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Abstra
t

We prove the following 
olored version of the well-known result

of Wagner and F�ary. Suppose that the line segments of the plane

are partitioned into �nitely many 
lasses C

1

; : : : ; C

k

. Then for some

C

i

, every planar graph G has a 
rossing-free drawing in the plane

su
h that all its edges are drawn by segments belonging to C

i

. If

there is only one C

i

with this property, then in fa
t this C

i


ontains a

drawing of any graph (with possible 
rossings). Furthermore, all this

is true also if we distinguish topologi
ally non-isomorphi
 drawings

�
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of a graph. We also give a generalization of these results to so-
alled

pseudoplanar graphs.

1 Introdu
tion

In their papers, Erd}os, Graham, Montgomery, Roths
hild, Spen
er and

Straus [3, 4, 5℄ have initiated a study in the �eld 
alled Eu
lidean Ram-

sey theory. The general question is as follows. Let V be a set of points in

IR

n

. Is it true that for every k-
oloring of all the points in IR

n

there is a

mono
hromati
 V

0


ongruent to V ? Analogous questions for 
olorings of

pairs of points in IR

n

were also studied [1, 4, 9℄. In this 
ase, the general

question is as follows. Let G be a graph drawn by straight-line segments in

IR

n

(i.e. G is a 
olle
tion of points of IR

n

representing verti
es and of some

of the line segments between the point-pairs representing edges). Is it true

that for every k-
oloring of all the segments in IR

n

there is a mono
hromati


H 
ongruent to G? It is easy to see that the only non-trivial questions o

ur

when the edges in G have the same length. This 
ase was well-
hara
terized

by Cantwell in [1℄.

In the plane, where G is a so-
alled geometri
 graph (de�ned below),

instead of 
ongruen
e we 
an require a weaker relation, the (
ombinatorial)

isomorphism. In this 
ase several positive and negative Ramsey-type results

are known, see e.g. [2, 10, 11, 12, 14, 15℄.

We say that a set of points in the plane is in general position if no

three points in the set lie on a 
ommon line. A geometri
 graph is a pair

G = (V;E) where V is a �nite set of points in general position in the plane

and E is a subset of the set of line segments 
onne
ting points of V . A

planar geometri
 graph is a geometri
 graph with no pair of 
rossing edges

(two edges sharing a vertex are not 
onsidered as 
rossing edges). In other

words, a planar geometri
 graph is a planar graph drawn in the plane by

straight segments with no 
rossings.

Two geometri
 graphs G = (V;E); H = (V

0

; E

0

) are said to be (
om-

binatorially) isomorphi
, G � H , if there exists a bije
tion f : V ! V

0

satisfying the following three 
onditions:

(i) v

1

v

2

2 E if and only if f(v

1

)f(v

2

) 2 E

0

,

(ii) two edges (segments) v

1

v

2

; v

3

v

4

2 E 
ross if and only if the edges

f(v

1

)f(v

2

); f(v

3

)f(v

4

) 2 E

0


ross,
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(iii) if two edges v

1

v

2

; v

3

v

4

2 E 
ross then v

3

lies to the left of the ori-

ented line v

1

v

2

if and only if f(v

3

) lies to the left of the oriented line

f(v

1

)f(v

2

).

Two �nite planar point sets X and X

0

in general position are said to

be 
ombinatorially equivalent (or: of the same order type) if there exists a

bije
tion f : X ! X

0

satisfying that a point a 2 X lies to the left of the

oriented line b
 (b; 
 2 X) if and only if the point f(a) lies to the left of the

oriented line f(b)f(
).

It is easy to see that two 
omplete geometri
 graphs G;H are isomorphi


if and only if the sets V (G) and V (H) are 
ombinatorially equivalent.

Geometri
 graphs have re
eived a lot of attention in re
ent years (see

e.g. Chapter 14 in the book [17℄ or [16℄). In this paper we study Ramsey-

type questions motivated by the results of [14, 15℄. In [15℄ it was proved

that there is a �nite planar point set X in general position and a 
oloring of

the segments of the plane with two 
olors su
h that no set 
ombinatorially

equivalent to X indu
es a mono
hromati
 
omplete geometri
 graph.

Here is the key 
on
ept of this paper: Let G

1

; G

2

; : : : ; G

k

be geometri


graphs. The notation T (G

1

; G

2

; : : : ; G

k

) means that for every k-
oloring of

all segments in the plane there is an index i (1 � i � k) and a geometri


graph G

0

i

isomorphi
 to G

i

su
h that all the edges of G

0

i

have the i-th 
olor.

Now the above result of [15℄ 
an be formulated in the following way:

Theorem 1 ([15℄) There is a (
omplete) geometri
 graph G su
h that T (G;G)

does not hold.

In the same paper it was proved that if jV (G)j � 4 then T (G;G) holds.

Here we prove the following Ramsey-type result:

Theorem 2 Let G

1

; : : : ; G

k

be k planar geometri
 graphs and let H be any

geometri
 graph. Then T (G

1

; : : : ; G

k

; H) holds.

A theorem of Wagner [19℄ and F�ary [6℄ (see e.g. [18℄) says that ev-

ery planar graph has a planar drawing with edges represented by pairwise

non-
rossing straight-line segments. The following 
orollary of Theorem 2,

mentioned in the abstra
t, is a 
olored version of the theorem of Wagner

and F�ary:

Corollary 1 Suppose that the line segments of the plane are partitioned

into �nitely many 
lasses C

1

; : : : ; C

k

. Then for at least one 
lass C

i

the
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following holds. For every planar graph G there is an isomorphi
 planar

geometri
 graph with all edges (segments) belonging to C

i

. If the 
lass C

i

is

unique with this property then in fa
t it 
ontains the edges of some drawing

of any geometri
 graph G.

In fa
t, we 
an prove Theorem 2 and Corollary 1 in somewhat stronger

forms. We say that a geometri
 graph G is pseudoplanar, if it 
an be

obtained from a planar geometri
 graph by a �nite number of appli
ations

of the following operations:

(R) removal of an edge or vertex,

(D) dupli
ation of a vertex u in the graph (i.e., addition of a new vertex u

0

su
h that no line trought two verti
es in the graph separates u

0

from

u, and addition of an edge from u

0

to u and to all neighbors of u).

Theorem 3 Theorem 2 and Corollary 1 hold also for pseudoplanar graphs,

i.e. they hold also if we repla
e ea
h word \planar" by \pseudoplanar" in

the statement.

For example all geometri
 graphs on at most 5 verti
es are pseudoplanar;

this is illustrated in Figure 1.

u

u

u

0

u

0

u

0

u

u

u

u

u

0

u

0

u

0

Figure 1: The verti
es u; u

0

used for obtaining the six 
ombinatorially dif-

ferent 
omplete geometri
 graphs on 3, 4, or 5 verti
es by an appli
ation of

operation (D) on a smaller 
omplete geometri
 graph.

However, there are geometri
 graphs on 6 verti
es whi
h are not pseu-

doplanar, see Fig. 2.

2 Ramsey property of planar graphs

In this se
tion we prove Theorem 2. In our proof we look at the 
oloring of

the point pairs of a huge grid. An N �N grid, denoted by L(N � N), is

4



Figure 2: Two non{pseudoplanar geometri
 graphs on 6 verti
es.

the set of N

2

points in the plane with integer 
oordinates 1; 2; : : : ; N . We

will use the following theorem of F�urstenberg [7℄ (i.e. the density version of

the Gallai{Witt Theorem [8℄) and three simple 
laims:

Theorem 4 ([7℄) For any 
 2 IR

+

and t 2 IN, there is an N = N(
; t)

su
h that if S is a subset of L(N � N) and jSj � 
N

2

then S 
ontains t

2

points whi
h form a s
aled and shifted 
opy of the grid L(t� t).

The following 
laim says that for any line l, in a huge grid one 
an �nd

a non-degenerate aÆne image of a large grid, su
h that any point pair of

this image determines a line almost parallel to l.

Claim 1 Let l be a line, m � 2 a natural number, and Æ > 0. Then there

exists an M =M(m; l; Æ) with the following property: There exists an aÆne

image A of the m �m grid su
h that A is a subset of the M �M grid, it

is not 
ontained in one line, and the angle between the line l and any line


ontaining at least two points of A is smaller than Æ.

Proof. Let S be any strip of width 1=(3Æ) bounded by two lines parallel

to l. Then its interse
tion with the in�nite grid ZZ � ZZ 
ontains an aÆne

image A of L(m�m). If M := b1+diam(A)
 then A 
an be shifted so that

A � L(M �M). Claim 1 follows. 2

Below we shall use 
omplete geometri
 graphs, i.e. graphs in whi
h every

pair of verti
es is 
onne
ted by an edge (segment). However, we should keep

in mind that for any �xed k � 4 there are di�erent non-isomorphi
 
omplete

geometri
 graphs on k verti
es.
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Claim 2 For any natural number h there is a m = m(h) with the following

property. If G

h

is a 
omplete geometri
 graph on h verti
es, then there is a

G

h

0

� G

h

su
h that V (G

h

0

) is a subset of the m�m grid.

The proof of Claim 2 is based on the fa
t that for any h there are �nitely

many non-isomorphi
 
omplete geometri
 graphs on h verti
es. Details are

left to the reader.

Claim 3 For any planar geometri
 graph G, there is an edge xy 2 E(G)

su
h that if z 2 V (G) and xz; yz 2 E(G) then the triangle xyz 
ontains no

other vertex of G.

The proof of Claim 3 
an be found in [6℄ or in [13℄, exer
ise 5.38.

Advan
ing the proof of Theorem 2 we �rst prove the statement in the

spe
ial 
ase k = 1:

Lemma 1 Let G be a planar geometri
 graph and let H be a geometri


graph. Then T (G;H) holds.

Proof. We pro
eed by indu
tion on n = jV (G)j. If n � 2, then the

assertion is trivial.

Now suppose that the assertion is true if jV (G)j � n � 1. We will use

generalized geometri
 graphs whi
h may 
ontain 
ollinear triples of points;

otherwise they are de�ned analogously as geometri
 graphs. Let H be an

arbitrary but �xed geometri
 graph. We 
an suppose that G is a triangula-

tion. We 
onsider an edge xy satisfying Claim 3. Sin
e G is a triangulation,

the edge xy lies on the boundary of exa
tly two triangles, xyz

1

and xyz

2

,

in G. We 
ontra
t the edge xy to a point p and remove one edge from ea
h

pair of parallel edges. We obtain a planar graph G

�

with n�1 verti
es. By

the indu
tive hypothesis and using the 
ompa
tness argument one 
an �nd

a 
omplete generalized geometri
 graph Y in the plane, su
h that if we 
olor

the edges of Y by blue and red then either there is a blue planar geometri


graph G

�

0

� G

�

or a red geometri
 graph H

0

� H in Y . If needed, the

vertex set of Y is slightly perturbed so that Y be
omes a geometri
 graph.

For three points a; b; 
, let d(a; b; 
) be the distan
e of a to the line b
. We

de�ne d(Y ) = min d(a; b; 
), where the minimum is taken over all triples of

distin
t points a; b; 
 2 Y .

We repla
e ea
h vertex of Y by a s
aled 
opy of L(N �N) having diam-

eter d(Y )=10. N will be spe
i�ed later (now it is as big as ne
essary). We
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denote the 
opies of L(N �N) by L

1

; : : : ; L

jY j

. The size of the L

i

's ensures

that if we 
hoose one point from ea
h L

i

, then the obtained 
on�guration

(\transversal") is isomorphi
 to Y and no three points in it determine an

angle in some range (�� Æ; �+ Æ) (here Æ = Æ(Y ) > 0 is independent of N).

Let us denote the obtained 
omplete generalized geometri
 graph on N

2

jY j

verti
es by Z (see Fig. 3).

V (Y ) V (Z)

L

1

L

2

L

jY j

L

3

Figure 3: The vertex sets of the 
omplete geometri
 graphs Y , Z.

Suppose that we have a 
oloring of the edges of Z by blue and red, su
h

that there is no red isomorphi
 
opy of H in Z. Then we have a blue isomor-

phi
 
opy of G

�

in ea
h of the above mentioned transversals Y

0

� Z, Y

0

�

Y . There are (N

2

)

jY j

su
h transversals. Ea
h 
opy of G

�

is 
ontained in at

most (N

2

)

jY j�(n�1)

transversals, so we have at least N

2(n�1)

di�erent blue

\transversal" 
opies of G

�

. At least N

2(n�1)

=

�

jY j

n�1

�

of them lie in the union

of some �xed n�1 L

i

's (say, in L

1

[: : :[L

n�1

). The n�2 verti
es of G

�

dif-

ferent from pmay be distributed in L

1

[: : :[L

n�1

in at most (n�1)!(N

2

)

n�2

di�erent ways. Thus, at least

�

N

2(n�1)

=

�

jY j

n�1

�

�

Æ �

(n� 1)!(N

2

)

n�2

�

= 
N

2

of the above blue \transversal" 
opies of G

�

di�er only in the image of p,

where 
 := 1=(

�

jY j

n�1

�

(n � 1)!). Moreover, the image of p in these � 
N

2

blue 
opies of G

�

always lies in the same L

i

. A

ording to Theorem 4,

if N � N(
; t) then this L

i


ontains a (s
aled and shifted) grid L(t � t)

formed by images of p. Altogether, this gives us a blue graph whi
h is an

isomorphi
 
opy of G

�

in Z with the vertex p repla
ed by a small (s
aled

and shifted) 
opy of L(t� t), whi
h will be denoted L

0

.

7



We now look at the 
olors of the segments 
onne
ting points of L

0

. We

say that a segment 
onne
ting two points of L

0

is separating if the line


ontaining this segment separates the images of z

1

and z

2

. If there is a blue

separating segment x

0

y

0

; x

0

; y

0

2 L

0

, then substituting

x! x

0

; y ! y

0

or

x! y

0

; y ! x

0

;

we get a blue subgraph of Z isomorphi
 to G. So we 
an suppose that every

separating edge is red. Now we use Claim 1. For any �xed m one 
an �nd

a number M depending only on Y su
h that if t � M then wherever the

images of p; z

1

; z

2

lie in Z, L

0

always 
ontains a non-degenerate aÆne image

A of the m�m grid in whi
h every pair of points determines a separating

(and therefore red) segment. Using Claim 2 it follows that if m is large

enough then we have a red H

0

� H in A. 2

We are ready to 
omplete the proof of Theorem 2.

Proof of Theorem 2. For k = 1, T (G

1

; H) holds a

ording to Lemma 1.

We further pro
eed by indu
tion on k.

Suppose that T (G

2

; G

3

; : : : ; G

k

; H) holds. Thus, by the 
ompa
tness

argument (eventually followed by a small perturbation), there is a geometri


graph J with the following property. If we 
olor the edges of J with k 
olors

2; : : : ; k; k+1, then for some i 2 f2; : : : ; kg there is a G

0

i

� J isomorphi
 to

G

i

with all edges in the i-th 
olor or there is a H

0

� J;H

0

� H; with all

edges in the (k + 1)-th 
olor.

We have T (G

1

; J) from above, and if the se
ond 
olor represents k 
olors

2; : : : ; k; k + 1, we get T (G

1

; : : : ; G

k

; H). This �nishes the proof of Theo-

rem 2. 2

3 Proof of the 
olored Wagner{F�ary theorem

In this se
tion we derive Corollary 1 from Theorem 2.

Proof of Corollary 1. Suppose that the line segments in the plane are

partitioned into k 
lasses. If Corollary 1 was satis�ed for none of the 
lasses,

8



then T (G

1

; : : : ; G

k

) would be violated for some planar geometri
 graphs

G

1

; : : : ; G

k

| a 
ontradi
tion with Theorem 2.

Suppose that the 
lass C is unique, and let H be a geometri
 graph hav-

ing no isomorphi
 
opy drawn by segments of C. Without loss of generality,

let C be the last of the k 
lasses. Then T (G

1

; : : : ; G

k�1

; H) is violated for

some planar geometri
 graphs G

1

; : : : ; G

k�1

| a 
ontradi
tion with Theo-

rem 2. 2

4 Pseudoplanar graphs

In this se
tion we prove Theorem 3.

Lemma 2 Let G;H be two geometri
 graphs su
h that T (G;H) holds. Fur-

ther, let G

0

be a geometri
 graph obtained from G by one of the operations

(R), (D). Then T (G

0

; H) holds.

Proof (sket
h). The assertion is trivial if G

0

is obtained from G by oper-

ation (R). Thus, we may suppose that G

0

was obtained by operation (D).

We use a similar method as in the proof of Lemma 1.

Sin
e T (G;H) holds, there is a 
omplete geometri
 graph Y su
h that

if we 
olor the edges of Y by two 
olors (red and blue) then there is a

mono
hromati
 red isomorphi
 
opy of G or a blue isomorphi
 
opy of H .

Let us repla
e all the verti
es of Y by small 
opies of L(N �N) in the same

way as in the proof of Lemma 1. We now prove that if N is large enough

then the obtained 
omplete geometri
 graph Z is Ramsey for T (G

0

; H).

If Z 
ontains a blue 
opy of H then we are done. So we may suppose

that there are many red \transversal" 
opies of G. There are still many

of them for whi
h V (G) n fug is �xed and the images of u 
over a positive

fra
tion of one of the L(N � N)'s. A

ording to Theorem 4, some of the

images of u form a (s
aled and shifted 
opy of) L(k � k).

Similarly as in the proof of Theorem 2, we either �nd a red pair of points

in this L(k � k) determining a line separating the images of V (G) n fug in

the \right" way, or there is a non-degenerate aÆne image of a large grid

where all edges are blue. In the �rst 
ase we �nd a red 
opy of G

0

, in the

se
ond 
ase we �nd a blue 
opy of H . 2

Proof of Theorem 3. Lemma 2 gives a generalization of Lemma 1 when

G is allowed to be pseudoplanar. The rest of the proof is analogous as the

9



proof of Theorem 2 and of Corollary 1. 2

Referen
es

[1℄ K. Cantwell, Edge-Ramsey theory, Dis
rete Comput. Geom. 15 (1996),

341{352.

[2℄ O. Devillers, F. Hurtado, Gy. K�arolyi, and C. Seara, Chromati
 vari-

ants of the Erd}os{Szekeres theorem on points in 
onvex position, sub-

mitted to Computational Geometry: Theory and Appli
ations.

[3℄ P. Erd}os, R. L. Graham, P. Montgomery, B. L. Roths
hild,

J. H. Spen
er, and E. G. Straus, Eu
lidean Ramsey theorems, I., J.

Combinatorial Theory (Ser. A) 14 (1973), 341{363.

[4℄ P. Erd}os, R. L. Graham, P. Montgomery, B. L. Roths
hild,

J. H. Spen
er, and E. G. Straus, Eu
lidean Ramsey theorems, II., In�-

nite and �nite sets (Colloq. Keszthely, 1973; dedi
ated to P. Erd}os on

his 60th birthday). Vol. I. Colloq. Math. So
. J. Bolyai, Vol. 10, North

Holland, Amsterdam (1975), 529{557.

[5℄ P. Erd}os, R. L. Graham, P. Montgomery, B. L. Roths
hild,

J. H. Spen
er, and E. G. Straus, Eu
lidean Ramsey theorems, III.,

In�nite and �nite sets (Colloq. Keszthely, 1973; dedi
ated to P. Erd}os

on his 60th birthday). Vol. I. Colloq. Math. So
. J. Bolyai, Vol. 10,

North Holland, Amsterdam (1975), 559{583.

[6℄ I. F�ary, On straight line representation of planar graphs, A
ta S
ien-

tiarium Mathemati
arum (Szeged) 11 (1948), 229{233.

[7℄ H. F�urstenberg, Re
urren
e in ergodi
 theory and 
ombinatorial number

theory, Prin
eton University Press, Prin
eton (1981).

[8℄ R.L. Graham, B. Roths
hild, and J. Spen
er, Ramsey theory, Wiley,

New York (1990).

[9℄ R. L. Graham, Old and new Eu
lidean Ramsey theorems, Dis
rete

Geometry and Convexity, Ann. New York A
ad. S
i. Vol. 440 (1985),

20{30.

10



[10℄ G. K�arolyi, J. Pa
h, and G. T�oth, Ramsey-type results for geometri


graphs, Dis
rete Comput. Geom. 18 (1997), 247{255.

[11℄ G. K�arolyi, J. Pa
h, G. T�oth, and P. Valtr, Ramsey-type results for

geometri
 graphs II, Dis
rete Comput. Geom. 20 (1998), 375{388.

[12℄ G. K�arolyi and V. Rosta, Generalized and geometri
 Ramsey numbers

for 
y
les. Theor. Comput. S
i. 263 (2001), 87-98.

[13℄ L. Lov�asz, Combinatorial problems and exer
ises, North Holland, Am-

sterdam (1979).

[14℄ J. Ne�set�ril and P. Valtr, A Ramsey-type theorem in the plane, Combi-

natori
s, Probability & Computing 3 (1994), 127{136.

[15℄ J. Ne�set�ril and P. Valtr, A Ramsey property of order types, J. of Comb.

Th. (Ser. A) 81 (1998), 88{107.

[16℄ J. Pa
h, Geometri
 graph theory, in: J. D. Lamb et al. (eds.), Surveys

in 
ombinatori
s, 1999 (Pro
eedings of the 17th British 
ombinatorial


onferen
e), Cambridge University Press, Lond. Math. So
. Le
t. Note

Ser. 267 (1999), 167-200.

[17℄ J. Pa
h and P. K. Agarwal, Combinatorial geometry, Wiley Inters
ien
e

series, New York (1995).

[18℄ C. Thomassen, Plane representations of graphs, in \Progress in graph

theory", Eds. J. A. Bondy and U. S. R. Murty, A
ademi
 Press, 1984,

pp. 43{69.

[19℄ K. Wagner, Bemerkungen zum Vierfarbenproblem, Jber. Deuts
h.

Math. Verein. 46 (1936), 26 -32.

11


