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Abstra
t

This paper presents an overview of the 
urrent state in resear
h

dire
tions in the rainbow Ramsey theory. We list results, problems,

and 
onje
tures related to existen
e of rainbow arithmeti
 progres-

sions in [n℄ and N. A general perspe
tive on other rainbow Ramsey

type problems is given.

1 Introdu
tion

Ramsey theory 
an be des
ribed as the study of unavoidable regularity

in large stru
tures. In the words of T. Motzkin, \
omplete disorder is

impossible" [16℄. In [22℄, we started a new trend, whi
h 
an be 
atego-

rized as the rainbow Ramsey theory. We are interested in the existen
e

of rainbow/hetero-
hromati
 stru
tures in a 
olored universe, under 
ertain

density 
onditions on the 
oloring. The general goal is to show that 
omplete

disorder is unavoidable as well.

Previous work regarding the existen
e of rainbow stru
tures in a 
ol-

ored universe has been done in the 
ontext of 
anoni
al Ramsey theory

(see [11, 10, 9, 33, 31, 25, 27, 26, 35℄ and referen
es therein). However, the


anoni
al theorems prove the existen
e of either a mono
hromati
 stru
-

ture or a rainbow stru
ture. The results obtained in [22, 23, 5, 14℄ are

not \either-or"{type statements and, thus, are the �rst results in the lit-

erature guaranteeing solely the existen
e of rainbow stru
tures in 
olored
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sets of integers. In a sense, the 
onje
tures and theorems we des
ribe be-

low 
an be thought of as the �rst rainbow 
ounterparts of 
lassi
al the-

orems in Ramsey theory, su
h as van der Waerden's, Rado's and Sze-

mer�edi's theorems [44, 43, 17, 24℄. It is 
urious to note that rainbow Ram-

sey problems have re
eived great attention in the 
ontext of graph theory

(see [12, 8, 2, 4, 36, 13, 6, 29, 20, 3, 28, 21℄ and referen
es therein).

2 Rainbow arithmeti
 progressions in [n℄ and N

In 1916, S
hur [39℄ proved that for every k, if n is suÆ
iently large, then

every k-
oloring of [n℄ := f1; : : : ; ng 
ontains a mono
hromati
 solution of

the equation x + y = z. More than seven de
ades later, Alekseev and

Sav
hev [1℄ 
onsidered what Bill Sands 
alls an un-S
hur problem [18℄.

They proved that for every equinumerous 3-
oloring of [3n℄ (i.e., a 
oloring

in whi
h di�erent 
olor 
lasses have the same 
ardinality), the equation

x+ y = z has a solution with x, y and z belonging to di�erent 
olor 
lasses.

Su
h solutions will be 
alled rainbow solutions. E. and G. Szekeres asked

whether the 
ondition of equal 
ardinalities for three 
olor 
lasses 
an be

weakened [42℄. Indeed, S
h�onheim [38℄ proved that for every 3-
oloring of

[n℄, su
h that every 
olor 
lass has 
ardinality greater than n=4, the equation

x+ y = z has rainbow solutions. Moreover, he showed that n=4 is optimal.

Inspired by the problem above, the se
ond author posed the following


onje
ture at the open problem session of the 2001 MIT Combinatori
s

Seminar [22℄, whi
h was subsequently proved by the authors in [23℄.

Theorem 1 (Conje
tured in [22℄, proved in [23℄.) For every equinumerous

3-
oloring of [3n℄, there exists a rainbow AP (3), that is, a solution to the

equation x + y = 2z in whi
h x, y, and z are 
olored with three di�erent


olors.

In [22℄, Fox

1

, Mahdian, and the authors proved the following in�nite

version of Theorem 1.

Theorem 2 [22℄ Let 
 : N 7! fR;G;Bg be a 3-
oloring of the set of natural

numbers with 
olors Red, Green, and Blue, satisfying the following density


ondition

lim sup

n!1

(min(R




(n);G




(n);B




(n)) � n=6) = +1;

1

then Li
ht

2



where R




(n) is the number of integers less than or equal to n that are


olored red, and G




(n) and B




(n) are de�ned similarly. Then 
 
ontains a

rainbow AP (3).

Basi
ally Theorem 2 states that every 3-
oloring of the set of natural

numbers with the upper density of ea
h 
olor greater than 1/6 
ontains a

rainbow AP (3).

Based on the 
omputer eviden
e and the intuitive belief that the �nite

version of Theorem 2 should be true as well, in [22℄, we posed as a 
onje
ture

the following stronger form of Theorem 1, whi
h has been re
ently 
on�rmed

by Axenovi
h and Fon-Der-Flaass [5℄.

Theorem 3 (Conje
tured in [22℄, proved in [5℄.) For every n � 3, every

partition of [n℄ into three 
olor 
lasses R, G, and B with min(jRj; jGj; jBj) >

r(n), where

r(n) :=

�

b(n+ 2)=6
 if n 6� 2 (mod 6)

(n+ 4)=6 if n � 2 (mod 6)

(1)


ontains a rainbow AP (3).

The following 
oloring of N:


(i) :=

8

<

:

B if i � 1 (mod 6)

G if i � 4 (mod 6)

R otherwise


ontains no rainbow AP (3) and min(R




(n);G




(n);B




(n)) = b(n + 2)=6
,

hen
e showing that Theorem 2 is the best possible. Clearly, for n 6� 2

(mod 6), this 
oloring shows that Theorem 3 is tight as well. As for the

remaining 
ase (when n = 6k+2 for an integer k), we de�ne a 
oloring 
 as

follows:


(i) :=

8

<

:

B if i � 2k + 1 and i is odd

G if i � 4k + 2 and i is even

R otherwise.

Sin
e every blue number is at most 2k+1, and every green number is at least

4k+2, a blue and a green number 
annot be the �rst and the se
ond, or the

se
ond and the third terms of an arithmeti
 progression with all terms in [n℄.

Also, sin
e blue numbers are odd and green numbers are even, a blue and a

green 
annot be the �rst and the third terms of an arithmeti
 progression.
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Therefore, 
 does not 
ontain any rainbow AP (3). It is not diÆ
ult to see

that 
 
ontains no rainbow AP (3) and min(R




(n);G




(n);B




(n)) = k + 1 =

(n+ 4)=6.

The existing proofs of Theorems 1, 2, and 3 use a fa
t that every

rainbow-free 
oloring 
ontains a dominant 
olor, that is, a 
olor x su
h that

for every two 
onse
utive numbers that are 
olored with di�erent 
olors, one

of them is 
olored with x. The rest is to show that under 
ertain density


onditions the dominant 
olor is not ex
essively dominant, so a rainbow

AP (3) exists.

One way to generalize Theorems 1 and 3 is to in
rease the number of


olors and the length of a rainbow AP .

Axenovi
h and Fon-Der-Flaass 
ame up with a 
onstru
tion for k � 5,

that no matter how large the smallest 
olor 
lass is, there is a 
oloring with

no rainbow AP (k). Their 
onstru
tion is as follows [5℄.

Let n = 2mk, k � 5. We subdivide [n℄ into k 
onse
utive intervals of

length 2m ea
h, say A

1

; : : : ; A

k

and let t = bk=2
. Then,


(i) =

8

<

:

j � 1 if i 2 A

j

and j 6= t; j 6= t+ 2

t� 1 if i 2 A

t

[ A

t+2

and i is even,

t+ 1 if i 2 A

t

[ A

t+2

and i is odd.

It is easy to see that the above 
oloring does not 
ontain any rainbow AP (k)

and the size of ea
h 
olor 
lass is n=k. For example, the 
oloring 
 in the


ase n = 60, k = 5, m = 6, t = 2, is as follows.

000000000000313131313131222222222222313131313131444444444444

However, the 
ase k = 4 is still unresolved.

Problem 1 Is it true that for suÆ
iently large values of n every equinu-

merous 4-
oloring of [4n℄ 
ontains a rainbow AP (4)?

Axenovi
h and Fon-Der-Flaass [5℄ provide a 
oloring 
 of [n℄, where

n = 10m+ 1 with the smallest 
olor 
lass of size (n� 1)=5 and no rainbow

AP (4). This improves the previously known 
oloring [22℄, where the small-

est 
olor 
lass had size b

n+2

6


. Let [n℄ = A

1

[ : : :[A

5

, where A

1

; : : : ; A

5

are


onse
utive intervals of lengths 2m; 2m; 2m+ 1; 2m; 2m respe
tively. Then


(i) =

8

>

>

>

>

<

>

>

>

>

:

0 if i 2 A

1

[ A

2

and i is odd,

3 if i 2 A

4

[ A

5

and i is even,

1 if i 2 A

1

and i is even,

1 if i 2 A

5

and i is odd,

2 otherwise.
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When n = 61, m = 6, the 
oloring 
 is as follows.

0101010101010202020202022222222222222323232323232313131313131

Si
herman [41℄ has found equinumerous 
olorings of [n℄ for n � 60 with-

out rainbow AP (4). A few of su
h 
olorings for n = 60 are shown below.

000000000000012001312331233123312121312121233122312231233123

000000000000012001312331233123312121313121233122312231223123

000000000000012101202121313122312333233122212331313133312122

000000000000012101202121313122312333233122212331313133312221

000000000000012121312133222121213131312212213123330333022133

One is tempted to also generalize Theorem 2 and 
onje
ture that any

partition N = C

1

[ C

2

[ : : : [ C

k

of the positive integers into k equinumer-

ous 
olor 
lasses, 
ontains a rainbow AP (k). However, it is easy to verify

that the following equinumerous 
olorings of N do not 
ontain any rainbow

AP (5), and hen
e the generalization is not true for k = 5; 6 [22℄.




5

(i) :=

8

>

>

>

>

<

>

>

>

>

:

0 if i � 1; 3 (mod 10)

1 if i � 2; 5 (mod 10)

2 if i � 4; 8 (mod 10)

3 if i � 6; 7 (mod 10)

4 if i � 9; 0 (mod 10)




6

(i) :=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

0 if i � 1; 3 (mod 12)

1 if i � 2; 4 (mod 12)

2 if i � 5; 7 (mod 12)

3 if i � 6; 8 (mod 12)

4 if i � 9; 11 (mod 12)

5 if i � 10; 0 (mod 12)

Cs. S�andor [37℄ generalized this approa
h and showed the existen
e of

equinumerous 
olorings of N in k � 10 
olors that do not 
ontain a rainbow

AP (k). His proof is a 
lever 
ounting argument. One imitates the 
olorings




5

and 


6

given above, i.e., shows the existen
e of an equinumerous 
oloring
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of Z

2k

= A

1

[A

2

[ : : :[A

k

without a rainbow AP (k) and then extends the


oloring modulo 2k to all of N.

The number of all equinumerous 
olorings Z

2k

= A

1

[ A

2

[ : : : [ A

k

is

(2k)!

2

k

. Let d denote the di�eren
e of an AP (k) in Z

2k

. Then, 
learly, (d; 2k),

the greatest 
ommon divisor of d and 2k is at most 2. If (d; 2k) = 1, we

have �(2k) 
hoi
es for d and for (d; 2k) = 2, we have �(k) 
hoi
es for d,

where �(n) is the standard Euler's fun
tion. There are also 2k 
hoi
es for

the initial term of an AP (k). Additionally, noti
e that every equinumerous


oloring of Z

2k

with a rainbowAP (k) 
ontains at least two rainbowAP (k)'s.

Indeed, if a

1

; a

2

; : : : ; a

k

form an AP (k) in Z

2k

, then fb

1

; b

2

; : : : ; b

k

g := Z

2k

n

fa

1

; a

2

; : : : ; a

k

g form one as well. Sin
e the number of possible 
olorings of

fa

1

; a

2

; : : : ; a

k

g and fb

1

; b

2

; : : : ; b

k

g is (k!)

2

, we 
on
lude that the number of

equinumerous 
olorings that do 
ontain a rainbow AP (k) is at most

1

2

2k(�(2k) + �(k))(k!)

2

;

whi
h is stri
tly less than

(2k)!

2

k

for k � 10. This 
ompletes the proof.

If the number of 
olors is in�nite, the following proposition shows that

one 
annot guarantee even the existen
e of a rainbow AP (3) with the as-

sumption that ea
h 
olor has a positive density.

Proposition 1 [22℄ There is a 
oloring of N with in�nitely many 
olors,

with ea
h 
olor having positive density su
h that there is no rainbow AP (3).

Proof: For ea
h x 2 N, let 
(x) be the largest integer k su
h that x is

divisible by 3

k

. It is easy to see that the 
olor k has density 2 �3

�k�1

> 0 in

this 
oloring. Also, if 
(x) 6= 
(y), it is not diÆ
ult to see that 
(2y � x) =


(2x� y) = 
((x+ y)=2) = min(
(x); 
(y)). Therefore, if two elements of an

arithmeti
 progression are 
olored with two di�erent 
olors, the third term

must be 
olored with one of those two 
olors. Thus, there is no rainbow

AP (3) in 
. 2

3 Rainbow arithmeti
 progressions in Z

n

and Z

p

An interesting 
orollary of Theorem 2 is a modular variant, whi
h states

that if Z

n

is 
olored with 3 
olors su
h that the size of every 
olor 
lass is

greater than n=6, then there exist x, y and z, ea
h of a di�erent 
olor with

x+ y � 2z (mod n).

6



It turns out that in this 
ase n=6 is not the best possible. If for any

integer n, we let m(n) be the largest integer m for whi
h there is a rainbow-

free 3-
oloring 
 of Z

n

with jRj; jGj; jBj � m, then we 
an show that m(n) �

min(n=6; n=q), where q is the smallest prime fa
tor of n [22℄. Additionally,

for every integer n that is not a power of 2, m(n) � b

n

2r


, where r denotes

the smallest odd prime fa
tor of n.

Finally, Li
ht, Mahdian, and the authors 
hara
terize the set of natural

numbers n for whi
h m(n) = 0.

Theorem 4 [22℄ For every integer n, there is a rainbow-free 3-
oloring of

Z

n

with non-empty 
olor 
lasses if and only if n does not satisfy any of the

following 
onditions:

(a) n is a power of 2.

(b) n is a prime and ord

n

(2) = n� 1 (that is, 2 is a generator of Z

n

).

(
) n is a prime, ord

n

(2) = (n� 1)=2, and (n� 1)=2 is an odd number.

Computing the exa
t value of m(n) for every n remains a 
hallenge. We

state the following 
onje
ture:

Conje
ture 1 Let n be an integer whi
h is not a power of 2. Let p

1

�

p

2

� : : : be the odd prime fa
tors of n whi
h have 2 as a generator or

ord

2

(p

i

) = (p

i

� 1)=2 is odd. Let q

1

� q

2

� : : : be the remaining odd prime

fa
tors of n. Then m(n) = b

n

minf2p

1

;q

1

g


.

Strong inverse theorems from additive number theory have proved to be

useful tools in Ramsey theory. For example, Gowers' proof of Szemer�edi's

theorem relies on the theorem of Freiman [30, 15℄. Likewise, in [22℄, we used

a re
ent theorem of Hamidoune and R�dseth [19℄, generalizing the 
lassi
al

Vosper's theorem [45℄, to prove that almost every 
oloring of Z

p

with three


olors has rainbow solutions for almost all linear equations in three variables

in Z

p

. Moreover, we 
lassi�ed all the ex
eptions.

Theorem 5 [22℄ Let a; b; 
; e 2 Z

p

, with ab
 6� 0 (mod p). Then every


oloring of Z

p

= R[B[G with jRj; jBj; jGj � 4, 
ontains a rainbow solution

of ax + by + 
z � e (mod p) with the only ex
eption being the 
ase when

a = b = 
 =: t and every 
olor 
lass is an arithmeti
 progression with the

same 
ommon di�eren
e d, so that d

�1

R = fig

a

2

�1

i=a

1

, d

�1

B = fig

a

3

�1

i=a

2

and

d

�1

G = fig

a

1

�1

i=a

3

, where (a

1

+ a

2

+ a

3

) � t

�1

e+ 1 or t

�1

e+ 2 (mod p).

7



4 Other generalizations and dire
tions for fu-

ture resear
h

There are many more dire
tions and generalizations one 
an 
onsider, su
h

as sear
hing for rainbow 
ounterparts of other 
lassi
al theorems in Ramsey

theory [17℄, or proving the existen
e of more than one rainbow AP . Some

results in these dire
tions were obtained in [22℄ and [14℄.

One natural dire
tion is generalizing the problems above for rainbow so-

lutions of any linear equation, imitating Rado's theorem about the mono
hro-

mati
 analogue [34℄. The following theorem 
onsidering the Sidon equation,

a 
lassi
al obje
t in additive number theory [7, 32℄, is an example of this.

Theorem 6 [14℄ Every 
oloring of [n℄ in four 
olors: red, blue, green and

yellow, su
h that

minfjRj; jBj; jGj; jYjg >

n+ 1

6


ontains a rainbow solution of x+ y = z + w.

It is 
urious to note that the minimal \density" for the 
olor 
lasses is

1

6

again.

The question of rainbow partition regularity is an interesting one. We 
an

generalize our dis
ussion from rainbow solutions to one equation to rainbow

solutions to a system of equations. A matrix A with integer entries is


alled partition regular if whenever the natural numbers are �nitely 
olored

there is a mono
hromati
 ve
tor x with Ax = 0. Ri
hard Rado's thesis 70

years ago 
lassi�ed the partition regular matri
es [34℄. We say a ve
tor is

rainbow if every entry of the ve
tor is 
olored di�erently. A matrix A with

rational entries is 
alled rainbow partition k-regular if for all n and every

equinumerous k-
oloring of [kn℄ there exists a rainbow ve
tor x su
h that

Ax = 0. We say that A is rainbow regular if there exists k

1

su
h that A is

rainbow partition k-regular for all k � k

1

. For example, Theorem 6 shows

that the following matrix is rainbow partition 4-regular:

A =

�

1 1 �1 �1

�

We let the rainbow number of A, denoted by r(A), be the least k for

whi
h A is rainbow partition k-regular. It is not diÆ
ult to see that for all

1 � n matri
es A with nonzero entries, A is rainbow regular if and only if

not all the entries in A are of the same sign.

8



In general, we 
onje
ture the following 
hara
terization of the rainbow

regularity.

Conje
ture 2 Matrix A with integer entries is rainbow regular if and only

if there exists two independent ve
tors x

1

, x

2

with positive integer entries,

su
h that Ax

1

= Ax

2

= 0.

Furthermore, it would be interesting to study the rainbow number r(A).

A sear
h for a rainbow 
ounterpart of the Hales-Jewett theorem, though

an ex
iting possibility, led us to some negative results [22℄. First, let us

re
all some standard terminology [17℄.

The n-
ube over t elements C

n

t

is de�ned by

C

n

t

= f(x

1

; : : : ; x

n

) : x

i

2 f0; 1; : : : ; t� 1gg:

A 
ombinatorial line in C

n

t

is then a sequen
e of points, x

0

; : : : ;x

t�1

, with

x

i

= (x

i1

; : : : ; x

in

) so that in ea
h 
oordinate j, 1 � j � n, either

x

0j

= x

1j

= : : : = x

t�1;j

or

x

sj

= s for 0 � s � t� 1;

and the latter o

urs for at least one j.

Theorem 7 (Hales-Jewett Theorem) For all r; t there exists N = HJ(r; t)

so that for n � N , the following holds: If the verti
es of C

n

t

are r-
olored,

then there exists a mono
hromati
 
ombinatorial line.

This motivates the following question: Is it true that for every equinu-

merous t-
oloring of C

n

t

there exists a rainbow 
ombinatorial line? The

following 
oloring shows that the answer is negative even for small values

of t and n. A 3-
oloring of C

3

3

de�ned by

C

1

= f000; 002; 020; 200; 220; 022; 202; 222; 001g;

C

2

= f011; 021; 101; 201; 111; 221; 010; 210; 012g; and

C

3

= f100; 110; 120; 121; 211; 102; 112; 122; 212g

(parentheses and 
ommas being removed for 
larity), has no rainbow 
om-

binatorial lines. Indeed, suppose that x

0

, x

1

, x

2

is a rainbow 
ombinatorial

line. Suppose that x

0

is 
olored by C

1

. Then x

0;1

2 f0; 2g. Assume x

0;1

= 0.

9



Then, either x

1;1

= x

2;1

= 0 or x

1;1

= 1, x

2;1

= 2. In the former 
ase nei-

ther x

1

nor x

2

is 
olored by C

3

, whi
h 
ontradi
ts with x

0

, x

1

, x

2

being

rainbow. In the latter 
ase, suppose that x

1

is 
olored by C

2

. Then x

2

is


olored by C

3

. Hen
e, x

1

2 f101; 111g and x

2

2 f212; 211g. It follows that

either x

1

= 111 and x

2

= 211 or x

1

= 111 and x

2

= 212. Then x

0

= 011

or x

0

= 010. This 
ontradi
ts with the assumption that x

0

is 
olored by

C

1

. Other 
ases are handled similarly.

Yet another dire
tion is limiting our attention to equinumerous 
olorings

and letting the number of 
olors be di�erent from the desired length of a

rainbow AP . Let T

k

denote the minimal number t 2 N su
h that there is

a rainbow AP (k) in every equinumerous t-
oloring of [tn℄ for every n 2 N.

Then, T (3) = 3 by Theorem 3. It is also 
lear that T

k

= r(A), where A is

the following (m� 1)� (m+ 1) matrix.

0

B

B

B

B

B

�

1 1 �1 0 : : : 0 0

1 0 1 �1 : : : 0 0

1 0 0 1 : : : 0 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 0 0 0 : : : 1 �1

1

C

C

C

C

C

A

In [22℄, Li
ht, Mahdian, and the authors prove the following lower and

upper bounds on T

k

.

Proposition 2 [22℄ For every k � 3, b

k

2

4


 < T

k

�

k(k�1)

2

2

:

Proof: The upper bound follows from a relatively simple 
ounting argu-

ment. As for the lower bound, we will exhibit 
olorings 


1

and 


2

, showing

that T

2k+1

> k

2

+ k and T

2k

> k

2

.

Let a j-blo
k B

j

(j 2 N) be the sequen
e 12 : : : j12 : : : j, where the left

half and the right half of the blo
k are naturally de�ned. For a 2 Z, let

B

j

+ a be the sequen
e (a+ 1)(a+ 2) : : : (a+ j)(a+ 1)(a+ 2) : : : (a+ j).

We de�ne the 
oloring 


1

of [2k

2

+2k℄ in the following way (bars denoting

endpoints of the blo
ks):

�

�

�

B

�

k

�

�

�

: : :

�

�

�

B

�

j

�

�

�

: : :

�

�

�

B

�

2

�

�

�

B

�

1

�

�

�

B

+

1

�

�

�

B

+

2

�

�

�

: : :

�

�

�

B

+

i

�

�

�

: : :

�

�

�

B

+

k

�

�

�

;

where B

�

j

= B

j

�

�

j+1

2

�

and B

+

i

= B

i

+

�

i

2

�

. Note that 


1

uses ea
h of

the k

2

+ k 
olors exa
tly twi
e.
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The 
oloring 


2

of [2k

2

℄ is de�ned similarly:

�

�

�

B

�

k�1

�

�

�

: : :

�

�

�

B

�

j

�

�

�

: : :

�

�

�

B

�

2

�

�

�

B

�

1

�

�

�

B

+

1

�

�

�

B

+

2

�

�

�

: : :

�

�

�

B

+

i

�

�

�

: : :

�

�

�

B

+

k

�

�

�

;

thus using ea
h of the k

2


olors exa
tly twi
e.

Next, we show that [2k

2

+2k℄, 
olored by 


1

, does not 
ontain a rainbow

AP (2k + 1). The key observation is that a rainbow AP with 
ommon

di�eren
e d 
annot 
ontain elements from opposite halves of any blo
k B

j

,

where d divides j. Fix a longest rainbow AP A and let d denote its 
ommon

di�eren
e. If d > k, then the length of A is � 2k. If d � k, then A is one

of the following three types:

1. A is 
ontained in

�

�

�

B

�

d

�

�

�

B

�

d�1

�

�

�

: : :

�

�

�

B

�

2

�

�

�

B

�

1

�

�

�

B

+

1

�

�

�

B

+

2

�

�

�

: : :

�

�

�

B

+

d�1

�

�

�

B

+

d

�

�

�

:

Then A does not interse
t either the left half of B

�

d

or the right half

of B

+

d

. Hen
e, the length of A is at most 2d � 2k:

2. A is 
ontained in

�

�

�

B

�

(j+1)d

�

�

�

B

�

(j+1)d�1

�

�

�

: : :

�

�

�

B

�

jd

�

�

�

or in

�

�

�

B

+

jd

�

�

�

B

+

jd+1

�

�

�

: : :

�

�

�

B

+

(j+1)d

�

�

�

, where (j + 1)d � k.

Assume that the �rst 
ase o

urs. Then A does not interse
t either

the left half of B

�

(j+1)d

or the right half of B

�

jd

. Hen
e, the length of A

is at most

1

d

(jd+2(jd+1)+2(jd+2)+ : : :+2(jd+d�1)+(jd+d)�

2(j + 1)d � 2k:

3. A is 
ontained in

�

�

�

B

�

jd+x

�

�

�

B

�

jd+x�1

�

�

�

: : :

�

�

�

B

�

jd

�

�

�

or in

�

�

�

B

+

jd

�

�

�

B

+

jd+1

�

�

�

: : :

�

�

�

B

+

jd+x

�

�

�

,

where jd + x < k: Assume that the �rst 
ase o

urs. Then A does

not interse
t the right half of B

�

jd

. Hen
e, the length of A is at most

1

d

(jd + 2(jd + 1) + 2(jd + 2) + : : : + 2(jd + x � 1) + 2(jd + x)) �

1

d

(jd+ 2jd(d� 1) + d(x� 1)) < 2(jd+ x) < 2k:

Similarly, one shows that [2k

2

℄, 
olored by 


2

, does not 
ontain a rainbow

AP (2k). 2

We 
onje
tured that the asymptoti
 order of growth of T

k

is quadrati


in k.

Conje
ture 3 [22℄ For all k � 3, T

k

= �(k

2

).

11



It is easy to show that the maximal number of rainbow AP (3)s over

all equinumerous 3-
olorings of [3n℄ is b3n

2

=2
, this being a
hieved for the

unique 3-
oloring with 
olor 
lasses R = fnjn � 0 (mod 3)g, B = fnjn � 1

(mod 3)g and G = fnjn � 2 (mod 3)g. It seems very diÆ
ult to 
hara
ter-

ize those equinumerous 3-
olorings (in general, k-
olorings) that minimize

the number of rainbow AP (3)'s. Letting f

k

(n) denote the minimal number

of rainbow AP (k)s, over all equinumerous k-
olorings of [kn℄, we pose the

following 
onje
ture.

Conje
ture 4 [22℄ f

3

(n) = 
(n).

The following interpretation of Theorem 1 
ould be a possible approa
h

to Conje
ture 4.

Let V = [3n℄ and let 
 be an equinumerous 3-
oloring of V . Let K




be

the union of three 
opies of K

n

so that K




represents the 
oloring 
. Let F

be the family of all 2-paths with the vertex set fa; a+ d; a+ 2dg � V . By

Theorem 1, there is at least one G 2 F with a pla
ement in K




, i.e., there

is an inje
tion from V (G) to V = V (K




) that is a homomorphism from G

to the 
omplement of K




. f

3

(n) is the minimal number of the elements of

F with a pla
ement in K




over all equinumerous 3-
olorings 
 of [3n℄.

If we de�ne g

k

(n) as the minimal number of rainbow AP (k)s, over all

equinumerous k-
olorings of Z

kn

, then a straightforward 
ounting argument

shows that g

3

(n) � n, when n is odd.

Finally, the further generalization of Vosper's theorem, due to Serra and

Z�emor [40℄, may lead to a generalization of Theorem 5 for more than 3 
olor


lasses.
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