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Abstra
t

We study the homomorphism (
oloring) order indu
ed on minor-


losed 
lasses. In [7℄, the minor-
losed 
lass P of dire
ted paths is

shown to be universal and in [8℄, P is shown to 
ontain a dense

subset. In this note we prove P is a unique minimal 
lass of ori-

ented graphs whi
h is both universal and dense. Moreover, we show

a di
hotomy result for any minor-
losed 
lass K of dire
ted trees: K

is either universal or it is wqo. We also prove stru
ture theorems

about K

4

-minor-free undire
ted graphs, in an attempt to determine

the minimal universal and dense minor-
losed 
lasses of undire
ted

graphs.

1 Introdu
tion

In this paper we 
onsider minor-
losed 
lasses of dire
ted trees and �nite

series-parallel graphs (SPG). (Re
all that a graphG is a series-parallel graph

if and only if K

4

is not a minor of G.) We 
onsider minor-
losed sub
lasses

of SPG and prove results from the point of view of universality and density

of related partial order. We introdu
e some relevant notions �rst:

�
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LetG;G

0

be graphs. A homomorphism fromG toG

0

is a mapping f :V (G)!

V (G

0

) whi
h preserves adja
en
y, i.e., f(u)f(v) 2 E(G

0

) whenever uv 2

E(G). We write G � G

0

if there is a homomorphism from G to G

0

. The

notation G < G

0

means G � G

0

and G

0

6� G, whereas G � G

0

means G � G

0

and G

0

� G. If G � G

0

, we say G and G

0

are hom-equivalent. The smallest

graph H for whi
h G � H is 
alled the 
ore of G. For �nite graphs, the


ore is uniquely determined up to an isomorphism. It 
an also be seen that

H is an indu
ed subgraph of G, (H � G, indu
ed subgraph in
lusion will

be denoted by '�'.)

We say a graph G is a minor of G

0

, written G � G

0

, if G 
an be obtained

from G

0

by deleting and 
ontra
ting edges of G

0

. The 
lass of graphs that

is 
losed under the minor inequality is 
alled a minor-
losed 
lass. It is well

known that graphs are well-quasi-ordered (wqo) under the minor relation

�, [10℄. However, this is not true for the homomorphism relation �. On the


ontrary, it is known that even simple 
lasses su
h as the 
lass of all dire
ted

paths, or for the undire
ted 
ase, a proper sub
lass of SPG indu
es, under

�, a 'universal' partial order. A 
lass K of �nite graphs is said to indu
e a

universal partial order, [1℄, [2℄, [3℄, if K together with the homomorphism

order � represents any 
ountable partial order.

It is indeed surprising that su
h simple 
lasses of graphs 
an be used to

represent universality (or density). A related natural question arises: Does

there exist yet simpler minor-
losed 
lass of graphs whi
h is universal (or

dense)? (i.e. 
ould we �nd a proper minor-
losed sub
lass or a minor-
losed


lass not 
ontaining the 
lass given in [6℄, [7℄ and still preserve universality

and density?) In the next se
tion we give a negative answer to these ques-

tions for dire
ted trees.

In the 
onse
utive se
tions, we study undire
ted K

4

-minor-free graphs. In

Se
tion 3, we exhibit the 
lass of graphs that forbids K

4

and the graph

we 
all "3-pentagon" (see Figure 1) indu
es a linear order. Parti
ularly,

we show the 
ore of every graph G forbidding the two graphs as a minor

is its smallest odd-
y
le. In Se
tion 4, we study a 
lass of graphs we 
all

"ear-fa
es", that are basi
 stru
tural elements of graphs in SPG.

We prove ear-fa
es do not form in�nite anti-
hain. By doing so, we are able

to dedu
e that a universal minor 
losed 
lass 
onsisting of ear-fa
es does

not exist.

In Se
tion 5, we show every 2-
onne
ted graph in SPG is a �nite 'ear-fa
e

re
ursion'. In Se
tion 6 we present dis
ussion and problems.
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2 Unique minimal universal minor-
losed 
lass

of dire
ted trees

We study dire
ted trees in this se
tion. For any minor-
losed 
lass K of

dire
ted trees, a suÆ
ient 
ondition for universality is to 
ontain all �nite

paths P , [7℄. P is also known to be dense by the result of [8℄. We prove here

that the 
ondition P � K is also ne
essary: If P 6� K, then K is neither

universal nor it 
ontains a dense subset. Moreover, we show if K forbids

any path, then K is wqo by the homomorphism order. Su
h a di
hotomy

result perhaps does not hold for the 
ase of graphs in general.

The main result of this se
tion in Theorem 3 is proved using the following

two easy (and perhaps well known) lemmas.

Lemma 1 The set T

h

of all dire
ted trees of height at most h � 0 is wqo

in the subtree order �.

Proof. We prove a stronger result by assuming trees are rooted. Clearly,

there is no in�nite stri
tly des
ending 
hain of �nite subtrees by subtree

in
lusion. We show there is no in�nite anti-
hain either. For h = 0, we only

have a root vertex and the in
lusion � preserves root. We pro
eed by indu
-

tion. Let h > 0 su
h that X = fT

i

g

1

i=1

is an in�nite anti-
hain in T

h

. For

ea
h i, delete the root of T

i

and let F

i

= [(T

i

1

; x

i

1

); (T

i

2

; x

i

2

); : : : ; (T

i

k

i

; x

i

k

i

)℄

be the forest of rooted trees T

i

j

we obtain in T

h�1

and x

i

j

2 fin; outg in-

di
ating whether an in or out edge 
onne
ts the root of T

i

with the root

of T

i

j

. By indu
tion assumption and by Higman's lemma [5℄, there exist

i; j; i < j, su
h that F

i

�

<!

F

j

(i.e. for some i < j, there is an inje
tive

fun
tion f : f1; 2; : : : ; k

i

g ! f1; 2; : : : ; k

j

g su
h that for all k = 1; 2; : : : ; k

i

,

T

i

k

� T

j

f(k)

and x

i

k

= x

j

f(k)

.) This implies T

i

� T

j

, a 
ontradi
tion. 2

Lemma 2 The set T

h

of all dire
ted trees of height at most h � 0 
ontains

no in�nite stri
tly in
reasing sequen
e in the homomorphism order �.

Proof. Assume the 
ontrary and let Y = fT

i

g

1

i=1

be an in�nite stri
tly

in
reasing sequen
e of 
ore trees. let F

i

= [(T

i

1

; x

i

1

); (T

i

2

; x

i

2

); : : : ; (T

i

k

i

; x

i

k

i

)℄

as denoted in proof of Lemma 1. We may assume Y is monotone under�, by

Lemma 1. Hen
e, in parti
ular for all i; j, x

i

k

= x

j

k

, 1 � k � k

i

. Moreover

by indu
tion, there is no in�nite stri
tly in
reasing sequen
e under � in
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fT

0

i

g

1

i=1

, where T

0

i

2 F

i

. Hen
e, for all i � 1 and k = 1; 2; : : : ; k

i

, T

i

k

is

isomorphi
 to T

j

k

, for all j > i, sin
e T

j

is a 
ore. It follows that for all

j > 1 and for k > k

(j�1)

, T

j

k

� T

i

l

or x

j

k

6= x

i

l

if i < j; 1 � l � k

i

, for

otherwise T

j

k

� T

j

l

and x

j

k

= x

j

l

, and so T

j

maps to it proper subtree,


ontrary to T

j

being a 
ore. Note that, by assumption fk

i

g

1

i=1

is stri
tly

in
reasing. Let Z = fT

i

k

i

; x

i

k

i

g

1

i=1

. By Lemma 1, fT

i

k

i

g = T 
an be seen

monotone under �. Then T is also monotone under �. We may also 
hoose

a subsequen
e su
h that x

i

k

i

= x

j

k

j

for all i 6= j. By indu
tion, T 
an not be

stri
tly in
reasing under �. Hen
e we �nd i < j su
h that T

i

k

i

� T

j

k

j

(i.e.

T

j

k

j

� T

j

k

i

) and x

i

k

i

= x

j

k

j

(i.e. x

j

k

j

= x

j

k

i

), a 
ontradi
tion. 2

We note that without the 
ondition of bounded height, the sequen
e we

obtain from the set of all �nite paths with all edges dire
ted forward is an

in�nite stri
tly in
reasing sequen
e under � in
lusion. It is also not hard

to 
onstru
t in�nite anti-
hains under � and even under � if we have un-

bounded height tree sequen
e.

We give a formal de�nition of a dire
ted path and a 'somewhere dense'

set before proving the next theorem. We say P is a dire
ted path if P

is a dire
ted graph (V;E) with V = fv

0

; v

1

; : : : ; v

m

g where for every i =

1; 2; : : : ;m either v

i�1

v

i

2 E or v

i

v

i�1

2 E (but not both), and there are no

other edges. We say an edge v

i�1

v

i

is dire
ted forward and v

i

v

i�1

is dire
ted

ba
kward. The length of P is the number of edges in P . For any dire
ted

tree T , let height(T ) denote the maximum length of a dire
ted path-subtree

in T .

A 
lass of graphs K that does not 
onsist of only one vertex, is said to be

somewhere dense if there exists a set S � K su
h that for a graph G 2 S

and for any G

0

2 S, G

0

< G there exists a G

00

2 S su
h that G

0

< G

00

< G.

Note that by de�nition if K is somewhere dense, then it is in�nite. If K is

not somewhere dense we say it is nowhere dense.

Theorem 3 Let K be a minor 
losed 
lass of dire
ted trees and let P be the

set of all dire
ted paths. Then, the following are equivalent:

(i) P � K

(ii) K is universal

(iii) K is somewhere dense

(iv) K is not wqo

Proof. We note that (i) ! (ii) and (i) ! (iii) follow from [7℄ and [8℄,
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respe
tively. (ii) ! (iv) is obvious. Hen
e (i) implies (ii), (iii) and (iv).

Conversely, assume P 6� K. Let P

r

be a dire
ted path of length r � 0 su
h

that P

r

62 K. We show ea
h statement (ii), (iii) and (iv) fails.

To prove that K is not universal it suÆ
es to show K 
ontains no in�nite

anti-
hain of dire
ted trees under �. Suppose X = fT

i

g

1

i=1

, is an in�nite

anti-
hain of dire
ted trees. Sin
e T

1

6� T

i

, for all i > 1; there exists a nat-

ural number M , 1 � M < height(T

1

) su
h that any path-subtree P in T

i

with all edges dire
ted forward or all dire
ted ba
kward has length at most

M . (For otherwise, for some i there is a path-subtree P of T

i

with more

than height(T

1

) one-dire
tion edges, and we get T

1

� P � T

i

, a 
ontradi
-

tion.) Also there exists a natural number N , 1 � N < 2r su
h that, for all

i, any path-subtree P in T

i

has number of 
hanges in dire
tion of its edges

(i.e. from forward to ba
kward and vi
e versa) at most N times. Otherwise

by 
ontra
ting P at most r times, we obtain P

r

� P � T

i

, 
ontrary to

assumption that P

r

62 K. Hen
e, for all i, we have height(T

i

) � MN . By

Lemma 1, T

i

� T

j

for some i < j. This implies T

i

� T

j

, a 
ontradi
tion.

Hen
e K is not universal.

Next, we show the stronger impli
ation that K is wqo, by showing there is

no in�nite stri
tly de
reasing sequen
e either. Indeed, if we have an in�-

nite stri
tly des
ending 
hain Y = fT

i

g

1

i=1

, then we dedu
e Y is a bounded

height tree sequen
e be
ause T

1

6� T

i

for all i > 1 and P

r

62 K. By Lemma

1, Y is wqo by �. Hen
e, we �nd i < j, su
h that T

i

� T

j

, a 
ontradi
tion.

To see that K is nowhere dense, assume the 
ontrary and for some S � K

pi
k T; T

0

2 S, where T

0

< T . Then we 
an �nd an in�nite 
hain T

0

<

T

1

< T

2

< : : : < T . Sin
e T 6� T

i

for all i > 1 and sin
e P

r

62 K, we dedu
e

similarly we have a bounded height tree sequen
e, 
ontrary to Lemma 2.2

3 A total order by forbidding 3P as a minor

For the remaining part of this paper, we examine undire
ted graphs of SPG.

Several universal 
lasses that are proper sub
lasses of SPG were found in [6℄

using K

1

-
on
atenations of 
ore graphs. The 
ore-graphs are 
onstru
ted

by doubling the edges of K

3

and by subdividing the resulting graph a �nite

number of times. There is exa
tly one minor-minimal 
ore-graph whi
h we


all 3-pentagon (see Figure 1) that is 
onstru
ted by this pro
edure. Sin
e

we are interested in �nding the minimal universal minor-
losed 
lasses, we

5



, 

Figure 1: The 3-Pentagon


onsider in parti
ular this unique minor-minimal graph. Interestingly any

minor-
losed 
lass in SPG that forbids it, has a linear order by homomor-

phism. We prove this fa
t in this se
tion. The 3-pentagon, denoted by 3P,

is de�ned below.

Hen
e any sub
lass of SPG forbidding 3P is non-universal. However, we 
an

use 
lique-
on
atenations of 3P, to 
onstru
t a universal 
lass. In Se
tion 6

we des
ribe in greater detail how a universal 
lass of undire
ted graphs is

obtained by 
lique 
on
atenations of 
ore-graphs su
h us 3P. One may ask

that, if 3P is a unique minor-minimal 
ore-graph that attains universality,

why 
an not we obtain a unique minimal universal 
lass of SPG, as in the


ase of dire
ted trees. The reason we do not have unique minimal universal


lass is due to the fa
t that there is more than one way of 
on
atenating

3P and ea
h one of them give us a universal 
lass whi
h is in
omparable to

the others by the subset order. Therefore we know we have several minimal

universal 
lasses.

Are there minimal universal 
lasses other than 
lasses obtained by 
lique-


on
atenation? The result of this and the next se
tions are basi
 stru
tural

results that 
an be used as tools to answer this question.

For 
onvenien
e, we introdu
e a few more de�nition and notation. Let K

be a minor 
losed 
lass of graphs, and let F be a �nite set of graphs. We

write K/F to denote the set of all graphs in K not 
ontaining any element

of F as a minor. We denote the set of all graphs by G. The following is a

restatement of a well known fa
t that all SPG graphs are 3-
olorable.

Theorem 4 If G 2 G/fK

4

g, then G � K

3

Thus, any graph in SPG that is notK

3

-free is hom-equivalent toK

3

. If C

k

is

6



     

Figure 2: A Hamiltonian Outer-planar graph is a ladder

a 
y
le of length k � 2, we use a notation 2C

k

, to denote the graph obtained

from C

k

by doubling at most k edges of C

k

. We will �rst prove SPG=f2C

3

g

is totally ordered. Later we will show the same holds for SPG=f3Pg whi
h

is a superset of SPG/f2C

3

g.

Call a graph L a ladder if L is Hamiltonian and outer-planar, as shown in

Figure 2. Note that the set of outer-planar graphs is a subset of SPG. We


all an edge that is not on the Hamilton 
y
le of a ladder a step. Let G be

a 2-
onne
ted planar graph with an outer 
y
le C and a fa
ial 
y
le C

0

in

a planar embedding of G. If E(C) \ E(C

0

) 6= ; and if 
ontra
ting all the

edges of C

0

to a vertex results a 2-
onne
ted graph G

0

, we 
all C

0

an ear of

G. For a ladder L, if P is a path on the outer 
y
le of L and e 2 E(P ),

we 
all e a foot of L if both end verti
es of P are adja
ent to one step. For

instan
e the ladder in Figure 2, has 6 foot edges .

We 
an start with a �nite set of ladders and by identifying a foot of a ladder

to a step of another ladder re
ursively, we 
an obtain a graph whi
h has

a stru
ture of bran
hing ladders. It is not hard to see that if a graph G

forbids K

4

and 2C

3

, then G has a stru
ture of a tree of ladders. Note that,

in parti
ular the proper subgraphs of su
h trees of ladders, whi
h have no


lique-
uts 
an also be 
onstru
ted by �rst 
onstru
ting the tree of ladders

and then by deleting the K

2

-
uts from the resulting graph.

Theorem 5 If G 2 SPG=f2C

3

g then G is hom-equivalent to its smallest

odd 
y
le.

Proof. Let G 2 SPG=f2C

3

g be a minimal 
ounterexample graph whi
h

is a 
ore and that 
ontains a smallest odd 
y
le C = C

2k+1

; k > 0, as a

proper subgraph. If G 
ontains exa
tly one odd 
y
le C

2k+1

, the result is

trivial. Note also that, sin
e G is minimal, G 
an not be separated by a

7



1 o2e2

a

b

c

d

P1

P2

P3

P4

x

y

o3
e3

e1
o1

u

a’

b’

G

f

G’

f(a)

f(b)

u’

c’

E   F
E2

Figure 3: A homomorphism from G to G

0


ontradi
ts the 
hoi
e of G


lique, into smaller graphs G

1

and G

2

. Otherwise the smallest odd 
y
le C

belongs to either of the smaller graphs. Then by the 
hoi
e of G ea
h G

i

maps to its smallest odd 
y
le C

i

. By identifying the separation 
lique (i.e.

K

1

or K

2

), then G would map to the shorter of these odd 
y
les, whi
h is

C, a 
ontradi
tion.

Sin
e G 
an not be separated by K

2

, G has no steps. Hen
e if G is a lad-

der then G is a 
y
le and we are done. Otherwise let us 
onsider a planar

embedding of G (see Figure 3).

Note that G 
ontains no 2C

3

as a minor and so G 
onsists of at most two

ears E

1

and E

2

. We now prove a minimal 
ounterexample G 
an not exist

by redu
ing G to a graph G

0

2 SPG=f2C

3

g with less verti
es, G � G

0

, and

that has the same odd-girth. Then, we have G � G

0

� C and by transitivity

of �, we obtain a 
ontradi
tion.

First we note that every odd 
y
le C

0

that 
ontains the paths P

i

depi
ted in

Figure 3 is stri
tly longer than C, for otherwise some edges of E

2

or F 
an be

identi�ed with edges of C

0

to get G

0

. Also we have jE

1

j = jE

2

j = jF j = jCj.

Otherwise we let G

0

be the graph obtained by shortening any of the longest

of the three 
y
les and 
learly G � G

0

, a 
ontradi
tion.

Let s = �

4

i=1

jP

i

j. If s = 0, then 
learly F and E

2


an be identi�ed to one


y
le. If s = 1, then the odd-girth 
onstraint e

2

+ 1 + e

3

� o

3

+ e

3

(i.e.

e

2

+ 1 � o

3

), implies we 
an identify an edge (if e

2

+ 1 > o

3

from the e

2

edges of E

2

, and if e

2

+ 1 = o

3

from the o

3

edges of F ) with the edge of

P

i

; where jP

i

j = 1 and the remaining e

2

(or e

2

-1) edges with o

3

(or o

3

� 1)

edges of F to get G

0

. If s = 2, let s

0

= jP

i

j + jP

j

j, (i

�

=

j) modulo 2. If

8



s

0

= 2 then we may identify a with a

0

(or b with b

0

). If s

0

= 1, then either

o

2

= o

3

, (then we identify a with u and b with v) or jo

3

� o

2

j � 2, whi
h

also redu
es to G

0

by identifying the longer one from o

2

; o

3

, with the two

edges of P

i

and the remaining edges with the shorter odd path length. The


ase s = 3 or 4 implies s

0

= 2, and so we are done. 2

Theorem 6 If G 2 SPG=f3Pg then G is hom-equivalent to its smallest

odd 
y
le.

Proof. Let G 2 SPG=f3Pg be a minimal 
ounterexample whi
h is a 
ore.

If the smallest odd 
y
le of G is C

3

or if 2C

3

6� G, then the result fol-

lows from Theorem 4 or Theorem 5, respe
tively. Hen
e G is K

3

-free and

2C

3

� G. By the same argument as in proof of Theorem 5, G is not sepa-

rable by K

1

nor by K

2

. Let jCj be the odd-girth of G. Consider the planar

embedding of G. By Theorem 5, we note that G has at least 3 odd-length

ears. The set of minor minimal graphs with three ears and odd-girth of at

least �ve are shown below in Figure 4. Only the �rst graph 3P is without a

K

2

separation. It is also easy to 
he
k that the 3P is a 
ore-graph.

2

Corollary 7 Let K � SPG be a minor-
losed 
lass. If K forbids any minor

of 3P, then K is totally ordered and hen
e non-universal.

4 Anti-
hains of ear-fa
es

We 
all a graph G, a k-ear-fa
e if k � 2 and G is obtained by subdividing

the edges of 2C

k

a �nite number of times. Re
all that 2C

k

is obtained by

doubling k

0

edges of C

k

, 1 � k

0

� k. When we do not spe
ify the number

of ears we say G is an ear-fa
e. If E is an ear of an ear-fa
e G, we say the

even-side and the odd-side of E when we refer to the even and odd-length

paths in E, whi
h have both end verti
es having degree larger than two.

One reason we study ear-fa
es �rst is their simpli
ity. Ear-fa
es are the sim-

plest form of graphs in SPG where we �nd in
omparable graphs under ho-

momorphism. A se
ond and a fundamental reason is that, any 2-
onne
ted

graph in SPG is in fa
t a 're
ursive ear-fa
e'. We give a formal des
ription

of this 
on
ept in the next se
tion.

9



Figure 4: Only the 3-Pentagon is without K

2

-separation
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E 1

E 3
E 4

E 5

E 6 E
2

e1=2

o1=3

Figure 5: A 6-ear-fa
e with �ve ears and one diminished-ear

We also investigate the algorithmi
 aspe
t of 
ores of ear-fa
e graphs. Re
-

ognizing a 
ore of an arbitrary graph is shown to be an NP-
omplete problem

in [4℄. For an ear-fa
e G, however, we show there is a linear time algorithm

de
iding if G is a 
ore or not.

An example of a 6-ear-fa
e G is shown below in Figure 5. The ears E

1

,

E

3

and E

6

have even and odd-sides, whereas E

2

, E

4

and E

5

do not. For

instan
e deleting the length-3 path of E

5

we obtain a 5-ear-fa
e G

0

� G.

Hen
e the graph in Figure 5 is not a 
ore. By de�nition, E

4

is not an ear.

However, we note that E

4


an be repla
ed by double edges to 
onstru
t an

ear without losing hom-equivalen
e. Hen
e we de�ne a path P � G to be a

diminished-ear of an ear-fa
e G, if P meets exa
tly two distin
t verti
es of

ears of G only by its two end verti
es.

We 
an represent the graph in Figure 5, by six pairs of integers: ([2,3℄, [2,1℄,

[6,7℄, [1,1℄, [1,1℄, [4,1℄). In general, for any k � 2, we may represent a k-

ear-fa
e G by (E

1

; E

2

; : : : ; E

k

), E

i

= [�

i

; Æ

i

℄; v

i(i+1)

2 V (E

i

) \ V (E

i+1

); 1;�

i � k (where k+1=1), and �

i

is either the minimum even distan
e between

v

(i�1)i

and v

i(i+1)

or 1 (i.e. �

i

=1 if E

i

is a diminished-ear of odd length

11



as in 
ase of E

4

in Figure 5 or if E

i

is an even 
y
le 
onsisting of two odd-

length parallel paths as in the 
ase of E

5

). The integer Æ

i

is de�ned similarly

for odd length.

Lemma 8 For any integer N � 2, and odd 
omposite g, g 6= 9, there exist

an anti-
hain of length 2

N

, 
onsisting of odd-girth g ear-fa
es.

Proof. Let g = pq be an odd 
omposite, 3 � p � q. If g 6= 9, then g� p 6=

2p. Let X = G

1

; G

2

; : : : ; G

2

N+1 , where for all i, the ve
tor representation

of G

i

is V

i

= (E

i

1

; E

i

2

; : : : ; E

i

N+2

), E

i

1

= [1; 1℄ and E

i

j

2 f[g � p; p℄; [2p; g �

2p℄g; j = 2; 3; : : : ; N + 2. Note that under any homomorphism a 
y
le is

mapped to a 
y
le and so if G

i

� G

j

, then no edge of an ear of G

i

is

mapped to the edge of E

j

1

and so the diminished-ear E

i

1

must be mapped

to the diminished-ear E

j

1

. Ea
h G

i

and G

j

are 
ore (N + 2)-ear-fa
es, and

so the ears of G

i

must inje
tively map to ears of G

j

. Thus, either V

i

= V

j

or the reverse order of V

j

. Hen
e we have a (2

N+1

)=2 length anti-
hain. 2

Indeed, it is also possible to �nd an anti-
hain of length �

N

, for any 
onstant

�, if we have large enough g. Despite this result we show ear-fa
es form no

in�nite anti-
hain. It is easy to see this if the number of ears is bounded,

as the following lemma shows.

Lemma 9 Let X = G

1

; G

2

; : : : be an in�nite sequen
e of ear-fa
es su
h

that, for all i, G

i

is a k

i

-ear-fa
e, and fk

i

g

1

i=1

is bounded. Then G

i

� G

j

,

for some i 6= j.

Proof. Let V = fV

i

g

1

i=1

, where V

i

= ([�

i

1

; Æ

i

1

℄; [�

i

2

; Æ

i

2

℄; : : : ; [�

i

k

; Æ

i

k

i

℄) is the

ve
tor representation of G

i

. Sin
e fk

i

g is bounded, by taking subsequen
e,

we may assume k = k

i

, for all i. Integers are wqo under the usual integer

inequality and so is the �nite Cartesian produ
t of integers and the k-

Cartesian produ
t of the produ
ts, ordered by 
o-ordinatewise 
orrespond-

ing inequality. Hen
e for some i; j where i < j, we have V

i

� V

j

. This

implies G

j

� G

i

, as needed. 2

Non-existen
e of in�nite anti-
hain holds even if the ear-sequen
e is un-

bounded. We show �rst, in any anti-
hain of ear-fa
es the odd-girth 
an be

taken 
onstant, using the next lemma.

Lemma 10 (Ear redu
tion lemma) Let G be a k-ear-fa
e of odd-girth

g > 3 and k > 3. Then there exists a (k � 1)-ear-fa
e G

0

of same odd-girth

su
h that G � G

0

.

12



Proof. Let G = ([�

1

; Æ

1

℄; [�

2

; Æ

2

℄; : : : ; [�

k

; Æ

k

℄) be a minimal 
ounterexample

k-ear-fa
e of odd-girth g, with ears E

i

= [�

i

; Æ

i

℄; k � 4. Then by the 
hoi
e

of G, we dedu
e G has no diminished ears and that �

i

+ Æ

i

= g, for all i:

Suppose that for some i

0

, (without loss of generality, we may 
hoose Æ

i

0

or

�

i

0

) �

i

0

� 


i

for all i, where 


i

2 f�

i

; Æ

i

g for i = 1; 2; : : : ; k . In addition we

assume that among the minimal even lengths, �

i

0

is 
hosen so that either

�

i

0

+1

or �

i

0

�1

is as large as possible. Say i

0

= 1, by relabeling if ne
essary.

Taking the largest from Æ

2

; �

2

; Æ

k

, and �

k

, we have by symmetry two 
ases:


ase 1: Æ

2

is largest. Then letG

0

= ([�

2

+�

1

; Æ

2

��

1

℄; [�

3

; Æ

3

℄; [�

4

; Æ

4

℄ : : : ; [�

k

; Æ

k

℄).


ase 2: �

2

is largest. Then letG

00

= ([�

2

��

1

; Æ

2

+�

1

℄; [�

3

; Æ

3

℄; [�

4

; Æ

4

℄; : : : ; [�

k

; Æ

k

℄).

To see that G � G

0

, identify v

k1

to the vertex v 2 V (E

2

) that is of distan
e

�

1

from v

12

and of distan
e Æ

2

� �

1

from v

23

. To see that odd-girth(G

0

)=g,

we observer every ear of G

0

has length g and that (sin
e k � 4 and �

1

� 


3

),

Æ

2

� �

1

+ 


3

+ 


4

+ : : :+ 


k

� Æ

2

+ 


k

� �


k

+ 


k

= g. Similar proof works for

G

00

. Note also by the 
hoi
e of �

1

, if 
ase 2 holds, then we have �2� �

1

> 0.

Hen
e both G

0

and G

00

are (k-1)-ear-fa
es with the desired property. 2

Corollary 11 Let G be an ear-fa
e of odd-girth g > 3. Then G � C

g

0

,

where g

0

is odd and g

0

� (g + 1)=2.

Proof. By Ear-redu
tion lemma, we may assumeG = ([�

1

; Æ

1

℄; [�

2

; Æ

2

℄; [�

3

; Æ

3

℄).

If �

i

� (g � 1)=2 for some i, say i = 1, then Æ

1

� (g + 1)=2. Let G

0

be the

graph obtained by identifying v

k1

with v

12

. Clearly, G � G

0

, and from

the odd-girth 
onstraint for G we have odd-girth(G

0

) = g

0

= min(Æ

1

; �

2

+

Æ

3

; Æ

2

+ �

3

) � (g+1)=2. On the other hand, suppose �

i

> (g�1)=2, for all i.

Say Æ

1

� Æ

3

. We have G � G

0

where G

0

= ([Æ

1

+ Æ

2

; �

2

� Æ

1

℄; [�

3

; Æ

3

℄). Note

that g

0

= �

2

� Æ

1

+ Æ

3

� �

2

� (g + 1)=2: By Theorem 5, G

0

� C

g

0

. 2

It follows from Corollary 11, every anti-
hain has a bounded odd-girth se-

quen
e. Another interesting 
orollary of ear-redu
tion lemma is that 3P is

a maximum of the 
lass of all 
ore-ear-fa
es. Note that a 3-ear-fa
e that

has K

2

-
ut is not a 
ore, by Theorem 6.

Corollary 12 G � 3P, for any 
ore-ear-fa
e G.

We now give a ne
essary and suÆ
ient 
ondition for ear-fa
es to be a 
ore.

The lemma allows us to get a fast algorithm for de
iding and even for


omputing the 
ore of any ear-fa
e.

Lemma 13 Let G be a k-ear-fa
e of odd-girth g. Then G is a 
ore if and

only if

13



(i) every ear of G is an odd 
y
le, and

(ii) G 6� C

g

.

Proof. If G is a 
ore, then 
learly both (i) and (ii) must hold. Conversely,

suppose G

0

� G and G � G

0

and assume G

0

is a 
ore. By assumption (ii)

and by transitivity of �, we dedu
e G

0

6� C

g

, and so G

0

is a k

0

-ear-fa
e,

3 � k

0

� k. Sin
e G

0

is an indu
ed subgraph, it follows that k = k

0

and

so the ears of G are mapped to ears of G

0

inje
tively. Sin
e every ear of G

is an odd 
y
le, the homomorphism from G to G

0

restri
ted to ea
h ear is

an isomorphism, for otherwise G

0

would have a shorter ear, whi
h is not an

indu
ed subgraph. It follows that G = G

0

. 2

Using Lemma 13 and the following observations, we give a linear time "La-

beling" algorithm Core-Ear-Fa
e (CEF ) to de
ide whether a k-ear-fa
e is


ore or not. If g is an odd-girth of a 
ore-ear-fa
e of G then:

(*) for ea
h ear E of G, jEj � g, and for some ear we have equality. Note

that either � or Æ is larger or equal to (g + 1)=2

(**) for any ear E = [�; Æ℄ of G at least one of � or Æ is less than g (if � � g

and Æ � g, then G � C

g

.)

(***) for any non-ear odd-
y
le C, we have jCj > g.

Algorithm 14 Core-Ear-Fa
e (CEF)

Input: k-ear-fa
e G = ([�

1

; Æ

1

℄; [�

2

; Æ

2

℄; : : : ; [�

k

; Æ

k

℄), k � 3, �

1

+ Æ

1

= g,

�

i

+ Æ

i

6= 0 for all i:

1. verify (*) and (**)

2. verify (***) in two ways:

(2.1) let s = �

k

i=1




i

, where 


i

= min(�

i

; Æ

i

). If s is odd and s � g output

NOT-CORE

(2.2) for i = 1; 2; : : : ; k let s

i

= �

i

+ �

j 6=i




i

, where �

i

= max(�

i

; Æ

i

) and




j

= min(�

j

; Æ

j

). If s

i

is odd and s

i

� g, output NOT-CORE. (Note that

for any two maximums �

i

; �

j

; i 6= j, we have �

i

+�

j

+


l

> g, any l; 1 � l � k

3. label v

k1

by L

0

= f0g .

4. for i = 1; : : : ; k � 1, label v

i(i+1)

by L

i

where

L

i

= L

i�1

+ �

i

[ L

i�1

+ Æ

i

, (where L+ x = fl+ x (modulo g) : l 2 Lg)

5. if 0 2 L

k

= L

k�1

+ �

k

[L

k�1

+ Æ

k

output NOT-CORE, otherwise output

CORE.

The 
orre
tness of CEF follows form Lemma 13, and one 
an easily verify

that CEF runs in linear time in the size of G. CEF will also be useful in

14



proving that no in�nite anti-
hain of ear-fa
es exists.

The following lemma is due to A. P�or, whi
h we use in proving non-existen
e

of in�nite anti-
hains of ear-fa
es. Let S

p

� S = fx

1

; x

2

; : : : ; x

g

g be a p-

element subset of a �nite set S. Let W = (w

1

; w

2

; : : : ; w

n

) and W

0

=

(w

0

1

; w

0

2

; : : : ; w

0

n

0

) be �nite sequen
es of S

p

. Let W ÆW

0

denote the sequen
e

(w

1

; w

2

; : : : ; w

n

; w

0

1

; w

0

2

; : : : ; w

0

n

0

), the 
on
atenation ofW andW

0

. We write

W �

g

W

0

if W

0

=W

0

1

Æw

1

ÆW

0

2

Æ w

2

Æ : : :W

0

n

Æ w

n

ÆW

0

n+1

, where for ea
h

i and for any y 2 S

p

, y appears in W

0

i

at least g times or zero times. It 
an

be seen that �

g

is a quasi-order. Denote by (F;�

g

), the set of all �nite sets

ordered by �

g

.

Lemma 15 (F;�

g

) is wqo.

Proof. Let an in�nite sequen
eX =W

1

;W

2

; : : : of words of S

p

� fx

1

; x

2

; : : : ; x

g

g

be given. Clearly there is no in�nite stri
tly des
ending 
hain in X under

�

g

. To prove W

i

�

g

W

j

, for some i < j, we indu
t on jS

p

j. Suppose �rst

p = 1. Then ea
h W

i

= (x

t

; x

t

; : : : ; x

t

), repeated n

i

times where 1 � t � g.

We 
an �nd i < j, su
h that W

i

=W

j

if fn

i

g is bounded , and n

j

� n

i

� g

if unbounded. We have W

i

�

g

W

j

.

Suppose next p > 1. Partition ea
h word W

i

= P

i

1

Æ x

i

1

P

i

2

Æ x

i

2

Æ : : : P

i

m

i

Æ

x

i

m

i

Æ P

i

r

i

, su
h that ea
h y 2 S

p

appears at least g times, x

i

j

appears

exa
tly g � 1 times and there exists y 2 S

p

su
h that y appears in P

i

r

i

less

than g times. If m

i

� 2m

1

+ 2 for some i, then W

1

�

g

W

i

. Hen
e assume

fm

i

g is bounded and by taking subsequen
e let m

i

= m for all i.

Further partition, P

i

j

as P

i

j

= P

i

j

1

Æ x

i

j

Æ P

i

j

2

Æ x

i

j

: : : Æ x

i

j

Æ P

i

j

g

, where

j = 1; 2; : : : ;m: Ea
h P

i

j

l

is an S

p�1

-element word and hen
e by indu
tion

we 
an re
ursively take subsequen
e to 
onstru
t a monotone subsequen
e

of X . 2

Theorem 16 There is no in�nite anti-
hain of ear-fa
es.

Proof. Suppose X = G

1

; G

2

; : : : is an in�nite anti-
hain of 
ore-ear-fa
es.

For ea
h i � 1, let V

i

= ([�

i

1

; Æ

i

1

℄; [�

i

2

; Æ

i

2

℄; : : : ; [�

i

k

i

; Æ

i

k

i

℄) be the ve
tor repre-

sentation of G

i

and let g

i

be the odd-girth of G

i

. By Corollary 11, fg

i

g is

bounded and so we may assume g

i

= g, for all i. By Lemma 9, if K = fk

i

g

is bounded we are done, so assume K is a stri
tly in
reasing sequen
e.

Let d

i

be the number of diminished ears of G

i

. Then d

i

< g � 1, or else

G

i

� C

g

, 
ontrary to G

i

being a 
ore. Let 


i

be the number of ears of G

i

with length bigger than g. On
e more 


i

< g � 1, or else G

i

� C

g

. Hen
e

f


i

g and fd

i

g are bounded. Let 
 and d denote the 
ommon values by taking
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subsequen
e.

Partition ea
h G

i

in to 
+d+1 parts P

1

; P

2

; : : : ; P


+d+1

, su
h that between

ea
h part there is a diminished-ear or a long-ear. There are �nitely many

ways of arranging these �nite 'irregular-ears' and hen
e may assume, by

taking subsequen
e that for all i, if we 
ontra
t all P

i

j

of G

i

to a vertex,

then we obtain G

0

i

, su
h that G

0

1

; G

0

2

; : : : are all isomorphi
.

Now 
onsider P

i

j

. Ea
h ear is of length g, hen
e we may represent ea
h ear

by �

i

j

l

sin
e Æ

i

j

l

= g� �

i

j

l

. So P

i

j

is a �nite set of integers. Apply Lemma 15,

for ea
h fP

i

j

g

1

i=1

j = 1; 2; : : : ; 
+ d = 1 to obtain in
lusion by �

g

.

Here we use a 
ru
ial property of addition of integers modulo g, whi
h is


ommutativity and asso
iativity. Indeed it suÆ
es that ea
h number ap-

pears in P

i

j

, either zero or more than g � 1 times. We have the ears of

some G

i

inje
tively 
ontained, by a map f : V (G

i

) ! V (G

j

), as a subse-

quen
e in some G

j

. Between the images E

j

f(i)

and E

j

f(i+1)

, every ear that

appears has length g represented by integer m < g appearing more than g-1

times. We map all these ears to C

g

su
h that the verti
es v

f(i)(f(i)+1)

and

v

(f(i+1)�1)f(i+1)

are identi�ed to a vertex. It follows G

j

� G

i

. 2

Corollary 17 Let K � SPG be a minor-
losed 
lass 
onsisting of ear-fa
es

and their minors. Then K is non-universal.

5 2-
onne
ted SPG 
ore-graphs are 'Re
ur-

sive Ear-fa
es'

We prove in this se
tion that every 2-
onne
ted graph G in SPG 
an be


onstru
ted by a simple re
ursive pro
edure. Assume G

�1

= K

2

. Start-

ing from a 
y
le G

0

, we re
ursively repla
e some edges of the outer-
y
le

of G

i

in E(G

i

)nE(G

i�1

) by 
y
les and obtain G

i+1

. We show for every

2-
onne
ted graph G 2 SPG, there is a natural number r

G

� 0 su
h that

G � G

r

G

(the 
ase r

G

= 0 is the trivial 
ase where G is a 
y
le). We


all this 
onstru
tive pro
edure ear-fa
e re
ursion. A typi
al stru
ture of

an arbitrary 2-
onne
ted graph embedded in a plane is depi
ted in Figure

6 below. We de�ne a re
ursive ear-fa
e to be a graph G = G

m

;m � 1,

that 
an be obtained from a re
ursive sequen
e of graphs G

0

; G

1

; : : : ; G

m

,

where G

0

is a 
y
le, and for i = 1; 2; : : : ;m, G

i

is obtained from G

i�1

by

ear-fa
e-re
ursion.

We �rst explain why a planar embedding of G has a stru
ture as in Figure
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6. Clearly, for every non-trivial graph G 2 SPG, there exists a natural

number k � 3 su
h that G 62 SPG=2C

k

and G 2 SPG=2C

k+1

. This means

2C

k

� G, and k is the maximum number of ears G 
an have in any planar

embedding of G. Note that if 2C

3

6� G, then by Theorem 5, G � C

g

, where

g is the odd-girth of G and so G would be trivial.

Subdivide 2C

k

as many times as needed to obtain the proper k-ear-fa
e

H that is a minor of G. By de�nition of minor relation, we 
an add edges

on H to obtain a graph hom-equivalent to G. (Note that, when H is an ear-

fa
e, spitting a vertex is not required to obtain G). Keeping in mind that

k is maximal and thatK

4

6� G, we make a few more important observations:

(1) Call a vertex u of an ear E of H an ear-vertex if the degree(u) = 2.

Then, when re
onstru
ting G, we need not have any operation on any ear-

vertex u of H for two reasons: Suppose �rst a path P 
onsisting of all newly

added edges 
onne
ts u to a vertex v 2 V (H) not in V (E), then we get a K

4

minor, a 
ontradi
tion. Next if v is a ear-vertex of E on the opposite-parity

side, then on
e more we get a K

4

minor. By Theorem 5 and by maximality

of k, we dedu
e any operation on u is trivial. Hen
e, we do not make any


hanges on ear-verti
es of H to obtain G.

(2) Suppose u 2 V (H) is not an ear-vertex and there is path P 
onsisting

of only newly added edges 
onne
ting u and v 2 V (H). On
e more, v is not

an ear-vertex (sin
e K

4

6� G), and by Theorem 5 and sin
e k is maximal,

we may assume between v and u every path P , with V (P )\V (H) = fu; vg

traverses at least two ears of H , as shown in Figure 6. That is, as labelled

in Figure 6, if we have a path between u and v whi
h interse
ts only one

ear (if e

1

= 1), by Theorem 5, we 
an repla
e the subgraph G

2

1

by a 
y
le.

(3) By observation (2), we dedu
e the number k

1

in Figure 6, is at most

k=2, and k

2

is at most k

1

=2, and so on. By indu
tion, we note that we may

start from G

0

= C

d

where d � log(k), and arrive at a graph G

0

� G. An

example is given in Figure 7 to illustrate this pro
edure.

Theorem 18 For every 2-
onne
ted graph G 2 SPG, there is a graph G

0

�

G, that is 
onstru
tible by ear-fa
e re
ursion in O(log(k)) time, where 2C

k

�

G and k is maximal.
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Figure 6: A general stru
ture of a 2-
onne
ted graph in SPG

18



G

G0  =  C3,   G1= , G2 = 
,  G3 = 

= G

G

3

Figure 7: An example of 
onstru
tion by re
ursion
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6 Con
luding remarks and problems

Our goal is to determine all minimal universal minor-
losed 
lasses in SPG.

In Se
tion 4, we showed ear-fa
es 
an not form a universal set. We hope

the stru
tural des
ription in Se
tion 5, will help us to obtain a larger 
lass

of graphs whi
h 
ontains no in�nite anti-
hain and thus non-universal. Per-

haps we may able to prove the ne
essity of unbounded 
on
atenation using

stru
tural arguments. Presently, however, the question is not settled.

Adopting the method in [6℄, we show in a forth
oming paper that K

1

-


on
atenation of ear-fa
es (in parti
ular 3P), we obtain several minimal

universal minor-
losed sub
lasses of SPG. The minimality of su
h sub
lasses

of SPG is proved using the result of Se
tion 2, and by asso
iating ea
h 
on-


atenation of the 3P to a parti
ular oriented path.

Without going in to te
hni
al details we give an outline of the asso
ia-

tion of a K

1

-
on
atenation of an-ear-fa
e G, (for instan
e 3P) to a path

P , that is shown [6℄ as follows: For ea
h oriented path P 2 P of length

n � 1, we de�ne a K

1

-
on
atenation of G (denoted by P � (G; a; b) where

a; b 2 V (G) as follows: First, we take n isomorphi
 
opies G

1

; G

2

; : : : ; G

n

,

of G and let a

i

; b

i

be the verti
es of G

i


orresponding to a and b. For i = 1

and n, we 
hoose either a

i

or b

i

, depending on the orientation of the the �rst

and the last edges of P . Then a

ording to the orientations of the the i-th

edge of P , for i = 2; 3: : : : ; n � 1 we 
hoose either ,a

i

or b

i

to be identi�ed

with the 
hosen vertex of G

i�1

and G

i+1

, so that su
h a 
onstru
tion allows

us to dedu
e for any two paths P and P

0

, we have P � P

0

if and only if

P � (G; a; b) � P

0

� (G; a; b). Then the universality and minimality of the

minor-
losed 
lass formed by the 
on
atenation follows from universality

and minimality of the 
lass of dire
ted paths P (see Theorem 3). The prop-

erty of somewhere density also 
an be proved similarly. However, we state in

general here that there 
an be several ways of 
on
atenating a given graph

G. As a result, we obtain a number of minimal universal 
lasses. Aside

from this method, one may also ask is there another way of 
onstru
ting a

universal minor-
losed 
lass, whi
h does not 
ontain as a subset, any of the

ones we have? Along this work, we present the questions below:

Problem 19 Can we determine the set of all minimal universal minor-


losed 
lasses of SPG?

Problem 20 We have shown in Se
tion 3, that forbidding K

4

and 3P as

minors indu
es a total order under homomorphism. Does there exist a �nite

20



set F of 
ore-graphs su
h that forbidding K

5

;K

3;3

and elements of F as

minors results a total order under homomorphism? (Note that to avoid

triviality, we must assume that if G 2 F then G is minor-in
omparable to

K

5

and K

3;3

. We may also assume no element of F is a 
y
le.)

Problem 21 We have given a linear time algorithm that de
ides of an ear-

fa
e is a 
ore not. Can this be extended for any 2-
onne
ted graph in SPG?

For any G in SPG?
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