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Abstra
t

We study a problem of �nding an Eulerian tour in a graph with

forbidden transitions. This problem was proved to be NP-
omplete

by [MN02℄, but their 
onstru
tion requires the degrees of the graph

to be unbounded. We prove that the problem is NP-
omplete even

for graphs with degree at most four. We also investigate some 
ases

in that the problem 
an be solved in a polynomial time.

Introdu
tion

We 
onsider a 
omplexity of a problem of �nding an Eulerian tour in graphs

with forbidden transitions. It is easy to prove that the problem is NP-


omplete both in oriented and unoriented graphs ([MN02℄), but the redu
-

tion requires the degrees of verti
es to be unbounded. We investigate the


omplexity of the question for graphs with bounded degree. We prove that

the problem is NP-
omplete for oriented graphs with indegree and outde-

gree bounded by four (sin
e the indegrees and outdegrees of all verti
es must

be the same if the problem is to be interesting, we 
all this value simply

\degree"), and that it is NP-
omplete for unoriented graphs with degree

bounded by 8.

On the other hand, we show that the problem is polynomial for � � 2 in

the oriented 
ase and � � 4 in the unoriented one. This still leaves the gap

where we are so far unable to de
ide the 
omplexity { the 
ases of degrees

at most 3 (6, respe
tively).

The problem is formulated as follows. We are given a graph G together

with graphs of forbidden transitions assigned to ea
h of its verti
es. We

identify the verti
es of a graph of forbidden transitions assigned to v with
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the halfedges in
ident to v. We want to �nd a 
losed Eulerian tour of G

su
h that for every two edges e

1

and e

2


onse
utive in it, e

1

e

2

is not an

edge in the graph of forbidden transitions assigned to the vertex through

that it passes. Sin
e most of the graphs we are going to 
onsider have

only few transitions allowed, we draw their 
omplements (graphs of allowed

transitions) instead.

We allow all graphs in our 
onstru
tions to 
ontain loops and parallel

edges. Note that it does not 
hange the 
omplexity of a question, as we

may simply split ea
h edge with two verti
es with indegree and outdegree

one (or degree two in the unoriented 
ase) and the transitions allowed. The

resulting graph is simple and it has an allowed Eulerian tour if and only if

the original graph had one.

1 NP-
ompleteness

Sin
e the problems are obviously in NP, the interesting part is to show their

NP-hardness. It is easy to see that it suÆ
es to prove NP-
ompleteness of

the oriented version of the problem:

Theorem 1 If the problem of �nding an Eulerian tour in an oriented graph

with indegree and outdegree bounded by d is NP-
omplete, the problem of

�nding an Eulerian tour in an unoriented graph with degree bounded by 2d

is also NP-
omplete.

Proof Suppose we are given an instan
e G of the former problem. We


onstru
t an instan
e G

0

of the latter problem as follows: We 
an
el the

orientation of edges and for ea
h vertex v we add the forbidden transitions

between any two in
oming edges, as well as between any two outgoing ones.

Clearly this 
an be done in a polynomial time and the allowed Eulerian

tours in G and G

0

are 
omposed of the 
orresponding edges.

Note that the Eulerian tour 
an be des
ribed by assigning ea
h vertex

a perfe
t mat
hing in its graph of allowed transitions. The 
orresponding

Eulerian tour 
an be re
onstru
ted by starting at arbitrary edge and re-

peatedly pro
eeding to the edge that is 
onne
ted to the 
urrent edge in

the mat
hing assigned to its end vertex. Of 
ourse not every assignment of

mat
hings 
orresponds to an Eulerian tour, as the resulting tour does not

have to be 
onne
ted.
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Figure 1: NAE

3

gadget

Figure 2: COPY

3

gadget

In the 
onstru
tion in the proof of NP-hardness we use \gadgets" de�ned

as follows. Ea
h gadget is a graph with some k inputs (free in
oming half-

edges) and k outputs (free outgoing half-edges). For gadget X they are

denoted by i

1

X

, . . . , i

k

X

and o

1

X

, . . . , o

k

X

. Ea
h gadget is 
hara
terized by

the set of allowed mat
hings between inputs and outputs { members of the

set are the mat
hings � : [k℄ ! [k℄ su
h that there are k mutually edge-

disjoint tours, j-th of them leading from i

j

X

to o

�(j)

X

, su
h that they 
over

all edges in the gadget X . In other words, the gadget behaves as a vertex at

that we are not given allowed transitions, but dire
tly allowed mat
hings.

We spe
ify the mat
hings as the 
orresponding permutations.

For the proof of the theorem we need the following gadgets:

� NAE

3

(�gure 1) has degree 6 and the following allowed mat
hings:

213456, 124356, 123465, 214356, 213465 and 124365. I.e. of the three

pairs not all, but at least one, is 
rossed.

� COPY

n

(�gure 2) has degree 2n. It has two allowed mat
hings,

1234 : : : (2n � 1)(2n) and 2143 : : : (2n)(2n � 1). I.e. either all pairs

are 
rossed or none is.

Theorem 2 Suppose that NAE

3

and COPY

n

gadgets 
onsisting of verti
es

of degree at most four exist and COPY

n

gadget 
an be 
onstru
ted in a time
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COPY

NAE

Figure 3: Linkage for one o

urren
e

polynomial in n. Then the problem of �nding an Eulerian tour in a graph

with forbidden transitions and degrees bounded by four is NP-
omplete.

Proof We des
ribe a redu
tion from the problem 3�NAE�SAT without

negations that is NP-
omplete due to [GJ79℄. The instan
e of the problem is

a formula with 
lauses of size exa
tly 3 and all variable o

urren
es positive.

The question is whether there exists an assignment su
h that both it and

its negation satis�es the formula, it is i� it assigns true to at least one but

not all variables in every 
lause.

Given su
h an instan
e, we 
onstru
t the instan
e of our problem in the

following manner. For ea
h variable x we add a COPY

x

n

gadget, where n is

the number of o

urren
es of the variable. For ea
h 
lause 
 we add a NAE




3

gadget. The idea behind their linkage is this (see �gure 3): For ea
h variable

o

urren
e we have a pair of edges that is �rst lead to the 
opy gadget for

the variable and then through NAE

3

gadget. The variable is true if the

mat
hing in the 
opy gadget is the 
rossing one, we therefore just need to

ensure that it is only legal to 
ome out in non-
rossed state (either be
ause

there was no 
rossing or two 
rossings, i.e. the value of o

uren
e is 
opied

into the NAE

3

gadget). This is done by 
onne
ting one of the exits to the

entry of the other one { if the pair would 
ome out in the 
rossed state, this

link would form a 
y
le and the tour 
ould not be 
onne
ted. Then we link

the remaining entries and exits of the pairs so that they form a single 
y
le,

therefore if there is no 
rossing, they indeed form an Eulerian tour.
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Figure 4: INCMOD3 gadget

(a) (b)

Figure 5: SHIFT

n

gadget

More pre
isely, let x

j

be the j-th o

urren
e (the numbering is arbitrary)

of variable x. Mark i

2j�1

COPY

x

n

and i

2j

COPY

x

n

by i

x

j

1

and i

x

j

2

. Conne
t o

2j�1

COPY

x

n

to

i

2k�1

NAE




3

and o

2j

COPY

x

n

to i

2k

NAE




3

, where 
 is the 
lause where the j-th o

urren
e

of x o

urs on the k-th pla
e, and mark o

2k�1

NAE




3

and o

2k

NAE




3

by o

x

j

1

and

o

x

j

2

. Conne
t o

x

j

1

to i

x

j

2

. Then order the variable o

urren
es in a 
y
li
al

ordering y

0

, y

1

, . . . , y

m�1

and for ea
h l, 
onne
t o

y

l

2

to i

y

l+1

1

, where l+1 is


omputed modulo m.

A

ording to the idea above, there is an allowed Eulerian tour in this

graph if and only if there is a valid assignment of variables for the 3�NAE�

SAT instan
e. Sin
e the COPY

n

gadget 
an be 
onstru
ted in polynomial

time, the whole redu
tion is polynomial.

2 Gadgets

Now we just need to 
onstru
t the mentioned gadgets. We 
onstru
t a few

auxiliary gadgets �rst, 
on
retely:

� INCMOD3 gadget (�gure 4) has degree 5 and allowed mat
hings

12345 and 21453.

� SHIFT

n

gadget (�gure 5 (a)) has degree n and allowed mat
hings

1234 : : : (n�1)n and 2345 : : : n1. Note that SHIFT

4

gadget is simply
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S1

S2

Figure 6: SHIFT

5

gadget

the vertex of degree four with allowed edges as drawn in �gure 5 (b).

Lemma 3 There exists a SHIFT

5

gadget with degrees of verti
es bounded

by four.

Proof See �gure 6. Take two SHIFT

4

gadgets S

1

and S

2

. Join o

3

S

1

to

i

1

S

2

, o

4

S

1

to i

2

S

2

and o

2

S

2

to i

3

S

1

. Let i

1

SHIFT

5

be i

1

S

1

, i

2

SHIFT

5

be i

2

S

1

, i

3

SHIFT

5

be i

3

S

2

, i

4

SHIFT

5

be i

4

S

2

, i

5

SHIFT

5

be i

3

S

1

, o

1

SHIFT

5

be o

1

S

1

, o

2

SHIFT

5

be o

2

S

1

,

o

3

SHIFT

5

be o

3

S

2

, o

4

SHIFT

5

be o

4

S

2

and o

5

SHIFT

5

be o

1

S

2

.

Due to the linkage, mat
hing in S

1

is identity i� the mat
hing in S

2

is,

as otherwise there is a 
y
le dis
onne
ted from the rest of the tour. This

leaves two mat
hings that are the mat
hings of the SHIFT

5

gadget, as we

may easily verify.

For sake of briefness the similar simple dedu
tions as well as detailed

des
riptions of the 
onne
tions that is 
lear from the pi
ture is left out in

the following lemmae.

Lemma 4 There exists a COPY

2

gadget with degrees of verti
es bounded

by four.

Proof Take two SHIFT

5

gadgets and 
onne
t them as in �gure 7.

Lemma 5 There exists a INCMOD3 gadget with degrees of verti
es bounded

by four.
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SHIFT5

SHIFT5

Figure 7: COPY

2

gadget

COPY2

SHIFT4

Figure 8: INCMOD3 gadget
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(a)

Cn INCMOD3

INCMOD3 Cn INCMOD3

(b)

Figure 9: COPY

n

gadget

Proof Take COPY

2

and SHIFT

4

gadgets and 
onne
t them as in �gure

8.

Lemma 6 There exists a COPY

n

gadget with degrees of verti
es bounded

by four that 
an be 
reated in polynomial time.

Proof We �rst 
onstru
t an auxiliary gadget C

n

INCMOD3 with degree

2n+3 and allowed mat
hings 1234 : : : (2n� 1)(2n)(2n+1)(2n+2)(2n+3)

and 2143 : : : (2n)(2n � 1)(2n + 2)(2n + 3)(2n + 1). C

1

INCMOD3 is just

INCMOD3 gadget, the rest is done by indu
tion { we 
reate C

n+1

INCMOD3

gadget by linking C

n

INCMOD3 gadget with INCMOD3 gadget as in �g-

ure 9 (a).

COPY

n

gadget is then 
onstru
ted by eliminating the INCMOD3 part

from C

n

INCMOD3 as in �gure 9 (b).

Lemma 7 There exists a NAE

3

gadget with degrees of verti
es bounded by

four.

Proof Take three INCMOD3 gadgets and link them as in �gure 10.

This together with theorem 2 gives us the main result:

Corollary 8 The problem of �nding an Eulerian tour in an oriented graph

with forbidden transitions and degrees of verti
es bounded by 4 is NP-
omplete.
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INCMOD3

INCMOD3

INCMOD3

Figure 10: NAE

3

gadget

3 Polynomial-time algorithms

On the other hand, in some 
ases we may prove that the problem is poly-

nomial. First there is a 
losure property analogi
al to Bondy { Chv�atal


losure for Hamiltonian 
y
le ([BC76℄):

Theorem 9 Let G be an unoriented graph with forbidden transitions and

denote by H

v

a graph of allowed transitions asso
iated with v. Let G

0

be

a graph obtained from G by repeating the following operation while it is

possible:

If e

1

and e

2

are two non-adja
ent verti
es of H

v

and sum of their degrees

is at least

3

2

deg v � 2, add an allowed transition between e

1

and e

2

.

Then G has an Eulerian tour respe
ting the forbidden transitions if and

only if G

0

has one.

Proof The impli
ation from left to right is obvious. For the other impli
a-

tion suppose that G

0

has su
h an Eulerian tour. It 
learly suÆ
es to show

that it holds when just one step of the 
losure is performed. Let v be the

vertex at that it is done, e

1

and e

2

the verti
es of H

v

between that the

allowed transition was added.

The Eulerian tour of G

0

is split into parts by vertex v, these parts are


onne
ted together through a mat
hing in H

0

v

. If this mat
hing does not


ontain the edge e

1

e

2

, we are done. Otherwise 
onsider a graph obtained

9



from H

0

v

this way: For ea
h pair of verti
es e

0

and e

00

that is 
onne
ted

by a part of the Eulerian tour, we add a vertex e

000

and 
onne
t it both

to e

0

and to e

00

. The Eulerian tour then 
orresponds to the Hamiltonian


y
le in this graph. We see that removing an edge e

1

e

2

is a reverse to

Bondy { Chv�atal 
losure ([BC76℄) operation, so the graph after the removal

has a Hamiltonian 
y
le as well. By repla
ing the added verti
es by the


orresponding parts of the Eulerian tour we then obtain an Eulerian tour

in G.

Using this theorem, we easily get

Theorem 10 Let G be an unoriented graph with forbidden transitions and

degrees of verti
es bounded by four. Then the problem of �nding an Eulerian

tour respe
ting the transitions 
an be solved in polynomial time.

Proof First we eliminate the verti
es of degree 2 { if their transition is

forbidden, the Eulerian tour does not exist, otherwise we may 
ontra
t

them.

Only the verti
es of degree 4 remain. If there is a vertex v su
h that

H

v


ontains vertex of degree zero, the Eulerian tour does not exist. If it


ontains a vertex of degree one, this transition is for
ed and we may split

the vertex into two verti
es of degree 2 and eliminate them as des
ribed

before. So we may assume that degrees of all verti
es in any H

v

are at least

2. Then we may apply the previous theorem; sin
e 2 + 2 �

3

2

4 � 2, we

may add all the transitions and thus redu
e the problem to �nding ordinary

Eulerian tour. All of this 
an be done in time polynomial in size of G { in

fa
t in a linear time.

Similarly we may pro
eed for oriented graphs. Unlike the oriented 
ase,

we do not need the 
losure property for proof of polynomiality and we were

also unable to prove it. For the sake of 
ompleteness let us state a bit

simpler result:

Theorem 11 Let G be an Eulerian oriented graph with forbidden transi-

tions, su
h that if H

v

is an oriented graph of allowed transitions for vertex v,

then Æ

+

(H

v

)+Æ

�

(H

v

) � deg v+2. Then G has an Eulerian tour respe
ting

the allowed transitions.

Proof Be
ause of the degrees every H

v

has a perfe
t mat
hing: Choose

any mat
hing between verti
es of H

v

(it does not have to 
onsist of edges),
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merge the 
orresponding verti
es and remove the loops. We end up with an

oriented graph with Æ

+

+Æ

�

� deg v, deg v is a number of its verti
es. Thus

due to [W72℄, it 
ontains an oriented Hamiltonian 
y
le, that after splitting

the verti
es ba
k be
omes a perfe
t mat
hing.

Choose a perfe
t mat
hing at ea
h vertex. This determines some tour

in G but this tour does not ne
essarily have to be 
onne
ted. We pass

over the verti
es and \glue" the dis
onne
ted parts together: suppose we

are pro
essing vertex v. It splits our 
urrent tour into parts that 
onne
t

pairs of edges 
oming in and out of v. This determines a mat
hing between

verti
es of H

v

. We merge the mat
hed verti
es and use again [W72℄ to

obtain an oriented Hamiltonian 
y
le in this graph. After splitting the

verti
es again, we obtain a mat
hing in H

v

that makes the parts of the

tour that passes through v to be 
onne
ted. We repla
e the tour with this

new one and pro
eed with other verti
es. Ea
h su
h repla
ement de
reases

the number of 
omponents of the tour, so we eventually end up with the

Eulerian tour.

Theorem 12 Let G be an oriented graph with forbidden transitions and

degrees of verti
es bounded by four. Then the problem of �nding an Eulerian

tour respe
ting the transitions 
an be solved in polynomial time.

Proof If there is some vertex in some H

v

of degree 0, there is no Eulerian

tour. If it has degree one, the transition is for
ed to be in the Eulerian tour

we seek, so we may repla
e it with edge and de
rease the size of the vertex.

Otherwise all H

v

are 
omplete bipartite graphs whi
h redu
es the problem

to the one for ordinary graphs. That is solvable in linear time.

4 Con
lusion

As already noted, whether the problem is polynomial or NP-
omplete for

degrees bounded by 6 in unoriented and 3 in oriented 
ase is still unsure.

Note that all verti
es in the 
onstru
tion for degrees bounded by four are of

the same type { SHIFT

4

. It would therefore suÆ
e to somehow simulate

this gadget, but we were unable to do it so far.

It might also be interesting to investigate the boundary between NP-


omplete and polynomial 
omplexity in 
ases when all verti
es have assigned

the same graph of allowed transitions. SHIFT

4

and many other then fall

to NP-
omplete side, whereas for all graphs with suÆ
iently large minimal
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degree it is polynomial due to theorem 11, but the exa
t 
hara
terization

would be interesting.
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