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Abstra
t

It is 
ommonly believed that one 
an prove Ramsey properties

only for simple and \well behaved" stru
tures. This is supported

by the link of Ramsey 
lasses of stru
tures with homogeneous stru
-

tures. We outline this 
orresponden
e in the 
ontext of the Clas-

si�
ation Programme for Ramsey 
lasses. As parti
ular instan
es

of this approa
h one 
an 
hara
terize all Ramsey 
lasses of graphs,

tournaments and partial ordered sets and also fully 
hara
terize all

monotone Ramsey 
lasses of relational systems (of any type). On the

other side of this spe
trum many homogeneous stru
tures allow a 
on-


ise des
ription (
alled here a �nitary presentation) by means of all

�nite models of a suitable theory. Extending 
lassi
al work of Rado

(for the random graph) we �nd a �nitary presentation for ea
h of the

above 
lasses where the 
lassi�
ation problem is solved: (undire
ted)

graphs, tournaments and partially ordered sets. The main result of

the paper is a 
onstru
tion of 
lasses P

2

and P

f

of �nite stru
tures

whi
h are isomorphi
 to the generi
 (i.e. homogeneous and universal)

�
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partially ordered set. Somehow surprisingly, the stru
ture P

2

extends

Conway's surreal numbers and their linear ordering.

1 Ramsey Classes and Homogeneous Stru
-

tures

Let K be a 
lass of obje
ts whi
h is isomorphism 
losed and endowed with

subobje
ts. Given two obje
ts A;B 2 K we denote by

�

B

A

�

the set of all

subobje
ts A

0

of B whi
h are isomorphi
 to A. We say that the 
lass K has

A-Ramsey property if the following statement holds:

For every positive integer k and for every B 2 K there exists C 2 K su
h

that C �! (B)

A

k

. Here the last symbol (Erd}os - Rado partition arrow) has

the following meaning:

For every partition

�

C

A

�

= A

1

[ A

2

[ : : : [ A

k

there exists B

0

2

�

C

B

�

and

an i; 1 � i � k su
h that

�

B

0

A

�

� A

i

.

In the extremal 
ase that a 
lass K has A-Ramsey property for every its

obje
t A we say that K is a Ramsey 
lass.

These notions 
rystallized in the early seventies, see e.g. [23, 34, 11℄.

This formalism and the natural questions it motivated essentially 
ontributed

to 
reate establish Ramsey theory as a \theory" (as ni
ely put in the intro-

du
tion to [12℄).

The notion of a Ramsey 
lass is highly stru
tured and in a sense it is

the top of the line of the Ramsey notions (\one 
an partition everything in

any number of 
lasses to get anything homogeneous"). Consequently there

are not many (essentially di�erent) examples of Ramsey 
lasses known.

Examples of Ramsey 
lasses in
lude

i. The 
lass of all �nite ordered graphs;

ii. The 
lass of all �nite partially ordered sets (with a �xed linear exten-

sion);

iii. The 
lass of all �nite ve
tor spa
es (over a �xed �eld F ).

iv. The 
lass of all (labeled) �nite partitions.

For these results see [11, 12, 32, 27℄. We formulate expli
itly one of the

most general results (for relational stru
tures of a given type):
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Let � = (Æ

i

; i 2 I) be a sequen
e of natural numbers. � is 
alled the

type (or signature). For a �xed �, we shall 
onsider the 
lass Rel(�) of all

�nite ordered relational stru
tures of type �. These are obje
ts of the form

(X; (R

i

; i 2 I)) where X is a non-empty ordered set and R

i

� X

Æ

i

(i.e. R

i

is a Æ

i

-ary relation). We also put A = X , R

i

(A) = R

i

. The 
lass Rel(�) will

be 
onsidered with embeddings (
orresponding to indu
ed substru
tures):

Given two relational stru
tures (X; (R

i

; i 2 I)) and (X

0

; (R

0

i

; i 2 I)) of type

� a mapping f : X �! X

0

is 
alled an embedding if it is monotone inje
tion

of X into X

0

satisfying (f(x

j

); j = 1; : : : ; Æ

i

) 2 R

0

i

i� (x

j

; j = 1; : : : ; Æ

i

) 2 R

i

.

As usual, an in
lusion (or bije
tive) embedding is 
alled substru
ture (or

isomorphism). Given two ordered relational stru
tures A;B we denote by

�

B

A

�

the 
lass of all substru
tures A

0

of B whi
h are isomorphi
 to A. We

have the following

Theorem 1.1 ([30℄) For every 
hoi
e of a natural number k, of a type �

and of stru
tures A;B 2 Rel(�) there exists a stru
ture C 2 Rel(�) with

the following property: For every partition

�

C

A

�

= A

1

[ A

2

[ : : : [ A

k

there

exists i; 1 � i � k, and a substru
ture B

0

2

�

C

B

�

su
h that

�

B

0

A

�

� A

i

.

From today's perspe
tive all these results may be obtained (from a few

\basi
" Ramsey-type results, su
h as Ramsey theorem itself or its \dual

form" Hales{Jewett theorem) by variants of amalgamation te
hnique (known

also as Partite Constru
tion) see [35, 33, 32, 27℄.

It is interesting that the amalgamation te
hnique is (almost) ne
essary

as we have the following easy but important result observed already in [25℄,

see re
ent [26, 17℄. This 
an be formulated in surprising generality.

First, we review some basi
 notions from model theory: Let K be a 
lass

of stru
tures endowed with embeddings. K is said to be

i. isomorphism 
losed if it 
ontains with every A 2 K any obje
t A

0

isomorphi
 to A;

ii. hereditary if B 2 K and A �! B (in K) implies that A 2 K;

iii. joint embedding property if for every A;B 2 K there exists C 2 K su
h

that both A and B 
an be embedded to C;

iv. K is said to have an amalgamation property if for every A;B;B

0

2 K

and every 
hoi
e of embeddings f : A �! B; f

0

: A �! B

0

there

exists C 2 K and embeddings g : B �! C; g

0

: B

0

�! C su
h that

g Æ f = g

0

Æ f

0

. (C; g; g

0

) is 
alled an amalgamation of (A;B;B

0

; f; f

0

).
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Note that it is not assumed that the sets gÆf(B) and g

0

Æf

0

(B

0

) interse
t

in the set g Æ f(A) = g

0

Æ f

0

(A). An amalgamation with this additional

property is 
alled strong.

The key observation in our programme is the fa
t that Ramsey 
lasses

are 
losed on amalgamation (this has been noted already in [31℄, see also

[17, 27℄). We formulate this in a stronger form by means of a 
lass � of

\admissible" orderings. We say that a 
lass � of orderings of obje
ts in K

is ri
h if the following holds:

For every obje
t A;B

1

; B

2

of K and with embeddings f

i

: A �! B

i

there

exists obje
ts B

0

i

2 K, embeddings f

0

i

: A �! B

0

i

and admissible orderings

�;�

i

of A;B

0

i

; i = 1; 2, su
h that f

0

i

extends f

i

(thus B

i

is a substru
ture

of B

0

i

) and su
h that every amalgamation (in (K;�)) of ((A;�), (B

0

1

;�

0

1

),

(B

0

2

;�

0

2

), f

0

1

, f

0

2

) is strong.

All 
lasses of admissible orderings whi
h were mentioned above are ri
h.

For example the 
lass of all linear orderings is ri
h as well as the 
lass of all

linear extensions of partial orders.

Theorem 1.2 Let K be any hereditary, isomorphism 
losed 
lass with the

joint embedding property. Then we have

1: If K is a Ramsey 
lass (with embeddings as subobje
ts) then K has

amalgamation property.

2: If � is a ri
h 
lass of admissible orderings of K and (K;�) is Ramsey


lass then K has strong amalgamation property.

Proof. We prove 1: �rst. Let A;B

1

; B

2

be obje
ts of K and let embeddings

f

i

: A �! B

i

; i = 1; 2; be given. Using the joint embedding property let

C be an obje
t for whi
h there are embeddings g

i

: B

i

�! C; i = 1; 2. If

g

1

Æf

1

= g

2

Æf

2

the we are done. So assume g

1

Æf

1

6= g

2

Æf

2

. Let D �! (C)

A

2

.

In this situation we de�ne a partition

�

D

A

�

= A

1

[ A

2

as follows:

A

0

2 A

1

i� there exists are embeddings h : C �! D su
h that the

embedding f : A �! D whi
h represent A

0

as member of the set

�

D

A

�


an be written as f = h Æ g

1

Æ f

1

. Otherwise we put A

0

2 A

2

. By the

Ramsey property of D there exists C

0

2

�

D

C

�

represented by an embedding

h

0

: C �! D su
h that fh

0

Æ f ; f 2

�

C

0

A

�

g is a subset of A

i

0

. Now any

subobje
t of D isomorphi
 to C 
ontains a subobje
t isomorphi
 to A whi
h

is 
olored by 1. Thus i

0

= 1. Consider the embedding h

0

Æ g

2

Æ f

2

2

�

D

A

�

.

This subobje
t of D is as well a subobje
t of C

0

and thus it is also 
olored by

i

0

= 1. Thus there must exist an embedding h

00

: C �! D 
orresponding

to a subobje
t C

00

2

�

D

C

�

su
h that h

00

Æ g

1

Æ f

1

= h

0

Æ g

2

Æ f

2

. But this

4



means that obje
t D together with embeddings h

00

Æ g

1

: B

1

�! D and

h

0

Æ g

2

: B

2

�! D is an amalgamation of (A;B

1

; B

2

; f

1

; f

2

).

To prove 2: we 
an pro
eed similarly. We stress only the di�eren
es:

Given A;B

1

; B

2

2 K and embeddings f

1

; f

2

we �nd obje
ts B

0

1

; B

0

2

, admis-

sible orderings �;�

1

;�

2

and embeddings f

0

1

; f

0

2

by the ri
hness of admis-

sible 
lass � (we preserve the notation of the above de�nition). By the

proof of i: (for the 
lass (K;�) there exists an amalgamation (C; g

1

; g

2

)

of (A;�); (B

0

1

;�

1

); (B

0

2

;�

2

); f

1

; f

2

) (in (K;�)). Consider the restri
tions

~g

i

= g

i

j B

i

; i = 1; 2; and denote by

~

C the subobje
t of C indu
ed by the

set B

1

[ B

2

. We see easily that (

~

C; ~g

1

; ~g

2

) is a strong amalgamation of

(A;B

1

; B

2

; f

1

; f

2

) in K.

Despite its simpli
ity this result establishes an important link to model

theory and its 
lassi�
ation programme for homogeneous stru
tures:

A (�nite or in�nite) stru
ture A is 
alled homogeneous if for any 
hoi
e

of �nite substru
tures B;B

0

of A, every isomorphism f : B �! B

0


an be

extended to an isomorphism g : A �! A (i.e. we demand that g restri
ted

to B is f). For an in�nite stru
ture A the age of A (denoted by age(A))

is the 
lass of all (isomorphism types of) �nite substru
tures of A. In this


ase we also say that A is universal for age(A) (although this term is usually

reserved for 
ountable universality).

Homogeneity is a very strong symmetry property (generalizing vertex-,

edge-, path-transitive graphs) and as a result there are just a handful of

�nite examples (totally symmetri
 obje
ts are of 
ourse among them). But

in�nite homogeneous stru
tures are more frequent and present important

examples. Note that not every homogeneous stru
ture is Ramsey.

It follows from 
lassi
al result of Fra��ss�e ([8℄, see also [14℄) that a 
lass K

is an age of a homogeneous stru
ture S i� it satis�es the above assumptions

i:; ii:; iii:; iv::

In addition, for a 
lass K with i:; ii:; iii:; iv:, the homogeneous S satis-

fying age(S) = K is up to an isomorphism uniquely determined and it is


alled the Fra��ss�e limit of K.

The stru
ture U is 
alled generi
, or Fra��ss�e limit for the 
lass K. The

generi
 stru
ture is homogeneous and thus highly stru
tured. This is re-


e
ted also in the fa
t that very often U has an easy des
ription. This


orresponden
e allows us to study (seemingly very diverse) Ramsey 
lasses

by means of single obje
ts of high symmetry.

The following is a 
onsequen
e of Fra��ss�e Theorem and Theorem 1.2:
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Corollary 1.3 Let K be a Ramsey 
lass (with embeddings as subobje
ts)

whi
h is hereditary, isomorphism 
losed and with joint embedding property.

Then K is the age of a generi
 (homogeneous and universal) stru
ture U(K).

This relates two seemingly unrelated things: Ramsey 
lasses and homo-

geneous stru
tures. This allows us to use known results about homogeneous

stru
tures (in the 
ases when their 
lassi�
ation programme is 
ompleted)

and to 
he
k whether the 
orresponding 
lasses (i.e. their ages) are Ramsey.

S
hemati
ally we propose (see [26℄) to pro
eed as follows:

I. Ramsey Classes ) Amalgamation Classes.

II. Amalgamation Classes ) Generi
 Stru
tures.

III. Generi
 Stru
ture ) Spe
ial Generi
 Stru
tures.

IV. Spe
ial Generi
 Stru
tures ) Ramsey Classes.

Ramsey Classes ====) Amalgamation Classes

~

w

w

w

w

w

w

�

Spe
ial Stru
tures (==== Generi
 Stru
tures

I. is provided by Theorem 1.2, II. is provided by the Fra��ss�e Theorem.

The bottlene
k of this programme are obviously statements III. and IV.

The statement III. symbolizes the Classi�
ation Programme (of La
hlan-

Cherlin; see e.g. [21, 4℄). Ramsey theory 
ontext IV. is presenting also

some interesting (and diÆ
ult) problems.

Despite of the diÆ
ulties we believe that this is a realisti
 proje
t as

also illustrated by the fa
t that in this way all Ramsey Classes of ordered

graphs, partially ordered sets and tournaments were determined [25, 26℄.

We do not know what are Ramsey 
lasses of relational stru
tures. But we

are hopeful that we 
an dedu
e a strengthening of Corollary 1.3 in su
h a

way that the 
lassi�
ation programme will be easier. This 
an be illustrated

on all monotone Ramsey 
lasses of relational stru
tures.

A 
lass is said to be monotone if it is 
losed under monomorphisms.

Expli
itly, K is monotone if A

0

= (X

0

; (R

0

i

; i 2 I)) 2 K providing there

6



exists A = (X; (R

i

; i 2 I)) 2 K su
h that X

0

� X;R

0

i

� R

i

; i 2 I . In this


ase we write simply A

0

� A. For graphs a monotone 
lass 
orresponds to

a 
lass 
losed on (not ne
essarily indu
ed) subgraphs.

Let F be a 
lass of stru
tures (of type �). Denote by Forb

m;�

(F) the


lass of all stru
tures A 2 Rel(�) for whi
h there are no F 2 F with F � A.

We also say that a stru
ture F 2 Rel(�) is said to be (amalgamation)

irredu
ible if any two its verti
es appear in one of the edges of F . (Al-

ternatively F is irredu
ible if it is not a \free" amalgam of two proper

substru
tures.)

We have the following:

Theorem 1.4 ([26℄) For every type � and every monotone, isomorphism


losed 
lass K of �-systems with the joint embedding property the following

two statements are equivalent:

i. The 
lass (K;�) is a Ramsey Class;

ii. K = Forb

m;�

(F) for a 
lass of irredu
ible �-systems.

Proof.[Sket
h of a proof℄ One 
an prove easily that for ea
h Fra��ss�e 
lass

K has the 
lass (K;�) of all linearly ordered �-systems in K has strong

amalgamation. Further, if K is monotone then K is determined by a set of

forbidden amalgam{irredu
ible systems, see [26℄ for details. However any

set of amalgam irredu
ible �-systems leads to a Ramsey 
lass as follows

from [30℄. Combined we get the statement.

Now we show that most of the above examples have a very simple de-

s
ription. So not only Ramsey 
lasses lead to homogeneous stru
tures, often

these stru
tures permit a simple (lo
al) des
ription.

2 Con
ise Des
ription of Homogeneous

Stru
tures

We spe
ialize the notions of Se
tion 1 for graphs and partially ordered sets.

A 
ountable partially ordered set P is said to be universal if it 
ontains any


ountable partially ordered sets (as an indu
ed subset).

A partially ordered set P is said to be homogeneous if every partial

isomorphism between �nite subsets extends to an isomorphism (of P ).

It is a 
lassi
al model theory result that a homogeneous universal par-

tially ordered set exists and that it is up to an isomorphism uniquely deter-

mined. This partially ordered set is naturally 
alled generi
 poset and it will

7



be denoted by P . The main result of this paper is devoted to the study of

P . P 
an be 
onstru
ted as Fra��ss�e limit of all �nite partially ordered sets:

we start with the singleton partially ordered sets and at n-th step we add

new verti
es whi
h extend the given partially ordered sets in all possible

(
onsistent) ways to a partially ordered set with (n+ 1) verti
es.

This pro
edure applies (as proved by Fra��ss�e) not only to partially or-

dered sets but to stru
tures in general and thus, in parti
ular, the homoge-

neous universal (undire
ted) graph exists. This graph is 
alled Rado graph

R. We state two of its striking properties whi
h motivate the present paper

(see the ex
ellent survey by P. Cameron [3℄, see also [5, 21℄):

1. R is isomorphi
 to the following graph R

2

: verti
es of R

2

are all

�nite sets (in some 
ountable model of set theory) with edges of the

form fA;Bg where either A 2 B or B 2 A.

2. R is isomorphi
 to the following graph R

N

: verti
es of R

N

are all

natural numbers with edges of the form fm;ng where the m-th digit

in the binary expansion of n is 1.

3. R is isomorphi
 to the following graph R

QR

: verti
es of R

QR

are

all prime natural numbers x � 1 mod 4 with xy forming an edge i�

(

x

y

) = +1.

There are other expli
it 
onstru
tions (e.g. by universal sequen
es, see

[3℄). It is remarkable that all these seemingly unrelated 
onstru
tions de�ne

the same graph R. The simpli
ity of these 
onstru
tions motivated our

notion of �nitely presented stru
tures:

De�nition 2.1 A 
ountable stru
ture S is �nitely presented if there exists

a �nitely axiomatizable theory T and moreover, for ea
h relation R in S

of arity k, there exists �nitely axiomatizable theory T

R

su
h that all �nite

models of T (or all �nite stru
tures axiomatizable by T ) in the 
ountable

set theory together with relations among them indu
ed by theories T

R

indu
e

a stru
ture isomorphi
 to S.

Let us state two parti
ular 
ases of this de�nition expli
itly:

A graph G is �nitely presented if there exist �nitely axiomatizable theo-

ries T

V

and T

E

su
h that the following graph G is isomorphi
 to G: verti
es

of G are all models of M of T

V

(in a 
ountable model of set theory); edges

of G are all pairs of models fM;M

0

g whi
h satisfy T

E

.

8



All three 
onstru
tions R

2

, R

N

, R

QR

are obviously �nite presentations

of R.

A partially ordered set P is �nitely presented if there exists �nitely

axiomatizable theories T

P

; T

�

su
h that the following partially ordered set

P is isomorphi
 to P : verti
es of P are all models M of T

P

(in a 
ountable

model of �nite set theory) with M �M

0

i� (M;M

0

) satisfy T

�

.

For partially ordered sets the situation is more 
ompli
ated than for

graphs. In fa
t an expli
it 
onstru
tion of the generi
 partially ordered set

P by means of all �nite models of a �nitely axiomatizable stru
ture was until

re
ently an open problem. The main result of this paper is a 
onstru
tion

of a �nitely presented partially ordered set P

f

whi
h is isomorphi
 to P .

This is proved in Se
tion 3.

We found the 
onstru
tion of P

f

in the broader 
ontext of a study of

�nite presentation of homogeneous stru
tures, homogeneous undire
ted and

dire
ted graphs, tournaments and partially ordered sets. For these stru
-

tures the 
lassi�
ation programme has been 
ompleted in a series of diÆ
ult

papers (see e.g. [19, 4℄) all based on the Fra��ss�e equivalent de�nition of ho-

mogeneous stru
tures as amalgamation 
lasses of �nite stru
tures. Parti
-

ularly the homogeneous undire
ted graphs were 
hara
terized in [19℄. We

shall prove that all these graphs are �nitely presented. For some graphs

on the La
hlan-Woodrow list (all �nite examples, equivalen
es and Tur�an

graphs) this is an easy exer
ise. For Rado graph this has been stated above.

We prove in Se
tion 3 that the generi
 graphs for the 
lass Forb(K

k

), of all

�nite graphs whi
h do not 
ontain a 
omplete graph K

k

, are �nitely pre-

sented for every k � 3. Thus all homogeneous graphs are �nitely presented

(Corollary 3.10).

For oriented graphs and partial orders (two other stru
tures with solved


lassi�
ation problem) the situation is di�erent in that we have to 
onstru
t

a �nite presentation even for the generi
 oriented graph and for generi


partially ordered set. This presented an open problem (see [37℄) and this is

solved is done in Se
tion 4, Theorem 4.6 and in Se
tion 5, Corollary 6.2.

We further re�ne this 
onstru
tion to any oriented homogeneous graph of

type Forb(T

1

; : : : ; T

n

) where T

i

are (forbidden) tournaments. It follows that

also all homogeneous tournaments are �nitely axiomatizable (Corollary 6.2).

As there are 
ontinuously many homogeneous oriented graphs we 
annot

expe
t that there is a �nite presentation of all homogeneous oriented graphs.

This shows that there are natural limits to the programme of representing

homogeneous stru
tures by means of simple stru
tures.

The 
lassi�
ation of homogeneous partially ordered sets is easier than

9



for undire
ted graphs. The 
lassi�
ation was given by S
hmerl [39℄. Apart

from anti-
hains, the set Q of all rationals, disjoint unions and \blow up"

Q, the only other homogeneous partially ordered set is the generi
 one.

Several examples of �nitely presented linear orders and partially ordered

sets are easy to �nd:

� The set of all natural numbers (N;�) (proved by von Neumann);

� the set Q (by standard 
onstru
tion from N);

� P � P

0

for �nitely presented P and P

0

;

� lexi
ographi
 produ
t of P and P

0

for �nitely presented P and P

0

.

It follows that almost all homogeneous partially ordered sets are �nitely

presented. The only remaining 
ase is the generi
 partially ordered set P .

However the �nite presentation of P is mu
h more diÆ
ult question and

it is the main result of this paper. P is shown to be �nitely presented in

Se
tion 4 (by means of the stru
tures P

2

and P

f

).

It seems that homogeneous stru
tures are likely to be �nitely presented.

Intuitively a high degree of symmetry (homogeneity) perhaps leads to a \low

entropy" and thus in turn perhaps to a 
on
ise representation. (Remark that

\
on
ise representations" of �nite stru
tures were studied from 
omplexity

point of view for graphs ([24, 40℄) and partially ordered sets ([10, 29℄). These


onsiderations and the above results perhaps suggest the following general


onje
ture:

Conje
ture 2.2 Let T be a �nitely axiomatizable theory. Let M be the


lass of all �nite models of T . Then the generi
 (i. e. homogeneous univer-

sal) stru
ture 
orresponding to M, if it exists, is �nitely presented.

On the other hand our main result (the 
onstru
tion of the stru
tures

P

2

and P

f

) may be viewed as an extension of surreal numbers of Conway

[6, 18℄ to partially ordered sets. In Se
tion 5 we exhibit this 
onne
tion.

Our resear
h was also motivated by trying to solve several problems re-

lated to universal partially ordered sets represented by �nite graphs with

spe
ial properties. It has been proved in a di�erent (
ategory theory) 
on-

text (see [13, 38℄) that the 
lass of all �nite graphs ordered by the existen
e

of homomorphism is the universal partially ordered set. (However note

that both this partially ordered set and partially ordered sets 
onstru
ted

in [13, 38℄ are far from being homogeneous.) An alternative 
ombinatorial

proof of the result [28℄ was a starting point of this resear
h.

10



The te
hniques of [13, 38℄ also do not extend to some of the basi
 sub-


lasses of graphs su
h as planar graphs or graphs with bounded degrees.

In fa
t these 
lasses do not represent arbitrary subgroups [1℄ and monoids

[2℄. Yet by means of the te
hniques of this paper we 
an 
onstru
t univer-

sal partially ordered sets for both planar and bounded-degree graphs. This

also solves a problem stated in [37℄. This together with a deeper analysis

of �nitely presented homogeneous oriented graphs is going to appear in the

sequel [15℄ of this paper. Here we 
on
entrate mostly on partially ordered

sets.

3 Homogeneous Dire
ted Graphs

In this se
tion we �nd a �nite presentation of the homogeneous universal

(generi
) dire
ted graph

�!

R and also of some other homogeneous graphs.

We study the homogeneous graphs by means of extension properties. This

we brie
y re
all for 
ompleteness (see [14, 1℄).

De�nition 3.1 Let C be an isomorphism 
losed 
lass of graphs, G a graph.

We say that G has the extension property for C if the following holds: For

any pair of �nite subgraphs G

0

; G

00

2 C and any embeddings '

0

: G

0

,! G,

' : G

0

,! G

00

there exists an embedding '

00

: G

00

,! G su
h that '

00

Æ' = '

0

.

(An embedding is an isomorphism onto an indu
ed subgraph.)

The extension property implies both universality and homogeneity of G

(see [14℄):

Lemma 3.2 Every graph G having the extension property for the 
lass

age(G) is universal and homogeneous.

This statement is a useful tool in proving that a �nitely presented stru
ture

is generi
. As a warm up we prove this for graph R

2

:

Theorem 3.3 R

2

has the extension property for the 
lass of �nite undi-

re
ted graphs. Thus R

2

is isomorphi
 to the generi
 undire
ted graph R.

Proof. Let M

0

and M

1

be two disjoint �nite sets of verti
es of R

2

. (The

subgraph of R

2

indu
ed by M

1

[M

0

plays the rôle of G

0

in the extension

property.) We are looking for the vertex X of R

2

su
h that Y 2 X for every

Y 2 M

1

and Y =2 X for every Y 2 M

0

. It suÆ
es to put X = M

1

[ fxg

where M

1

=2M

0

satis�es M

1

[ fxg =2M

0

and M

0

=2M

1

[ fxg.

11



Thus R

2

has the extension property and thus it is generi
 for the 
lass

of all �nite undire
ted graphs.

Analogously we will 
onstru
t the homogeneous universal dire
ted graph

�!

R . In order to easily embed our 
onstru
tion into set theory, we �rst

introdu
e an alternative de�nition of ordered pair. In the rest of the paper

we will use a �xed 
ountable model of set theory M 
ontaining a single

atomi
 element a.

De�nition 3.4 For every set M we put

M

L

= fA;A 2M;a =2 Ag;

M

R

= fA;A [ fag 2M;a =2 Ag:

For any two sets A and B we will denote by (A j B ) the set

A [ fM [ fag;M 2 Bg

For any M not 
ontaining a holds (M

L

j M

R

) = M . Thus for the

model M, the 
lass of sets not 
ontaining a represents the universum of

the re
ursively nested ordered pairs.

De�nition 3.5 De�ne graph

�!

R

2

as follows: The verti
es are all sets not


ontaining a. (M;N) is an ar
 of

�!

R

2

i� either M 2 N

L

or N 2 M

R

.

(Re
all, that we 
onsider a �xed 
ountable model M of set theory 
ontaining

an additional atomi
 element a.)

Theorem 3.6

�!

R

2

has extension property and thus it is the homogeneous

universal dire
ted graph for the 
lass of all dire
ted graphs. Thus

�!

R

2

is

isomorphi
 to

�!

R.

Proof. We pro
eed analogously to the proof of Theorem 3.3: let M

�

, M

+

and M

0

be three disjoint sets of verti
es, where M

0

\ (M

�

[M

+

) is empty.

We need to �nd vertex M with following properties:

I. For ea
h X 2M

�

there is an edge from X to M .

II. For ea
h X 2M

+

there is an edge from M to X .

III. For ea
h X 2 (M

�

[M

+

[M

0

) there are no other edges from X to

M or M to X then ones required by I. and II.

12



Fix any

x =2

[

m2M

�

[M

+

[M

0

m:

Obviously vertex M = (M

�

[ fxg j M

+

) has the required properties

I.,II.,III..

Thus generi
 graphs (both undire
ted and dire
ted) are �nitely pre-

sented. We 
an extend these representations to other homogeneous stru
-

tures. We start with undire
ted graphs:

De�nition 3.7 By R

C

we denote homogeneous universal (i. e. generi
)

graph for 
lass C of undire
ted graphs (if it exists). By

�!

R

C

we denote ho-

mogeneous universal graph for 
lass C of dire
ted graphs (if it exists).

We denote by Forb(G) the 
lass of all �nite graphs not 
ontaining G as

an indu
ed subgraph.

We now 
onstru
t graphs R

Forb(K

k

);2

, k � 3 whi
h are isomorphi
 to

the generi
 graph R

Forb(K

k

)

. The 
onstru
tion of graph R

Forb(K

k

);2

, k � 3,

is an extension of the 
onstru
tion of R

2

(re
all that a �nite set S is 
alled


omplete if for any X;Y 2 S, X 6= Y either X 2 Y or Y 2 X):

De�nition 3.8 De�ne R

Forb(K

k

);2

, k � 3 as follows:

The verti
es of R

Forb(K

k

);2

are all sets whi
h do not 
ontain a 
omplete sub-

set with k�1 elements; two verti
es of S and S

0

form an edge of R

Forb(K

k

);2

i� either S 2 S

0

or S

0

2 S.

Thus R

Forb(K

k

);2

is the restri
tion of the graph R

2

to the 
lass of all

sets without 
omplete subset of size k � 1.

Theorem 3.9 Graph R

Forb(K

k

);2

has the extension property. Consequently

R

Forb(K

k

);2

is the homogeneous universal undire
ted graph for the 
lass

Forb(K

k

).

Proof. R

Forb(K

k

);2

does not 
ontain K

k

: For 
ontradi
tion, let us suppose

that V

1

, V

2

; : : : ; V

k

are edges of 
omplete graph. Without loss of generality

we may assume that V

i

2 V

i+1

for ea
h i = 1; 2; : : : ; k � 1. Sin
e K

k

is 
omplete graph, V

i

2 V

k

for ea
h i = 1; 2; : : : ; k � 1. It follows that

fV

1

; : : : ; V

k�1

g represents the prohibited subset S. Thus V

k

is not vertex of

R

Forb(K

k

)

.

The extension property 
an be veri�ed in analogous way as we did for

R in Theorem 3.3. (The 
onstru
ted set satis�es the 
onditions required by

de�nition R

Forb(K

k

)

.)

13



Corollary 3.10 All homogeneous undire
ted graphs are �nitely presented.

Proof. Clearly a graph G is �nitely presented i� the 
omplementary graph

G is �nitely presented. The statement follows from the dis
ussion in Se
tion

1 and Theorem 3.3 and 3.9.

Finally, we extend our 
onstru
tion of the generi
 dire
ted graph

�!

R

2

to

the graphs

�!

R

Forb(T );2

not 
ontaining a tournament T . This is slightly more

te
hni
al (although it parallels the undire
ted 
ase).

Put T = (V;E) and for ea
h v 2 V put

L(v) = fv

0

2 V ; (v

0

; v) 2 Eg

R(v) = fv

0

2 V ; (v; v

0

) 2 Eg

(observe that L(v) [R(v) = V � fvg.)

Our verti
es will be sets M whi
h satisfy the following 
ondition C

v

(M)

(for ea
h v 2 V ).

C

v

(M):

There are no sets X

v

0

, v

0

2 L(v) [ R(v) satisfying the following

I. X

v

0

2M

L

for v

0

2 L(v);

II. X

v

0

2M

R

for v

0

2 R(v);

III. For every ar
 (v

0

; v

00

) 2 E, v

0

; v

00

2 L(v)[R(v) either X

v

0

2

(X

v

00

)

L

or X

v

00

2 (X

v

0

)

R

.

In the other words C

V

(M) holds if the sets X

v

0

, v

0

2 L(v) [ R(v) do not

represent the tournament T � fvg in

�!

R

2

.

De�nition 3.11 Denote by

�!

R

Forb(T );2

the dire
ted graph

�!

R

2

restri
ted to

the 
lass of all sets M whi
h satisfy the 
ondition C

v

(M) for every v 2 V .

Theorem 3.12

�!

R

Forb(T );2

is isomorphi
 to

�!

R

Forb(T )

, expli
itly

�!

R

Forb(T );2

is the homogeneous universal graph for the 
lass of all dire
ted graphs not


ontaining T .

Proof. Proof is analogous to the proof of Theorem 3.9.

This 
an be extended to 
lasses Forb(T ) for any �nite set of tournaments

(but 
learly not to all 
lasses Forb(T )). In Se
tion 6 we shall also prove that

all homogeneous tournaments are �nitely presented.
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4 Universal Homogeneous Stru
ture P

2

In this se
tion we further modify the �nite presentation of

�!

R

2

to a �nite

presentation of the generi
 partially ordered set P . We shall pro
eed in

two steps. First we de�ne a partially ordered set P

2

whi
h extends the

de�nition of

�!

R

2

. The de�nition of P

2

is re
ursive and thus not �nitely

presented. However it is possible to modify the 
onstru
tion of P

2

to a

�nite presentation P

f

. This is done in the last part of this Se
tion (see

De�nition 4.8 and Theorem 4.10).

We use the same notation as in Se
tion 2. Parti
ularly we work in a

�xed 
ountable modelM of theory of �nite set extended by a single atomi


set a. Also re
all the following notations:

M

L

= fA;A 2M;a =2 Ag;

M

R

= fA; (A [ fag) 2M;a =2 Ag:

The following is our basi
 
onstru
tion:

De�nition 4.1 De�ne the partially ordered set P

2

as follows:

The elements of P

2

are all sets M with the following properties:

1. (
orre
tness)

(a) a =2M ;

(b) M

L

[M

R

� P

2

;

(
) M

L

\M

R

= ;.

2. (ordering property) (fAg[A

R

)\(fBg[B

L

) 6= ; for ea
h A 2M

L

; B 2

M

R

;

3. (left 
ompleteness) A

L

�M

L

for ea
h A 2M

L

;

4. (right 
ompleteness) B

R

�M

R

for ea
h B 2M

R

;

The relation of P

2

is denoted by � and it is de�ned as follows: We put

M < N if:

(fMg [M

R

) \ (fNg [N

L

) 6= ;

We write M � N if either M < N or M = N .
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The 
lass P

2

is nonempty. It is of 
ourse M = ; = ( ; j ; ) 2 P

2

.

(Obviously 
orre
tness property holds. Be
ause M

L

= ;, M

R

= ;, ordering

property and 
ompleteness properties follow trivially.)

Here are a few examples of non-empty elements of the stru
ture P

2

are:

( ; j ; )

( ; j f( ; j ; )g )

( f( ; j ; ); ( ; j f( ; j ; )g )g j ; )

It is a non-trivial fa
t that P

2

is a partially ordered set. This will be

proved after introdu
ing some auxiliary notions:

De�nition 4.2 Any element W 2 (A [A

R

)\ (B [B

L

) is 
alled a witness

of the inequality A < B.

The level of A 2 P

2

is de�ned as follows:

l(;) = 0;

l(A) = max(l(B);B 2 A

L

[A

R

) + 1 for A 6= ;:

We observe the following fa
ts (whi
h follow dire
tly from the de�nition

of P

2

):

Fa
t 1 X < A < Y for every A 2 P

2

, X 2 A

L

and Y 2 A

R

.

Fa
t 2 A �W

AB

� B for any A < B and witness W

AB

of A < B.

Fa
t 3 Let A < B and let W

AB

to be witness of A < B. Then l(W

AB

) �

min(l(A); l(B)) and either l(W

AB

) < l(A) or l(W

AB

) < l(B).

First we prove transitivity of the stri
t inequality.

Lemma 4.3 Relation < is transitive for the 
lass P

2

.

Proof. Assume that three elements A;B;C of P

2

satisfy A < B < C.

We prove that A < C holds as well. Let W

AB

and W

BC

to be witnesses

of the inequalities A < B and B < C respe
tively. First we prove that

W

AB

�W

BC

. We distinguish four 
ases (a

ording to the de�nition of the

witness):

1. W

AB

2 B

L

and W

BC

2 B

R

.

In this 
ase it follows from Fa
t 1 that W

AB

< W

BC

.
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2. W

AB

= B and W

BC

2 B

R

.

Then W

BC

is witness of the inequality B < W

BC

and thus W

AB

<

W

BC

.

3. W

AB

2 B

L

and W

BC

= B.

Inequality W

AB

�W

BC

follows analogously to the previous 
ase.

4. W

AB

=W

BC

= B (and thus W

AB

�W

BC

).

In the last 
ase B is the witness of the inequality A < C. Thus we may

assume thatW

AB

6=W

BC

. LetW

AC

be a witness of the inequalityW

AB

<

W

BC

. Finally we prove that W

AC

is a witness of the inequality A < C.

We distinguish three possibilities:

1. W

AC

=W

AB

= A.

2. W

AC

=W

AB

and W

AC

2 A

R

.

3. W

AC

2 W

AB

R

, then also W

AC

2 A

R

from the 
ompleteness property.

It follows that either W

AC

= A or W

AC

2 A

R

. Analogously either W

AC

=

C or W

AC

2 C

L

and thus W

AC

is the witness of inequality A < C.

Lemma 4.4 Relation < is strongly antisymmetri
 on the 
lass of elements

of P

2

.

Proof. Assume that A and B, A < B < A, is a 
ounterexample with

minimal l(A) + l(B). Let W

AB

be a witness of the inequality A < B and

W

BA

a witness of reverse inequality. From Fa
t 2 it follows that A �

W

AB

� B � W

BA

� A � W

AB

. From the transitivity we know that

W

AB

�W

BA

and W

BA

�W

AB

.

Again we shall 
onsider 4 possible 
ases:

1. W

AB

=W

BA

.

From the disjointness of the sets A

L

and A

R

it follows that W

AB

=

W

BA

= A. Symmetri
ally W

AB

= W

BA

= B whi
h is a 
ontradi
-

tion.

2. Either W

AB

= A and W

BA

= B or W

AB

= B and W

BA

= A.

Then 
ontradi
tion follows in both 
ases from the fa
t that l(A) < l(B)

and l(B) < l(A) (by Fa
t 3).
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3. W

AB

6= A, W

AB

6= B, W

AB

6=W

BA

.

Then l(W

AB

) < l(A) and l(W

AB

) < L(B). Additionally l(W

BA

) �

l(A) and l(W

BA

) � l(B) and thus A and B is not the minimal 
ounter

example.

4. W

BA

6= A, W

BA

6= B, W

AB

6=W

BA

.

The 
ontradi
tion follows symmetri
ally to the previous 
ase from

minimality of l(A) + l(B).

Theorem 4.5 � is partial ordering on the 
lass of elements of P

2

.

Proof. Re
exivity of the relation follows dire
tly from the de�nition, tran-

sitivity and antisymmetry follows from Lemmas 4.3 and 4.4.

Now we are ready to prove the main result of this se
tion:

Theorem 4.6 P

2

is the universal and homogeneous partially ordered 
lass.

First we show the following lemma:

Lemma 4.7 P

2

has the extension property.

Proof. Let M be a �nite subset of the elements of P

2

. We want to

extend the partially ordered set indu
ed by M by the new element X . This

extension 
an be des
ribed by three subsets of M : M

�


ontaining elements

smaller than X ,M

+


ontaining elements greater than X andM

0


ontaining

elements in
omparable withX . Sin
e the extended relation is a partial order

we have the following properties of these sets:

I. Any element of M

�

is stri
tly smaller than any element of M

+

;

II. B � A for no A 2M

�

, B 2M

0

;

III. A � B for no A 2M

+

, B 2M

0

;

IV. M

�

, M

+

and M

0

form a partition of M .

Put

M

�

=

[

B2M

�

B

L

[M

�

;

M

+

=

[

B2M

+

B

R

[M

+

:

We verify that the properties I., II., III., IV. still hold for sets M

�

, M

+

.
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ad I. We prove that any element of M

�

is stri
tly smaller than any element

of M

+

:

Let A 2 M

�

; A

0

2 M

+

. We prove A < A

0

. By the de�nition of M

�

there exists B 2 M

�

su
h that either A = B or A 2 B

L

. By the

de�nition of M

+

there exists B

0

2 M

+

su
h that either A

0

= B

0

or

A

0

2 B

0

R

. By the de�nition of < we have A � B, B < B

0

(by I.) and

B

0

� A

0

again by the de�nition of <. It follows A < A

0

.

ad II. We prove that B � A for no A 2M

�

, B 2M

0

:

Let A 2 M

�

; B 2 M

0

and let A

0

2 M

�

satis�es either A = A

0

or

A 2 A

0

L

. We know that B � A

0

and as A � A

0

we have also B � A.

ad III. We prove that A � B for no A 2M

+

, B 2M

0

;

We pro
eed similarly to ad II.

ad IV. We prove that M

�

, M

+

and M

0

are pairwise disjoint:

M

�

\M

+

= ; follows from I.M

�

\M

0

= ; follows from II.M

+

\M

0

=

; follows from III.

It follows, that A = (M

�

j M

+

) is an element of P

2

with the desired

inequalities to the elements in the sets M

�

and M

+

.

Obviously ea
h element of M

�

is smaller than A and ea
h element of

M

+

greater than A.

It remains to be shown that ea
h N 2 M

0

is in
omparable with A.

However we run into a problem here: it is possible that A = N . We 
an

avoid this problem by �rst 
onsidering the set:

M

0

=

[

B2M

B

R

[M:

It is then easy to show that B = ( ; j M

0

) is an element of P

2

stri
tly

smaller than all elements of M .

Finally we 
onstru
t the set A

0

= (A

L

[ fBg j A

R

). The set A

0

has the

same properties with respe
t to the elements of the sets M

�

and M

+

and

di�ers from any set in M

0

. It remains to be shown that A

0

is in
omparable

with N .

For 
ontrary, assume for example, that N < A

0

andW

NA

0

is the witness

of the inequality. Then W

NA

0

2M

�

and N �W

NA

0

. Re
all that N 2M

0

.

From IV. above and de�nition of A follows that N < W

NA

0

. From ad III.
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1

2

3

4

Figure 1: Partially ordered set P

above follows that there is no 
hoi
e of elements su
h as N < W

NA

0

, a


ontradi
tion.

The 
ase N > A

0

is analogous.

Proof. Proof of Theorem 4.6 follows by 
ombining Lemma 4.7 and Lemma

3.2.

Example 4.1 The above proof when applied to the partially ordered set P

from Figure 1 (with the indi
ated order of elements) will pro
eed as follows:


(1) = ( ; j ; )


(2) = ( ; j f( ; j ; )g )


(3) = ( f( ; j ; ); ( ; j f( ; j ; )g )g j ; )


(4) = ( f( ; j f( ; j ; )g )g j f( f( ; j ; ); ( ; j f( ; j ; )g )g j ; )g )

It is not 
lear from De�nition 4.1 that P

2

has �nite representation (Def-

inition 4.1 is re
ursive). We will now give the �nite representation P

f

:

De�nition 4.8 Elements of P

f

are all �nite partially ordered sets (P;�

P

)

with the greatest element denoted by m(P;�

P

). In addition ea
h M 2 P

satis�es properties analogous to elements of P

2

:

1. (
orre
tness)

(a) a =2M ;

(b) M

L

[M

R

� P ;

(
) M

L

\M

R

= ;.
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2. (ordering property) (fAg[A

R

)\(fBg[B

L

) 6= ; for ea
h A 2M

L

; B 2

M

R

;

3. (left 
ompleteness) A

L

�M

L

for ea
h A 2M

L

;

4. (right 
ompleteness) B

R

�M

R

for ea
h B 2M

R

;

The relation <

P

is the transitive 
losure of the set f(A;B);A 2 B

L

[B

R

; B 2

Pg.

The relation �

P

f

of P

f

is de�ned by 
omparison of the greatest elements:

(P;<

P

) �

P

f

(P

0

; <

P

0

) i� m(P;<

P

) � m(P

0

; <

P

0

) in P

2

:

Lemma 4.9 P � P

2

for ea
h (P;<

P

) 2 P

f

.

Proof. Suppose on the 
ontrary that there is A 2 P 2 P

f

su
h that

A =2 P

2

. Without loss of generality we may assume that there is no B 2 P ,

B =2 P

2

su
h that B <

P

A. From the de�nition of <

P

it follows that

C 2 P

2

for ea
h C 2 A

L

[A

R

. Thus for A we have (1) (b) in De�nition 4.8

equivalent to the (1) (b) from the De�nition 4.1. The rest of the de�nitions

are equivalent too, so we have A 2 P

2

.

Theorem 4.10 P

f

is �nitely presented and isomorphi
 to P

2

.

For the 
orre
tness of the de�nition of P

f

we have to show that m(P;<

P

)

are elements of P

2

. This follows from Lemma 4.9.

Clearly the De�nition 4.8 is a �nite presentation of P

2

. We 
laim that

the 
orresponden
e

' : (P;<

P

) 7! m(P;<

P

)

is isomorphism of P

f

and P

2

.

Clearly it suÆ
es to prove that ' is bije
tive. This follows from the

following two fa
ts:

1. For ea
h (P;<

P

) the set P 
ontains all the elements of P

2

whi
h ap-

pear in the 
onstru
tion of m(P;<

P

) 2 P

2

. (This is the 
onsequen
e

of (1) (b)) and both De�nition 4.1 and de�nition above.)

2. For ea
h (P;<

P

) the set P 
onsists only of elements of P

2

whi
h

appear in the 
onstru
tion of m(P;<

P

).

Let A

1

<

P

m(P;<

P

). By de�nition of <

P

we have A

1

; A

2

; : : : ; A

t

=

m(P;<

P

) su
h that A

i

2 A

i+1

L

[A

i+1

R

. But as m(P;<

P

) 2 P

2

we get

also A 2 P

2

by de�nition 4.1 (2).
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So for di�erent sets, the greatest elements are di�erent and ea
h M 2 P

2


an be used as a greatest element to 
onstru
t an element of P

f

.

Corollary 4.11 All homogeneous partially ordered sets are �nitely pre-

sented.

Proof. Using the S
hmerl 
lassi�
ation [39℄ and by remarks in Se
tion 1 all

homogeneous non-generi
 partially ordered sets are �nitely presented. The

generi
 partially ordered set P is isomorphi
 to P

2

by Theorem 4.10.

5 Conway's surreal numbers

Re
all the de�nition of surreal numbers, see [6, 18℄. (For re
ent gener-

alization see [7℄). Surreal numbers are de�ned re
ursively together with

their linear order. We now brie
y indi
ate how partial order P

2

�ts to this

s
heme.

De�nition 5.1 A surreal number is a pair x = fx

L

jx

R

g, where every mem-

ber of the sets x

L

and x

L

is a surreal number and every member of x

L

is

stri
tly lower than every member of x

R

.

We say that a surreal number x is less than or equal to the surreal number

y if and only if y is not less than or equal to any member of x

L

and any

member of y

R

is not less than or equal to x.

We will denote the 
lass of surreal numbers by S.

P

2

may be thought as a subset of S. The re
ursive de�nition of A 2 P

2

leads to the following order whi
h we de�ne expli
itely:

De�nition 5.2 For elements A;B 2 P

2

we write A �

S

B, when there is

no l 2 A

L

, B �

S

l and no r 2 B

R

, r �

S

X.

�

S

is a linear order of P

2

(�

S

is the restri
tion of Conway's order). It

is in fa
t linear extension of our partial order � of P

2

:

Theorem 5.3 For any A;B 2 P

2

A < B implies A <

S

B.

Proof. We pro
eed by indu
tion on l(A) + l(B).

For empty A and B the theorem holds as they are not 
omparable by

<.

Let A < B and W

AB

be the witness. In the 
ase W

AB

6= A;B, then

A <

S

W

AB

<

S

B by indu
tion. In the 
ase A 2 B

L

, then A <

S

B from

de�nition of <

S

.
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6 Con
luding remarks

1. In Theorem 4.6 we presented what we believe to be the �rst �nite pre-

sentation of the generi
 (i. e. homogeneous and universal) partially ordered

set.

One should stress that even the �nite presentation of universal partially

ordered set is a non-trivial question whi
h presented a problem. This weaker

problem has been solved in 
ategory-theory 
ontext by [13℄ and [38℄. How-

ever none of these stru
tures is homogeneous. For example the extension

properties of the 
lass of �nite graphs with the homomorphism order do not

hold and also some diÆ
ult 
ombinatorial problem (su
h as the produ
t


onje
ture) may be expressed as parti
ular extension properties.

2. We 
an also 
onsider oriented graphs (i. e. antisymmetri
 relations). Let

O denote the generi
 oriented graph. O has �nite presentation O

2

whi
h

we obtain as a variant of

�!

R

2

: we say that M a is vertex of O

2

, M 2

�!

R

2

whi
h satis�es M

L

\M

P

= ;. (see De�nition 3.5).

Further results of Se
tion 2 may be modi�ed a

ordingly.

3. Analogously to the relation R

2

and R

N

we 
an represent the ordered

pairs by integers:

De�nition 6.1 Let M be any set not 
ontaining a. By 
ode 
(M) of M

we denote the integer


(M) =

X

A2M

L

2

2
(A)

+

X

A2M

R

2

2
(B)+1

:

Noti
e that 
 is a bije
tion between the sets not 
ontaining a and the

integers. The predi
ateX 2M

L

is equivalent to test whether 2
(X)-th digit

of binary representation of 
(m) is 1 and similarly for X 2 M

P

. Thus all

our 
onstru
tions involved in 
onstru
tion of

�!

R

2

based on these predi
ates


an be expressed arithmeti
ally.

4. The �nite presentation of generi
 dire
ted graph

�!

R and of the generi


oriented graph O may be used for �nite presentation of the generi
 tourna-

ment T .

Let O

2

be the �nite presentation of O 
onstru
ted in Remark 3. Denote

by O

N

the arithmeti
 presentation of O

2

. Expli
itly, an integer n is a vertex

of O

N

i� there exists an element M of O

2

su
h that n = 
(M). (Thus in

addition to De�nition 6.1 we have that n does not 
ontain 1's on both

positions 2i and 2i+1, i � 1.) Let n and n

0

be verti
es of O

2

. There is an
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edge from n to n

0

if and only if there are sets M and M

0

su
h as 
(M) = n

and 
(M

0

) = n

0

and there is edge from M to N

0

in O

2

. Alternatively there

is an edge from n to n

0

if there is 1 on 2n

0

-th pla
e of binary representation

of n or on (2n+ 1)-th pla
e of binary representation of n

0

.

We use the �nite presentation O

N

of generi
 oriented graph O for the


onstru
tion of a �nite presentation T

N

of the generi
 tournament T : An

integer n is vertex of T

N

i� n is a vertex of O

N

. The ar
s of T

N

will be all

ar
s of O

N

together with pairs (n; n

0

), n � n

0

for whi
h (n

0

; n) is not an ar


of O

N

.

T

N

is obviously a tournament. T

N

has the extension property by the

same proof as above for Theorem 3.6 (the 
onstru
tion vertex M has the

same properties in T

N

as in

�!

R

N

).

Thus we have:

Corollary 6.2 All homogeneous tournaments are �nitely presented.

Proof. A

ording to La
hlan's 
lassi�
ation [20℄ (see also [4℄) all homoge-

neous tournaments are C

3

, Q (dense linear order), S(2) (dense lo
al order)

and the generi
 tournament. Only S(2) needs to be 
onsidered.

Intuitively, the tournament S(2) 
an be seen as a 
ir
uit with edges

forming a dense 
ountable set of 
hords. The orientation is 
hosen in su
h

a way that shorter 
hords are oriented 
lo
kwise.

One 
an 
he
k that S(2) may be equivalently des
ribed as follows: The

verti
es of S(2) are all rational numbers with an odd denominator q, 0 � q <

1. There is an ar
 (a; b) in S(2) i� either a < b < a+

1

2

or a�1 < b < a�

1

2

.

5. The 
lassi�
ation of �nitely presented oriented graphs is open and it

motivated our general Conje
ture 2.2. It remains to be seen whether the

relationship between dynami
 systems and Ramsey theory (as exhibited

by seminal work of Furstenberg and his s
hool [9℄) has a bearing on �nite

presentation and homogeneous obje
ts. Some indi
ation for this are given

in [17℄ relate Ramsey 
lasses to extremaly amenable groups and minimal


ows with some interesting appli
ations to admissible orderings.

We thank to P. Cameron for remarks whi
h improved the quality of this

paper.
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