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Abstra
t

A 
on�guration is a �nite set of points in the plane su
h that no 3

points lie on a line and no 2 points have the same x-
oordinate. Let

X be a 
on�guration and let p

1

; : : : ; p

k

be k points of X ordered a
-


ording to the in
reasing x-
oordinate. For i = 1; : : : ; k � 1, let s

i

be

the slope of the line p

i

p

i+1

. The set P = fp

1

; : : : ; p

k

g is a k-
ap or a

k-
up, if the sequen
e s

1

; s

2

; : : : ; s

k�1

is de
reasing or in
reasing, re-

spe
tively (see Fig. 1). The set P = fp

1

; : : : ; p

k

g is open (in X), if no

point p 2 X with x(p

1

) < x(p) < x(p

k

) lies above the polygonal line

p

1

p

2

: : : p

k

. We prove that for every k; l � 2 there is an integer f(k; l)

su
h that any 
on�guration of size � f(k; l) 
ontains an open k-
ap

or an open l-
up. This 
an be seen as a generalization of the Erd}os-

Szekeres theorem. It implies results on empty polygons in k-
onvex


on�gurations proved by K�arolyi et al. [5℄, Kun and Lippner [7℄, and

Valtr [11℄ (a 
on�guration is k-
onvex, if it determines no triangle

with more than k points in the interior). Another immediate 
orol-

lary is that for any k; l � 2 any suÆ
iently large 
on�guration with no

(open) k-
ap 
ontains an empty l-gon. We give double{exponential

lower and upper bounds on f(k; l).

�
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1 Introdu
tion

A 
on�guration is a �nite set of points in the plane su
h that no 3 points

lie on a line and no 2 points have the same x-
oordinate. Let X be a


on�guration. We say that a subset of X is in 
onvex position, if it is the

vertex set of a 
onvex polygon. Let p

1

; : : : ; p

k

be k points of X ordered

a

ording to the in
reasing x-
oordinate (i.e., x(p

1

) < x(p

2

) < � � � < x(p

k

)).

For i = 1; : : : ; k�1, let s

i

be the slope of the line p

i

p

i+1

, i.e. s

i

= (y(p

i+1

)�

y(p

i

))=(x(p

i+1

) � x(p

i

)). The set P = fp

1

; : : : ; p

k

g is a k-
ap or a k-
up,

if the sequen
e s

1

; s

2

; : : : ; s

k�1

is de
reasing or in
reasing, respe
tively (see

Fig. 1). The set P = fp

1

; : : : ; p

k

g is open (in X), if no point p 2 X with

7-
ap 6-
up

Figure 1: A 7-
ap and a 6-
up; ea
h of them is open if the unbounded

shaded region 
ontains no points of X .

x(p

1

) < x(p) < x(p

k

) lies above the polygonal line p

1

p

2

: : : p

k

.

In 1935 Erd}os and Szekeres proved the following 
lassi
al result:

Theorem 1 (Erd}os and Szekeres) For any n � 3, there is an integer

F (n) su
h that any set of at least F (n) points in general position in the

plane 
ontains n points in 
onvex position.

Erd}os and Szekeres [2℄ proved Theorem 1 by proving that any suÆ
iently

large 
on�guration 
ontains a k-
ap or an l-
up. Here we show the following

generalization of this result:

Theorem 2 For any k; l � 2, there is a (least) integer f(k; l) su
h that any


on�guration of size � f(k; l) 
ontains an open k-
ap or an open l-
up.
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Theorem 2 is a \generi
" result with some interesting 
orollaries men-

tioned below. The fun
tion f(k; l) is double{exponential, as shown in The-

orem 3 below.

If X is a 
on�guration, then a subset P � X in 
onvex position is 
alled

an empty polygon (in X), if the interior of 
onvP 
ontains no point of

X . Answering a question of Erd}os [1℄, Horton [4℄ 
onstru
ted arbitrarily

large 
on�gurations with no empty 7-gon. Harborth [3℄ showed that any


on�guration with more than 9 points 
ontains an empty pentagon. It

is a 
hallenging open problem to prove or disprove that any suÆ
iently

large 
on�guration 
ontains an empty hexagon. This problem is one of the

motivations of our paper. Our results show some stru
tural properties of


on�gurations 
ontaining no empty polygons with many verti
es. Thus,

they might help in investigations of the empty{hexagon problem.

We say that a 
on�gurationX is k-
onvex , if the interior of every triangle

determined by X 
ontains at most k points of X . Theorem 2 implies the

following result whi
h shows that large k-
onvex 
on�gurations 
ontain large

empty polygons:

Corollary 1 (Valtr [11℄, Kun and Lippner [7℄) For any k � 1 and l �

3, there is a (least) integer N(k; l) su
h that any k-
onvex 
on�guration of

size � N(k; l) 
ontains an empty l-gon.

Corollary 1 in the spe
ial 
ase k = 1 was �rst proved by K�arolyi et

al. [5℄. In 
ase k = 1, N(1; l) is exponential in l [5℄ and its exa
t value

is determined in [6℄. For general k and l, our proof of Corollary 1 gives a

double{exponential upper bound N(k; l) � 2

(

k+l

k+2

)

�1

+ 1, whi
h is slightly

better than the previous bound N(k; l) � (k+2)

(k+2)

l

�1

� 2

(k+2)

l+1

of Kun

and Lippner [7℄. No lower bound on N(k; l) better than exponential in k+ l

is known.

We asked in [11℄ if also any large 
on�guration with no k-
ap 
ontains a

large empty polygon. This is answered aÆrmatively by the following dire
t


onsequen
e of Theorem 2:

Corollary 2 For any k; l � 2, there is a least integer m(k; l) su
h that any


on�guration of size � m(k; l) with no open k-
ap 
ontains an empty l-gon.

A k-moon is a k-point 
on�guration M with a spe
i�
 point a(M) 2M

(
alled the apex of M) su
h that any 4-point subset of M is in 
onvex
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position if and only if it does not 
ontain a(M). The 
ombinatorial stru
ture

of a k-moon is unique for ea
h k � 3 (see Fig. 2). A k-moon M is empty

apex

Figure 2: A 7-moon; it is empty in X if the shaded region 
ontains no points

of X .

(in X), if the interior of the region 
onvM n 
onv(M n fa(M)g) 
ontains no

point of X (see Fig. 2). Theorem 2 is equivalent to the following 
orollary:

Corollary 3 For any k; l � 3, there is a least integer z(k; l) su
h that any

point p in any 
on�guration X of size � z(k; l) is the apex of an empty

k-moon in X or it is one of the verti
es of an empty l-gon in X.

We obtain double-exponential lower and upper bounds on f(k; l) and on

two related fun
tions:

Theorem 3 Let k; l � 2 and let f(k; l) be the number given by Theorem 2.

Then:

(i) If f

0

(k; l) denotes the minimum integer su
h that any 
on�guration

of size � f

0

(k; l) 
ontains a k-
ap or an open l-
up, then

2

(

bk=2
+bl=2
�2

bk=2
�1

)

� f

0

(k; l) � f(k; l) � 2

(

k+l�2

k�1

)

�1

;

(ii) if f

00

(k; l) denotes the minimum integer su
h that any 
on�guration

of size � f

00

(k; l) 
ontains an open k-
ap or an l-
up, then

2

(

bk=2
+b(l�1)=2
�2

bk=2
�1

)

� f

00

(k; l) � f(k; l):

If neither the k-
ap nor the l-
up are required to be open, then the extremal

fun
tion is exponential: If f

000

(k; l) denotes the minimum integer su
h that

any 
on�guration of size � f

000

(k; l) 
ontains a k-
ap or an l-
up, then

f

000

(k; l) =

�

k+l�4

k�2

�

+ 1 (this was shown by Erd}os and Szekeres [2℄ about 70

years ago).
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Our proof of Theorem 2 uses some of the ideas of Kun and Lippner [7℄.

It has also some similarities with one of the original proofs of the Erd}os{

Szekeres theorem (Theorem 1).

OPEN PROBLEMS. Corollaries 1{3 give the (aÆrmative) answer to

the following problem for some spe
ial types of sub
on�gurations:

Problem 1 Whi
h types of sub
on�gurations are 
ontained in any suÆ-


iently large 
on�guration with no empty l-gon (l � 6 �xed)?

If the sought type of sub
on�guration is the empty hexagon then for

ea
h l � 6, Problem 1 is equivalent to the well{known empty{hexagon

problem [1℄.

Problem 2 (empty{hexagon problem) Does any suÆ
iently large 
on-

�guration 
ontain an empty hexagon?

Sin
e the so-
alled Horton sets (e.g. see [9, 10, 8℄) 
ontain no empty

7-gons, Problem 1 
an have an aÆrmative answer for l > 6 only for types

of 
on�gurations 
ontained in all suÆ
iently large Horton sets.

2 Proof of Theorem 2

We write C = 


1




2

: : : 


k

, if C = f


1

; 


2

; : : : ; 


k

g is a k-
ap (or a k-
up) with

x(


1

) < x(


2

) < � � � < x(


k

). If x(p) < x(q) then we say that p lies to the

left of q and q lies to the right of p. If x(p) < x(q) < x(r) then we say that

q lies between p and r.

The left strip of an l-
up D = d

1

d

2

: : : d

l

is the verti
al strip L(D) =

fp 2 IR

2

: x(d

1

) < x(p) < x(d

2

)g (see Fig. 3). A right strip of a k-
ap

C = 


1




2

: : : 


k

is any verti
al strip R(C;w) = fp 2 IR

2

: x(


k

) < x(p) <

x(


k

)+wg, where w 2 IR

+

. We further de�ne R

�

(C;w) as the set of points

of R(C;w) lying below the line 


k�1




k

(see Fig. 3).

For " > 0 and for a 
on�guration X , we say that an l-
up D, D � X , is

"-good (in X), if it is open and jX \L(D)j � "jX j � 1 (see Fig. 4). We say

that a k-
ap C, C � X , is "-good (in X), if it is open and there is a w > 0

su
h that jX \ R(C;w)j = jX \R

�

(C;w)j � "jX j � 1 (see Fig. 4).

For k; l � 2, we re
ursively de�ne a parameter "(k; l) 2 (0; 1=2℄ as follows:

(i) "(i; 2) = "(2; i) = 1=i for i � 2,
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w

L(D)

D

C

R(C; w)

R

�

(C;w)

Figure 3: The regions R(C;w); R

�

(C;w) and L(D).

(ii) "(k; l) = "(k � 1; l) � "(k; l � 1)=2 for k; l � 3.

We prove Theorem 2 by proving the following statement:

(�) For any k; l � 2, any 
on�guration X of size at least 1="(k; l) 
ontains

an "(k; l)-good k-
ap or an "(k; l)-good l-
up.

First we verify (�) for k = 2; l � 2 and for l = 2; k � 2, and then 
ontinue

by indu
tion on k + l. The 
ase m = l in the following lemma gives (�) for

k = 2; l � 2.

Lemma 1 Let X be a 
on�guration of size at least l � 2 with no 1=l-good

2-
ap. Then for ea
h m = 2; 3; : : : ; l, the set X 
ontains a 1=l-good m-
up

D

m

= d

1

d

2

: : : d

m

su
h that fewer than mjX j=l points of X lie to the left of

d

m

.

Proof. First let m = 2. Let d

1

be the leftmost point of X , and let X

0

be

the set of d2jX j=le leftmost points of X . Further, let d

2

be the point viewed

from d

1

as the highest point of X

0

nfd

1

g. Thus, d

2

2 X

0

nfd

1

g and no point

of X

0

lies above the line d

1

d

2

(see Fig. 5). Sin
e the open 2-
ap d

1

d

2

is

not 1=l-good in X , fewer than jX j=l� 1 points of X

0

lie to the right of d

2

.

It follows that at least jX j=l� 1 points of X

0

lie between d

1

and d

2

(re
all

that the size of X

0

is d2jX j=le). Thus, the 2-
up D

2

= d

1

d

2

is 1=l-good in

X and fewer than 2jX j=l points of X lie to the left of d

2

. This �nishes the


ase m = 2.
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L(D)

D

C

R

�

(C;w)

at least "jX j � 1 points of X at least "jX j � 1 points of X

w

Figure 4: An "-good 5-
ap and an "-good 5-
up (the shaded regions 
ontain

no point of X).

We further pro
eed by indu
tion on m. Let 2 � m < l and let D

m

=

d

1

d

2

: : : d

m

be a 1=l-good m-
up D

m

= d

1

d

2

: : : d

m

su
h that fewer than

mjX j=l points of X lie to the left of d

m

. Let d

m+1

be the leftmost point of

X lying to the right of d

m

and above the line d

m�1

d

m

(see Fig. 6). Su
h a

point d

m+1

exists, sin
e otherwise the 2-
ap d

m�1

d

m

would be 1=l-good (at

least jX j �mjX j=l� 1 � jX j=l� 1 points of X lie to the right of d

m

). For

the same reason fewer than jX j=l�1 points of X lie between d

m

and d

m+1

.

It follows that fewer than mjX j=l + 1 + (jX j=l � 1) = (m + 1)jX j=l points

of X lie to the left of d

m+1

. Sin
e the (m + 1)-
up D

m+1

= d

1

d

2

: : : d

m+1

is 1=l-good, this �nishes the indu
tive step from m to m+ 1. 2

We now prove (�) for l = 2; k � 2. Let jX j � k, and let p

1

; p

2

; : : : ; p

t

,

x(p

1

) < x(p

2

) < � � � < x(p

t

), be the verti
es of the upper envelope of 
onvX

(see Fig. 7). If X 
ontains � jX j=k � 1 points p with x(p

i

) < x(p) <

x(p

i+1

) for some i, then the 2-
up p

i

p

i+1

is 1=k-good. Otherwise t > k

and there are more than jX j=k � 1 points of X to the right of p

k

. Thus,

p

1

p

2

: : : p

k

is a 1=k-good k-
ap in this 
ase.

It remains to derive (�) for k; l � 3 from (�) for all k

0

; l

0

� 2; k

0

+l

0

< k+l.

Suppose that k; l � 3 and that jX j � 1="(k; l). We want to prove that X


ontains an "(k; l)-good k-
ap or an "(k; l)-good l-
up. By the indu
tive

hypothesis, X 
ontains an "(k� 1; l)-good (k� 1)-
ap or an "(k� 1; l)-good

l-
up. In the se
ond 
ase we are done, sin
e "(k � 1; l) > "(k; l). Thus,

7



d

1

d

2

X

0

Figure 5: The points d

1

, d

2

(the shaded region 
ontains no point of X).

assume that X 
ontains an "(k � 1; l)-good (k � 1)-
ap C = 


1




2

: : : 


k�1

.

Let X

0

be the set of d"(k � 1; l)jX j � 1e leftmost points of X lying to the

right of 


k�1

. Sin
e C is "(k� 1; l)-good, all points of X

0

lie under the line




k�2




k�1

.

Sin
e d��1e � (d�=4e�1)+(d�=4e�2)+ d�=2e holds

1

for any � 2 IR,

we 
an partition the set X

0

into three subsets R;S; T of sizes

jRj =

�

"(k � 1; l)

4

jX j

�

� 1 > 2 � "(k; l � 1) �

"(k � 1; l)

4

jX j � 1 = "(k; l)jX j � 1;

jSj =

�

"(k � 1; l)

4

jX j

�

� 2 > "(k; l)jX j � 2;

jT j �

�

"(k � 1; l)

2

jX j

�

(in the estimate of jRj we used that 2 � "(k; l� 1) < 1 for any k; l � 3). The

partition is done \from left to right" so that x(r) < x(s) < x(t) holds for

any r 2 R; s 2 S; t 2 T .

Sin
e

jT j �

"(k � 1; l)

2

jX j �

"(k � 1; l)

2

�

1

"(k; l)

=

1

"(k; l � 1)

;

1

The inequality holds with equality for � = 4m + q;m 2 Z; q 2 (0; 1℄. Otherwise the

left-hand side is larger than the right-hand side.
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d

1

d

2

d

m�1

d

m

d

m+1

at least jX j=l� 1 points of X

Figure 6: The (m+ 1)-
up D

m+1

= d

1

d

2

: : : d

m+1

.

the set T 
ontains an "(k; l�1)-good k-
ap or an "(k; l�1)-good (l�1)-
up.

In the �rst 
ase we are done sin
e jT j �

"(k�1;l)

2

jX j and therefore any k-
ap

whi
h is "(k; l�1)-good in T is "(k; l�1)�

"(k�1;l)

2

= "(k; l)-good in X . So we

may suppose that T 
ontains an "(k; l�1)-good (l�1)-
upD = d

1

d

2

: : : d

l�1

.

Sin
e jT j �

"(k�1;l)

2

jX j, D is "(k; l� 1) �

"(k�1;l)

2

= "(k; l)-good in X .

Let U be the set of points p of X

0

with x(p) � x(d

1

). Let a be the point

viewed from 


k�1

as the highest point of U (see Fig. 8). In other words,

a 2 U and no point of U lies above the line 


k�1

a. We now distinguish three


ases.

Case 1: a lies above the line 


k�1

d

2

(see Fig. 8). In this 
ase, 


1




2

: : : 


k�1

a

is an "(k; l)-good k-
ap in X (re
all that D is "(k; l)-good in X and thus

jL(D) \X j � "(k; l)jX j � 1).

Case 2: a lies below the line 


k�1

d

2

and in R (see Fig. 9). In this 
ase,




1




2

: : : 


k�1

a is an "(k; l)-good k-
ap in X (S [ fd

1

g lies entirely below the

line 


k�1

a).

Case 3: a lies below the line 


k�1

d

2

and in U nR (see Fig. 10). In this


ase, 


k�1

ad

2

d

3

: : : d

l�1

is an "(k; l)-good l-
up in X (R lies entirely below

9



p

1

p

2

p

3

p

t

Figure 7: The upper envelope of X .

the segment 


k�1

a).

This 
on
ludes the proof of Theorem 2. 2

3 Proof of Corollaries 1{3

Proof of Corollary 1. Let X be a 
on�guration of size at least f(k+3; l�

1) + 1. Let p be a vertex of 
onvX , and let l be a line tou
hing 
onvX at

the point p. We transform X to a set X

0

by a proje
tive transformation

P whi
h sends the point p to the \point" (0;1) and the line l to the line

at in�nity. The 
on�guration X

0

has at least f(k + 3; l � 1) points in the

real plane, thus it 
ontains an open (k + 3)-
ap C or an open (l � 1)-
up

D. The �rst 
ase 
annot happen, sin
e P

�1

(C) [ fpg would be an (empty)

(k + 4)-moon and we would get a 
ontradi
tion with the k-
onvexity of

X . In the se
ond 
ase the set P

�1

(D) [ fpg forms an empty l-gon. Thus,

N(k; l) � f(k + 3; l� 1) + 1. 2

Proof of Corollary 2. Sin
e any open l-
up is an empty l-gon, Theorem 2

immediately gives m(k; l) � f(k; l). 2

Proof of Corollary 3. If a 
on�guration X has at least 2 � f(k � 1; l � 1)

points and p 2 X is any point in X , then p is a vertex of the 
onvex hull of

at least f(k� 1; l� 1) + 1 points of X . We further 
ontinue analogously as

in the proof of Corollary 1, obtaining z(k; l) � 2 � f(k � 1; l� 1). 2
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1




2




k�1

a

U

d

1

d

2

d

l�1

at least "(k; l)jX j � 1 points of X




k�2

Figure 8: Case 1 (the shaded regions 
ontain no points of X).

4 Proof of Theorem 3

Proof of Theorem 3. The inequalities f

0

(k; l) � f(k; l); f

00

(k; l) � f(k; l)

are trivial, and the proof of Theorem 2 gives the upper bound in (i):

f(k; l) �

1

"(k; l)

� 2

(

k+l�2

k�1

)

�1

(the se
ond inequality 
an be easily proved by indu
tion from the de�nition

of the 
oeÆ
ients "(k; l)). It remains to prove the lower bounds.

For k; l � 2 even, we re
ursively 
onstru
t a 
on�guration S

k;l

of size

2

(

k=2+l=2�2

k=2�1

)

�1 with no k-
ap and no open l-
up. This gives the lower bound

in (i). Slight 
hanges in the 
onstru
tion will then give the lower bound in

(ii).

If k = 2 or l = 2 then S

k;l

= f(0; 0)g. We 
ontinue by indu
tion on k+ l.

Let k; l � 4 be even, and suppose that the 
on�gurations S

k�2;l

; S

k;l�2

have

already been 
onstru
ted. We take the 
on�guration S

k�2;l

and partition

the plane into jS

k�2;l

j+ 1 regions by the verti
al lines throught ea
h point

11






1




2




k�1

a

S

d

1

d

2

d

l�1

at least "(k; l)jX j � 2 points of X

R




k�2

Figure 9: Case 2.

of S

k�2;l

. In ea
h region we pla
e a small (shrunk) 
opy of S

k;l�2

. We

denote the 
opies of S

k;l�2

by S

0

; S

1

; : : : ; S

jS

k�2;l

j

. In ea
h S

i

we shrink

the y-
oordinates. Then we rotate and verti
ally shift ea
h S

i

so that any

subset of S

0

[ : : : [ S

jS

k�2;l

j

interse
ting ea
h S

i

in at most two points

is a t-
up for some t. Finally, we shift S

0

[ : : : [ S

jS

k�2;l

j

verti
ally so

far downwards that the following two 
onditions hold in the set S

k;l

:=

S

k�2;l

[ (S

0

[ : : : [ S

jS

k�2;l

j

) (see Fig. 11):

(C1) If C = 


1




2

: : : 


t

is a t-
ap in S

k;l

, then either it is fully 
ontained in

one of the 
on�gurations S

i

or 


2




3

: : : 


t�1

is a (t� 2)-
ap in S

k�2;l

,

(C2) if D = d

1

d

2

: : : d

t

is an open t-
up in S

k;l

, then either it is fully 
on-

tained in S

k�2;l

or d

2

d

3

: : : d

t�1

is an open (t � 2)-
up in one of the


on�gurations S

i

.

It follows from (C1) and (C2) that S

k;l


ontains no k-
ap and no open l-
up.
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Figure 10: Case 3.

Its size is

jS

k;l

j = (jS

k�2;l

j+1)(jS

k;l�2

j+1)�1 = 2

(

k=2+l=2�3

k=2�2

)

�2

(

k=2+l=2�3

k=2�1

)

�1 = 2

(

k=2+l=2�2

k=2�1

)

�1:

This gives the lower bound in (i).

To get the lower bound in (ii), we slightly 
hange the re
ursive step

in the 
onstru
tion. For k; l � 2 even, we now 
onstru
t a 
on�guration

S

k;l

of size 2

(

k=2+l=2�2

k=2�1

)

� 1 with no open k-
ap and no (l + 1)-
up. Again

S

k;l

= f(0; 0)g, if minfk; lg = 2. For k; l � 4 even, the re
ursive step

indi
ated in Fig. 12 starts similarly as above but the rotations and verti
al

shifts of the sets S

i

are done so that the following holds for the set S

k;l

:=

S

k�2;l

[ (S

0

[ : : : [ S

jS

k�2;l

j

):

(C1

0

) If C = 


1




2

: : : 


t

is an open t-
ap in S

k;l

, then either it is fully 
on-

tained in one of the 
on�gurations S

i

or 


2




3

: : : 


t�1

is an open (t�2)-


ap in S

k�2;l

, and
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Figure 11: The 
on�guration S

k;l

giving the lower bound in Theorem 3(i).

S

k�2;l

S

0

S

1

S

jS

k�2;l

j

Figure 12: The 
on�guration S

k;l

giving the lower bound in Theorem 3(ii).

(C2

0

) if D = d

1

d

2

: : : d

t

is a t-
up in S

k;l

and t � 5, then either it is fully


ontained in S

k�2;l

or d

2

d

3

: : : d

t�1

is a (t� 2)-
up in one of the 
on-

�gurations S

i

.

Then the set S

k;l

of size 2

(

k=2+l=2�2

k=2�1

)

� 1 indeed 
ontains no open k-
ap and

no (l + 1)-
up. The lower bound in (ii) follows. 2
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