;j 6=j

0

f

i

j

(p)

�

�

�

�

�

�
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�

k

0

X

j

0

=1

1 = k

0

� K

In order, to establish the middle inequality, observe �rst that

1

X

i

1

=0

� � �

1

X

i

j

0

�1

=0

1

X

i

j

0

+1

=0

� � �

1

X

i

k

0

=0

k

0

Y

j=1;j 6=j

0

f

i

j

(p) = 1

for all p 2 h0; 1i and j

0

= 1; : : : ; k

0

. Sin
e both the fun
tion f

0

and f

1

are

non-negative, the value of the fun
tion

1

X

i

1

=0

� � �

1

X

i

j

0

�1

=0

1

X

i

j

0

+1

=0

� � �

1

X

i

k

0

=0

�

i

1

;:::;i

k

0

k

0

Y

j=1;j 6=j

0

f

i

j

(p)

is always between 0 and 1 for p 2 h0; 1i, j

0

= 1; : : : ; k

0

and i

j

0

= 0; 1. Sin
e

the absolute value of the di�eren
e of two numbers between 0 and 1 does

not ex
eed 1, the inequality follows.

We are now ready to prove the main result of this se
tion:

Theorem 2 Let � be a �xed set of Boolean predi
ates and let K be the

maximum arity of a predi
ate 
ontained in �. There exists an algorithm

whi
h given " > 0 and a set of weighted predi
ates � of total weight w

0

either �nds a truth assignment whi
h satis�es predi
ates of � whose weight

is at least (	(�(�))�")w

0

or �nds a set of at most 2K

d2K="e�1

in
onsistent

predi
ates. Moreover, the algorithm runs in time linear in j�j and 1=".

Proof: The algorithm 
onsists of three steps:

1. Labeling variables a

ording to the depth of \for
ing" their values

by the input predi
ates (or �nding an in
onsistent set of at most

2K

d2K="e�1

predi
ates).

2. Finding a probability distribution on truth assignments su
h that the

expe
ted weight of the satis�ed predi
ates is at least (	(�(�))�")w

0

.

3. Constru
tion of a truth assignment whi
h satis�es predi
ates whose

weight is at least (	(�(�)) � ")w

0

.
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The third step is an easy appli
ation of a standard linear-time derandomiza-

tion te
hnique proposed by Yannakakis [19℄ for lo
ally 
onsistent formulas

(see also [11℄) nowadays known as the method of 
onditional expe
tations

(the reader is referred to [1, 2, 14℄ for additional details). So, we fo
us on

the �rst two steps of the algorithm in the rest of the proof.

In the �rst step, we 
onstru
t a sequen
e of 1 + d2K="e partial truth

assignments �

0

; : : : ; �

d2K="e

and subsets �

1

; : : : ;�

d2K="e

of �. The partial

truth assignment �

0

is the empty one, i.e., it sets no variables. Let i be an

integer between 1 and d2K="e and assume that the partial truth assignment

�

0

; : : : ; �

i�1

have been 
onstru
ted. Let �

i

be the set of all the predi
ates

of � whose restri
tions with respe
t to �

i�1

are not 1-extendable. If there

is a predi
ate whose restri
tion with respe
t to �

i�1

is 
onstantly false,

we stop. Otherwise, the partial truth assignment �

i�1

is extended to the

partial truth assignment �

i

by setting the values of the variables for
ed by

the restri
tions of the predi
ates 
ontained in �

i

. The value of a variable x

is for
ed if there exists a predi
ate whi
h 
an be satis�ed only if either x is

false or x is true. If the value of a single variable is for
ed to be both true

and false, we also stop.

Let us say few 
omments on the a
tual implementation of the �rst step of

the algorithm. Ea
h variable x will be labeled by the smallest i su
h that �

i

assigns the value to x. The variables whose values are for
ed by previously

�xed variables are stored in a FIFO queue. When a variable is dequeued, the

algorithm 
he
ks whether there are some new variables for
ed after �xing

the value of the dequeued variable. If so, the newly for
ed variables are

added to the end of the queue. In addition, in order to be able to qui
kly

�nd in
onsistent sets of 
lauses, we store for ea
h variable whi
h of the

predi
ates for
ed its value and in
lude this predi
ate to the 
orresponding

set �

i

. Note that the labels of the variables 
orrespond to \depths" of

derivations for
ing their values and that ea
h predi
ate is in
luded to at

most K of the sets �

1

; : : : ;�

d2K="e

.

If we stop be
ause we �nd an unsatis�ed predi
ate or a variable whi
h

is for
ed to two di�erent values, we 
an easily 
onstru
t an in
onsistent set

of at most 2(K

d2K="e�1

+ 1) predi
ates as des
ribed in the following. If an

unsatis�ed predi
ate is found, 
onsider a set A 
onsisting of this predi
ate,

all the (at most K) predi
ates for
ing the values of the variables 
ontained

in its arguments, all the (at most K(K�1)) predi
ates for
ing the values of

the variables 
ontained in the \�rst-level" predi
ates, et
. Sin
e there are

at most d2K="e levels, the number of the predi
ates in
luded to the set A

8



does not ex
eed:

1 +K +K(K � 1) + � � �+K(K � 1)

d2K="e�2

� K

d2K="e�1

+ 1.

If we stop be
ause there is a variable whi
h is for
ed to two di�erent values,

we in
lude to the set A the two predi
ates whi
h for
e it to have oppo-

site values, all the (at most 2(K � 1)) predi
ates for
ing the values of the

variables 
ontained in their arguments, et
. The number of the predi
ates

in
luded to the set A does not ex
eed in this 
ase:

2 + 2(K � 1) + 2(K � 1)

2

+ � � �+ 2(K � 1)

d2K="e�2

� 2K

d2K="e�1

.

In either of the 
ases, the number of the predi
ates 
ontained in the set A

is at most 2K

d2K="e�1

and the set A 
an be 
onstru
ted in time linear in

jAjK � j�jK.

If for ea
h variable x, a list of predi
ates whi
h 
ontain x is formed at

the beginning of the 
omputation (whi
h 
an be simultaneously done for

all the variables in linear time), the entire �rst step of the algorithm 
an

be performed in time O(j�jK) in
luding the 
onstru
tion of an in
onsistent

set. Let us re
all at this point that K is a 
onstant sin
e the set � is �xed.

We now fo
us on the se
ond step of the algorithm. Sin
e ea
h predi
ate

of � 
an be 
ontained in at most K sets �

1

; : : : ;�

d2K="e

, the total weight

of all the predi
ates 
ontained in the sets �

1

; : : : ;�

d2K="e

when 
ounting

multipli
ities does not ex
eed Kw

0

. By an averaging argument, there exists

1 � i � d2K="e for whi
h the weight of the predi
ates of �

i

is at most

"w

0

=2. Let w

0

0

be the total weight of the predi
ates 
ontained in � n �

i

.

Note that w

0

0

� (1� "=2)w

0

by the 
hoi
e of i.

Let f(p) be the expe
ted weight of the satis�ed predi
ates of � n �

i

divided by w

0

0

where ea
h of the variables �xed by �

i�1

gets the value

assigned to it by �

i�1

with the probability p and the remaining variables

are set to be true with the probability 1=2 (the values of all the variables

are set mutually independently). Clearly, the 
oeÆ
ients of the polynomial

f(p) (of degree at most K) 
an be 
omputed in time linear in j�j. Sin
e the

restri
tion of ea
h predi
ate of � n�

i

with respe
t to �

i�1

is 1-extendable,

the fun
tion f(p) is a 
onvex 
ombination of the fun
tions from �(�). In

parti
ular, the absolute value of the derivative of f(p) does not ex
eed K

by Lemma 1.

Compute the value of the fun
tion f(p) for ea
h of the following values

of p: 0;

"

K

;

2"

K

; : : : ;

�

K

"

�

"

K

; 1. Let p

0

be the value for whi
h the maximum is

attained. Note that f(p

0

) di�ers from the maximum of the fun
tion f(p)

9



for p 2 h0; 1i by at most "=2 be
ause the absolute value of the derivative of

f does not ex
eed K for p 2 h0; 1i. Sin
e for ea
h of the bK="
+ 2 values

of p, the fun
tion f(p) 
an be evaluated in time O(K), the algorithm needs

time linear in O(1=") to determine p

0

.

We 
laim that the probability distribution whi
h assigns ea
h of the

variables �xed by �

i�1

the value assigned by �

i�1

with the probability p

0

and the remaining variables are set to be true with the probability 1=2 is

the desired probability distribution. The expe
ted weight of the satis�ed


lauses is 
learly at least f(p

0

)w

0

0

. We further estimate this quantity:

f(p

0

)w

0

0

�

�

max

p2h0;1i

f(p)� "=2

�

(1� "=2)w

0

�

(	(�(�)) � "=2)(1� "=2)w

0

� (	(�(�)) � ")w

0

.

This �nishes the se
ond step of the algorithm. Let us point out that the

algorithm does not need to 
ompute any estimate on 	(�(�)) in order to

run 
orre
tly.

An immediate 
orollary of Theorem 2 is the following:

Corollary 3 Let � be a set of Boolean predi
ates. For ea
h " > 0, there

exists an integer l � 1 su
h that

�

l

(�) � �

w

l

(�) � 	(�(�)) � ".

4 The lower bound

First, we introdu
e several 
on
epts whi
h are used throughout this se
tion.

If � is a set of predi
ates and � is a partial truth assignment, then the

restri
tion of � with respe
t to � is the set �

0

of the predi
ates obtained

from � by �xing the values of variables set by �. The dependen
e graph

G(�

0

) of a �

0

is the multigraph whose verti
es are predi
ates of �

0

and

the number of edges between two predi
ates P

1

and P

2

of �

0

is equal to

the number of variables whi
h appear in arguments of both the predi
ates

P

1

and P

2

(regardless whether they appear as positive or negative literals).

Note that the predi
ates whose arguments 
ontain only the variables �xed

by � are isolated verti
es in G(�

0

). A semi
y
le of length l of � with respe
t

to � is a set � of l predi
ates su
h that the verti
es 
orresponding to the

10



predi
ates of � form a 
y
le of length l in G(�

0

). The following lemma

relates the girth of the graph G(�

0

) and the lo
al 
onsisten
y of � for a

suitable partial truth assignment �:

Lemma 4 Let � be a set of predi
ates, � a partial truth assignment, �

0

the

restri
tion of � with respe
t to � and l � 2 an integer. If ea
h predi
ate

of �

0

is 1-extendable and � 
ontains no semi
y
le of length at most l with

respe
t to �, then the set � is l-
onsistent.

Proof: We prove by indu
tion on i that any i = 1; : : : ; l predi
ates of �

0


an be simultaneously satis�ed. This 
learly implies the statement of the

lemma be
ause a truth assignment for �

0


an be viewed as an extension of

the truth assignment � to �.

The 
laim trivially holds for i = 1. Assume now that i > 1 and let

P

1

; : : : ; P

i

be any i predi
ates of �. Sin
e G(�

0

) 
ontains no 
y
le of length

at most l, the verti
es 
orresponding to P

1

; : : : ; P

i

indu
e a forest T inG(�

0

).

We 
an assume without loss of generality that P

i


orresponds to a leaf or an

isolated vertex in the forest T . Let y

1

; : : : ; y

n

be the variables 
ontained in

the �rst i�1 predi
ates whi
h are not set by �. By the indu
tion hypothesis,

there is a truth assignment for the variables y

1

; : : : ; y

n

whi
h satis�es all the

predi
ates P

1

; : : : ; P

i�1

. Sin
e P

i

is a leaf or an isolated vertex in T , it has

at most one variable in 
ommon with the predi
ates P

1

; : : : ; P

i�1

. Hen
e,

the truth assignment for y

1

; : : : ; y

n


an be extended to a truth assignment

whi
h satis�es all the predi
ates P

1

; : : : ; P

i

be
ause the restri
tion of the

predi
ate P

i

with respe
t to � is 1-extendable.

In the proof of the lower bound, Markov's inequality and Cherno�'s

inequality are used to bound the probability of large deviations from the

expe
ted value. The reader is referred to [7℄ for a more detailed exposition:

Proposition 5 Let X be a non-negative random variable with the expe
ted

value E. The following holds for every � � 1:

Prob(X � �) �

E

�

.

Proposition 6 Let X be a random variable equal to the sum of N zero-one

independent random variables su
h that ea
h of them is equal to 1 with the

probability p. Then, the following holds for every 0 < Æ � 1:

Prob(X � (1 + Æ)pN) � e

�

Æ

2

pN

3

and Prob(X � (1� Æ)pN) � e

�

Æ

2

pN

2

.
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We are now ready to prove our lower bounds on �

w

1

(�) and �

1

(�):

Theorem 7 Let � be a set of Boolean predi
ates. For any integer l � 1

and any real " > 0, there exists an l-
onsistent set �

0

of weighted predi
ates

whose types are from the set � su
h that:

�

w

(�

0

) � 	(�(�)) + ".

Moreover, if the arity of ea
h predi
ate � is at least two, then there exists

su
h a set �

0

of unweighted predi
ates.

Proof: We assume without loss of generality that " < 1 is the inverse of

a power of two. Let f

1

; : : : ; f

K

be all the di�erent fun
tions 
ontained in the

set �(�) and let

P

K

i=1

�

i

f

i

be their 
onvex 
ombination with 	(

P

K

i=1

�

i

f

i

) =

	(�(�)). Let further P

i

be a predi
ate of � whose restri
tion with respe
t

to a ve
tor �

i

is 1-extendable and �

P

i

;�

i
= f

i

. Observe that there are no

two indi
es i 6= i

0

su
h that P

i

= P

i

0

and �

i

= �

i

0

. Finally, let K

0

be the

maximum arity of a predi
ate 
ontained in �.

We 
onsider a random set � of predi
ates whose arguments 
ontain

variables x

1

; : : : ; x

n

and y

1

; : : : ; y

n

where n is a suÆ
iently large power of

two whi
h will be �xed later in the proof. Fix an integer i = 1; : : : ;K and

let k be the arity of P

i

and k

0

the number of stars 
ontained in �

i

. At

this point, we abandon the 
ondition that ea
h variable 
an appear in at

most one of the arguments of the predi
ate and we allow to in
lude to �

predi
ates whi
h do not satisfy this 
ondition. Later, we prune the set � to

obey this 
onstraint.

If k > 1, ea
h of the n

k

2

k

0

predi
ates P

i

whose j-th argument, 1 � j � k,

is a positive literal 
ontaining one of the variables x

1

; : : : ; x

n

if �

i

j

= 1, a

negative literal 
ontaining one of the variables x

1

; : : : ; x

n

if �

i

j

= 0 and a

positive or negative literal 
ontaining one of the variables y

1

; : : : ; y

n

if �

i

j

= ?,

is in
luded to � randomly and independently of the other predi
ates with

the probability �

i

2

�k

0

n

�(k�1)+1=2l

. The weights of all these predi
ates are

set to one.

If k = 1, ea
h predi
ate P

i

whose only argument is a positive literal


ontaining one of the variables x

1

; : : : ; x

n

if �

i

1

= 1, a negative literal 
on-

taining one of the variables x

1

; : : : ; x

n

if �

i

1

= 0 and a positive or negative

literal 
ontaining one of the variables y

1

; : : : ; y

n

if �

i

1

= ?, is in
luded to �

with the weight �

i

2

�k

0

n

1=2l

. Note that if the arity of ea
h predi
ate of � is

at least two, the obtained system � 
onsists of unweighted predi
ates (more

pre
isely, all its predi
ates have the weight equal to one).
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Let �

i

be the predi
ates of � 
orresponding to P

i

and �

i

. We prove

the following three statements (under the assumption that n is suÆ
iently

large):

1. The total weight of the predi
ates of �

i

is at least �

i

(1 �

"

8

)n

1+1=2l

with the probability greater than 1� 1=4K.

2. With the probability greater than 1 � 1=4K, ea
h truth assignment

whi
h assigns true to exa
tly n

0

of the variables x

1

; : : : ; x

n

satis�es the

predi
ates of �

i

whose total weight is at most �

i

(f

i

(n

0

=n)+

"

4

)n

1+1=2l

.

3. The total weight of the predi
ates whose arguments do not 
ontain

di�erent variables is at most �

i

"

8

n

1+1=2l

with the probability greater

than 1� 1=4K.

If the arity k of P

i

is one or �

i

= 0, then all the three statements hold with

the probability one. In the rest, we 
onsider the 
ase that the arity of P

i

is

at least two, i.e., k � 2, and �

i

> 0.

The probability that the total weight of the predi
ates of �

i

is smaller

than �

i

(1 �

"

8

)n

1+1=2l

is bounded by Proposition 6 from above by the fol-

lowing:

e

�

("=4)

2

(�

i

2

�k

0

n

�(k�1)+1=2l

)(n

k

2

k

0

)

2

= e

�

"

2

�

i

n

1+1=2l

128

Sin
e ", �

i

, l andK do not depend on n, the probability that the total weight

of the predi
ates of �

i

ex
eeds �

i

(1 �

"

8

)n

1+1=2l

is smaller than 1=4K if n

is suÆ
iently large.

Let � be any of the 2

2n

truth assignments for the variables x

1

; : : : ; x

n

and y

1

; : : : ; y

n

; let n

0

be the number of variables x

1

; : : : ; x

n

whi
h are set to

be true by �. A predi
ate whi
h 
an be in
luded to �

i

is said to be good if it

is satis�ed by �. Note that there are exa
tly f

i

(n

0

=n)n

k

2

k

0

good predi
ates.

If f

i

(n

0

=n) �

"

8

, then mark additional predi
ates to be good so that the

total number of good predi
ates is

"

8

n

k

2

k

0

(note that sin
e " is the inverse

of a power of two, then this expression is an integer if n is a suÆ
iently large

power of two). Hen
e, the expe
ted number of good predi
ates in
luded to

�

i

is exa
tly maxff

i

(n

0

=n); "=8gn

k

2

k

0

� �

i

n

�(k�1)+1=2l

2

�k

0

. Using the fa
t

that f

i

(n

0

=n) � 1 and Proposition 6, we infer the following:

Prob(� satis�es more than �

i

(f

i

(n

0

=n) +

"

4

)n

1+1=2l

predi
ates of �

i

) �

Prob(�

i


ontains more than �

i

(f

i

(n

0

=n) +

"

4

)n

1+1=2l

good predi
ates) �

13



Prob(�

i


ontains > (1+"=8)�

i

maxff

i

(n

0

=n); "=8gn

1+1=2l

good predi
ates) �

e

�

"

2

�

i

maxff

i

(n

0

=n);"=8gn

1+1=2l

192

� e

�

"

3

�

i

n

1+1=2l

1536

Sin
e there are 2

2n

possible truth assignment �, the probability that

there exists one whi
h satis�es more than �

i

(f

i

(n

0

=n)+

"

4

)n

1+1=2l


lauses of

�

i

is at most 2

2n

�e

�

"

3

�

i

n

1+1=2l

1536

. Sin
e ", �

i

and K are �xed, this probability

is smaller than 1=4K if n is suÆ
iently large.

It remains to establish our third 
laim on �

i

. At most

�

k

2

�

n

k�1

2

k

0

out of

all the n

k

2

k

0

predi
ates whi
h 
an be in
luded to �

i


ontain one variable in

several of its arguments. Therefore, the expe
ted number of su
h predi
ates

whi
h are 
ontained in the set �

i

is at most

�

k

2

�

n

k�1

2

k

0

�

i

2

�k

0

n

�(k�1)+1=2l

=

�

i

�

k

2

�

n

1=2l

. By Markov's inequality (Proposition 5), the probability that the

number of su
h predi
ates in �

i

ex
eeds �

i

"

8

n

1+1=2l

is at most the following

fra
tion:

�

i

�

k

2

�

n

1=2l

�

i

"

8

n

1+1=2l

=

�

k

2

�

8

"n

.

Sin
e ", k and K are independent of n, the probability of this event is

smaller than 1=4K if n is suÆ
iently large.

It 
an be 
on
luded that with the probability greater than 1=4 the fol-

lowing three statements hold for the set � and a suÆ
iently large n (re
all

that

P

K

i=1

�

i

= 1):

1. The total weight of the predi
ates of � is at least (1�

"

8

)n

1+1=2l

.

2. Any truth assignment whi
h assigns true to exa
tly n

0

of the variables

x

1

; : : : ; x

n

satis�es the predi
ates of � whose total weight does not

ex
eed (

P

K

i=1

�

i

f

i

(n

0

=n) +

"

4

)n

1+1=2l

.

3. The total weight of the predi
ates whose arguments do not 
ontain

di�erent variables is at most

"

8

n

1+1=2l

.

We now estimate the number of semi
y
les of length at most l in �

with respe
t to the partial truth assignment �

0

whi
h sets all the vari-

ables x

1

; : : : ; x

n

to be true. Note that all the restri
tions of the predi-


ates 
ontained in � with respe
t to �

0

are 1-extendable. Let us 
on-

sider a semi
y
le 
orresponding to the predi
ates P

0

1

; : : : ; P

0

l

0

, 2 � l

0

� l,

des
ribed by �

0

1

; : : : ; �

0

l

0

. Let k

i

be the arity of the predi
ate P

0

i

and k

0

i

the number of stars in �

0

i

. The number of all semi
y
les 
orresponding
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to the restri
tions of the predi
ates P

0

1

; : : : ; P

0

l

0

determined by �

0

1

; : : : ; �

0

l

0

is at most

Q

l

0

i=1

n

k

i

�k

0

i

n

k

0

i

�1

2

k

0

i

k

0

i�1

(the indi
es are taken modulo l

0

, i.e.,

k

0

0

= k

0

l

0

). The probability of in
luding any su
h parti
ular sequen
e to �

is

Q

l

0

i=1

�

0

i

n

�(k

i

+k

0

i

�1)+1=2l

2

�k

0

i

where �

0

i

is the 
oeÆ
ient �

i


orresponding

to P

0

i

and �

0

i

. Therefore, the expe
ted number of semi
y
les 
ontained in �

whi
h 
orrespond to the restri
tions of the predi
ates P

0

1

; : : : ; P

0

l

0

determined

by �

0

1

; : : : ; �

0

l

0

is at most

Q

l

0

i=1

k

0

i

n

1=2l

� K

l

0

0

n

1=2

(re
all that 0 � �

0

i

� 1 for

all 1 � i � l

0

and K

0

denotes the maximum arity of a predi
ate in �).

Sin
e there are at mostK

l

0

ways how to 
hoose the predi
ates P

0

1

; : : : ; P

0

l

0

and 3

K

0

l

0

possible 
hoi
es of the ve
tors �

0

1

; : : : ; �

0

l

0

, the expe
ted number of

semi
y
les of � of length l

0

does not ex
eed (KK

0

3

K

0

)

l

0

n

1=2

. By Proposi-

tion 5, the probability that � 
ontains more than

"

8l

n

1+1=2l

semi
y
les of

length at most l is at most the following:

l(KK

0

3

K

0

)

l

n

1=2

"

8l

n

1+1=2l

�

8l

2

(KK

0

3

K

0

)

l

"n

1=2

Sin
e the numbers l, K, K

0

and " do not depend on n, this probability is

smaller than 1=4 if n is suÆ
iently large. Therefore with positive proba-

bility, the set � has the properties 1{3 stated above and the number of its

semi
y
les of length at most l with respe
t to the partial truth assignment

�

0

is at most

"

8l

n

1+1=2l

. For the rest of the proof, �x �

0

to be any su
h set

of predi
ates.

Remove from the set �

0

all the predi
ates 
ontained in semi
y
les of

length at most l with respe
t to �

0

and all the predi
ates whi
h 
ontains

the same variable in several of their arguments. Let �

0

be the resulting set

of predi
ates. Note that there are at most at most l �

"

8l

n

1+1=2l

=

"

8

n

1+1=2l

predi
ates 
ontained in semi
y
les of length at most l. Sin
e ea
h of the

predi
ates of �

0

whi
h is 
ontained in a semi
y
le must 
ontain one of the

variables y

1

; : : : ; y

n

, its arity is at least two. Consequently, its weight is equal

to one. Hen
e, the total weight of the predi
ates removed from �

0

is at most

"

8

n

1+1=2l

+

"

8

n

1+1=2l

=

"

4

n

1+1=2l

and the total weight of the predi
ates of

�

0

is at least (1 �

3"

8

)n

1+1=2l

. Clearly, the total weight of the predi
ates

of �

0

whi
h 
an be simultaneously satis�ed by a truth assignment does not

ex
eed the total weight of su
h predi
ates of �

0

. We 
an now 
on
lude that

the following holds for ea
h truth assignment whi
h sets n

0

(0 � n

0

� n) of
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the variables x

1

; : : : ; x

n

to be true:

�

w

(�

0

) �

(

P

K

i=1

�

i

f

i

(n

0

=n) +

"

4

)n

1+1=2l

(1�

3"

8

)n

1+1=2l

�

	(�(�)) +

"

4

1�

3"

8

�

	(�(�))

1 +

"

4

1�

3"

8

� 	(�(�))(1 + ") � 	(�(�)) + "

Sin
e �

0


ontains no semi
y
les of length at most l with respe
t to �

0

and all the restri
tions of the predi
ates of �

0

with respe
t to �

0

are 1-

extendable, the set �

0

is l-
onsistent by Lemma 4. Consequently, �

w

l

(�) �

	(�(�)) + ". Moreover, if the arity of ea
h predi
ate of � is at least two,

the weights of all the predi
ates of � are one and �

l

(�) � 	(�(�)) + ".

We immediately infer from Corollary 3 and Theorem 7 the following

expressions for �

1

(�) and �

w

1

(�):

Corollary 8 Let � be a �nite set of Boolean predi
ates. The following

holds:

�

w

1

(�) = 	(�(�)).

Moreover, if the arity of ea
h predi
ate of � is at least two, then the following

holds:

�

1

(�) = 	(�(�)).

As an appli
ation of Corollary 8, we 
ompute the values �

w

1

(�) for

several sets �:

Example 3 Let � be the set of predi
ates from Example 1. Sin
e �

P

2

;??

(p)

equals to 3=4 for all 0 � p � 1, we infer 	(�(�)) � 	(�

P

2

;??

) = 3=4.

On the other hand, the value of ea
h of the fun
tions �

P

1

;1

, �

P

2

;11

, �

P

2

;1?

and �

P

2

;??

for p = 3=4 is at least 3=4. Thus, the value of any 
onvex


ombination of them for p = 3=4 is also at least 3=4 and 	(�(�)) � 3=4.

Hen
e, �

w

1

(�) = 3=4.

Example 4 Let � be the set of predi
ates from Example 2. Sin
e the fun
-

tion �

P;100??

(p) is p(1� p

2

=4), we infer that 	(�(�)) � 	(�

P;100??

) = 3=4.

On the other hand, ea
h of the fun
tions �

P;�

for all the ve
tors � from

Example 2 is at least 3=4 for p = 1. Therefore, �

w

1

(�) = 	(�(�)) = 3=4.
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Example 5 Let �

k

be the set 
ontaining a single predi
ate P (x

1

; : : : ; x

k

) =

x

1

^ (x

2

_� � �_x

k

) for an integer k � 7. Consider the ve
tor � = 10 � � �0??.

Clearly, the restri
tion of P determined by � is 1-extendable. It is easy to

show that the maximum of the fun
tion �

P;�

is attained for p

0

=

k�3

q

4

k�2

and it is stri
tly larger than 3=4. Moreover, the value �

P;�

(p

0

) is smaller

or equal to the value �

P;�

0

(p

0

) for any �

0


orresponding to a 1-extendable

restri
tion of P . We infer that �

w

1

(�

k

) = 	(�(�

k

)) � 	(�

P;�

) > 3=4.

5 Con
lusion

We settled almost 
ompletely the 
ase of �nite sets � of predi
ates. The

only 
ase whi
h remains open is to determine �

1

(�) for sets of predi
ates

� whi
h 
ontains a predi
ate of arity one. The 
ase of in�nite sets � seems

to be also interesting, but rather from the theoreti
al point of view than

the algorithmi
 one: in most 
ases, it might be diÆ
ult to des
ribe the

input if the set � is not a \ni
e" set of predi
ates as it is the 
ase of,

e.g., �

SAT

. For an in�nite set of predi
ates �, one 
an also de�ne the

set �(�) and then 	(�(�)) to be the in�mum of 	 taken over all 
onvex


ombinations of �nite number of fun
tions from �(�). It is not hard to

verify that the proof of Theorem 7 
an be translated to this setting. In

parti
ular, �

w

1

(�) � 	(�(�)) for every in�nite set �. However, the proof of

Theorem 2 
annot be adopted to this 
ase sin
e the arity of the predi
ates

of � is not bounded. We suspe
t that the equality �

w

1

(�) = 	(�(�)) does

not hold for all (in�nite) sets �.
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