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Abstra
t

A subset A of a �nite set P of points in the plane is 
alled an empty

polygon, if ea
h point of A is a vertex of the 
onvex hull of A and the


onvex hull of A 
ontains no other points of P . We 
onstru
t a set of

n points in general position in the plane with only � 1:62n

2

empty

triangles, � 1:94n

2

empty quadrilaterals, � 1:02n

2

empty pentagons,

and � 0:2n

2

empty hexagons.
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1 Introdu
tion

Results. We say that a set P of points in the plane is in general position

if it 
ontains no three points on a line.

Let P be a �nite set of points in general position in the plane. We 
all a

subset A of k points in P an empty k-gon if the 
onvex hull of A is a k-gon


ontaining no point of P nA.

Let g

k

(n) be the minimum number of empty k-gons in a set of n points

in general position in the plane. Horton [H83℄ proved that g

k

(n) = 0 for

any k � 7 and any n 2 IN. The following bounds on g

k

(n); k = 3; 4; 5; 6,

have been known:

n

2

�O(n logn) � g

3

(n) �

3771

2240

n

2

= 1:683:::n

2

;

1

2

n

2

�O(n) � g

4

(n) �

976

448

n

2

= 2:131:::n

2

;

�

n� 4

6

�

� g

5

(n) �

393

320

n

2

= 1:228:::n

2

;

g

6

(n) �

666

2240

n

2

= 0:297:::n

2

:

The upper bounds have been shown in [D00℄, improving previous bounds of

[KM88, BF87, V95℄. The lower bound on g

3

(n) has been shown in [BF87℄,

the lower bound on g

4

(n) by B�ar�any (see [V95℄) and by Dumitres
u [D00℄,

and the lower bound on g

5

(n) in [BK01℄. In this paper we give the following

improved upper bounds:

Theorem 1

g

3

(n) �

�

4 +

35

72

+

16

3

��

16

3

�

�

p � n

2

+ o(n

2

) = 1:6195:::n

2

+ o(n

2

);

g

4

(n) �

�

5 +

31

56

+ 8�� 16� +

16

3




�

p � n

2

+ o(n

2

) = 1:9396:::n

2

+ o(n

2

);

g

5

(n) �

�

3�

1

56

+

16

3

�� 16� +

32

3




�

p � n

2

+ o(n

2

) = 1:0206:::n

2

+ o(n

2

);
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g

6

(n) �

�

293

504

+

4

3

��

16

3

� +

16

3




�

p � n

2

+ o(n

2

) = 0:2005:::n

2

+ o(n

2

);

where

p =

3

�

2

= 0:3039635:::;

� =

X

z�3 odd

1

z

2

=

�

2

8

� 1 = 0:2337005:::;

� =

X

z�3 odd

1

z

2

2

blog

2

z


= 0:07582879:::;


 =

X

z�3 odd

1

z

2

4

blog

2

z


= 0:03210483::::

Our 
onstru
tion seems to be the �nal one of the type developed in

[V95, D00℄, and is, perhaps, the best possible up to the additive o(n

2

)-

fa
tor. Several ex
iting questions remain open. The most interesting is

whether g

6

(n) > 0 for suÆ
iently large n (e.g. see [E75℄). In other words, is

it true that if P is a �nite set of points in general position in the plane with

jP j large enough, then P 
ontains an empty hexagon. Another question is

whether g

3

(n) � (1 + ")n

2

holds for large enough n for some �xed " > 0.

This would be the 
ase if one 
ould show that g

5

(n) > "n

2

for some �xed

" > 0. These questions have turned out to be more diÆ
ult than expe
ted:

for instan
e the inno
ent looking g

6

(n) > 0 has been a 
hallenge for more

than 30 years now.

2 The 
onstru
tion

Our 
onstru
tion giving the upper bounds in Theorem 1 is a set obtained

from the grid

p

n�

p

n by a little perturbation (due to monotoni
ity of g

k

(n)

it suÆ
es to prove Theorem 1 when n is a square of integer). Throughout the

rest of the paper, n is a square of integer, and � is the grid f1; 2; : : : ;

p

ng�

f1; 2; : : : ;

p

ng. The perturbed set will be denoted by �

�

. The 
onstru
tion

of �

�

uses so-
alled Horton sets [V92℄ whi
h generalize a 
onstru
tion of

Horton [H83℄ giving g

7

(n) = 0 for any n.

Horton sets. Let H be a �nite set of points in general position in the

plane su
h that no two points have the same x-
oordinate, and let h

0

; h

1

; : : : ; h

m

3



be the points of H listed by in
reasing x-
oordinate. We say that a subset

H

0

� H lies far below a subset H

00

� H (and H

00

lies far above H

0

), if the

entire set H

00

lies above every line trough a pair of points of H

0

and the en-

tire set H

0

lies below every line trough a pair of points of H

00

. For 0 � i < j,

we de�ne a subset H

i;j

of H as the set of points h

k

with k � i(mod j). The

set H is 
alled a Horton set if, for every j = 2; 4; 8; 16; : : : and every integer

i with 0 � i < j=2, the set H

i;j

lies far below or far above H

i+j=2;j

. It

was shown in [V92℄ that if H is Horton, then also ea
h H

i;j

; 0 � i < j, is

Horton. Obviously, if H is Horton then also ea
h 
ontiguous segment of H

(i.e., a set of points h

k

of H with k

0

� k � k

1

) is Horton.

Constru
tion of �

�

. Set m :=

p

n � 1 � 1 and " := 1=(10m). We


onstru
t an auxiliary random Horton set H = H(") of sizem+1 as follows.

We 
hoose randomly and independently for ea
h i; j; 0 � i < j=2; 2 � j =

2

l

� m, the mutual position of the sets H

i;j

, H

i+j=2;j

(whose union is the set

H

i;j=2

): the set H

i;j

will lie with probability 1=2 far aboveH

i+j=2;j

and with

probability 1=2 far below H

i+j=2;j

. For a given 
hoi
e of mutual positions,

we de�ne H as the set of points h

k

= (k; "

P

blog

2

m


l=1

�(m + 1)

�l

); k =

0; : : : ;m, where the 
hoi
e of + or� at (m+1)

�l


orresponds to the 
hoi
e of

mutual position of those sets H

i;2

l , H

i+2

l�1

;2

l whose union H

i;2

l�1 
ontains

h

k

(we take +(m + 1)

�l

in the sum if h

k

lies in that of the sets H

i;2

l ,

H

i+2

l�1

;2

l
whi
h lies far above the other of these sets; otherwise we take

�(m+ 1)

�l

). The x-
oordinates of the points of H = H(") are 0; 1; : : : ;m

and the y-
oordinates lie in the interval (�"; "). For "

0

> 0, we 
onsider

another, analogously de�ned random Horton set H

0

= H

0

("

0

) of size m+1.

Further, we 
onsider the set H

00

= H

00

("

0

) obtained from H

0

= H

0

("

0

) by

the inter
hange of the axes, i.e. H

00

= T (H

0

), where T : (x; y) 7! (y; x). We

de�ne �

�

as the Minkowski sum of the sets H = H(") and H

00

= H

00

("

0

),

where "

0

= "

0

(m) > 0 is suÆ
iently small 
ompared to " = 1=(10m) (e.g.,

"

0

= 1=(20m(m + 1)

1+log

2

m

) will do). The set �

�

approximates �. For

a point X in �, we denote by X

�

the 
orresponding point of �

�

. We

usually use letters I; J;K;L;R; S; T to denote points in �. We denote their


oordinates by I = (i; y(I)); J = (j; y(J)), et
. (We use su
h a notation

sin
e we mostly work with the �rst 
oordinate). It follows from the 
hoi
e

of "; "

0

that for any three points I; J;K 2 � the following holds:

Observation 2 (i) If I; J;K 2 � are not 
ollinear, then the triples I; J;K

and I

�

; J

�

;K

�

have the same orientation.

4



(ii) If I; J;K 2 � lie on a non-verti
al 
ommon line, then the orientation

of the triple I

�

; J

�

;K

�

is equal to the orientation of the triple h

i

; h

j

; h

k

of

points of H.

(iii) If I; J;K 2 � lie on a verti
al 
ommon line, then the orientation of

the triple I

�

; J

�

;K

�

is determined by the orientation of the 
orresponding

triple of points of H

0

.

It follows from Observation 2 that the points of �

�


orresponding to the

interse
tion of a non-verti
al line with � form a set having the same order

type as a 
ontiguous part of some set H

i;j

; 0 � i < j. Consequently, su
h

points form a Horton set (see Claim 3.10 in [V92℄).

Observation 3 The points of �

�


orresponding to the interse
tion of a

non-verti
al line with � form a random Horton set G. That is, randomly

and independently for ea
h i; j; 0 � i < j=2; 2 � j = 2

l

� m, the set G

i;j

lies with probability 1=2 far above G

i+j=2;j

and with probability 1=2 far below

G

i+j=2;j

.

Notation. The latti
e is the usual latti
e of points in the plane with in-

teger 
oordinates. A latti
e point is a point of the latti
e. We say that

a line is a latti
e line, if it 
ontains in�nitely many latti
e points. For a

non-verti
al latti
e line l, we denote by l

+

(resp. l

�

) the 
losest latti
e line

above (below) l and parallel to l. A latti
e segment is a segment 
onne
ting

two latti
e points. We say that a latti
e segment is s-prime, if it 
ontains

s+1 latti
e points (in
luding its endpoints). If a latti
e segment is 1-prime

(i.e., its relative interior 
ontains no latti
e points), then we 
all it a prime

segment . Otherwise we 
all it a non-prime segment .

If I

�

1

I

�

2

: : : I

�

k

is an empty k-gon in �

�

, then we also say that I

1

I

2

: : : I

k

is an empty k-gon (it may be degenerate).

For an empty k-gon P = L

1

L

2

: : : L

k

with all verti
es in �, we de�ne the

base of P as the segment L

v

L

w


onne
ting the vertex L

v

having the smallest

x-
oordinate with the vertex L

w

having the largest x-
oordinate. If P has

more verti
es with the smallest x-
oordinate, then we 
hoose for L

v

that

one with the smallest y-
oordinate. Similarly, if P has more verti
es with

the largest x-
oordinate, then we 
hoose for L

w

that one with the largest

y-
oordinate.

If the base of an empty polygon P is prime, non-prime, or s-prime, then

we say that P is prime, non-prime, or s-prime, respe
tively.
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We say that a (possibly degenerate) polygon P with all verti
es in � is

a t-line polygon, if t is the least number su
h that the verti
es of P lie on t

neighboring parallel latti
e lines.

3 Stru
ture of the proof

We note �rst that �

�


ontains no empty 7-gon. This was proved in [V95℄:

the reason is that �

�

is built from Horton sets.

For ea
h k = 3; 4; 5; 6, we distinguish �ve types of empty k-gons and

estimate the expe
ted number of empty k-gons for ea
h of them separately.

Here are the �ve types of empty k-gons:

� 3-line k-gons,

� 2-line prime k-gons,

� 2-line non-prime k-gons,

� 1-line 2

s

-prime k-gons (s 2 IN),

� 1-line r-prime k-gons (r 6= 2

s

),

It follows from Observation 4 below that every empty polygon in �

�

is

1-, 2-, or 3-line. Thus, the above �ve types embra
e all empty polygons in

�

�

.

Observation 4 ([V92℄) If the 
onvex hull of a subset S of � has no latti
e

point in the interior, then S lies either on one line, or on two parallel lines

with no latti
e point stri
tly between them, or on the perimeter of a latti
e

triangle with exa
tly one latti
e point in the relative interior of ea
h side.

Next, let P be a �nite point set, of n points, say, in the plane in general

position. Consider the 
omplex, C, of empty 
onvex polygons in P . C is


learly a simpli
ial 
omplex. Let f

k

(P ) be its f -ve
tor (k = 1; 2; : : :), that

is, f

k

(P ) is the number of empty 
onvex k-gons in P . Clearly f

1

(P ) = n,

and f

2

(P ) =

�

n

2

�

. It is proved by Edelman and Rainer [ER00℄ that C is


ontra
tible. Then it satis�es the Euler equation:

f

1

(P )� f

2

(P ) + f

3

(P )� f

4

(P ) : : : = 1:

6



There is another linear relation satis�ed by the f -ve
tor: it is shown by

Ahrens et al. [AGM99℄ that

f

1

(P )� 2f

2

(P ) + 3f

3

(P )� 4f

4

(P ) : : : = jP \ int 
onvP j:

These two linear relations are very useful in our 
onstru
tion sin
e there

f

1

(�

�

) = n, f

2

(�

�

) =

�

n

2

�

and f

k

(�

�

) = 0 when k > 6. So out of the

remaining four quantities f

i

(�

�

), i = 3; 4; 5; 6, only 2 have to be determined.

Our 
hoi
e is to 
ompute f

3

and f

6

, whi
h means that out of the 20 entries

of the following table, we only 
ompute 10.

Empty: [�(3=�

2

)n

2

℄ triangles quadrilaterals pentagons hexagons

3-line 1=24 1=8 1=8 1=24

2-line prime 10=3 29=7 16=7 10=21

2-line non-prime 2=3 54=49 24=49 8=147

1-line 2

s

-prime 4=9 9=49 4=49 4=441

other 1-line

16

3

� �

16

3

� 8� � 16� +

16

3




16

3

� � 16� +

32

3




4

3

��

16

3

� +

16

3




Ea
h entry in the table must be multiplied by (3=�

2

)n

2

to obtain a

�-approximation of the 
orrespoding quantity. E.g., the entry 10=3 in the

se
ond row and �rst 
olumn means that �

�


ontains (10=3)�(3=�

2

)n

2

+o(n

2

)

2-line prime triangles. It is easily veri�ed that the 10 entries in the �rst and

last 
olumn and the above equations on the f -ve
tor give Theorem 1.

In fa
t we have 
omputed all entries of the above table. The method is

to �x the base, IJ of the k-gon in question, then 
ompute the expe
tation

of the empty k-gons with base IJ , and then sum for all possible bases. This

is fairly straightforward although lengthy in all �ve 
ases ex
ept the 2-line

prime k-gons where we need a more detailed analysis.

4 Auxiliary statements

In this se
tion we 
olle
t several simple fa
ts (and prove some of them) that

will be needed later. Most of them are quite easy.

We say that a segment I

�

J

�

, i 6= j, in �

�

is open up if K

�

lies below the

line I

�

J

�

for any latti
e point K in the relative interior of IJ . Similarly,

we say that a segment I

�

J

�

, i 6= j, is open down if K

�

lies above the line

I

�

J

�

for any latti
e point K in the relative interior of IJ . If I

�

J

�

is open

up or down, then we also say that the segment IJ is open up or down,

respe
tively.

Clearly, ea
h prime segment is open up and down, and ea
h 2-prime

segment is open either up or down. Here is a more general lemma:

Lemma 5 Let IJ be an s-prime segment in �. Then:

7



(i) If s is a power of 2, then the segment IJ is open up (down, respe
tively)

with probability 1=s.

(ii) If s is not a power of 2, then the segment IJ is open neither up nor

down. �

Observation 6 If I

�

J

�

K

�

is an empty triangle in �

�

, i 6= j, and K lies

stri
tly above the line IJ , then IJ is open up. Analogously, if I

�

J

�

K

�

is

an empty triangle in �

�

, i 6= j, and K lies stri
tly below the line IJ , then

IJ is open down. �

Let f(n); g(n) be two real fun
tions de�ned for any n = m

2

;m 2 IN. We

write f(n) � g(n) (and say that f(n) equals � g(n)), if

lim

m!1

f(m

2

)

g(m

2

)

= 1:

We denote the set of prime segments in the

p

n�

p

n grid � by P , and

its size by p

n

= jPj. It is well-known (see for instan
e [HW79℄) that

p

n

�

6

�

2

�

n

2

�

�

3

�

2

n

2

:

Lemma 7 (i) For any r � 2, the number of r-prime segments in � is �

p

n

r

2

.

(ii) For any r � 2 and n � 1, the number of r-prime segments in � is

at most

8n

2

r

2

.

Proof. We �rst suppose that

p

n is divisible by r. Consider the mapping f :

� ! f1; : : : ;

p

n

r

g � f1; : : : ;

p

n

r

g de�ned by f(I) = (

�

i

r

�

;

l

y(I)

r

m

) for I 2 �.

Ea
h r-prime segment is mapped to a latti
e segment of the same dire
tion

and 1=r of its original length. Thus, ea
h r-prime segment is mapped to

a prime segment. Moreover, ea
h prime segment KL in f1; : : : ;

p

n

r

g �

f1; : : : ;

p

n

r

g is the image of exa
tly r

2

r-prime segments in �, namely it

is the image of the r-prime segments (r �K + (�; �); r � L + (�; �)), where

�; � 2 f0; 1; : : : ; r � 1g.

It follows that if

p

n is divisible by r then � determines r

2

� p

n=r

2

r-

prime segments. This yields (i): for any n = m

2

, � determines at least

r

2

� p

b

p

n=r


2

�

p

n

r

2

and at most r

2

� p

d

p

n=re

2

�

p

n

r

2

r-prime segments.

If r �

p

n then � determines no r-prime segments and (ii) 
learly holds.

Otherwise � determines at most r

2

�p

d

p

n=re

2

� r

2

�

�

d

p

n=re

2

2

�

� r

2

�

(4n=r

2

)

2

2

=

8n

2

r

2

r-prime segments, as required in (ii). �

8



Lemma 8 Let H;H

0

be two Horton sets, let H lie far below H

0

, and let

H = fh

0

; : : : ; h

z

g, H

0

= fh

0

0

; : : : ; h

0

z

0

g. Further, let P � H[H

0

be the vertex

set of an empty polygon in H [ H

0

, and let P \ H 6= ; and P \ H

0

6= ;.

Then jP \H j � 3 and jP \H

0

j � 3. Moreover, if jP \H j=3 then P \H =

fh

i

; h
i+j

2

; h

j

g, where j � i is a power of 2. Analogously, if jP \H

0

j=3 then

P \H

0

= fh

k

; h k+l

2

; h

l

g, where l � k is a power of 2. �

Let H be a Horton set with verti
es denoted as usual. Then we say that

a segment h

i

h

j

; j > i, in H is open down, if all points h

k

; i < k < j, lie

above it. Similarly, we say that h

i

h

j

is open up, if all points h

k

; i < k < j,

lie below it.

Lemma 9 (i) Any Horton set of size 2

s

determines 2

s+1

� (s+ 2) open

down segments.

(ii) If H = fh

0

; : : : ; h

2

s

�1

g is a Horton set of size 2

s

, where the points

are listed a

ording to the in
reasing x-
oordinate, then H determines

2

s

� (s+ 1) open down segments h

i

h

j

with j > i+ 1.

(iii) In (i) and (ii), \open down" 
an be repla
ed by \open up".

Proof. We pro
eed by indu
tion on s. The lemma 
learly holds for s = 0; 1.

Suppose now that H = fh

0

; h

1

; : : : ; h

2

s

�1

g is a Horton set of size 2

s

; s � 2.

Let H

0

be the lower of the sets H

0;2

; H

1;2

. By the indu
tive assumption,

H

0

determines 2

s

� (s+1) open down segments. The set H determines the

following two types of open down segments:

(T1) 2

s

� 1 segments h

i

h

i+1

,

(T2) 2

s

� (s+ 1) open down segments determined by H

0

.

Thus, H determines (2

s

� 1) + (2

s

� (s + 1)) = 2

s+1

� (s + 2) open down

segments. This gives (i). The open down segments h

i

h

j

with j > i+ 1 are

just the segments of type (T2). This gives (ii).

(iii) follows from the symmetry. �

Observation 10 For ea
h s 2 IN, let f

s

(n); g

s

(n) be two fun
tions satisfy-

ing f

s

(n) � g

s

(n). Moreover, suppose that for ea
h " > 0 there is a t 2 IN

su
h that, for any n 2 IN,

1

X

s=t+1

f

s

(n) � "n

2

and

1

X

s=t+1

g

s

(n) � "n

2

:

9



Then

1

X

s=1

f

s

(n) �

1

X

s=1

g

s

(n) + o(n

2

):

�

5 3-line triangles and hexagons

5.1 The parity of the 
oordinates of latti
e prime seg-

ments

Here we estimate the number of 2-prime segments IJ , I; J 2 �, su
h that

j�i

2

is even. The standard method from [HW79℄ showing that p

n

�

3

�

2

n

2

gives easily the following.

Lemma 11 The number of prime segments IJ with j � i even is

�

p

n

3

:

�

Lemma 12 (i) � determines �

p

n

12

2-prime segments IJ with

j�i

2

even.

(ii) � determines �

p

n

12

2-prime segments IJ with

j�i

2

6= 0 even.

Proof. Certainly, it suÆ
es to prove the lemma for

p

n even.

Consider the mapping f : � ! f1; : : : ;

p

n

2

g � f1; : : : ;

p

n

2

g de�ned by

f(I) = (

�

i

2

�

;

l

y(I)

2

m

), as in the proof of Lemma 7 (for r = 2). Ea
h 2-

prime segment IJ in � is mapped to a prime segment, and ea
h prime

segment KL in f1; : : : ;

p

n

2

g�f1; : : : ;

p

n

2

g is the image of exa
tly 4 2-prime

segments in �. Moreover, for a 2-prime segment IJ in �,

j�i

2

is even if and

only if l � k (=

j�i

2

) is even, where k; l are the x-
oordinates of the points

K = f(I); L = f(J), respe
tively.

Thus, by Lemma 11, � determines

� 4 �

p

n=4

3

�

1

12

p

n

2-prime segments IJ with

j�i

2

even. This gives (i).

Sin
e there are only O(n) 2-prime segments IJ with j�i = 0, (ii) follows

from (i) and from p

n

= �(n

2

). �

10



5.2 3-line triangles

Let IJK be an IJ-triangle with all three sides 2-prime and no latti
e point

in the interior. We now �nd the probability that IJK is empty. Set R =

I+J

2

; S =

I+K

2

; T =

J+K

2

(see Fig. 1).

J

K

R

S

T

I

Figure 1: The points R, S, T .

If

j�i

2

is odd, then (exa
tly) one of the numbers

k�i

2

,

j�k

2

is also odd.

Without loss of generality, let

k�i

2

be odd. Then i � j � k 6� r � s(mod 2).

Consequently, R

�

and S

�

lie either both below or both above the segments

I

�

J

�

and I

�

K

�

, respe
tively. Thus, (exa
tly) one of the points R

�

, S

�

lies

inside the triangle I

�

J

�

K

�

. We 
on
lude that IJK is not an empty triangle

in this 
ase.

Suppose now that

j�i

2

is even. If both numbers

k�i

2

,

j�k

2

are even, then

in the triangle IRS the y-
omponents of a side are of the same parity, and

then the midpoint of this side is a latti
e point. Consequently, one of the

sides of the original triangle IJK is not 2-prime.

Thus

j�i

2

is even and both

k�i

2

,

j�k

2

are odd. Consequently, i � j � k �

r 6� s � t(mod 2). With probability 1=2, both points S

�

, T

�

lie inside the

triangle I

�

J

�

K

�

. Independently and also with probability 1=2, the point

R

�

lies inside the triangle I

�

J

�

K

�

. Thus, if

j�i

2

is even then I

�

J

�

K

�

is

empty with probability 1=4.

For a 2-prime segment IJ 2 P with

j�i

2

> 0 even, there are exa
tly two

latti
e points K, i � k � j, su
h that IJK is a 3-line triangle: One su
h

pla
ement of K is on the line (IJ

+

)

+

(in whi
h 
ase the points S, T are

the two points on IJ

+

satisfying i � s < t < j), the other pla
ement of K

is on the line (IJ

�

)

�

(in whi
h 
ase the points S, T are the two points on

IJ

�

satisfying i < s < t � j), see Fig. 2. It now follows from Lemma 12(ii)

that the expe
ted number of empty 3-line triangles is � 2 �

1

4

�

p

n

12

=

p

n

24

.

11



K

S

T

I

R

J

T

S
K

Figure 2: Two possible pla
ements of K.

5.3 3-line hexagons

Ea
h empty 3-line triangle IJK 
orresponds to the empty 3-line hexagon

I

I+J

2

J

J+K

2

K

K+I

2

, and vi
e versa. Thus, the number of empty 3-line hexagons

equals the number of empty 3-line triangles.

6 2-line prime triangles and hexagons

6.1 Some latti
e properties

Given a non-verti
al prime segment IJ 2 P , there is a unique K 2 (IJ)

+

with i � k < j. We let q

+

(IJ) denote this latti
e point K. Assume

J� I = (m; t) with 0 < t < m and let K� I = (x; y). Then ym+x(�t) = 1

as one 
an readily 
he
k. Thus x is the inverse of �t(mod m). We will

use a theorem of Balog and Deshoulliers [BD99℄ saying that x is \uniformly

distributed" in [0;m).

Theorem 13 ([BD99℄) Assume m is a positive integer. Then for any

� 2 (0; 1℄, and any � > 0, the number of pairs (t; x) with t 2 f1; : : : ;mg and

x 2 f1; : : : ; b�m
g where xt � �1(mod m) is

�'(m) +O(m

1=2+�

)

where the implied 
onstant depends at most on �.

A
tually, the original result of Balog and Deshoulliers is more general

and is stated in a slightly di�erent form.

12



For r 2 IN, we de�ne a subset P

r

of P as the set of non-verti
al prime

segments IJ 2 P su
h that the x-
oordinate of q

+

(IJ) lies in the interval

[i; i+

j�i

2

r

).

Lemma 14 (i) For any r � 1,

jP

r

j �

jPj

2

r

;

(ii) For any r; n � 1,

jP

r

j �

20

2

r

n

2

:

Proof. (i) is a dire
t 
orollary of Theorem 13.

To prove (ii), suppose that I 2 � and that t 2 f1; 2; : : : ; b

p

2n
g. The

number of latti
e points K 2 �; k > i, with t � jjK � I jj < t + 1 is

approximately �t | 
ertainly smaller than 10t (say). Now, let K be one

of these points. If IK is non-prime then there is no latti
e point J with

K = q

+

(IJ). Otherwise the latti
e points J with K = q

+

(IJ) lie on the

latti
e half-line IK

�

\ f(x; y) 2 IR

2

: x � kg (see Fig. 3). The half-line

I

IK

�

K

J

J

Figure 3: The latti
e points J with K = q

+

(IJ).

IK

�

\ f(x; y) 2 IR

2

: x � kg 
ontains at most

p

2n

jjK�Ijj

�

p

2n

t

latti
e points

J 2 �. It follows that for ea
h I and t 2 f1; 2; : : : ; b

p

2n
g there are at

most 10t �

p

2n

t

=

p

200n latti
e points J with t � jjq

+

(IJ)� I jj < t+ 1. If

IJ 2 P

r

then jjq

+

(IJ) � I jj <

p

2n

2

r

. It follows that for ea
h I there are at

13



most

j

p

2n

2

r

k

X

t=1

p

200n �

20

2

r

n latti
e points J 2 � with IJ 2 P

r

. Consequently,

jP

r

j �

20

2

r

n

2

:

�

We denote the latti
e points on the open hal
ine

�����!

Iq

+

(IJ) by K

1

=

q

+

(IJ), K

2

, K

3

; : : :, so that K

t

= I + t(q

+

(IJ) � I) for ea
h t 2 IN.

See Fig. 4. Similarly, we denote the latti
e points on the open hal
ine

I

J

q

+

(IJ) = K

1

K

2

K

3

L

3

L

1

L

2

IJ

+

Figure 4: The latti
e points K

i

, L

i

.

���������������!

J(J � (q

+

(IJ)� I)) by L

1

, L

2

, L

3

; : : :, so that L

t

= J � t(q

+

(IJ) � I) for

ea
h t 2 IN. We remark that P

r

is the set of segments IJ 2 P su
h that i �

k

2

r

< j, where k

2

r

is the x-
oordinate of the pointK

2

r

= I+2

r

(q

+

(IJ)�I).

For IJ 2 P

1

and s � 0, we de�ne two events E

+

s

= E

+

s

(IJ) and E

�

s

=

E

�

s

(IJ) as follows:

E

+

s

= E

+

s

(IJ) : the segment IK

2

s

is open down,

E

�

s

= E

�

s

(IJ) : the segment JL

2

s

is open up.

Clearly, K

2

s

lies in some empty 2-line IJ-polygons if and only if IJ 2 P

s

and E

+

s

is satis�ed. Similarly, L

2

s

lies in some empty 2-line IJ-polygons if

and only if IJ 2 P

s

and E

�

s

is satis�ed.
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The following observation follows from Lemma 5(i):

Observation 15 For any s � 0 and IJ 2 P

s

,

Prob(E

+

s

) =

1

2

s

; Prob(E

�

s

) =

1

2

s

:

�

The following lemma shows that the events E

+

s

and E

�

s

0

are almost in-

dependent if IJ is taken uniformly from P

r

.

Lemma 16 Let r 2 IN and 0 � s; s

0

� r. Then

X

IJ2P

r

Prob(E

+

s

^ E

�

s

0

) �

p

n

2

r

�

1

2

s+s

0

:

Proof. If s = 0 then, by Observation 15 and by Lemma 14(i),

X

IJ2P

r

Prob(E

+

s

^ E

�

s

0

) =

X

IJ2P

r

Prob(E

�

s

0

) �

p

n

2

r

�

1

2

s

0

;

as required. Analogously, the lemma holds also for s

0

= 0. We further

suppose that s; s

0

� 1.

Let IJ 2 P

r

and let K = K

1

= q

+

(IJ). Not all three numbers i +

j; i + k; j + k are even, sin
e in that 
ase one of the points

I+J

2

,

I+K

2

,

J+K

2

(
orresponding to an even of the numbers y(I) + y(J), y(I) + y(K),

y(J)+y(K)) would be a latti
e point. Consequently, by a parity argument,

exa
tly one of the numbers i+ j; i+ k; j + k is even.

By Lemma 11, there are �

jPj

3

segments IJ 2 P with i+ j even. Con-

sequently, by Theorem 13, there are �

jP

r

j

3

segments IJ 2 P

r

with i + j

even.

By Lemma 11, there are �

2jPj

3

segments IJ 2 P with i+ j odd, whi
h

is the same as j � i odd. Thus, by symmetry, there are �

jPj

3

segments

IJ 2 P with k � i even and also �

jPj

3

segments IJ 2 P with k � i odd.

We want to use now Theorem 13 with J � I = (m; t) and x 2 [0;m2

�r

),

with the extra 
ondition that x = k � i is even (resp. odd). When x

is even and lies in [0;m2

�r

) then x=2 is an integer in [0;m2

�r�1

) for

whi
h (2t)(x=2) � �1(mod m) and 2t runs through the redu
ed residue


lasses (mod m). The number of su
h pairs (2t; x=2) is then 2

�r�1

'(m) +
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O(m

1=2+�

), whi
h implies that there are �

jP

r

j

3

segments IJ 2 P

r

with j� i

odd and k� i even. Then the 
omplementary set of segments with j� i odd

and k � i odd is also of size �

jP

r

j

3

.

Let IJ 2 P

r

. If i + k is even (and i + j; j + k are odd), then the x-


oordinates of I;K

1

;K

2

; : : : have the other parity than the x-
oordinates of

J; L

1

; L

2

; : : :. Consequently, the events E

+

s

and E

�

s

0

are independent and

Prob(E

+

s

^ E

�

s

0

) = Prob(E

+

s

) � Prob(E

�

s

0

) =

1

2

s+s

0

in this 
ase.

If i+j is even, then the x-
oordinates of I;K

2

;K

4

; : : : ; J; L

2

; L

4

; : : : have

the other parity than the x-
oordinates of K

1

;K

3

; : : : ; L

1

; L

3

; : : :. Conse-

quently, either K

�

1

lies below the line I

�

K

�

2

s

or L

�

1

lies above the line J

�

L

�

2

s

0

.

Thus,

Prob(E

+

s

^ E

�

s

0

) = 0

in this 
ase (provided s; s

0

� 1).

If j + k is even, then the x-
oordinates of K

1

;K

3

; : : : ; J; L

2

; L

4

; : : : have

the other parity than the x-
oordinates of I;K

2

;K

4

; : : : ; L

1

; L

3

; : : :. The

following two 
onditions are ne
essary for E

+

s

^ E

�

s

0

:

C

1

: fI

�

;K

�

2

;K

�

4

; : : :g lies far below fK

�

1

;K

�

3

; : : :g,

C

2

: fL

�

1

; L

�

3

; : : :g lies far below fJ

�

; L

�

2

; L

�

4

; : : :g.

Clearly, C

1

is satis�ed if and only if C

2

is satis�ed. Thus,

Prob(C

1

^ C

2

) = Prob(C

1

) = Prob(C

2

) =

1

2

:

Suppose that C

1

^C

2

is satis�ed. Then E

+

s

is satis�ed if and only if I

�

K

�

2

s

is open down in the (random) Horton set fI

�

;K

�

2

;K

�

4

; : : : ;K

�

2

s

g, i.e., with

probability

1

2

s�1

. Analogously, E

�

s

0

is satis�ed if and only if J

�

L

�

2

s

0

is open

up in the (random) Horton set fJ

�

; L

�

2

; L

�

4

; : : : ; L

�

2

s

0

g, i.e., with probability

1

2

s

0

�1

. Moreover, E

+

s

and E

�

s

0

are independent (provided j + k is even and

C

1

^ C

2

is satis�ed), sin
e the x-
oordinates of I;K

2

;K

4

; : : : ;K

2

s

have the

other parity than the x-
oordinates of J; L

2

; L

4

; : : : ; L

2

s

0

. Thus, if j + k is

even then

Prob(E

+

s

^ E

�

s

0

) = Prob(C

1

^ C

2

) � Prob(E

+

s

jC

1

^ C

2

) � Prob(E

�

s

0

jC

1

^ C

2

)

=

1

2

�

1

2

s�1

�

1

2

s

0

�1

=

1

2

s+s

0

�1

:

16



Altogether,

X

IJ2P

r

Prob(E

+

s

^ E

�

s

0

) �

P

r

3

�

1

2

s+s

0

+

P

r

3

� 0 +

P

r

3

�

1

2

s+s

0

�1

=

p

n

2

r

�

1

2

s+s

0

:

�

6.2 2-line prime triangles

The expe
ted number of empty 2-line IJ-triangles with IJ 2 P

r

n P

r+1

is

X

IJ2P

r

nP

r+1

 

r

X

s=0

Prob(E

+

s

) +

r

X

s

0

=0

Prob(E

�

s

0

)

!

=

X

IJ2P

r

nP

r+1

 

r

X

s=0

1

2

s

+

r

X

s

0

=0

1

2

s

0

!

=

�

4�

2

2

r

�

jP

r

n P

r+1

j;

and thus the expe
ted number of empty 2-line IJ-triangles with IJ 2 P

1

=

1

[

r=1

(P

r

n P

r+1

) is

1

X

r=1

�

4�

2

2

r

�

jP

r

n P

r+1

j: (1)

By Lemma 14(i),

jP

r

n P

r+1

j �

p

n

2

r+1

: (2)

For every " > 0, there is a t 2 IN su
h that, by Lemma 14(ii), the sum

of the terms in (1) with r � t+ 1 
an be bounded from above by

1

X

r=t+1

4 �

20

2

r

n

2

=

80

2

t

n

2

< "n

2

:
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Thus, by Observation 10 and by (2),

(1) �

1

X

r=1

�

4�

2

2

r

�

p

n

2

r+1

=

�

2�

1

3

�

p

n

=

5

3

� p

n

: (3)

Similarly, de�ne P

0

r

as the set of non-verti
al prime segments IJ 2 P

su
h that the x-
oordinate of q

+

(IJ) lies in the interval [j �

j�i

2

r

; j). An

analogue of the above proof shows that the expe
ted number of empty 2-line

IJ-triangles with IJ 2 P

0

1

is also

�

5

3

� p

n

: (4)

Consequently, the expe
ted number of empty 2-line prime triangles is

the sum of (3) and (4), that is,

�

10

3

� p

n

:

6.3 2-line prime hexagons

We �rst estimate the number of empty 2-line IJ-hexagons with IJ 2 P

r

n

P

r+1

. Ea
h of them is of form JK

t

K

t=2

IL

t

0

L

t

0

=2

. Thus, their expe
ted

number is

X

IJ2P

r

nP

r+1

r

X

s=1

r

X

s

0

=1

Prob(E

+

s

^ E

�

s

0

) =

r

X

s=1

r

X

s

0

=1

X

IJ2P

r

nP

r+1

Prob(E

+

s

^ E

�

s

0

):

It follows that the expe
ted number of empty 2-line IJ-hexagons with IJ 2

P

1

=

1

[

r=1

(P

r

n P

r+1

) is

1

X

r=1

r

X

s=1

r

X

s

0

=1

X

IJ2P

r

nP

r+1

Prob(E

+

s

^ E

�

s

0

): (5)
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Lemma 16 and the in
lusion P

r+1

� P

r

imply that

r

X

s=1

r

X

s

0

=1

X

IJ2P

r

nP

r+1

Prob(E

+

s

^ E

�

s

0

) �

r

X

s=1

r

X

s

0

=1

�

p

n

2

r

�

p

n

2

r+1

�

�

1

2

s+s

0

=

�

1�

1

2

r

�

2

p

n

2

r+1

(6)

For every " > 0, there is a t 2 IN su
h that, by Lemma 14(ii), the terms

in (5) with r � t+ 1 
an be bounded from above by

1

X

r=t+1

r

X

s=1

r

X

s

0

=1

X

IJ2P

r

nP

r+1

1 �

1

X

r=t+1

r

2

jP

r

n P

r+1

j �

1

X

r=t+1

r

2

20

2

r

n

2

< "n

2

:

Thus, by Observation 10 and by (6),

(5) �

1

X

r=1

�

1�

1

2

r

�

2

p

n

2

r+1

=

1

X

r=1

�

1

2

r+1

�

1

2

2r

+

1

2

3r+1

�

p

n

=

�

1

2

�

1

3

+

1

14

�

p

n

=

5

21

� p

n

: (7)

A similar argument as at the end of Paragraph 6.2 shows that the ex-

pe
ted number of empty 2-line prime hexagons is twi
e as mu
h as (7),

i.e.,

�

10

21

� p

n

:

7 2-line non-prime triangles and hexagons

7.1 2-line non-prime triangles

If there is an empty 2-line non-prime IJ-triangle, then IJ must be open up

or down and thus IJ must be 2

s

-prime for some s 2 IN.

Let s 2 IN and let IJ 2 P be a non-verti
al 2

s

-prime segment with

j > i. The line IJ

+


ontains 2

s

points K 2 � with i � k < j (unless

19



j = i + 2; y(I) =

p

n). Ea
h of these points determines an empty 2-line

IJ-triangle IJK if and only if IJ is open up, i.e., with probability

1

2

s

.

Thus, the expe
ted number of empty 2-line IJ-triangles with one vertex on

the line IJ

+

is equal to

2

s

2

s

= 1. By symmetry, the expe
ted number of

empty 2-line IJ-triangles with one vertex on the line IJ

�

is also 1 (unless

j = i+ 2; y(I) = 1). Thus, the expe
ted number of empty 2-line non-prime

triangles is

�

1

X

s=1

X

(IJ is 2

s

�prime)

2: (8)

The \�" appears in (8) sin
e the expe
ted number of empty 2-line IJ-

triangles is 0 for verti
al 2

s

-prime segments IJ 2 P and is smaller than 2

for 2

s

-prime segments IJ 2 P ; j = i+ 2, with y(I) =

p

n or y(J) = 1.

It follows from Lemma 7(ii) that the �rst sum in (8) satis�es the as-

sumptions of Observation 10, and thus (8) 
an be estimated by

�

1

X

s=1

p

n

4

s

� 2 =

2

3

� p

n

:

7.2 2-line non-prime hexagons

If there is an empty 2-line non-prime IJ-hexagon, then IJ must be open

up or down and thus IJ must be 2

s

-prime for some s 2 IN.

Let s 2 IN and let IJ be a non-verti
al 2

s

-prime segment with j > i. The

line IJ

+


ontains 2

s

points K with i � k < j (unless j = i+2; y(I) =

p

n),

forming a (random) Horton set, whi
h we denote by H . By Lemma 9(ii), H

determines 2

s

� (s+1) open down segments KK

0

with

K+K

0

2

2 H . Ea
h of

these segments determines an empty 2-line IJ-hexagon I

I+J

2

JK

0

K

0

+K

2

K

if and only if IJ is open up, i.e., with probability

1

2

s

. Thus, the expe
ted

number of empty 2-line IJ-hexagons with all verti
es on the lines IJ and

IJ

+

is equal to

2

s

�(s+1)

2

s

= 1�

s+1

2

s

(unless j = i+ 2; y(I) =

p

n).

Altogether, the expe
ted number of two-line non-prime hexagons is

� 2 �

1

X

s=1

X

(IJ is 2

s

�prime)

�

1�

s+ 1

2

s

�

: (9)

The \�" appears in (9) for analogous reasons as in (8).
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It follows from Lemma 7(ii) that the �rst sum in (9) satis�es the as-

sumptions of Observation 10, and thus (9) 
an be estimated by

� 2 �

1

X

s=1

p

n

4

s

�

1�

s+ 1

2

s

�

= 2 �

�

1

3

�

8

49

�

7

49

�

� p

n

=

8

147

� p

n

:

8 1-line 2

s

-prime triangles and hexagons

For k 2 IN and s � 0, we de�ne V

k

(s) as the expe
ted number of those

empty k-gons in a random Horton set H of size 2

s

+ 1, whi
h 
ontain both

the leftmost point and the rightmost point of H .

Lemma 17 For any s � 0,

V

3

(s) = s; V

6

(s) = s� 4 +

s+ 2

2

s�1

:

Proof. Let h

0

; h

1

; : : : ; h

2

s

be the points of a Horton set H listed a

ording

to the in
reasing x-
oordinate. For i = 0; : : : ; s� 1, we de�ne a 2

i

-element

subset H(i) of H by

H(i) = H

2

s�i�1

;2

s�i
= fh

j

2 H : j � 2

s�i�1

(mod 2

s�i

)g:

Observe that H n fh

0

; h

2

s

g is a disjoint union of the sets H(i); i =

1; : : : ; s � 1 and that ea
h H(i) = H

2

s�i�1

;2

s�i
lies far above or far be-

low the set H

0;2

s

= fh

0

; h

2

s

g � H

0;2

s�i
. In parti
ular, ea
h H(i) lies either

below or above the line h

0

h

2

s

.

We distinguish s 
ombinatorial 
ases C

1

;C

2

; : : : ;C

s

de�ned for i =

1; 2; : : : ; s� 1 by

C

i

: The line h

0

h

2

s

separates H(0) [H(1) [ : : : [H(i� 1) from H(i).

The remaining 
ase C

s

is de�ned by

C

s

: The whole set H(0)[ : : :[H(s� 1) lies on one side of the line h

0

h

2

s

.
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Clearly,

Prob(C

i

) =

�

1

2

i

; for i = 1; 2 : : : ; s� 1;

1

2

s�1

; for i = s:

The triangle h

0

h

2

s�1
h

2

s

is always empty. Moreover, in 
ase C

i

(1 � i <

s) there are 2

i

empty triangles h

0

h

2

s

p, p 2 H(i). It is easy to see that there

are no other empty triangles with the two verti
es h

0

; h

2

s

. Thus,

V

3

(s) = 1 +

s�1

X

i=1

Prob(C

i

) � 2

i

= 1 +

s�1

X

i=1

1 = s:

It remains to 
ompute V

6

(s). Without loss of generality, let H(0) =

fh

2

s�1
g lie under the line h

0

h

2

s

. By Lemma 9(ii), in 
ase C

i

(1 � i < s)

there are 2

i

�(i+1) empty hexagons h

0

h

2

s�1
h

2

s

h

v

h
v+w

2

h

w


orresponding to

the 2

i

�(i+1) open down segments h

w

h

v

, v > w+1, in H(i). By Lemma 8,

there are no other empty hexagons with the two verti
es h

0

; h

2

s

. Thus,

V

6

(s) =

s�1

X

i=1

1

2

i

� (2

i

� (i+ 1)) = s� 4 +

s+ 2

2

s�1

:

�

Lemma 18 Let k � 3. If V

k

(s) = O(s), then the expe
ted number of empty

1-line 2

s

-prime k-gons (s 2 IN) in � is

�

1

X

s=1

V

k

(s)

4

s

� p

n

:

Proof. Let k � 3. The expe
ted number of empty 1-line 2

s

-prime k-gons

(s 2 IN) is

1

X

s=1

X

(IJ is 2

s

�prime)

V

k

(s): (10)

We may apply Observation 10, sin
e, by Lemma 7(ii), for any " > 0 and

for any suÆ
iently large t = t("),

1

X

s=t+1

X

(IJ is 2

s

�prime)

V

k

(s) �

1

X

s=t+1

8n

2

4

s

V

k

(s)
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�

1

X

s=t+1

O

�

s

4

s

�

� n

2

< "n

2

:

The lemma now follows from (10), Observation 10, and Lemma 7(i). �

We are ready to estimate the number of empty 1-line 2

s

-prime triangles

and hexagons. By Lemmas 17 and 18, the expe
ted number of 1-line 2

s

-

prime triangles is

�

1

X

s=1

s

4

s

� p

n

=

4

9

� p

n

;

and the expe
ted number of empty 1-line 2

s

-prime hexagons is

�

1

X

s=1

s� 4 +

s+2

2

s�1

4

s

� p

n

=

�

4

9

�

4

3

+

16

49

+

4

7

�

� p

n

=

4

441

� p

n

:

9 1-line r-prime triangles and hexagons (r 6=

2

s

)

For k 2 IN and odd z � 3, we de�ne W

k

(z) as the expe
ted number of those

empty k-gons in a random Horton set H of size z + 1, whi
h 
ontain both

the leftmost point and the rightmost point of H .

Lemma 19 For any odd z � 3,

W

3

(z) = 4�

4

2

!

; W

6

(z) = 1�

4

2

!

+

4

4

!

;

where ! = blog

2

z
.

Proof. Let z � 3 be odd and let H = fh

0

; : : : ; h

z

g be a Horton set with ver-

ti
es listed a

ording to the in
reasing x-
oordinate. For i = 1; 2; : : : ; ! =

blog

2

z
, we put K

i

= h

2

i
and L

i

= h

z�2

i
. Clearly, only the points

h

0

; h

z

;K

i

; L

i

(1 � i � !) may be verti
es of empty polygons with the

two verti
es h

0

; h

z

. Without loss of generality, let fh

0

;K

1

;K

2

; : : : ;K

!

g �

H

0;2

= fh

0

; h

2

; : : : ; h

z�1

g lie far below fL

!

; L

!�1

; : : : ; L

1

; h

z

g � H

1;2

=

fh

1

; h

3

; : : : ; h

z

g.
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By Lemma 5, for any i = 1; : : : ; !, the segment h

0

K

i

is open up in H

0;2

with probability

1

2

i�1

. Analogously, L

i

h

z

is open down in H

1;2

also with

probability

1

2

i�1

. Thus, ea
h of the triangles h

0

K

i

h

z

and h

0

L

i

h

z

is empty

with probability

1

2

i�1

, and

W

3

(z) = 2 �

!

X

i=1

1

2

i�1

= 4�

4

2

!

:

Any two empty triangles h

0

K

i

h

z

and h

0

L

j

h

z

(i; j � 2) give rise to an

empty hexagon h

0

K

i�1

K

i

h

z

L

j�1

L

j

. Thus,

W

6

(z) =

!

X

i=2

!

X

j=2

1

2

i�1

�

1

2

j�1

=

 

!

X

i=2

1

2

i�1

!

2

=

�

1�

1

2

!�1

�

2

= 1�

4

2

!

+

4

4

!

:

�

Observation 20 For any odd z � 3 and any k; s 2 IN, the expe
ted number

of empty k-gons in a random Horton set H of size 2

s

z + 1 
ontaining both

the leftmost point and the rightmost point of H is equal to W

k

(z).

Proof. We denote the points ofH as above. The setH

0;2

s

= fh

0

; h

2

s

; : : : ; h

2

s

z

g

is a random Horton set of size z+1. Its 
onvex hull 
ontains no other points

of H . Thus, H

0;2

s

determines, in expe
tation, W

k

(z) empty k-gons with the

two verti
es h

0

; h

2

s

z

. There are no other empty k-gons with the two ver-

ti
es h

0

; h

2

s

z

, sin
e the interior of every triangle h

0

h

2

s

z

h

i

; h

i

2 H nH

0;2

s

,


ontains one of the points h

2

s

; h

2

s

(z�1)

. �

Here is an analogue of Lemma 18:

Lemma 21 Let k 2 IN. If W

k

(z) = O(1), then the expe
ted number of

empty 1-line r-prime k-gons (r 6= 2

s

) in � is

�

4

3

X

z�3 odd

W

k

(z)

z

2

� p

n

:

Proof. Let k 2 IN. By Observation 20, the expe
ted number of empty

1-line 2

s

-prime k-gons is

X

z�3 odd

1

X

s=0

X

(IJ is 2

s

z�prime)

W

k

(z): (11)
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It follows from Lemma 7 and from two appli
ations of Observation 10

that (11) 
an be estimated by

�

X

z�3 odd

1

X

s=0

p

n

4

s

z

2

W

k

(z) =

4

3

X

z�3 odd

W

k

(z)

z

2

� p

n

:

�

We are ready to estimate the number of empty 1-line r-prime triangles

and hexagons (r 6= 2

s

). By Lemmas 19 and 21, the expe
ted number of

1-line r-prime triangles (r 6= 2

s

) is

�

4

3

X

z�3 odd

4�

4

2

!

z

2

� p

n

=

�

16

3

��

16

3

�

�

� p

n

;

and the expe
ted number of empty 1-line r-prime hexagons (r 6= 2

s

) is

�

4

3

X

z�3 odd

1�

4

2

!

+

4

4

!

z

2

� p

n

=

�

4

3

��

16

3

� +

16

3




�

� p

n

:
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