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Abstra
t

An instan
e of a 
onstraint satisfa
tion problem is l-
onsistent if

any l 
onstraints of it 
an be simultaneously satis�ed. For a �xed 
on-

straint type P , �

l

(P ) denotes the largest ratio of 
onstraints whi
h 
an

be satis�ed in any l-
onsistent instan
e. In this paper, we study lo-


ally 
onsistent 
onstraint satisfa
tion problems for 
onstraints whi
h

are Boolean predi
ates. We determine the values of �

l

(P ) for all l and

all Boolean predi
ates whi
h have a 
ertain natural property whi
h

we 
all 1-extendibility as well as for all Boolean predi
ates of arity at

most three. All our results hold for both the unweighted and weighted

versions of the problem.

1 Introdu
tion

Constraint satisfa
tion problems form an important abstra
t 
omputational

model for a lot of problems arising in pra
ti
e. This is witnessed by an enor-

mous re
ent interest in the 
omputational 
omplexity of various 
onstraint

satisfa
tion problems [2, 3, 4, 13℄. However, some instan
es of real problems

do not require all the 
onstraints to be satis�ed but it is enough to satisfy

a large fra
tion of them. In order to maximize this fra
tion, the input 
an

be usually pruned at the beginning by removing small sets of 
ontradi
tory


onstraints. In this paper, we study for a �xed 
onstraint type how large

fra
tion of the 
onstraints 
an be simultaneously satis�ed if no l 
onstraints

are 
ontradi
tory. Formally, an instan
e of the 
onstraint satisfa
tion prob-

lem is l-
onsistent if any l 
onstraints of it 
an be simultaneously satis�ed.
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This problem was �rst introdu
ed and studied by Trevisan [11℄. He

showed that for ea
h �xed k � 2 and ea
h l � 2, if we allow as 
onstraints

all Boolean predi
ates of arity k, then there exist l-
onsistent problems in

whi
h the fra
tion of 
onstraints whi
h 
an be simultaneously satis�ed does

not ex
eed 2

1�k

and the bound is tight. In the upper bound, he used only

a single type of predi
ate (the predi
ate P (x

1

; : : : ; x

k

) = (x

1

6, x

2

, x

3

,

� � � , x

k

)); his lower bound was based on a simple probabilisti
 argument

similar to that used by Yannakakis [14℄ for lo
ally 
onsistent CNF formulas.

The variant of the problem for lo
ally 
onsistent CNF formulas is ex-

tremely well-studied as witnessed by a separate se
tion (20.6) devoted to

this 
on
ept in a re
ent monograph on extremal 
ombinatori
s by Jukna

[7℄. A CNF formula � is l-
onsistent if any l 
lauses of � 
an be sat-

is�ed. Formulas whi
h are l-
onsistent are also 
alled l-satis�able. The

number �

SAT

l

denotes the largest fra
tion of 
lauses whi
h 
an be satis-

�ed in any l-
onsistent CNF formula. Clearly, �

SAT

1

= 1=2. The value

�

SAT

2

=

p

5�1

2

� 0:6180 was determined by Lieberherr and Spe
ker [9℄. They


onsequently established �

SAT

3

= 2=3 [10℄. Later, Yannakakis [14℄ simpli�ed

proofs of both the lower bounds on �

SAT

2

and �

SAT

3

using a probabilisti


argument. The value �

SAT

4

� 0:6992 has been re
ently 
omputed by one of

the authors [8℄. Huang and Lieberherr [6℄ studied the asymptoti
 behavior

and they proved lim

l!1

�

SAT

l

� 3=4. The limit was settled by Trevisan [11℄

who showed lim

l!1

�

SAT

l

= 3=4. Let us remark that the 
ases of 1, 2 and

3-
onsistent CNF formulas somewhat unexpe
tedly di�er from the 
ase of

l-
onsistent formulas for l � 4. First, �

SAT

l

= �

2SAT

l

for l = 1; 2; 3 but

�

SAT

4

< �

2SAT

4

where �

2SAT

l

is the largest fra
tion of 
lauses whi
h 
an be

satis�ed in any l-
onsistent 2-CNF formula, i.e., CNF formulas with 
lauses

of sizes at most two. We suspe
t the inequality to be stri
t for all l � 4, i.e.,

�

SAT

l

< �

2SAT

l

for all l � 4. Se
ond, the values �

SAT

l

for l = 1; 2; 3 
oin
ide

with the similar values de�ned for a \fra
tional" version of the problem

(whi
h are known for all l � 1 [8℄ and are equal to so-
alled Usiskin's num-

bers [12℄) but the value �

SAT

4

di�ers.

In the present paper, we study the more general problem of lo
ally 
on-

sistent 
onstraint satisfa
tion problems. We restri
t our attention to prob-

lems whose 
onstraints are 
opies of a single Boolean predi
ate P . The

arguments of the predi
ates 
an be both positive and negative literals.

Similarly as in the 
ase of CNF formulas, �

l

(P ) denotes the largest pos-

sible fra
tion of 
onstraints whi
h 
an be simultaneously satis�ed in any

l-
onsistent instan
e. We determine the values of �

l

(P ) for all l � 1 and

2



�(P ) P l = 1 l � 2

1 x 1=2 1

1 x ^ y 1=4 1

2 x, y 1=2

3 x _ y 3=4

Table 1: The values �

l

(P ) for all non-isomorphi
 essentially unary and

binary Boolean predi
ates.

all Boolean predi
ates P of arity at most three (see Tables 1 and 2) and

for all Boolean predi
ates whi
h are 1-extendable. A predi
ate P is said to

be 1-extendable if it has the following property: If we �x one of its argu-

ments, we 
an 
hoose the remaining ones in su
h a way that the predi
ate

is satis�ed. Let us point out a somewhat ex
eptional 
ase of the predi-


ate P (x; y; z) = x ^ (y _ z) whi
h is not 1-extendable (�x x to be false).

Therefore, our general Theorem 1 does not apply. In Se
tion 5, we show

for this predi
ate that �

1

(P ) = 3=8, �

2

(P ) = 2

p

3=9 and somewhat surpris-

ingly that �

l

(P ) = �

2SAT

l�2

for all l � 3. Sin
e the values �

2SAT

l

were exa
tly


omputed before only for l = 1; 2; 3, we have to prove a spe
ial result on

stru
ture of lo
ally 
onsistent 2-CNF formulas (Lemma 8) whi
h is later

used in the analysis of the predi
ate P (x; y; z) = x ^ (y _ z) and whi
h also

yields a formula for �

2SAT

l

(Corollary 1). Let us remark that all our results

hold both for the unweighted and weighted versions of the studied problems,

i.e., the instan
es witnessing the upper bounds 
ontain ea
h 
onstraint at

most on
e and our lower bound proofs translate smoothly for instan
es with

weighted 
onstraints. From the algorithmi
 point of view, our results 
an

be interpreted in the following way: The simplest probabilisti
 algorithms

(of the kind used in [8, 11, 14℄) are approximation algorithms for lo
ally


onsistent CSPs with optimum worst-
ase performan
e.

2 Preliminaries

In this paper, we mainly deal with 
onstraints whi
h are Boolean predi
ates

and we prefer to 
all them predi
ates to emphasize their kind. If P is a

Boolean predi
ate, �(P ) denotes the number of 
ombinations of arguments

whi
h satisfy P . If the 
onstraint satisfa
tion problem 
onsists of 
opies of a

single 
onstraint P , its instan
es are 
alled P -systems. The arguments of the

3



�(P ) P l = 1 l = 2 l = 3 l = 4 l = 5 l � 6 l!1

1 x ^ y ^ z 1=8 1 1 1 1 1 1

2 x, y , z 1=4 1=4 1=4 1=4 1=4 1=4 1=4

x ^ (y , z) 1=4 8=27 1=2 1=2 1=2 1=2 1=2

3 exa
tly one 3=8 3=8 3=8 3=8 3=8 3=8 3=8

x ^ (y _ z) 3=8

2

p

3

9

1=2

p

5�1

2

2=3 �

2SAT

l�2

3=4

(x, y) ^ (x) z) 3=8 3=8 3=8 3=8 3=8 3=8 3=8

4 x) y ) z 1=2 1=2 1=2 1=2 1=2 1=2 1=2

(x ^ y), z 1=2 1=2 1=2 1=2 1=2 1=2 1=2

at most one 1=2 1=2 1=2 1=2 1=2 1=2 1=2

one or three 1=2 1=2 1=2 1=2 1=2 1=2 1=2

5 : exa
tly one 5=8 5=8 5=8 5=8 5=8 5=8 5=8

x _ (y ^ z) 5=8 5=8 5=8 5=8 5=8 5=8 5=8

(x, y) _ (x ^ z) 5=8 5=8 5=8 5=8 5=8 5=8 5=8

6 :(x, y , z) 3=4 3=4 3=4 3=4 3=4 3=4 3=4

x _ (y , z) 3=4 3=4 3=4 3=4 3=4 3=4 3=4

7 x _ y _ z 7=8 7=8 7=8 7=8 7=8 7=8 7=8

Table 2: The values �

l

(P ) for all non-isomorphi
 essentially ternary Boolean

predi
ates.

predi
ates may be both positive and negative literals, but a single variable


annot be 
ontained in two distin
t arguments of the same predi
ate. The

goal is to �nd a truth assignment whi
h satis�es the largest number of

the predi
ates. If � is a P -system, then �(�) is the largest fra
tion of

the predi
ates of � whi
h 
an be simultaneously satis�ed. Hen
e, �

l

(P ) =

inf �(�) where the in�mum is taken over all l-
onsistent P -systems �.

Two Boolean predi
ates P and P

0

are isomorphi
 if they di�er by permu-

tation of the arguments and negations of some of them, e.g., if P (x

1

; x

2

) =

P

0

(x

2

;:x

1

), then the predi
ates P and P

0

are isomorphi
. Clearly, if P

and P

0

are two isomorphi
 predi
ates, then �

l

(P ) = �

l

(P

0

) for all l � 1. A

k-ary predi
ate is essentially k-ary if it depends on all its k arguments. If

the predi
ate P is not essentially k-ary, it is isomorphi
 to a predi
ate P

0

su
h that P

0

(x

1

; : : : ; x

k

) = P

00

(x

1

; : : : ; x

k�1

) for some (k � 1)-ary Boolean

predi
ate P

00

. It is not hard to see that �

l

(P ) = �

l

(P

0

) = �

l

(P

00

) for all

l � 1 in su
h 
ase. Hen
e, in order to determine �

l

(P ) for all unary, bi-

nary and ternary Boolean predi
ates P , it is enough to 
ompute the values

for representatives of isomorphism 
lasses of essentially unary, binary and

4



ternary Boolean predi
ates.

We 
on
lude this se
tion by stating three simple observations on lo
ally


onsistent systems of Boolean predi
ates:

Lemma 1 Let P be a k-ary Boolean predi
ate P . It holds that �

l

(P ) �

�(P )=2

k

for all l � 1.

Proof: Let us 
onsider a P -system � with N predi
ates and with n vari-

ables x

1

; : : : ; x

n

. Choose ea
h of the variables x

i

, 1 � i � n, randomly

and independently to be true with the probability 1=2. Ea
h predi
ate of

the system � is satis�ed by the 
onstru
ted random truth assignment with

probability �(P )=2

k

. Hen
e, the expe
ted number of satis�ed predi
ates is

N � �(P )=2

k

. Consequently, there is a truth assignment whi
h satis�es at

least N � �(P )=2

k

of � predi
ates and �(�) � �(P )=2

k

.

�

Lemma 2 It holds that �

1

(P ) = �(P )=2

k

for ea
h k-ary predi
ate P .

Proof: By Lemma 1, �

1

(P ) � �(P )=2

k

. We 
onstru
t a P -system � with

variables x

1

; : : : ; x

k

and with �(�) = �(P )=2

k

. It is enough to set � to be

the set 
onsisting of all P (x

a

1

1

; : : : ; x

a

k

k

) where (a

1

; : : : ; a

k

) 2 f0; 1g

k

and x

0

i

is :x

i

and x

1

i

is x

i

. Clearly, ea
h truth assignment satis�es exa
tly �(P )

predi
ates out of all the 2

k

predi
ates of �. Therefore, �(�) = �(P )=2

k

.

�

Lemma 3 Let P be a k-ary predi
ate with �(P ) = 1. Then, �

1

(P ) = 2

�k

and �

l

(P ) = 1 for every l � 2.

Proof: The equality �

1

(P ) = 2

�k

follows from Lemma 2. Let us 
onsider

a 2-
onsistent P -system �. Sin
e �(P ) = 1, ea
h predi
ate of � for
es

the values to all its arguments. However, all the predi
ates must for
e the

same value to a single variable be
ause � is 2-
onsistent. Therefore, the

\for
ed" truth assignment satis�es all the predi
ates of � and �(�) = 1.

This immediately yields that �

l

(P ) = 1 for every l � 2.

�
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3 1-extendable Boolean predi
ates

In this se
tion, we present an upper bound on �

l

(P ) whi
h holds for all 1-

extendable Boolean predi
ates. First, we introdu
e several 
on
epts whi
h

are used throughout this se
tion. The dependen
e graph G(�) of a P -system

� is the multigraph whose verti
es are predi
ates of � and the number

of edges between two predi
ates p

1

and p

2

of � is equal to the number

of variables whi
h appear in arguments of both the predi
ates p

1

and p

2

(regardless whether they appear as positive or negative literals). The girth

of a P -system � is the length of the shortest 
y
le 
ontained in G(�).

In parti
ular, if the girth of � is three or more, then G(�) 
ontains no

parallel edges. The following lemma relates the girth of a P -system with its


onsisten
y:

Lemma 4 Let P be a 1-extendable predi
ate and � a P -system. If the girth

of � is at least l � 3, then � is (l � 1)-
onsistent.

Proof: We prove by indu
tion on i that any i = 1; : : : ; l�1 predi
ates of �


an be simultaneously satis�ed. The 
laim trivially holds for i = 1. Assume

now that i > 1 and let p

1

; : : : ; p

i

be any i predi
ates of �. Sin
e the girth of

� is greater than i, the verti
es 
orresponding to p

1

; : : : ; p

i

indu
e a forest

in G(�). We 
an assume without loss of generality that p

i

is a leaf or an

isolated vertex in G(�). Let x

1

; : : : ; x

n

be variables 
ontained in the �rst

i � 1 predi
ates. By the indu
tion hypothesis, there is a truth assignment

for the variables x

1

; : : : ; x

n

whi
h satis�es all the predi
ates p

1

; : : : ; p

i�1

.

Sin
e p

i

is a leaf or an isolated vertex in G(�), it has at most one variable

in 
ommon with the predi
ates p

1

; : : : ; p

i�1

. Hen
e, the truth assignment

for x

1

; : : : ; x

n


an be extended to a truth assignment whi
h satis�es all the

predi
ates p

1

; : : : ; p

i

be
ause P is 1-extendable.

�

Let us re
all now Cherno�'s inequality [5℄:

Lemma 5 Let X be a random variable equal to the sum of N zero-one

independent random variables su
h that ea
h of them is equal to 1 with

probability p. Then, the following holds for every Æ > 0:

Prob(X � (1 + Æ)pN) � e

�

Æ

2

pN

3

and Prob(X � (1� Æ)pN) � e

�

Æ

2

pN

2

.
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We are now ready to determine the values �

l

(P ) for all l � 1 and all

1-extendable Boolean predi
ates P . Note that the proof of Theorem 1

generalizes the standard 
onstru
tion of \random" graphs with large girth.

Theorem 1 Let P be a k-ary Boolean predi
ate whi
h is 1-extendable.

Then, �

l

(P ) = �(P )=2

k

for all l � 1.

Proof: If l = 1, the statement follows from Lemma 2. Fix a k-ary 1-

extendable Boolean predi
ate P and an integer l � 2. By Lemma 1, �

l

(P ) �

�(P )=2

k

. For ea
h " > 0, we 
onstru
t an l-
onsistent P -system � with

�(�) � (1 + ")�(P )=2

k

. This will yield the equality �

l

(P ) = �(P )=2

k

.

Let us 
onsider a positive real Æ > 0 whose exa
t value is 
hosen later.

Let n � 2k be an integer whi
h will also be 
hosen later. We 
onstru
t an

l-
onsistent P -system � with variables x

1

; : : : ; x

n

. Let S

n

be the set of all

possible predi
ates P with variables x

1

; : : : ; x

n

; the number of predi
ates


ontained in S

n

is N = 2

k

n!=(n� k)!. Note that N � n

k

be
ause n � 2k.

Constru
t a P -system �

0

from S

n

by in
luding ea
h predi
ate of S

n

to

�

0

randomly and independently with probability p = n

�(k�1)+1=2l

. By

Lemma 5, the probability that the number j�

0

j of predi
ates of �

0

is smaller

than (1� Æ)pN is at most the following:

Prob(j�

0

j � (1� Æ)pN) � e

�

Æ

2

pN

2

� e

�

Æ

2

n

�(k�1)+1=2l

n

k

2

� e

�

Æ

2

n

1+1=2l

2

(1)

Observe that G(S

n

) 
ontains at most 2

k�

k

2�

n

(k�1)�


y
les of length �.

Thus, the expe
ted number of 
y
les of length at most l in G(�

0

) does not

ex
eed:

l

X

�=2

2

k�

k

2�

n

(k�1)�

p

�

� 2

kl

k

2l

l

X

�=2

n

(k�1)�

n

��(k�1)+�=2l

�

2

kl

k

2l

l

X

�=2

n

�=2l

� 2

kl

k

2l

l

X

�=2

n

1=2

� 2

kl

k

2l

ln

1=2

.

By Markov's inequality, the number of 
y
les of length at most l in G(�

0

)

is smaller or equal to 2 � 2

kl

k

2l

ln

1=2

with probability at least 1=2.

Ea
h truth assignment for the variables x

1

; : : : ; x

n

satis�es �(P )n!=(n�

k)! = �(P )2

�k

N predi
ates of S

n

. Fix any out of all 2

n

truth assignments

for the rest of this paragraph. We now bound the probability that the

number of predi
ates satis�ed by the �xed truth assignment ex
eeds (1 +

7



Æ)�(P )2

�k

pN . Sin
e the expe
ted number of su
h predi
ates is �(P )2

�k

pN ,

Lemma 5 implies:

Prob(# satis�ed 
lauses � (1 + Æ)�(P )2

�k

pN) � e

�

Æ

2

�(P )2

�k

pN

3

�

e

�

Æ

2

�(P )2

�k

n

�(k�1)+1=2l

n

k

3

= e

�

Æ

2

�(P )2

�k

n

1+1=2l

3

.

Sin
e there are 2

n

truth assignments, the probability that there is a

satisfying assignment whi
h satis�es more than (1+Æ)�(P )2

�k

pN predi
ates

is at most:

2

n

e

�

Æ

2

�(P )2

�k

n

1+1=2l

3

= e

(ln 2)�n�

Æ

2

�(P )2

�k

3

�n

1+1=2l

(2)

We now 
hoose the integer n to be any (large enough) integer that both

the upper bounds (1) and (2) are smaller than 1=4 and the last inequality in

(4) below holds. By (1) and (2), the random P -system �

0

has the following

three properties with positive probability:

� �

0


ontains at least (1� Æ)pN predi
ates.

� G(�

0

) 
ontains at most 2 � 2

kl

k

2l

ln

1=2


y
les of length at most l.

� There is no truth assignment satisfying more than (1+ Æ)�(P )2

�k

pN

predi
ates of �

0

.

Fix a P -system �

0

whi
h has these three properties. The desired P -system

� is obtained from �

0

by removing all the predi
ates 
ontained in all 
y
les

of G(�

0

) whose length is at most l. Hen
e, G(�) 
ontains no 
y
le of length

at most l and its girth is at least l + 1. Sin
e P is 1-extendable, � is l-


onsistent by Lemma 4. In addition, the �rst two properties of �

0

imply

that � 
ontains at least (1 � Æ)pN � (2

kl+1

k

2l

ln

1=2

) � l predi
ates. On the

other hand, the third property yields that no truth assignment 
an satisfy

more than (1 + Æ)�(P )2

�k

pN predi
ates of �. Hen
e:

�(�) �

(1 + Æ)�(P )2

�k

pN

(1� Æ)pN � 2

kl+1

k

2l

l

2

n

1=2

�

(1 + Æ)�(P )

(1� Æ)2

k

�

2

kl+k+1

k

2l

l

2

n

1=2

pN

(3)

Observe that the following holds (the last inequality follows from the 
hoi
e

of n):

2

kl+k+1

k

2l

l

2

n

1=2

pN

�

2

kl+k+1

k

2l

l

2

n

1=2

n

�(k�1)+1=2l

n

k

=

2

kl+k+1

k

2l

l

2

n

1=2+1=2l

� Æ2

k

(4)
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The inequalities (3) and (4) yield the following:

�(�) �

(1 + Æ)�(P )

(1� Æ)2

k

� Æ2

k

=

1 + Æ

1� 2Æ

�

�(P )

2

k

.

Note that for ea
h " > 0, we 
an 
hoose Æ > 0 so that

1+Æ

1�2Æ

� 1 + ".

Thus, for su
h Æ, the obtained l-
onsistent P -system � satis�es that �(�) �

(1 + ")�(P )=2

k

as desired.

�

4 2-CNF formulas

In this se
tion, we study stru
ture of 2-CNF formulas, i.e., CNF formulas

of 
lauses of sizes one and two. We �rst re
all a well-known lemma about

unsatis�able formulas with 
lauses of sizes two whi
h 
an be found, e.g.,

in [1℄. If � is a 2-CNF formula with variables x

1

; : : : ; x

n

, then G(�) de-

notes the dire
ted graph of order 2n whose verti
es 
orrespond to literals

x

1

; : : : ; x

n

and :x

1

; : : : ;:x

n

and whose edge set is the following: For ea
h


lause (a_b), G(') 
ontains an ar
 from the literal :a to the literal b and an

ar
 from :b to a (note that both a and b represent literals, not variables).

For ea
h 
lause (a) (whi
h 
an also be viewed as a 
lause (a_a)), we in
lude

an ar
 from the literal :a to a.

Lemma 6 Let � be a 2-CNF formula with variables x

1

; : : : ; x

n

. Then, the

formula � is satis�able if and only if G(�) 
ontains no dire
ted 
y
le through

both the verti
es x

i

and :x

i

for any i, 1 � i � n.

An immediate 
orollary of Lemma 6 is the following:

Lemma 7 Ea
h minimal in
onsistent set of 
lauses of a 2-CNF 
ontains

at most two 
lauses of size one.

We now show that there exist extremal 2-CNF formulas in whi
h ea
h

small in
onsistent set of 
lauses 
ontains two 
lauses of sizes one:

Lemma 8 Let 2 � l � L be any two integers. For ea
h " > 0, there

exists a 2-CNF l-
onsistent formula � with �(�) � �

2SAT

l

+ " su
h that

ea
h in
onsistent set of L 
lauses 
ontains at least two 
lauses of size one.

Moreover, � 
ontains ea
h single 
lause of size two at most on
e.

9



Proof: Fix integers l � 2 and L � l for the rest of the proof. Similarly,

Æ < 1 is a positive real whi
h will be 
hosen at the end of the proof. Fix

an l-
onsistent formula �

0

with �(�

0

) � �

2SAT

l

(1 + Æ). We now 
lassify the

variables 
ontained in the formula �

0

: The set A

1

is formed by variables x


ontained in a 
lause of size one; we 
an assume without loss of generality

that ea
h variable x 2 A

1

appears as a positive literal in the 
lause of

size one. The set A

i

, 2 � i � bl=2
, 
onsists of variables x whi
h are not


ontained in any A

j

, 1 � j � i� 1, and whi
h are 
ontained in a 
lause of

the form (:y _ x) for y 2 A

i�1

. Sin
e � is l-
onsistent, we 
an assume that

all the o

urren
e of x 2 A

i

in the 
lauses (:y _ x), y 2 A

i�1

, are positive:

Otherwise, there would be a set of at most i 
lauses whi
h for
e x to be true

as well as a set of at most i 
lauses whi
h for
e x to be false. The union

of these two sets of 
lauses 
onsists of at most 2i 
lauses and it is 
learly

in
onsistent. Sin
e i � bl=2
, this is impossible. Finally, let A

0

be the set

of the remaining variables of �.

Let w

ij

, w

ij

and w

ij

be the number (sum of the weights) of the 
lauses

of the type (x _ y), (:x _ y) and (:x _ :y), respe
tively, where x 2 A

i

and

y 2 A

j

. Similarly, let w

1

be the number (sum of the weights) of the 
lauses

of the type (x) where x 2 A

1

. We may assume that w

1

> 0. Otherwise,

�(�

0

) � 3=4 and we 
an set � to be an L-
onsistent P -system � with

P (x; y) = (x _ y) with �(�) � 3=4 + " 
onstru
ted in Theorem 1. Finally,

W denotes the sum of all w

1

, w

ij

, w

ij

and w

ij

for 0 � i; j � bl=2
. By the

de�nition of the sets A

1

; : : : ; A

bl=2


, w

ij

= 0 for all 1 � i; j � bl=2
 with

i+1 < j. In addition, sin
e � is l-
onsistent, w

ij

= 0 for all 1 � i; j � bl=2


with i+ j + 1 � l.

We now de�ne W

p

to be the maximum of the sum:

w

1

p

1

+

X

0�i�j�bl=2


w

ij

(p

i

+p

j

�p

i

p

j

)+w

ij

(1�p

i

p

j

)+

X

0�i;j�bl=2


w

ij

(1�p

i

+p

i

p

j

)

(5)

where the maximum is taken over all 0 � p

0

; : : : ; p

bl=2


� 1. Clearly,

W

p

=W � �(�

0

): Consider the probabilities p

0

; : : : ; p

bl=2


for whi
h the max-

imum in the above expression is attained. If ea
h of the variables of the

set A

i

, 0 � i � bl=2
, is 
hosen to be true randomly and independently

with the probability p

i

, then the expe
ted number (weight) of the satis�ed


lauses is W

p

. Therefore, there is a truth assignment whi
h satis�es at least

this number of 
lauses and 
onsequently W

p

=W � �(�

0

).

Let n be an integer whi
h we �x later. Let X

i

, 0 � i � bl=2
, be bl=2
+1

disjoint sets 
onsisting of n variables ea
h. We 
onstru
t a 2-CNF formula

10



� with variables X

0

[ � � � [X

bl=2


. The formula � 
ontains n

1=2L


opies of

a 
lause (x) for ea
h x 2 X

1

. The other 
lauses are in
luded to the formula

� randomly and independently as follows: The 
lauses (x_y), (:x_y) and

(:x _ :y) where x 2 X

i

and y 2 X

j

with i 6= j are in
luded to � with

the probabilities w

ij

n

�1+1=2L

=w

1

, w

ij

n

�1+1=2L

=w

1

and w

ij

n

�1+1=2L

=w

1

,

respe
tively. The 
lauses (x _ y), (:x _ y) and (:x _ :y) where x; y 2 X

i

are in
luded to � with the probabilities 2w

ii

n

�1+1=2L

=w

1

, w

ii

n

�1+1=2L

=w

1

and 2w

ii

n

�1+1=2L

=w

1

, respe
tively.

We 
laim that the number of 
lauses of � is at leastWn

1+1=2L

(1�Æ)=w

1

and the number of 
lauses whi
h 
an be simultaneously satis�ed does not

ex
eed W

p

n

1+1=2L

(1+ Æ)=w

1

+3Wn

1+1=2L

Æ=w

1

with the probability whi
h

tends to 1 as n goes to in�nity. We show that ea
h of the 
omplementary

events, i.e., the \bad" events, for ea
h separate types of 
lauses o

urs with

the probability whi
h tends to 0. Sin
e the number of bad events is �nite

(and independent of n), this yields the 
laim. As an example, we present the

analysis only for a single type of 
lauses, e.g., 
lauses (x_y) for x 2 X

i

and

y 2 X

j

with i 6= j for �xed integers i and j. Namely, we aim to show that

the number of 
lauses of this type is smaller than w

ij

n

1+1=2L

(1�Æ)=w

1

with

probability tending to 0. In addition, the probability that there is a truth

assignment whi
h assigns the true value to a fra
tion p

i

, p

j

, of the variables

of X

i

, X

j

, respe
tively, and whi
h satis�es more than w

ij

n

1+1=2L

(1� (1�

p

i

)(1� p

j

))(1 + Æ)=w

1

+3w

ij

n

1+1=2L

Æ=w

1

= w

ij

n

1+1=2L

(p

i

+ p

j

� p

i

p

j

)(1+

Æ)=w

1

+3w

ij

n

1+1=2L

Æ=w

1


lauses of the 
onsidered type also tends to zero.

By Lemma 5, the probability that the number of 
lauses (x _ y) with

x 2 X

i

and y 2 X

j

is smaller than w

ij

n

1+1=2L

(1� Æ)=w

1

is at most:

e

�

Æ

2

w

ij

n

1+1=2L

=w

1

3

= e

��(n

1+1=2L

)

! 0.

The se
ond part of the statement is more diÆ
ult. We �rst prove the 
laim

for p

i

and p

j

where p

i

or p

j

is at least Æ. Fix now a truth assignment

for X

i

[ X

j

whi
h assigns the true value to a fra
tion p

i

, p

j

, of the vari-

ables X

i

, X

j

, respe
tively. By Lemma 5, the probability that the number

of 
lauses of the 
onsidered type satis�ed by this �xed truth assignment

ex
eeds w

ij

n

1+1=2L

(p

i

+ p

j

� p

i

p

j

)(1 + Æ)=w

1

is at most:

e

�

Æ

2

�w

ij

n

�1+1=2L

=w

1

�n

2

(p

i

+p

j

�p

i

p

j

)

3

� e

�

Æ

3

�w

ij

n

1+1=2L

=w

1

3

= e

��(n

1+1=2L

)

.

Sin
e there are at most 2

2n

possible truth assignments the probability that

there exists a truth assignment with Æ � maxfp

i

; p

j

g, whi
h satisfy more
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lauses than 
laimed is at most 2

n

e

��(n

1+1=2L

)

! 0. We now show that if

there is no \bad" truth assignment with Æ � maxfp

i

; p

j

g, then there is no

\bad" truth assignment with 0 � p

i

; p

j

� Æ. Consider a truth assignment

whi
h assigns the true value to at most Æn variables of ea
h X

i

and X

j

and modify it to a truth assignment whi
h assigns the true value to dÆne

variables of ea
hX

i

andX

j

. This modi�
ation 
an only in
rease the number

of satis�ed 
lauses of the 
onsidered type. Sin
e both the modi�ed p

i

and

p

j

are now larger than Æ, the assignment satis�es at most w

ij

n

1+1=2L

(2Æ +

2=n�Æ

2

)(1+Æ)=w

1


lauses (the additional fa
tor 2=n 
omes from rounding).

If n is suÆ
iently large, then this expression is at most w

ij

n

1+1=2L

3Æ=w

1

as

desired. This �nishes the proof of the 
laim.

Next, we bound the expe
ted number of minimal in
onsistent sets of at

most L 
lauses 
ontaining zero or one 
lause of size one. The number of

variables of the formula � is N = (bl=2
 + 1)n. By Lemma 6, there are

at most (2N)

k

minimal in
onsistent sets of k 
lauses su
h that the size of

ea
h 
lause is two and there are at most (2N)

k�1

minimal in
onsistent sets

of k � 1 
lauses su
h that the size of ea
h 
lause is two ex
ept for pre
isely

one 
lause whose size is one. We omit a straightforward but little te
hni
al

argument yielding these upper bounds. Sin
e ea
h 
lause of size two is

in
luded to � with the probability at most W

p

n

�1+1=2L

=w

1

, the expe
ted

number of minimal in
onsistent sets of at most L 
lauses 
ontaining zero or

one 
lause of size one is at most the following:

L

X

k=1

(2N)

k

W

k

p

n

�k+k=2L

=w

k

1

+ (2N)

k�1

W

k�1

p

n

�(k�1)+(k�1)=2L

=w

k�1

1

=

L

X

k=1

(2(bl=2
+1))

k

W

k

p

n

k=2L

=w

k

1

+ (2(bl=2
+1))

k�1

W

k�1

p

n

(k�1)=2L

=w

k�1

1

�

L

X

k=1

(l + 2)

k

W

k

p

n

k=2L

=w

k

1

+ (l + 2)

k�1

W

k�1

p

n

(k�1)=2L

=w

k�1

1

�

2L(l + 2)

L

W

L

p

n

1=2

=w

L

1

.

By Markov's inequality, the probability that there are more than 4L(l+

2)

L

W

L

p

n

1=2

=w

L

1

minimal in
onsistent sets of at most L 
lauses with zero

or one 
lause of size one is at most 1=2. Therefore, if n is suÆ
iently

large (with respe
t to a previously �xed Æ > 0), with positive probability,

the random formula � has at least Wn

1+1=2L

(1 � Æ)=w

1


lauses, at most

12



W

p

n

1+1=2L

(1+Æ)=w

1

+3Wn

1+1=2L

Æ=w

1


lauses of � 
an be simultaneously

satis�ed and � 
ontains at most 4L(l+2)

L

W

L

p

n

1=2

=w

L

1

in
onsistent sets of

at most L 
lauses with no or a single 
lause of size one. Fix su
h a formula

�. We obtain �

0

from � by removing all (at most 4L

2

(l+2)

L

W

L

p

n

1=2

=w

L

1

)


lauses of size two 
ontained in an in
onsistent set of at most L 
lauses with

no or a single 
lause of size one. This may de
rease the number of 
lauses

of � by at most 4L

2

(l + 2)

L

W

L

p

n

1=2

=w

L

1

. On the other hand, the number

of 
lauses whi
h 
an be simultaneously satis�ed 
annot in
rease.

We now estimate �(�

0

) (observe that W

p

�W=2):

�(�

0

) �

W

p

n

1+1=2L

(1 + Æ)=w

1

+ 3Wn

1+1=2L

Æ=w

1

Wn

1+1=2L

(1� Æ)=w

1

� 4L

2

(l + 2)

L

W

L

p

n

1=2

=w

L

1

=

W

p

(1 + Æ) + 3ÆW

W (1� Æ)� 4L

2

(l + 2)

L

W

L

p

n

�1=2�1=2L

=w

L�1

1

�

W

p

(1 + 7Æ)

W (1� Æ)�O(n

�1=2�1=2L

)

.

Therefore, if n is suÆ
iently large, then:

�(�

0

) �

W

p

(1 + 7Æ)

W (1� 2Æ)

� �(�

0

)

1 + 7Æ

1� 2Æ

� �

2SAT

l

(1 + Æ)(1 + 7Æ)

1� 2Æ

.

Hen
e, for ea
h " > 0, we 
an 
hoose Æ > 0 small enough that �(�

0

) �

�

2SAT

l

+ ".

Finally, we have to show that the formula �

0


onstru
ted in the proof

is l-
onsistent. By Lemma 7, ea
h minimal in
onsistent set of 
lauses of �

0


ontains at most two 
lauses of size one. On the other hand, ea
h in
onsis-

tent set of at most L 
lauses 
ontains at least two su
h 
lauses. Therefore,

ea
h minimal in
onsistent set of at most l 
lauses of �

0


ontains pre
isely

two 
lauses of size one. Fix su
h a set � of 
lauses of �

0

and let (x

1

) and

(y

1

) be the two 
lauses of size one 
ontained in �. Obviously, x

1

; y

1

2 X

1

.

By Lemma 6, � 
ontains 
lauses of size two in whi
h x

1

and y

1

appear

as negative literals. By the 
onstru
tion of �

0

, su
h 
lauses 
an be only

(:x

1

_ x

2

) and (:y

1

_ y

2

) for some x

2

; y

2

2 X

2

. By Lemma 6, � has to


ontain 
lauses of size two in whi
h x

2

and y

2

appear as negative literals.

By the 
onstru
tion of �

0

, su
h 
lauses 
an be only (:x

2

_x

3

) and (:y

2

_y

3

)

for some x

3

; y

3

2 X

3

. In this way, we 
ontinue until we rea
h the set X

bl=2


.

By the minimality of the set �, x

i

6= y

i

for all 1 � i � bl=2
. Therefore, if

j�j � 2bl=2
+1, then � 
ontains the 
lauses (x

1

); (:x

1

_x

2

); : : : ; (:x

bl=2
�1

_

x

bl=2


), (y

1

); (:y

1

_ y

2

); : : : ; (:y

bl=2
�1

_ y

bl=2


) and (:x

bl=2


_ :y

bl=2


). If l

is even, then j�j > l, and if l is odd, then w

bl=2
bl=2


= 0 and thus �

0


annot
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ontain the 
lause (:x

bl=2


_:y

bl=2


). In either of the 
ases, we showed that

there is no in
onsistent set of at most l 
lauses.

�

A 
lose inspe
tion of the proof of Lemma 8 yields that for any weights

w

1

, w

ij

, w

ij

and w

ij

with w

ij

= 0 for all 1 � i � j � 1 and w

ij

= 0 for all

1 � i; j � bl=2
 with i+ j + 1 � l. there is an l-
onsistent formula � with

�(�) � W

p

=W + " where W = w

1

+

P

i;j

(w

ij

+ w

ij

+ w

ij

) and W

p

is the

maximum of the sum (5) taken over all 0 � p

0

; : : : ; p

bl=2


� 1. Therefore,

we have the following formula for �

2SAT

l

for all l � 2:

Corollary 1 For ea
h l � 2, the following holds:

�

2SAT

l

= min

0�w

1

;w

ij

;w

ij

;w

ij

w

1

+

P

i;j

(w

ij

+w

ij

+w

ij

)=1

W

p

,

where the minimum is taken over all 
ombinations of weights with w

ij

= 0

for all 1 � i � j�1 and w

ij

= 0 for all 1 � i; j � bl=2
 with i+j+1 � l and

W

p

is the maximum of the sum (5) taken over all 0 � p

0

; : : : ; p

bl=2


� 1.

5 Unary, binary and ternary Boolean predi-


ates

As noted in Se
tion 2, it is enough to determine the values �

l

(P ) for rep-

resentatives of isomorphism 
lasses of essentially unary, binary and ternary

Boolean predi
ates. The 
ase of 1-extendable Boolean predi
ates was han-

dled in Theorem 1. The only essentially unary, binary and ternary Boolean

predi
ates whi
h are not 1-extendable (upto isomorphism) are the following:

P (x) = x, P (x; y) = x ^ y, P (x; y; z) = x ^ y ^ z, P (x; y; z) = x ^ (y , z)

and P (x; y; z) = x ^ (y _ z). The �rst three of these predi
ates satisfy that

�(P ) = 1 and so the values �

l

(P ) for these three predi
ates were determined

in Lemma 3. Therefore, we know the values �

l

(P ) for all essentially unary

and binary Boolean predi
ates (see Tables 1 and 2). We fo
us on l-
onsistent

P -systems with P (x; y; z) = x ^ (y , z) and P (x; y; z) = x ^ (y _ z) in the

rest of this se
tion. In the following two lemmas, we handle the 
ase of

2-
onsistent systems:

Lemma 9 It holds that �

2

(P ) = 8=27 for P (x; y; z) = x ^ (y , z).
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Proof: We �rst show that �

2

(P ) � 8=27. Let us 
onsider a 2-
onsistent

P -system �. Sin
e � is 2-
onsistent, � does not 
ontain two predi
ates su
h

that the �rst argument of one of them is x and the �rst argument of the

other predi
ate is :x. Therefore, we may assume that the �rst argument of

ea
h predi
ate is a positive literal.

Choose now ea
h variable of � randomly and independently to be true

with the probability p = 2=3. The probability that any single predi
ate of

� is satis�ed is either p(p

2

+ (1� p)

2

) = 10=27, if the se
ond and the third

argument are both positive or both negative literals, or 4p

2

(1� p) = 8=27,

otherwise. Hen
e, the expe
ted fra
tion of satis�ed 
onstraints is at least

8=27 and 
onsequently �(�) � 8=27. Sin
e the 
hoi
e of a 2-
onsistent

P -system � was arbitrary, we 
an 
on
lude that �

2

(P ) � 8=27.

It remains to show that �

2

(P ) � 8=27. For an integer n � 3, we 
onsider

a P -system �

n

with the variables x

1

; : : : ; x

n

. �

n

is formed by all the n(n�

1)(n � 2) predi
ates P (x

i

; x

j

;:x

k

) for 1 � i; j; k � n where all i, j and

k are mutually distin
t. The P -system � is 
learly 2-
onsistent. We now


ompute �(�

n

). Consider a truth assignment whi
h assigns the true value

to exa
tly n

0

variables of �

n

. Then, the number of satis�ed 
onstraints is

pre
isely n

0

((n

0

� 1)(n�n

0

)+ (n�n

0

)(n

0

� 1)). Thus, we 
an 
on
lude that

(set q = n

0

=n):

�(�

n

) � max

0�q�1

qn((qn� 1)(n� qn) + (n� qn)(qn� 1))

n(n� 1)(n� 2)

=

max

0�q�1

2q

2

(1� q) +O

�

1

n

�

=

8

27

+O

�

1

n

�

.

Hen
e, �

2

(P ) � 8=27 as 
laimed.

�

Lemma 10 It holds that �

2

(P ) = 2

p

3=9 for P (x; y; z) = x ^ (y _ z).

Proof: We �rst show that �

2

(P ) � 2

p

3=9. Let us 
onsider a 2-
onsistent

P -system �. Sin
e � is 2-
onsistent, � does not 
ontain two predi
ates

su
h that the �rst argument of one of them is x and the �rst argument of

the other is :x. Therefore, we may assume that the �rst argument of ea
h

predi
ate is a positive literal.

Choose now ea
h variable of � randomly and independently to be true

with the probability p = 3

�1=2

> 1=2. The probability that any single
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predi
ate of � is satis�ed is at least p(1�p

2

) = 2

p

3=9. Hen
e, the expe
ted

fra
tion of 
onstraints whi
h are satis�ed is at least 2

p

3=9 and 
onsequently

�(�) � 2

p

3=9. Sin
e the 
hoi
e of a 2-
onsistent P -system � was arbitrary,

we 
an 
on
lude that �

2

(P ) � 2

p

3=9.

It remains to show that �

2

(P ) � 2

p

3=9. For an integer n � 3, we


onsider a P -system �

n

with the variables x

1

; : : : ; x

n

. �

n

is formed by

all the n(n � 1)(n � 2)=2 
onstraints P (x

i

;:x

j

;:x

k

) for 1 � i; j; k � n,

i 6= j, i 6= k and j < k. The system � is 
learly 2-
onsistent. We now


ompute �(�

n

). Consider a truth assignment whi
h assigns the true value

to exa
tly n

0

variables x

1

; : : : ; x

n

. Then, the number of satis�ed 
onstraints

is pre
isely the following n

0

((n� n

0

)(n

0

� 1) + (n� n

0

)(n � n

0

� 1)=2). We


an now 
on
lude that (set q = n

0

=n):

�(�

n

) � max

0�q�1

qn((n� qn)(qn� 1) + (n� qn)(n� qn� 1)=2)

n(n� 1)(n� 2)=2

=

max

0�q�1

q(1� q)q + (1� q)

2

=2

1=2

+O

�

1

n

�

=

2

p

3

9

+O

�

1

n

�

.

Hen
e, �

2

(P ) � 2

p

3=9 as 
laimed.

�

We 
an now analyze lo
ally 
onsistent P -systems for P (x; y; z) = x ^

(y , z):

Theorem 2 If P is the predi
ate P (x; y; z) = x^(y , z), then the following

holds for all l � 1:

�

l

(P ) =

8

<

:

1=4 if l = 1,

8=27 if l = 2,

1=2 otherwise.

Proof: It follows that �

1

(P ) = 1=4 and �

2

(P ) = 8=27 from Lemmas 2

and 9, respe
tively. Hen
e, we fo
us only on the 
ase l � 3. First,

we show that �

l

(P ) � 1=2. Consider an l-
onsistent P

0

-system �

0

for

P

0

(y; z) = (y , z) with �(�

0

) � 1=2 + " for a positive real " > 0. Su
h a

P

0

-system �

0

exists be
ause �

l

(P

0

) = 1=2 by Theorem 1. Let y

1

; : : : ; y

n

be

the variables 
ontained in �

0

. We 
onstru
t an l-
onsistent P -system � with

�(�) = �(�

0

). Introdu
e a new variable x and for ea
h predi
ate P

0

(y

i

; y

j

),

P

0

(:y

i

; y

j

), P

0

(y

i

;:y

j

) and P

0

(:y

i

;:y

j

) in
lude a predi
ate P (x; y

i

; y

j

),
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P (x;:y

i

; y

j

), P (x; y

i

;:y

j

) and P (x;:y

i

;:y

j

) to �, respe
tively. Sin
e �

0

is

l-
onsistent, the P -system � is l-
onsistent, too. It is also not hard to see

that �(�) = �(�

0

). Therefore, �(�) � 1=2 + " and �

l

(P ) � 1=2.

We now prove that �

l

(P ) � 1=2 for l � 3. Let � be an l-
onsistent

P -system. Let X be the set of variables whi
h appear as the �rst argument

in some of the predi
ates of � and Y the set 
onsisting of the remaining

variables. Sin
e � is 2-
onsistent, we 
an assume that the �rst argument

of ea
h predi
ate is a positive literal. In addition, sin
e � is 3-
onsistent it


ontains neither a predi
ate P (x; x

0

;:x

00

) nor a predi
ate P (x;:x

0

; x

00

) for

some x; x

0

; x

00

2 X . Therefore, if we set ea
h variable of X to be true, then

ea
h predi
ate of � is either satis�ed (i.e., all its arguments are set and the

predi
ate is true) or at least one of its arguments 
ontains a variable from

the set Y . Choose now ea
h variable of Y randomly and independently to

be true with the probability 1=2. Ea
h predi
ate, whi
h was not satis�ed

by �xing the values of variables from the set X , is now satis�ed with the

probability 1=2. Therefore, on average, at least half of all the predi
ates are

satis�ed. Hen
e, �(�) � 1=2 and 
onsequently �

l

(P ) � 1=2.

�

Before we analyze P -systems with P (x; y; z) = x ^ (y _ z), we need to

provide a separate upper bound for 3-
onsistent P -systems:

Lemma 11 It holds that �

3

(P ) � 1=2 for P (x; y; z) = x ^ (y _ z).

Proof: For ea
h " > 0, we 
onstru
t a 3-
onsistent P -system � with �(�) <

1=2 + ". Let n be an integer whose exa
t value will be 
hosen later. We


onstru
t a P -system �

n

with variables x

i

for 1 � i � 2n + 1 and y

A

i

for

1 � i � 2n+1 where A ranges through all n-element subsets of f1; : : : ; 2n+

1g n fig. The system �

n


onsists of predi
ates P (x

i

;:x

j

; y

A

i

) for all 1 �

i; j � 2n + 1, i 6= j and j 2 A and predi
ates P (x

i

;:x

j

;:y

A

i

) for all

1 � i; j � 2n+ 1, i 6= j and j 62 A. In parti
ular, the number of predi
ates


ontained in �

n

is (2n+ 1)2n

�

2n

n

�

. Clearly, �

n

is 3-
onsistent.

Let us 
onsider a truth assignment whi
h satis�es the most number of

predi
ates. Let n

0

be the number of the variables x

1

; : : : ; x

2n+1

with the

true value. By symmetry, we 
an assume that the values of the variables

x

1

; : : : ; x

n

0

are true and the values of x

n

0

+1

; : : : ; x

n

are false. Observe that

all the predi
ates whose �rst argument is one of the literals x

n

0

+1

; : : : ; x

n

are false. In parti
ular, if n

0

� n, then less than half of the predi
ates are

satis�ed. We fo
us on the 
ase n

0

> n in the rest of the proof.
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Consider now an integer i, 1 � i � n

0

, and an n-element subset A of

f1; : : : ; 2n+1g n fig. If jA\ (f1; : : : ; n

0

g n fig)j > (n

0

� 1)=2, then the truth

assignment (be
ause it is optimal) assigns y

A

i

the true value and, otherwise,

it assigns y

A

i

the false value. Hen
e, the number of predi
ates, whi
h 
ontain

y

A

i

and whi
h are satis�ed, is (2n�n

0

+1)+maxfjA\(f1; : : : ; n

0

gnfig)j; n

0

�

jA \ (f1; : : : ; n

0

g n fig)jg. For a �xed integer i, the number of n-element

subsets A of f1; : : : ; 2n+1gnfig with maxfjA\ (f1; : : : ; n

0

gnfig)j; n

0

�jA\

(f1; : : : ; n

0

g n fig)j � (1 + ")(n

0

� 1)=2g is at most the following:

(1�")(n

0

�1)=2

X

k=0

�

n

0

� 1

k

��

2n+ 1� n

0

n� k

�

+

n

0

�1

X

k=(1+")(n

0

�1)=2

�

n

0

� 1

k

��

2n+ 1� n

0

n� k

�

�

X

0�k�(1�")(n

0

�1)=2

(1+")(n

0

�1)=2�k�n

0

�1

�

n

0

� 1

k

�

2

2n+1�n

0

�

2e

�

"

2

(n

0

�1)=2

3

2

n

0

�1

2

2n+1�n

0

= 2

2n+1

e

�

"

2

(n

0

�1)

6

.

Hen
e, for a �xed i, the number of satis�ed predi
ates whose �rst argument

is x

i

is at most the following (re
all that n+ 1 � n

0

):

�

2n� n

0

+ 1 +

(1 + ")(n

0

� 1)

2

��

2n

n

�

+ 2n2

2n+1

e

�

"

2

(n

0

�1)

6

�

�

2n�

n

0

� 1

2

+

2n"

2

��

2n

n

�

+ 2n2

2n+1

e

�

"

2

n

6

�

�

2n�

n

0

� 1

2

+ n"

��

2n

n

�

+ 2n2

2n+1

e

�

"

2

n

6

.

Consequently, the fra
tion of satis�ed predi
ates of �

n

does not ex
eed:

n

0

��

2n�

n

0

�1

2

+ n"

�

�

2n

n

�

+ 2n2

2n+1

e

�

"

2

n

6

�

(2n+ 1)2n

�

2n

n

�

�

((2n+ 1)n+ nn

0

")

�

2n

n

�

+ 2nn

0

2

2n+1

e

�

"

2

n

6

(2n+ 1)2n

�

2n

n

�

�

1

2

+

"

2

+

2

2n+1

e

�

"

2

n

6

�

2n

n

�

�

1

2

+

"

2

+ 2(2n+ 1)e

�

"

2

n

6

.
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We now 
hoose n to be an integer su
h that 2(2n+ 1)e

�

"

2

n

6

� "=2. Then,

ea
h truth assignment with n

0

> n satis�es at most the fra
tion of 1=2 + "

of the predi
ates of �

n

. Hen
e, �(�

n

) � 1=2 + " as desired.

�

We are now ready to determine the values �

l

(P ) for the predi
ate P (x; y; z) =

x ^ (y _ z):

Theorem 3 Let P be the predi
ate P (x; y; z) = x ^ (y _ z). Then, the

following holds for all l � 1:

�

l

(P ) =

8

<

:

3=8 if l = 1,

2

p

3=9 if l = 2,

�

2SAT

l�2

otherwise.

Proof: The equalities �

1

(P ) = 3=8 and �

2

(P ) = 2

p

3=9 follow from Lem-

mas 2 and 10, respe
tively. We �rst prove that �

l

(P ) � �

2SAT

l�2

for l � 3.

Let � be an l-
onsistent P -system and let X be the set of variables of �

whi
h appear as the �rst argument in some predi
ates of �. Sin
e � is

2-
onsistent, we 
an assume that all the �rst arguments of the predi
ates of

� are positive literals. Let Y be the set of the remaining variables of �.

We 
onstru
t an auxiliary (l � 2)-
onsistent 2-CNF formula � with the

variables Y as follows. Sin
e � is 3-
onsistent, it does not 
ontain a pred-

i
ate P (x;:x

0

;:x

00

) where x

0

; x

00

2 X . For ea
h predi
ate P (x;:x

0

; y) and

ea
h predi
ate P (x; y;:x

0

) of � with x; x

0

2 X and y 2 Y , we in
lude

the 
lause (y) to �. Similarly, for ea
h predi
ate P (x;:x

0

;:y) and ea
h

predi
ate P (x;:y;:x

0

) with x

0

2 X , we in
lude the 
lause (:y). For ea
h

predi
ate P (x; y; y

0

) with x 2 X and y; y

0

2 Y , we in
lude the 
lause (y_y

0

)

to �. We pro
eed analogously for predi
ates P (x;:y; y

0

), P (x; y;:y

0

) and

P (x;:y;:y

0

). Note that some of the 
lauses may be 
ontained in the for-

mula � several times.

We 
laim that the formula � is (l� 2)-
onsistent. If this is not the 
ase,

let � be the minimum in
onsistent set of 
lauses of �. By Lemma 7, �


ontains at most two 
lauses of size one. We now �nd an in
onsistent set �

0

of at most j�j+2 predi
ates of �. For ea
h 
lause of � of size two, in
lude to

�

0

the predi
ate of � 
orresponding to that 
lause. For ea
h 
lause (y), (:y),

of �, in
lude to �

0

the predi
ate P (x; y;:x

0

), P (x;:y;:x

0

), respe
tively,

whi
h 
orresponds to that 
lause, together with any of the predi
ates of �

whose �rst argument is x

0

. Sin
e � 
ontains at most two 
lauses of size one,
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j�

0

j � j�j+ 2 � l. Moreover, sin
e � is in
onsistent, �

0

is also in
onsistent.

However, this 
ontradi
ts the fa
t that � is l-
onsistent.

Sin
e the formula � is (l � 2)-
onsistent, there is a truth assignment

whi
h satis�es the fra
tion of �(�) � �

2SAT

l�2


lauses of �. Extend this truth

assignment to all the variables of � by assigning the true value to ea
h

variable x 2 X . All the predi
ates of � whose arguments 
ontain solely the

variables from the set X are satis�ed and, in addition, the fra
tion of �(�)

of the remaining predi
ates are also satis�ed. Therefore, �(�) � �(�) �

�

2SAT

l�2

. Sin
e the 
hoi
e of a P -system � was arbitrary, we 
an 
on
lude

that �

l

(P ) � �

2SAT

l�2

.

It remains to prove that �

l

(P ) � �

2SAT

l�2

for l � 3. If l = 3, the upper

bound follows from Lemma 11. For l � 4, 
hoose " > 0 and �x an (l � 2)-


onsistent 2-CNF formula � with �(�) � �

2SAT

l�2

+ " su
h that ea
h minimal

in
onsistent set of at most l 
lauses 
ontain two 
lauses of size one. Su
h a

formula � exists by Lemma 8. Moreover, we 
an assume that ea
h 
lause

of size two is 
ontained in � at most on
e. Let m

0

be the number of 
lauses

of � of size one (
ounting multipli
ities) and m the number of all 
lauses of

�. Sin
e � is 2-
onsistent, m

0

=m � �(�). We now 
onstru
t an l-
onsistent

P -system � with �(�) = �(�).

Let y

1

; : : : ; y

n

be the set 
onsisting of the variables of the formula �.

The system � will 
ontain (m + 1)n variables y

j

i

for 1 � i � n and 1 �

j � m + 1 and m + 1 variables x

j

for 1 � j � m + 1. Let C

1

; : : : ; C

m

be

the 
lauses of �. For ea
h 
lause C

k

= (y

i

_ y

i

0

), 1 � k � m, we in
lude

to � predi
ates P (x

j

; y

j

i

; y

j

i

0

) for 1 � j � m + 1. Similarly, we pro
eed for


lauses C

k

= (y

i

_ :y

i

0

) and C

k

= (:y

i

_ :y

i

0

). If the 
lause C

k

is of size

one, say C

k

= (y

i

), we in
lude to � predi
ates P (x

j

; y

j

i

;:x

(j+k) mod (m+1)

)

for 1 � j � m+ 1. Therefore, � 
onsists of m(m+ 1) distin
t predi
ates.

First, we show that � is l-
onsistent. Assume the opposite and let � be

the minimum in
onsistent set of predi
ates 
ontained in �, i.e., j�j � l. Ob-

serve that if we set all the variables x

1

; : : : ; x

n

to be true, then the system �

redu
es to m+1 independent \
opies" of the formula �. Therefore, if � is a

set of l in
onsistent predi
ates, it must 
ontain predi
ates 
ontained in one

of these 
opies of � whi
h 
orrespond to an in
onsistent set �

�

of 
lauses of

�. By symmetry, we 
an assume that predi
ates 
orresponding to �

�

are


ontained in the �rst 
opy of �. Sin
e � is (l � 2)-
onsistent, j�

�

j � l � 1.

On the other hand, j�

�

j � j�j � l. By the 
hoi
e of �, ea
h in
onsistent set

of at most l 
lauses of � 
ontains two 
lauses of size one. Let C

k

= (y

i

) and

C

k

0

= (y

i

0

) be these two 
lauses of size one, i.e., � 
ontains the predi
ates
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P (x

1

; y

i

;:x

(k+1) mod (m+1)

) and P (x

1

; y

i

0

;:x

(k

0

+1) mod (m+1)

). If � is in
on-

sistent, it must 
ontain a predi
ate whose �rst argument is x

(k+1) mod (m+1)

as well as a predi
ate whose �rst argument is x

(k

0

+1) mod (m+1)

. Therefore,

� 
ontains at least j�

�

j+ 2 > l predi
ates.

We now show that �(�) = �(�). Sin
e �(�) � �

2SAT

l�2

+ " and the 
hoi
e

of " was arbitrary, this would yield �

l

(P ) � �

2SAT

l�2

. Fix a truth assignment

su
h that the fra
tion of �(�) predi
ates of the P -system � is satis�ed.

We 
laim that there is an optimum truth assignment whi
h assigns all the

variables x

1

; : : : ; x

m+1

the true value. Indeed, if x

j

is false, then 
hange the

value of x

j

to true. This 
auses at most m

0

previously satis�ed predi
ates

to be unsatis�ed (pre
isely those whi
h 
ontain :x

j

as the third argument)

and, on the other hand, we 
an 
hoose values of y

j

1

; : : : ; y

j

n

so that at least the

�(�)m predi
ates whose �rst argument is x

j

are satis�ed. Note that none

of these �(�)m predi
ates 
ould be satis�ed before the 
hange of the value

of x

j

. Sin
e �(�)m � m

0

(re
all that �(�) � m

0

=m), the number of satis�ed

predi
ates is not de
reased after the 
hange. In this way, we 
an swit
h all

the variables x

1

; : : : ; x

m+1

to true without de
reasing the number of satis�ed


onstraints. Hen
e, we 
an assume that all the variables x

1

; : : : ; x

m+1

are set

to be true by the 
onsidered optimum truth assignment. Then, the system

� is redu
ed to m + 1 independent \
opies" of the formula � (substitute

the true value for all the variables x

1

; : : : ; x

m+1

). We 
an 
on
lude that

�(�) = �(�).

�

6 Con
lusion

We studied instan
es of 
onstraint satisfa
tion problems whi
h are lo
ally


onsistent. There are several dire
tions for possible future resear
h. First,

we were not able to fully analyze Boolean predi
ates whi
h are not 1-

extendable. The smallest two non-trivial su
h Boolean predi
ates, P (x; y; z) =

x ^ (y , z) and P (x; y; z) = x ^ (y _ z), already showed that the behavior

of lo
ally 
onsistent P -systems for su
h predi
ates P 
an be quite weird.

Another dire
tion is to allow 
onstraints of more types: In this setting,

the previously most studied 
ase of lo
ally 
onsistent CNF formulas 
an

be viewed as a 
onstraint satisfa
tion problem where 
onstraints are just

disjun
tions, e.g., the 
ase of 2-CNF formulas 
orresponds to problems with

the 
onstraints P (x) = x and P (x; y) = x _ y. The last possible dire
tion

21



is to 
onsider 
onstraints with larger domains. Some of our results 
an be

easily translated to this more general setting, e.g., Theorem 1, on the other

hand, their detailed analysis even for small arities might be quite diÆ
ult

be
ause of their potentially ri
h stru
ture.
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