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Abstra
t

The instan
e of the problem of �nding 2-fa
tors in an oriented

graph with forbidden transitions 
onsists of an oriented graph G and

for ea
h vertex v of G a graph H

v

of forbidden transitions assigned to

it. Verti
es of H

v

are the edges in
ident to v. An oriented 2-fa
tor F

of G is 
alled legal if there is not a vertex v su
h that the two edges of

F adja
ent to it form an edge inH

v

. De
iding whether a legal 2-fa
tor

exists in G is NP-
omplete in general. We investigate the 
ase when

the graphs of forbidden transitions are taken from some 
lass C. We

provide an exa
t 
hara
terization of 
lasses C for that the problem is

NP-
omplete. Spe
ially we prove a di
hotomy for this problem, i.e.,

that for any 
lass C it is either polynomial or NP-
omplete.

Introdu
tion

The instan
e of the studied problem 
onsists of an oriented graph G in that

some pairs of edges in
ident to a vertex are marked as forbidden. The task

is to �nd a 2-fa
tor in G that does not 
ontain su
h a pair of edges. Sin
e

the graphs of forbidden transitions in the graphs we use in the following


onstru
tions are usually quite dense, we rather study graphs with allowed

transitions. We �rst present some de�nitions in order to formulate the

problem exa
tly:

Let � be a set of a bipartite graphs with verti
es expli
itly assigned to

the two 
lasses. If H 2 �, denote the 
lasses by I(H) and O(H). A graphs
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in this set are used to represent the allowed transitions at a vertex. We

do not 
onsider edgeless graphs to be members of this set, sin
e obviously

throwing them away does not 
hange 
omplexity of the 
onsidered problem.

We work with oriented graphs (in some parts of the paper with parallel

edges and loops allowed) with allowed transitions at verti
es. Graphs in �

are used to represent the transitions. We say that the transition is forbidden

if it is not allowed. In the �gures we mark allowed transitions by solid lines

and forbidden ones by dotted lines. When the transition is not drawn it

is irrelevant for the parti
ular 
onstru
tion and we don't 
are whether it is

allowed or forbidden.

Sometimes we 
onsider the edges to 
onsist of two half-edges. We also

allow the half-edges to be \free" and to 
onne
t them to the appropriate

mat
hing half-edge later in some 
onstru
tions.

For C � � we denote M(C) the family of oriented multigraphs with

allowed transitions belonging to the 
lass C, i.e., ea
h of the verti
es of

G 2 M(C) has assigned a graph H of allowed transitions that belongs to

C together with mat
hing between in
oming edges and I(H) and out
om-

ing edges and O(H). We identify the verti
es of H with 
orresponding

(half)edges of G in the rest of a paper. Spe
ially if H is assigned to a vertex

v then jI(H)j = d

+

v

, jO(H)j = d

�

v

. S(C) is a similar family, but here we

require the underlying graph to be simple, i.e., without parallel edges and

loops.

In the signi�
ant part of the paper we fo
us our attention to graphs

where for ea
h vertex v, d

+

v

= d

�

v

, and 
onsequently jI(H)j = jO(H)j for

ea
h graph of allowed transitions. Let us denote a 
lass of su
h bipartite

graphs �

r

.

Let us denote the indu
ed subgraph of H on verti
es V by H [V ℄. There

are some spe
ial subsets of �. Let O

0

(H) = fv 2 O(H) : (9e 2 E(H)) e =

(uv)g, I

0

(H) = fv 2 I(H) : (9e 2 E(H)) e = (vu)g and

b

H = H [I

0

(H) [

O

0

(H)℄ for H 2 �. Let us denote D

+

� � the set of graphs H su
h that

jI

0

(H)j � 2. Analogi
ally D

�

� � is the 
lass of graphs H su
h that

jO

0

(H)j � 2. Let us denote B � � the set of graphs H su
h that

b

H is a


omplete bipartite graph.

We 
onsider a 
omplexity of �nding an oriented 2-fa
tor that respe
ts

the allowed transitions (we 
all su
h a 2-fa
tor legal), i.e., if e and f are two


onse
utive edges on this 2-fa
tor passing through vertex v that has assigned

a graph H

v

of allowed transitions, then fe

v

; f

v

g 2 H

v

. This question is of


ourse NP-
omplete in general. We study its 
omplexity when restri
ted to
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graphs from M(C) (or S(C)) for some �xed C. We prove that if C � �

r

, if

C � D

+

or C � D

�

or C � B, then the problem is solvable in a polynomial

time, and that it is NP-
omplete otherwise.

In the general 
ase (C 6� �

r

) it may happen that M(C) = M(C \

�

r

) in 
ases when either all H 2 C n �

r

have jI(H)j > jO(H)j, or all of

them have jI(H)j < jO(H)j. Then of 
ourse the set C n �

r

may 
ontain

anything without a�e
ting the 
omplexity of the question, thus for
ing us

to formulate the 
hara
terization more 
arefully. We 
all C simple if the

following 
onditions are satis�ed:

� C \ �

r

� D

+

or C \ �

r

� D

�

or C \ �

r

� B

� If M(C) 6=M(C \ �

r

), C � D

+

or C � D

�

or C � B.

This problem is inspired by [KP92℄. They study the similar problem for

unoriented graphs and prove that in this 
ase the problem is polynomial if

the graphs of allowed transitions are either 
omplete multipartite ones or

subgraphs of the 
y
le of length four, and NP-
omplete otherwise.

Analogi
al modi�
ations of standard problems were already studied:

Szeider [S03℄ proved the di
hotomy result for problem of �nding a path

in graph with forbidden transitions. Interesting stru
tural results on 
om-

patible paths and 
y
les were derived in 
ontext of Eulerian graphs, see for

example [F90℄ and [MN02℄.

1 Polynomial 
ases

Lemma 1 If C � D

+

or C � D

�

, or M(C) = M(C \ �

r

) and C \ �

r

satis�es one of these 
onditions, the problem of �nding a legal 2-fa
tor for

a graph G 2M(C) 
an be solved in time O(jE(G)j

2

).

Proof If M(C) = M(C \ �

r

), no vertex may have H 2 C n �

r

assigned

as graph of allowed transitions, so it is enough to solve the problem in the

former 
ase. WLOG let C � D

+

(the 
ase C � D

�

is solved symmetri
ally).

We reformulate the problem as a 2-SAT instan
e of size O(jE(G)j

2

), thus

obtaining the desired time bound. We 
reate a variable x

e

for ea
h edge of

G { we want x

e

to be true if and only if e belongs to the 2-fa
tor. We add

the following 
lauses:

1. :x

e

if e = (uv) and e 62 I

0

(H

v

) or e 62 O

0

(H

u

).
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2. x

e

if e = (uv), e 2 I

0

(H

v

) and jI

0

(H

v

)j = 1.

3. x

e

_ x

f

and :x

e

_ :x

f

if e 6= f , e = (uv), f = (wv), e 2 I

0

(H

v

) and

f 2 I

0

(H

v

).

4. :x

e

_ :x

f

if e = (uv), f = (vw), e 2 I

0

(H

v

) and ef 62 H

v

.

5. :x

e

_ :x

f

if e 6= f , e = (uv) and f = (uw).

It should be 
lear that this 2-SAT instan
e is satis�able i� there is the

sought 2-fa
tor: If there is a legal 2-fa
tor, we may set x

e

true exa
tly for

edges of the 2-fa
tor and all the 
lauses are obviously satis�ed. When the

formula is satis�ed, we may reversely add all edges for that x

e

is true to our


andidate for 2-fa
tor. Due to 1, 2 and 3 the indegree of every vertex is 1.

Due to 5 the outdegree is at most 1, but sin
e sum of in- and outdegrees is

the same, it must also be exa
tly 1 for ea
h vertex. Due to 4 the allowed

transitions are respe
ted.

Ea
h edge is 
ontained in at most 2jE(G)j + 3 
lauses, therefore there

are at most O(jE(G)j

2

) 
lauses, and 2-SAT 
an be solved in the time linear

in the size of the instan
e.

Lemma 2 If C � B, or M(C) = M(C \ �

r

) and C \ �

r

� B, then the

problem of �nding a legal 2-fa
tor for a graph G 2 M(C) 
an be solved in

time O(j

p

jV (G)jE(G)j).

Proof Due to the reasoning similar to the one used in the previous proof,

it is enough to solve the 
ase C � B.

We know that if e = (uv) and e 62 O

0

(H

u

) or e 62 I

0

(H

v

), the edge 
annot

be used in a legal 2-fa
tor { so by throwing away all su
h edges from the

graph, we do not 
hange the existen
e of the 2-fa
tor. In the resulting graph

G

0

all transitions are allowed, i.e., we have transformed the problem to task

of �nding an oriented 2-fa
tor in ordinary oriented graph (even simple, as we

may merge parallel edges in this situation safely). By splitting the verti
es

into input and output parts, we may 
on
lude that this is equivalent to

�nding a perfe
t mat
hing in a bipartite graph, whi
h 
an be solved in time

O(

p

jV jjEj) ([HK75℄, [MV80℄).

2 Gadgets

It remains to prove that the problem is NP-
omplete unless it falls into one

of the above 
ategories. We do this by redu
tion from problem of exa
t set
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Figure 1: Gadget for simplifying graphs


over where ea
h element is a member of exa
tly three sets and ea
h set has

size exa
tly three, whi
h is NP-
omplete due to [GJ79℄. For the redu
tion

we need some gadgets that we develop in the following lemmae.

Lemma 3 If C � � is not simple, there exists a graph Z 2 S(C) with a

spe
ial edge f

Z

su
h that Z has a legal 2-fa
tor 
ontaining the edge f

Z

and

a legal 2-fa
tor that does not 
ontain 
ontaining the edge f

Z

.

Proof If M(C) =M(C \�

r

), let C

0

= C \�

r

, otherwise C

0

= C. We may

therefore assume that C

0

6� B. It follows that there exists a graph H 2 C

0

su
h that it 
ontains two disjoint allowed transitions.

The 
onstru
tion pro
eeds as follows: We 
onstru
t a \se
tion", that


onsists of the two sought legal 2-fa
tors, but the edges that do not belong to

it are not \wired in". We require that the number of in- and out-halfedges is

the same { let it be m. We then take m+1 
opies of the se
tion and 
onne
t

out-halfedges of 
opy i with some in-halfedges from mutually disjoint 
opies

di�erent from i (the exa
t mat
hing subje
t to this restri
tion is arbitrary).

The graph then 
learly satis�es the 
onditions: It is simple, sin
e the se
tion

is 
onstru
ted as su
h and sin
e no two edges leading from the same se
tion

share the endpoint. The required 2-fa
tors are obtained by taking the two

legal 2-fa
tors in one se
tion, 
hoosing an arbitrary edge on the �rst of them

as spe
ial and extending them by arbitrary legal 2-fa
tors in the remaining

se
tions.
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The se
tion itself may 
onsist from two parts. The �rst is 
omposed

from 
opies of graph depi
ted in �gure 1, where all verti
es have H as a

graph of allowed transitions. We may 
hose f as any of its edges. If H is

in �

r

, this is the whole se
tion. If it is not, we 
annot take just this one, as

then the numbers of in- and out-halfedges (denote these as i and o) would

not mat
h. WLOG suppose that i > o. In this 
ase we however know that

M(C) 6=M(C \�

r

) and therefore there must be a graph H

0

2 C

0

su
h that

jI(H

0

)j < jO(H

0

)j { the se
ond part of se
tion 
onsists of 
opies of triangle

with transitions H

0

oriented so that the triangle forms a legal part of a

2-fa
tor { here we use the fa
t that the edgeless graphs are not in �. Ea
h

of them provides us with i

0

in-halfedges and o

0

out-halfedges, i

0

< o

0

. We


hoose the numbers of 
opies so that the numbers of in- and out-halfedges

mat
h, e.g. o

0

� i

0

of the �rst one and i� o of the se
ond one.

Theorem 4 For any C � �, the problem of �nding a legal 2-fa
tor for a

graph from M(C) is NP-
omplete i� the problem of �nding a legal 2-fa
tor

for a graph from S(C) is NP-
omplete.

Proof The right to left impli
ation is trivial. For the other impli
ation

suppose that the problem for M(C) is NP-
omplete and that C is not

simple. Then for any instan
e G of this problem we 
reate an equivalent

instan
e G

0

belonging to S(C). We do it by adding a 
opy Z

e

of graph Z for

every edge of G to it. For every edge e = (uv) we take the edge f

Z

e

= (wz),

remove the edges e and f

Z

e

and add new edges (wv) and (uz) (they also

repla
e the edges e and f

Z

e

in the appropriate allowed transitions). The

size of G

0

is at most (jZj + 1) times greater than of the size of G, so the

redu
tion is polynomial. If G has a legal 2-fa
tor, so does G

0

:

� If e belongs to the 2-fa
tor in G, we add the edges (wv) and (uz) to

the 2-fa
tor together with edges of a legal 2-fa
tor of Z

e

that used to

pass through edge f

Z

e

.

� Otherwise add the edges of a legal 2-fa
tor of Z

e

that does not pass

through f

Z

e

.

In the other dire
tion, if G

0

has a legal 2-fa
tor, either both (wv) and

(uz) are used or both are unused in it (as they form a 2-
ut). Add e to the

2-fa
tor i� they are used.

Be
ause Z is simple, G

0

is simple as well, thus this is a redu
tion between

these two problems.
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Due to this theorem, we don't need to 
are of simpli
ity of the graphs

we 
reate later.

Lemma 5 Let C � � be su
h that M(C) 6= M(C \ �

r

) and C is not

simple. Let d = GCDfjI(H)j� jO(H)j : H 2 Cg. Then there exists a graph

A 2 M(C) with spe
ial edges f

1

A

, . . . , f

d

A

su
h that A has a legal 2-fa
tor,

A n ff

1

A

; : : : ; f

d

A

g 
onsists of two 
omponents A

1

and A

2

and all edges f

i

A

lead from A

1

to A

2

(
onsequently they 
annot be used in any 2-fa
tor of A).

Proof It follows from fundamental properties of GCD that there exists a

�nite set fH

1

; : : : ; H

m

g � C and integers t

1

, . . . , t

m

su
h that

m

X

i=1

t

i

(jI(H

i

)j � jO(H

i

)j) = d:

If jI(H

i

)j = jO(H

i

)j, we may remove the graph H

i

from the set without


hanging this property. Otherwise WLOG jI(H

i

)j > jO(H

i

)j, then there

must exist H

0

i

2 C with jI(H

0

i

)j < jO(H

0

i

)j, and by adding jO(H

0

i

)j� jI(H

0

i

)j

of the former and jI(H

i

)j � jO(H

i

)j of the latter we do not 
hange the sum.

Therefore we may assume that the 
oeÆ
ients t

i

are nonnegative. We take

t

i

verti
es with graph of transitions H

i

to the graph A { they form the part

A

2

. We 
onne
t all these verti
es to a 
y
le so that it forms a legal 2-fa
tor

and 
onne
t the remaining halfedges (ex
ept for d in-halfedges) arbitrarily.

Symmetri
ally we 
onstru
t A

1

and 
onne
t the two parts by edges f

i

A

.

Lemma 6 If C � � is not simple then there exists a graph N 2 M(C)


ontaining a spe
ial edge f

N

su
h that

� N has a legal 2-fa
tor

� N has no legal 2-fa
tor 
ontaining the edge f

N

.

Proof If M(C) 6= M(C \ �

r

), then we use a graph A from the previous

lemma. Otherwise we may WLOG suppose that C � �

r

.

Suppose that there is a graph H 2 C 
ontaining 4 mutually di�erent

verti
es i

1

; i

2

2 I(H), o

1

; o

2

2 O(H) su
h that (i

1

o

1

) 2 H and (i

2

o

2

) 62

H . Number the remaining verti
es of I(H) and O(H) from 2 to jI(H)j

arbitrarily. The sought graph N 
onsists of a single vertex w with graph

of allowed transitions H and jI(H)j loops 
onne
ting i

k

to o

k

. It is 
lear

that this graph has a legal 2-fa
tor 
onsisting of an edge (i

1

o

1

), and edge

f = (i

2

o

2

) does not belong to any legal 2-fa
tor.
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The 
ase when su
h a graph does not exist in C remains. If jI(H)j > 2

and it does not satisfy the 
ondition, it must be a 
omplete bipartite graph.

If jI(H)j � 2 and H 62 B then H = 2K

2

. The only 
ase when C is not

simple then is if C 
ontains both 2K

2

and K

d;d

for some d > 2. Then we

may 
onstru
t the graph as follows: It 
onsists of two verti
es u and v, u

having a graph of allowed transitions 2K

2

and v having K

d;d

. Let (i

1

u

o

1

u

)

and (i

2

u

o

2

u

) be the allowed transitions of u, i

k

v

and o

k

v

an arbitrary numbering

of in- and out-halfedges of v. We add edges (o

1

u

i

1

v

), (o

2

u

i

2

v

), (o

1

v

i

1

u

), (o

2

v

i

2

u

)

and loops (o

k

v

i

k

v

) for k > 2. This graph has two legal 2-fa
tors and none of

them uses any of the loops (o

k

v

i

k

v

). One of them 
an therefore be 
hosen as

f

N

.

For C � �

r

, let us denote by C

�

set of all non-edgeless indu
ed subgraphs

of members of C (then C

�

� �, but not ne
essarily C

�

� �

r

).

Theorem 7 Let C

0

� C

�

be some �nite subset of C

�

. Then if the problem

of �nding a legal 2-fa
tor is NP-
omplete for M(C

0

), it is also NP-
omplete

for M(C).

Proof If C is simple, so is C

0

. We may therefore suppose that C is not

simple. Let the problem be NP-
omplete for M(C

0

). We are given an

instan
e of G 2 M(C

�

). We transform it to an equivalent instan
e G

0

2

M(C) in the following way: For every vertex v, its 
orresponding graph

of allowed transitions H

1

v

is a subgraph of some H

v

2 C. We extend the

graph H

1

v

to it, thus 
reating some free halfedges. The number of 
reated

in-halfedges and out-halfedges must be the same, as in the original graph

the sum of indegrees was equal to the sum of outdegrees and graphs in C

have the same in- and outdegree. We pair these free half-edges arbitrarily.

For every su
h pair i and o we add a 
opy N

io

of graph N , remove the edge

f

N

io

= (uv) and 
onne
t i to v and o to u instead of it.

Due to properties of N , neither i nor o may be used in any legal 2-

fa
tor of G

0

. Thus we may restri
t the legal 2-fa
tor of G

0

to G. In the

reverse dire
tion, we add 2-fa
tors inside graphs N

v

to the 2-fa
tor in G,

thus obtaining a legal 2-fa
tor in G

0

.

Sin
e C

0

is �nite, there exists M = maxfjH j : H

1

2 C

0

; H 2 C minimal

su
h that H

1

is an indu
ed subgraph of Hg. Then the size of G

0

is at most

jGj+M:jV (G)j:jZj. Both jZj and jM j are 
onstants independent on input,

therefore this is a polynomial redu
tion.
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(a) (b)

Figure 2: Copy gadget

We use this theorem in the 
onstru
tion of the following gadgets. The

subgraphs used in the 
onstru
tions all have in- and outdegree at most 3,

so the 
onsidered family C

0

is obviously �nite.

The next gadget is \
opy" gadget, used to ensure that after 
utting its

three spe
ial edges, every 2-fa
tor either does not use them at all, or uses all

three and 
onne
ts the �rst in-halfedge to the �rst out-halfedge, the se
ond

one to the se
ond one and the third one to the third one (see �gure 2 (a),

(b))

Lemma 8 For C � �

r

su
h that C 6� B, there exists C

0

� C

�

�nite and

K 2M(C

0

) with three spe
ial edges f

1

K

, f

2

K

and f

3

K

su
h that

� There exists a legal 2-fa
tor of K 
ontaining all of f

1

K

, f

2

K

and f

3

K

.

� There exists a legal 2-fa
tor of K 
ontaining none of f

1

K

, f

2

K

and f

3

K

.

� Every legal 2-fa
tor of K is of one of these types.

� Let � : f1; 2; 3g ! f1; 2; 3g be a non-identi
al permutation and f

i

K

=

(u

i

v

i

). If we repla
e edges f

i

K

by edges (u

i

v

�(i)

), the resulting graph

has no legal 2-fa
tor.

Proof We use the 
onstru
tion from �gure 3 (a). To realize it we need

a graph H (�gure 3 (b)) to be an indu
ed subgraph of some member of

C (then we let C

0


onsist just of this subgraph). If H

1

does not 
ontain

H as an indu
ed subgraph, i 2 I

0

(H

1

), o 2 O

0

(H

1

), then (io) 2 E(H

1

) {

otherwise non-edge (io) together with edges adja
ent to i and o (that exist
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(a) (b)

Figure 3: Copy gadget internals

due to de�nition of I

0

and O

0

) form graph H . Therefore H

1

2 B, so unless

C � B, we may realize this 
onstru
tion.

The last gadget we need is \one-in-three" gadget, used to ensure that

after 
utting its three spe
ial edges, every 2-fa
tor uses exa
tly one spe
ial

in-halfedge and exa
tly one out-halfedge and it is possible to 
onne
t the

�rst in-halfedge to the �rst out-halfedge, the se
ond one to the se
ond one,

as well as the third one to the third one (see �gure 4 (a), (b), (
)). Note

that we do not require that it is not possible to mat
h them in another way

(having the requirement only for the \
opy" gadget will be shown suÆ
ient

for our 
onstru
tion later).

Lemma 9 For C � �

r

, unless C is simple there exists C

0

� C

�

�nite and

J 2M(C

0

) with spe
ial edges f

1

J

, f

2

J

and f

3

J

su
h that

� For l = 1; 2; 3, J has a legal 2-fa
tor 
ontaining edge f

l

J

.

� Let � : f1; 2; 3g ! f1; 2; 3g be a permutation and f

i

K

= (u

i

v

i

). If

we repla
e edges f

i

K

by edges (u

i

v

�(i)

) then every legal 2-fa
tor 
on-

10



(a) (b) (c)

Figure 4: One-in-three gadget

(a) (b) (c) (d)

Figure 5: One-in-three gadget internals

tains exa
tly one of these three edges (but su
h a 2-fa
tor does not

ne
essarily have to exist if � is not the identi
al permutation).

Proof If 3K

1

is a subgraph of some graph from C, we take just a single

vertex with this graph of allowed transitions (�gure 5 (a)).

Otherwise we 
ompose the gadget from two parts as depi
ted in �gure

5 (b). The in
oming 2-fa
tor is lead to the 
entral edge and from it to one

of exits. We have 2 ways how to realize the parts { one of them is in �gure

5 (
), the other one is in �gure 5 (d) (this is for the narrowing part, the

widening one is symmetri
).

Suppose now that we 
annot realize the 
onstru
tions, WLOG we are

unable to 
reate the narrowing part. Then we know that C � D

+

, sin
e

if there was a graph H 2 C 
ontaining three edges with mutually di�erent

sour
es, the graph that they would form would be one of those required for


onstru
tion (a), (
) or (d).

3 Regular 
ase

Now we are ready to prove the main theorem:

11



Theorem 10 Let C � �

r

su
h that C is not simple. Then the problem of

�nding a legal 2-fa
tor for a graph from M(C) is NP-
omplete.

Proof Let C

0

be a union of �nite sets from the previous two lemmae. We

prove that the problem is NP-
omplete for graphs fromM(C

0

), this implies

the result due to theorem 7.

We pro
eed by redu
tion from the problem of �nding an exa
t set 
over

where ea
h element is member of exa
tly three sets and ea
h set has size

exa
tly three ([GJ79℄) as mentioned before.

Let (P;Q)

�

Q �

�

P

3

��

be an instan
e of this problem. We 
reate an

equivalent instan
e for our problem as follows:

For ea
h set q 2 Q we add a 
opyK

q

of graphK. For ea
h element p 2 P

we add a 
opy J

p

of graph J . Now we 
onne
t them in the following manner

(the idea is that ea
h spe
ial edge of J

p


orresponds to an o

urren
e of p

in one set):

Create some mat
hing between pairs (p; q) where p 2 q and mutually

disjoint pairs (f

l

J

p

; f

m

K

q

) (this is always possible { just take eagerly the �rst

still available 
hoi
e). Suppose that we have su
h a pair, f

l

J

p

= (uv), f

m

K

q

=

(wz). We remove the edges f

l

J

p

, f

m

K

q

and add the edges (wv) and (uz).

If the exa
t set 
over instan
e has a solution, we add edges to the 2-

fa
tor a

ording to the following rules: If q is 
hosen to the exa
t set 
over,

we add edges of K

q

a

ording to the 2-fa
tor that uses all its spe
ial edges.

We also add edges that repla
ed the spe
ial ones. If q is not 
hosen, we

add the edges a

ording to the 2-fa
tor that avoids the spe
ial edges. For

ea
h element p there exists exa
tly one 
hosen q su
h that p 2 q, so exa
tly

one in
oming and the mat
hing outgoing edge in
ident to J

p

was added so

far. We add edges a

ording to the legal 2-fa
tor of J that uses exa
tly the


orresponding edge.

Reversely, if we have a solution for the 
orresponding 2-fa
tor instan
e,

we know that for ea
h q either all edges adja
ent to K

q

are in the 2-fa
tor

or none is (as otherwise it 
ould not be extended to a legal 2-fa
tor on rest

of K

q

due to the properties of K). Due to the se
ond property of J , exa
tly

one in
oming and exa
tly one outgoing edge adja
ent to J

p

must belong to

the 2-fa
tor, and due to the properties of K and the linkage in this graph

they must both 
orrespond to the same spe
ial edge in J

p

. We now 
hoose

q to the exa
t 
over i� all edges adja
ent to K

q

belong to the mat
hing. As

demonstrated this set 
overs ea
h element of P exa
tly on
e.

Size of the 
reated graph is O(jP jjJ j + jQjjKj), i.e., it is polynomial in

12



the size of (P;Q). Therefore this redu
tion is indeed polynomial.

By 
ombining theorems 4 and 10 we immediately obtain

Corollary 11 Let C � �

r

su
h that C is not simple. Then the problem of

�nding a legal 2-fa
tor for a graph from S(C) is NP-
omplete.

4 General 
ase

Let us now 
onsider the general 
ase:

Theorem 12 Let C � � su
h that C is not simple. Then the problem of

�nding a legal 2-fa
tor for a graph from S(C) is NP-
omplete.

Proof Due to theorem 4 it is enough to prove NP-
ompleteness of the

problem for M(C).

If M(C) = M(C \ �

r

), then we use the theorem 10 on M(C \ �

r

),

therefore we may suppose that M(C) 6=M(C \ �

r

).

Let C

0

� �

r

be a set of graphs that are obtained from graphs in C

by padding the smaller partition by verti
es with no allowed transitions.

Be
ause C is not simple, C

0

is not simple, and therefore the problem of

�nding a legal 2-fa
tor for a graph from S(C

0

) is NP-
omplete. Let G be

an instan
e of this problem.

We 
reate an instan
e G

0

in S(C) by this pro
edure: remove all edges

adja
ent to the padding added to graphs in C

0

. This may leave some free

halfedges from the original verti
es of graphs in C (the number of in- and

out-halfedges does not have to be equal). As long as there are both in- and

out-halfedges, 
onne
t them arbitrarily through 
opies of N (thus ensuring

that they 
annot belong to a legal 2-fa
tor). WLOG suppose that we have

only free in-halfedges left. Let d = GCDfjI(H)j�jO(H)j : H 2 Cg. Clearly

the number of free in-halfedges must be divisible by d. Divide them into

d-tuples. For every d-tuple add a 
opy of graph A

1

from lemma 5 and


onne
t the in-halfedge to the previous sour
es of edges f

i

A

. This pro
edure

in
reases the size of the instan
e at most max(jAj + 1; jN j+ 1) times, i.e.,

it is polynomial.

If G

0

has a legal 2-fa
tor, we obtain a legal 2-fa
tor of G simply by

restri
ting it to G. If G has a legal 2-fa
tor, we know it does not use any

of removed edges, so we may extend it to a legal 2-fa
tor of G

0

by adding

legal 2-fa
tors to 
opies of parts of A and 
opies of N added. Therefore this

indeed is the polynomial redu
tion between these two problems.
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