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Abstra
t

Let G be a �xed unoriented graph. A G-stru
ture of a graph F

is a hypergraph H with the same set of verti
es as F and with the

property that a set h is a hyperedge ofH i� the subgraph of F indu
ed

on h is isomorphi
 to G. We 
onsider a G-re
onstru
tion problem {

given a hypergraph H, de
ide whether there exists a graph F su
h

that H is a G-stru
ture of F . It has been proved that this problem

is polynomial if jV (G)j � 4 ([H96℄, [HHR02℄). We investigate the


omplexity of the problem for larger graphs G and prove that there

are 
ases where this problem is NP-
omplete { in fa
t we prove that

it is NP-
omplete for almost all graphs G.

Introdu
tion and Basi
 De�nitions

All the graphs 
onsidered in this paper are simple unoriented graphs without

multiple edges or loops. If G = (V;E) is a graph and h a subset of V , we

denote by G[h℄ the subgraph of G indu
ed by h, i.e. G[h℄ =

�

h;E \

�

h

2

�

�

.

We denote the vertex 
onne
tivity of G by �(G).

A hypergraph H = (V;E) 
onsists of a vertex set V and a set of hyper-

edges E � 2

V

. The hypergraph H is 
alled k-uniform if the size of ea
h

of its hyperedges is exa
tly k. A k-uniform hypergraph H is 
alled the G-

stru
ture of graph F if k = jV (G)j, V (H) = V (F ) and for every h � V (F )

su
h that jhj = k, h 2 E(H) if and only if F [h℄ is isomorphi
 to G.

�
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The G-re
onstru
tion problem parametrized by a �xed graphG is de�ned

as follows:

Input: a k-uniform hypergraph H , where k = jV (G)j.

Question: does there exist a graph F su
h that H is the G-stru
ture of

F ?

This question naturally arises when we 
onsider the amount of infor-

mation needed to re
onstru
t a graph from information about its smaller

parts (see [U60℄ and [BH77℄ for examples of this kind of problems). The

other motivation for this problem is the Semi-Strong Perfe
t Graph Theo-

rem that says that if two graphs have the same P

4

-stru
ture, then one is

perfe
t i� the other one is ([R87℄). Therefore to re
ognize perfe
t graphs,

it suÆ
es to be able to re
ognize the P

4

-stru
tures 
orresponding to perfe
t

graphs. This observation motivated Chv�atal to ask whether it is possible

to re
ognize P

4

-stru
tures of arbitrary (i.e. not ne
essarily perfe
t) graphs

in a polynomial time. This motivated a lot of resear
h in the area, see for

example [CH85℄, [H85℄ or [C87℄. The question was �nally answered by Hay-

ward et al. ([HHR02℄), who proved that indeed there exists a polynomial

time algorithm for this problem.

It follows that the G-re
onstru
tion problem is polynomial for all graphs

on at most 4 verti
es. This led Hayward et al. ([HHR02℄) to ask whether

there is a graph G su
h that the G-re
onstru
tion problem is NP-
omplete.

In this paper, we prove that theG-re
onstru
tion problem is NP-
omplete

for many graphs G (in fa
t it is NP-
omplete for a suÆ
iently large ran-

dom graph G with high probability). The smallest graph for whi
h we are

able to prove the NP-
ompleteness is K

2

+ 3K

1

(an edge plus three iso-

lated verti
es). With respe
t to the original question of Chv�atal and the

results of [HHR02℄ it is noteworthy that we are also able to prove that the

P

n

-re
onstru
tion problem is NP-
omplete for all n � 6.

We �rst prepare some te
hni
al tools (se
tion 1). In se
tion 2 we prove

the key theorem of this paper that shows that the G-re
onstru
tion problem

is NP-
omplete for all graphs G that satisfy some simple properties. In the

following se
tion 3 we prove those properties for several interesting 
lasses

of graphs. Sin
e the membership in NP is obvious, we are only 
on
erned

with NP-hardness of the problem.
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1 Preliminaries

Consider a G-re
onstru
tion problem for a �xed G, k = jV (G)j. In the

rest of the paper, we always suppose that G is neither edgeless nor 
om-

plete graph (in both of these 
ases, the G-re
onstru
tion problem is trivially

polynomial). Let P (x

1

; : : : ; x

m

) be some predi
ate on boolean variables. If

F is a graph, U = (u

1

; : : : ; u

m

), u

i

2

�

V (H)

2

�

an ordered m-tuple, we say

that U satis�es P if the assignment x

i

is true, u

i

2 E(F ) satis�es P .

An ordered pair T = (H;U) is 
alled a gadget for P , if the following


onditions hold:

� H is a k-uniform hypergraph.

� U = (u

1

; : : : ; u

m

) is an ordered m-tuple, where u

i

2

�

V (H)

2

�

are mutu-

ally di�erent, but not ne
essarily disjoint pairs of verti
es of H .

� For any assignment to variables x

i

, the predi
ate P (x

1

; : : : ; x

m

) is

satis�ed i� there exists a graph F with G-stru
ture H su
h that u

i

2

E(F ), x

i

is true.

We 
all the pairs u

i

as well as the verti
es that belong to them spe
ial.

Let T = (H

g

; U

g

) be a gadget for some P , f = fu

f

; v

f

g 2 U

g

. Let H

be a k-uniform hypergraph and e = fu

e

; v

e

g a pair of verti
es of V (H).

Let h : V (H

g

) ! V (H

g

) [ V (H) be de�ned as identity for verti
es other

than u

f

and v

f

and by h(u

f

) = u

e

and h(v

f

) = v

e

. The hypergraph

H

0

is obtained from H by 
onne
ting the gadget T through f to it on e if

V (H

0

) = V (H)[ (V (H

g

) n fu

f

; v

f

g) and E(H

0

) = E(H)[ fh[l℄jl 2 E(H

g

)g

(i.e. we identify the verti
es u

f

and v

f

with u

e

and v

e

, respe
tively).

Lemma 1. Suppose that �(G) > 2. Let T

1

= (H

1

; U

1

), T

2

= (H

2

; U

2

)

be gadgets for some P

1

(x

1

; : : : ; x

m

1

) and P

2

(x

1

; : : : ; x

m

2

), respe
tively. Let

H be obtained from H

1

by 
onne
ting T

2

through u

2

1

to it on u

1

1

. Then

T = (H; (u

1

1

; u

1

2

; : : : ; u

1

m

1

; u

2

2

; : : : ; u

2

m

2

)) is a gadget for

P (x

1

; : : : ; x

m

1

+m

2

�1

) = P

1

(x

1

; : : : ; x

m

1

)^P

2

(x

1

; x

m

1

+1

; x

m

1

+2

; : : : ; x

m

1

+m

2

�1

):

Proof. Let F be a graph with stru
ture H . Then sin
e the size of G is

at least 3 (due to the 
onne
tivity restri
tion), no hyperedge of H is fully


ontained in u

1

1

. Therefore stru
tures restri
ted to V (H

1

) and V (H

2

) n

u

2

1

[ u

1

1

are isomorphi
 to H

1

and H

2

. Due to the de�nition of gadgets the


orresponding edges satisfy the predi
ates P

1

and P

2

, therefore F satis�es

the predi
ate P .

3



For the se
ond impli
ation suppose that x

1

, . . . , x

m

1

+m

2

�1

satisfy the

predi
ate P . Therefore when restri
ted to V (H

1

) and V (H

2

) n u

2

1

[ u

1

1

, we

may 
onstru
t graphs F

1

and F

2

with stru
tures H

1

and H

2

and edges

agreeing with x

i

. These two graphs overlap only on u

1

1

and there they have

pres
ribed edge or non-edge by x

1

, so they do not 
on
i
t and we may join

them into graph F on V (H). It has of 
ourse all the spe
ial pairs agreeing

with the assignment x

i

, so we just need to prove that H is stru
ture of

F . The only problem might arise from the k-tuples that interse
t both

V (H

2

) n u

2

1

and V (H

1

) n u

1

1

. No su
h k-tuple belongs to H , so we need to

prove that G is not isomorphi
 to any graph indu
ed by su
h k-tuple. This

however follows straightforwardly from the 
ondition on 
onne
tivity of G,

sin
e if G were isomorphi
 to a graph indu
ed by some su
h k-tuple K, then

K \ u

1

1

would be a 
ut of size at most 2 in G.

Next we are going to state several lemmata about the existen
e of gad-

gets for various properties. The gadget that for
es the presen
e of an edge

at the pair of spe
ial verti
es (i.e. the one for the property P (x) = x) is

denoted by O.

Lemma 2. Suppose that �(G) > 2. Then the gadget O exists if and only if

there is a gadget Z for the property P (x) = x (that enfor
es the absen
e of

an edge).

Proof. We 
onstru
t Z as follows: �rst, we take k verti
es and put this

k-tuple K into Z. Then we embed a �xed 
opy of G on these verti
es, and


onne
t a 
opy of the gadget O to every pair that forms an edge of this


opy. We 
hoose U = fug, where u is any non-edge of the pres
ribed 
opy

of G. By Lemma 1 this is a gadget that enfor
es that the subgraph of any

re
onstru
tion of Z indu
ed by K is exa
tly the pres
ribed 
opy of G and

therefore that u is a non-edge.

By an analogi
al 
onstru
tion we may obtain O from Z.

Lemma 3. Suppose that �(G) > 2 and that the gadget O exists. Then there

also exists a gadget N for the property P (x; y) = (x 6= y).

Proof. We take k verti
es and put this k-tuple K into N . Let us denote

this hypergraph by N

0

. Sin
e G is neither 
omplete nor edgeless, there are

at least two ways how to re
onstru
t the N

0

. We 
onstru
t the sequen
e

N

0

, N

1

, . . . , N

o

of hypergraphs satisfying the following properties:

� N

i

� N

i+1

4



� Let n

i

be the number of di�erent subgraphs of re
onstru
tions of N

i

indu
ed by K. Then n

i

� 2n

i+1

.

� n

i

� 2 for i 6= o, n

o

= 1.

If we su

eed, then n

o�1

= 2. The graphs F

1

and F

2

obtainable as

subgraphs of re
onstru
tions of N

o�1

indu
ed by K must have the same

number of edges (sin
e they are isomorphi
 to G) and therefore there exist

two pairs of verti
es u

1

and u

2

of K su
h that u

i

is the edge in F

i

and the

nonedge in F

3�i

, therefore (N

o�1

; (u

1

; u

2

)) is a gadget for P .

We 
onstru
t the sequen
e as follows: Let e

1

; e

2

; : : : be a sequen
e of

pairs of verti
es of K, in any order. Let N

O

i

and N

Z

i

be hypergraphs

obtained from N

i�1

by 
onne
ting O and Z on e

i

, respe
tively, n

O

i

and n

Z

i

numbers of subgraphs in re
onstru
tions of these hypergraphs indu
ed by

K. Then n

O

i

+ n

Z

i

= n

i�1

, let n

X

i

be the greater of them (any of them if

they are equal) and put N

i

= N

X

i

. If n

X

i

= 1, we let o = i, otherwise we


ontinue with the 
onstru
tion.

Lemma 4. Suppose that �(G) > 2 and that the gadget N exists. Then

there also exists a gadget E for the property P (x; y) = (x = y).

Proof. We take two 
opies of the gadgetN and 
onne
t them using Lemma 1.

Lemma 5. Suppose that �(G) > 2 and that the gadget O exists. Then there

also exists at least one of the following gadgets:

� The T

SAT

gadget for the property P (x; y; z) = x _ y _ z.

� The T

NAE

gadget for the property P (x; y; z) = (x 6= y)_(x 6= z)_(y 6=

z).

� The T

1 in 3

gadget for the property P (x; y; z) = (x ^ y ^ z) _ (x ^ y ^

z) _ (x ^ y ^ z).

Proof. We take a k-tuple of verti
es K and add K to the 
onstru
ted hy-

pergraph. Let v be an arbitrary vertex in K and let as e

1

; : : : ; e

k�1

be the

pairs of verti
es of K 
ontaining v.

Due to the 
onne
tivity 
ondition and the fa
t that G is not 
omplete

we have Æ(G) � 3 and k � 5. The following 
ases may o

ur:
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� There are verti
es in G that have degrees Æ(G)+1 and Æ(G)+2. Then

we atta
h 
opies of O to e

1

, . . . , e

Æ(G)�1

and 
opies of Z to e

Æ(G)

, . . . ,

e

k�4

. The pairs e

k�3

, e

k�2

and e

k�1

are the spe
ial ones. This forms

a T

SAT

gadget, as in any re
onstru
tion at least one of the spe
ial

pairs may and must be 
hosen to be an edge.

� There is a vertex in G that has degree Æ(G) + 1, no vertex of degree

Æ(G) + 2 and Æ(G) � k � 2. Then the same 
onstru
tion applies and

the resulting gadget is T

NAE

.

� There is no vertex inG with degree Æ(G)+1, then we atta
h 
opies of O

to e

1

, . . . , e

Æ(G)�2

and 
opies of Z to e

Æ(G)�1

, . . . , e

k�4

. Furthermore,

we atta
h 
opies of N to e

k�3

, e

k�2

and e

k�1

and take the other

spe
ial pairs of these 
opies as spe
ial for the resulting gadget. We

thus obtain T

1 in 3

.

� Æ(G) = k � 2, �(G) = k � 1, then G is a 
omplement of a mat
hing.

If there are exa
tly two verti
es of degree k� 2, we atta
h 
opies of O

to all pairs of O ex
ept of a single triangle. Then we 
hoose negations

(through N) of the pairs of the triangle as spe
ial and the resulting

gadget is T

1 in 3

. Otherwise we for
e edges and nonedges in K using

gadgets O and Z as given by a �xed 
opy of G ex
ept for pairs on

four verti
es on whi
h two nonedges are in this �xed 
opy. Of these

four we take any three and by taking negated pairs in this triangle as

spe
ial we again obtain T

1 in 3

.

Lemma 6. Suppose that the gadget E exists. If �(G) > 2 and there exists

a gadget T = (H;U) for a predi
ate P , then there also exists a gadget T

0

=

(H

0

; U

0

) for the same predi
ate su
h that the members of U

0

are mutually

disjoint.

Proof. It is enough to 
onstru
t gadget E

0

derived from E with this prop-

erty, sin
e if we have it, we may atta
h 
opies of E

0

using Lemma 1 to the

pairs in U and thus obtain mutually disjoint pairs U

0

whi
h are 
opies of U .

If the spe
ial edges of E are not disjoint, we mark them as fx; yg and

fy; zg. Let E

1

and E

2

be two 
opies of E, let us denote the spe
ial pairs of

the latter by fx

0

; y

0

g and fy

0

; z

0

g. Join E

1

and E

2

using Lemma 1 so that

z is identi�ed with y

0

and y with z

0

. Then the resulting hypergraph with

spe
ial edges fx; yg and fx

0

; zg satis�es the property.
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We may 
onsider all of the gadgets we have 
onstru
ted to be of this

type. We use this in the following theorems espe
ially for N and E gadgets,

where it makes the reasoning a bit easier.

Lemma 7. Suppose that the gadget E exists, �(G) > 2 and that a gadget

T = (H;U) for a predi
ate P (x

1

; x

2

; : : : ; x

m

) exists. Then there also exists a

gadget T

0

= (H

0

; U

0

) for the predi
ate P

0

(x

2

; : : : ; x

m

) = P (x

2

; x

2

; x

3

; : : : ; x

m

).

Proof. This lemma is similar to Lemma 1, but we must be a bit more 
areful

sin
e we are working only on one graph. Let u

1

and u

2

be the vertex pairs

that 
orrespond to variables x

1

and x

2

of P . We 
opy the pairs u

1

and u

2

to free pairs u

0

1

and u

0

2

by atta
hing a 
opy of E to ea
h of them (using

Lemma 1). We add a 
hain 
onsisting of 2k + 1 
opies of gadget E and

identify the spe
ial pair at its start with u

0

1

and the one at its end with u

0

2

.

Let H

0

be the hypergraph obtained in this way. We now prove that this

hypergraph together with the pairs (u

2

; u

3

; : : : ; u

m

) is the sought gadget.

Let F be any re
onstru
tion of H

0

. When we restri
t it to V (H), we

obtain a re
onstru
tion of H (sin
e we 
opied u

1

and u

2

to free edges,

no new hyperedges 
ould be added entirely on V (H)), thus we know that

P (x

1

; x

2

; : : : ; x

n

) is satis�ed. When restri
ted to the 
hain of E's, it is again

a re
onstru
tion, therefore x

1

= x

2

.

On the other hand, suppose that we are given x

2

; : : : ; x

m

su
h that the

predi
ate P (x

2

; x

2

; x

3

; : : : ; x

m

) is satis�ed. Then there exists a re
onstru
-

tion F

1

of H with edges on U given by this assignment and re
onstru
tions

F

i

2

of all the 
opies of E with assignment x

2

; x

2

. These re
onstru
tions

only meet at edges 
orresponding to x

2

, therefore they do not 
on
i
t. We

want to prove that F

0

obtained as the union of these re
onstru
tions is a

re
onstru
tion of H

0

. There is no problem with k-tuples that are entirely


ontained in one of the gadgets (where we 
onsider H with the two 
opies

of E atta
hed to be one gadget, whi
h is possible due to Lemma 1). Take

one of the other k-tuples K that is not 
ontained in any single gadget. If

K is entirely 
ontained in the 
hain, there is again no problem sin
e the


hain itself forms a gadget due to Lemma 1. Otherwise, sin
e every vertex

is 
ontained in at most two E gadgets forming the 
hain, there must be a

gadget E

0

in the 
hain that does not 
ontain any vertex of this k-tuple. Let

E

1

be the E gadget from the 
hain that 
ontains a vertex of K not in u

0

1

and u

0

2

. WLOG suppose that E

1

separates E

0

from u

0

1

in the 
hain. Then

u

0

1

is a 
ut of size 2 in the graph indu
ed by K { one of the 
omponents it

separates is the interse
tion of K and the part of 
hain between E

0

and u

0

1

(nonempty be
ause of the presen
e of E

1

), the other one is the rest. It is

7



indeed a 
ut, as all edges of F

0

are 
overed by some gadget and they 
an

pass neither through E

0

nor through u

0

1

. Therefore the graph indu
ed by

K is not isomorphi
 to G, whi
h is right as K is not a hyperedge of H

0

.

Lemma 8. Suppose that �(G) > 2, G is self-
omplementary (i.e. G is

isomorphi
 to G) and that the gadget E exists. Then also the gadget T

NAE

exists.

Proof. We take a k-tuple of verti
esK and add K to the 
onstru
ted hyper-

graph. Let v be a vertex inK and let e

1

,. . . ,e

k�1

be the pairs of verti
es ofK


ontaining v. Due to 
onne
tivity and the fa
t that G is self-
omplementary

we see that 3 � Æ(G) � �(G) � k � 4, sin
e Æ(G) + �(G) = k � 1.

We add the E 
onstraints between edges e

i

so that e

1

, e

2

and e

3

form

the spe
ial edges of the sought gadget { we may do this using Lemma 7.

We add the E 
onstraint between e

3

and e

i

for i between 4 and �(G) + 1

{ this means that in any re
onstru
tion these �(G) � 1 pairs are either all

edges, or all non-edges. Suppose they are edges, then there is at most one

edge left and at least one of e

1

and e

2

must be non-edge. Symmetri
ally we

see that not all of e

1

, e

2

and e

3

may be non-edges.

We just need to observe that indeed all of the 
ases allowed by NAE


ondition 
an be realized. But this is easy { if e

3

should be in the re
on-

stru
tion, we put the vertex of highest degree in G to v, �(G) � 1 of its

neighbors to the other verti
es of e

3

, e

4

, . . . , e

�(G)+1

, the last neighbor ei-

ther to e

1

, e

2

or e

k�1

depending on the assignment we want to simulate and

the other verti
es arbitrarily. The 
ase when e

3

is not in the re
onstru
tion

is symmetri
al due to the self-
omplementarity of G.

2 NP-Completeness of the Graph Re
onstru
-

tion Problem

We are now ready to prove the NP-
ompleteness of the graph re
onstru
tion

problem modulo a few 
onditions on G:

Theorem 9. Let G be su
h that �(G) > 2 and that the gadget O exists.

Then the G-re
onstru
tion problem is NP-
omplete.

Proof. Using the previous lemmata, T

SAT

, T

NAE

or T

1 in 3

exist. We pro-


eed by redu
tion from the well-known NP-
omplete problems 3 � SAT ,

3�NAE � SAT or 3-exa
t set 
over ([GJ79℄), respe
tively. Ea
h of them
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an be interpreted as a problem having on its input a CNF-formula with


lauses of size exa
tly 3 and looking for assignment of truth values to vari-

ables su
h that at least 1 (2 or 3, exa
tly 1) variable in ea
h 
lause is satis�ed.

In the se
ond and third 
ase we even do not need negations to be present

in the 
lauses, but allowing them makes the problems only harder. Let T

X

be the gadget for the appropriate problem and a formula F its instan
e.

We want to 
reate an equivalent instan
e of G-re
onstru
tion problem.

For ea
h 
lause of F we add a 
opy of T

X

to it. For ea
h variable that

o

urs in n 
lauses, we add a star with n rays from 
opies of E joined

by single spe
ial vertex pair. Whether the variable is true or false will be

determined by whether the edge (and therefore also its 
opies) is 
hosen

to the re
onstru
tion or not. If the o

urren
e of variable is negated, we

atta
h N gadget to the appropriate ray. For ea
h 
lause C of F , we then


opy the spe
ial edges of gadget T

X

added for C to the ends of the rays

that 
orrespond to the appropriate o

urren
es of variables of C, using

Lemma 1 and Lemma 7. It follows that the 
reated instan
e is an F -

gadget (where the spe
ial edges are the 
enters of the stars 
orresponding

to variables, and 
lauses of F are interpreted a

ording to X), and therefore

it is re
onstru
tible if and only if F is satis�able.

Sin
e G is �xed, all the used gadgets have 
onstant size, therefore the

redu
tion is polynomial.

Note also that the gadget O does not exist if G is self-
omplementary.

However this doesn't prevent the existen
e of the gadget N for this 
lass of

graphs, whi
h justi�es the following theorem:

Theorem 10. Let G be self-
omplementary, �(G) > 2 and su
h that the

gadget N exists. Then the G-re
onstru
tion problem is NP-
omplete.

Proof. The proof is analogi
al to the proof of Theorem 9 { we may 
onstru
t

gadget E using just gadget N and T

NAE

is obtained using Lemma 8.

We obtain NP-
ompleteness for some more graphs using the following

trivial theorem:

Theorem 11. Assume that the G-re
onstru
tion problem is NP-
omplete.

Then the G-re
onstru
tion problem is NP-
omplete as well.

Proof. Follows trivially from the fa
t that F is a G-re
onstru
tion of a

hypergraph H if and only if F is a G-re
onstru
tion of H .

9



3 Classes of Graphs for Whi
h the Problem

is Hard

We show that there are several important 
lasses of graphs that satisfy the


onditions of Theorem 9.

To satisfy the 
ondition on the 
onne
tivity of G, we need to assume

that either G or its 
omplement (due to Theorem 11 and Lemma 2) are

3-
onne
ted. This is true for most of the interesting 
lasses of graphs, with

the notable ex
eption of stars.

The existen
e of the O or N gadgets is the interesting part. First we

show that in fa
t most of the graphs satisfy this 
ondition:

Theorem 12. Suppose that G is a graph on k verti
es whi
h satis�es the

following 
onditions:

(i) 8x 2 V (G) G� x has no nontrivial automorphism

(ii) 8x; y 2 V (G) if x 6= y then G� x is not isomorphi
 to G� y

Then the following holds:

1. Let H be a G-stru
ture of a graph F whi
h 
ontains two hyperedges

h

1

and h

2

that interse
t in k � 1 verti
es, i. e. we have h

1

=

fa; v

1

; v

2

; : : : ; v

k�1

g and h

2

= fb; v

1

; v

2

; : : : ; v

k�1

g. Then fa; v

i

g 2

E(F ) if and only if fb; v

i

g 2 E(F ).

2. If G is not self-
omplementary, then the gadgets O and Z exist. On

the other hand, if G is self-
omplementary, then the gadget N exists.

Proof. First we prove part 1 of the theorem. Let f

i

be the isomorphism

that maps G onto F [h

i

℄ for i 2 f1; 2g. For 
ontradi
tion, assume that F

does not have the required property, WLOG assume that fa; v

1

g 2 E(F )

and fb; v

1

g =2 E(F ). Two 
ases will be distinguished:

1. There is a vertex x 2 V (G) su
h that f

1

(x) = a and f

2

(x) = b. Sin
e

fa; v

1

g 2 E(F ) and fb; v

1

g =2 E(F ), we know that the preimage of v

1

under f

1

is di�erent from the preimage of v

1

under f

2

. Hen
e if we


ompose f

1

with the inverse f

2

and restri
t this mapping to the graph

G� x, we obtain a nontrivial automorphism, 
ontrary to assumption

(i) of the theorem.

10



2. There are two distin
t verti
es x; y 2 V (G) su
h that f

1

(x) = a and

f

2

(y) = b. But then the graphs G�x and G�y are both isomorphi
 to

F [fv

1

; : : : ; v

k�1

g℄, whi
h 
ontradi
ts assumption (ii) of the theorem.

To prove the se
ond part of the theorem, we �rst introdu
e the following

notation: let fx; yg 2 E(G) be an arbitrary edge of G and fbx; byg 2

�

V (G)

2

�

n

E(G) be an arbitrary non-edge of G. We 
onstru
t a graph K by the

following pro
edure:

1. Let V

0

be an arbitrary set of size k, let G

0

= (V

0

; E

0

) be a �xed

isomorphi
 embedding of G on the set V

0

.

2. With ea
h element x

0

2 V

0

we asso
iate a set S(x

0

) of k � 2 new

verti
es denoted fw(x

0

);w 2 V (G) n fx; ygg. For ea
h vertex y

0

2 V

0

su
h that fx

0

; y

0

g is an edge of E

0

we add new edges indu
ed by the

set fx

0

; y

0

g [ S(x

0

) so that this set 
ontains an isomorphi
 
opy of G

de�ned by the isomorphism that maps x to x

0

, y to y

0

and w to w(x

0

)

for ea
h w 2 V (G) n fx; yg.

3. With ea
h element x

0

2 V

0

we asso
iate a set

b

S(x

0

) of k � 2 new

verti
es denoted f bw(x

0

);w 2 V (G) n fbx; bygg. For ea
h vertex y

0

2 V

0

su
h that fx

0

; y

0

g is not an edge of G

0

we add new edges indu
ed by

the set fx

0

; y

0

g [

b

S(x

0

) so that this set 
ontains an isomorphi
 
opy

of G de�ned by the isomorphism that maps bx to x

0

, by to y

0

and w to

bw(x

0

) for ea
h w 2 V (G) n fbx; byg.

We denote by K the graph on k � (2k� 3) verti
es obtained by the previous

three steps. Let H be the G-stru
ture of K. Let K

0

be any graph whose G-

stru
ture is H , let G

0

0

= K

0

[V

0

℄. Obviously, G

0

0

and G

0

are both isomorphi


to G, be
ause their vertex set V

0

is a hyperedge of H . However, we 
an

establish a stronger property:

� If G is self-
omplementary then G

0

0

= G

0

or G

0

0

= G

0

, where G

0

is

the 
omplement of G

0

.

� If G is not self-
omplementary then G

0

0

= G

0

.

This property immediately implies the se
ond part of the theorem. To prove

the property, we introdu
e a binary relation on

�

V

0

2

�


alled friendship de�ned

as follows: we say that the two pairs fx; y

1

g and fx; y

2

g are friends in G

0

,

if they share a 
ommon vertex and if either both of them or neither of them

belong to E

0

. From the �rst part of the theorem we obtain that if two

11



pairs of verti
es fx; y

1

g and fx; y

2

g are friends in G

0

, then they are also

friends in G

0

0

, be
ause H 
ontains the two hyperedges h

i

= fx; y

i

g [ S

0

(x)

for i 2 f1; 2g, where S

0

(x) is de�ned as S(x) if the two friends are edges

of G

0

, and S

0

(x) =

b

S(x) otherwise. Let � denote the relation obtained

as the transitive 
losure of the friendship relation in G

0

. Note that � is

an equivalen
e on

�

V

0

2

�

whose blo
ks are the edge sets of the 
onne
ted


omponents of G

0

and of the 
onne
ted 
omponents of G

0

. Sin
e friendship

in G

0

implies friendship in G

0

0

, we have that the blo
ks of � are subsets of

the blo
ks of �

0

, where �

0

is the 
losure of the friendship relation in G

0

0

.

But the number of blo
ks of �

0

is the number of 
onne
ted 
omponents of

G

0

0

and its 
omplement, whi
h is equal to the number of blo
ks of �. Hen
e

the two equivalen
e relations � and �

0

are equal and the two 
orresponding

friendship relations are equal as well. Sin
e every dis
onne
ted graph has a


onne
ted 
omplement, we know that at least one blo
k B of the relation

� is spanning in V

0

, i. e. for ea
h x 2 V

0

at least one edge in
ident to x

belongs to B. If the members of B are edges of G

0

0

then all the other blo
ks

must only 
ontain non-edges (and vi
e versa), be
ause any edge outside of

B would ne
essarily be
ome a friend of some edge in B by the spanning

property of B. This implies that the edge set of G

0

0

is either equal to B or

equal to the 
omplement of B. Clearly if G is not self-
omplementary, then

only one of these two options is available.

This 
on
ludes the proof of the theorem.

Theorem 13. Let G be a random graph. Then with probability 1�o(1) the

G-re
onstru
tion problem is NP-
omplete.

Proof. It suÆ
es to show that a random graph is almost always at least

3-
onne
ted, and that it almost always satis�es the assumptions of Theo-

rem 12. Sin
e the probability that in a random graph there exist two verti
es

u, v su
h that jN(u) \ N(v)j � n=5 is o(1), the 
onne
tivity 
ondition is

almost always satis�ed. We thus only need to prove that the prerequisites

of the Theorem 12 hold for almost all graphs. This is just a simple exten-

sion of the well-known Theorem stating that almost no random graph has

a nontrivial automorphism (see for example [BES80℄).

Let us take any of k

2

(k�1)! bije
tions f between G�x and G�y, where

x and y are two (not ne
essarily di�erent) verti
es of G. Take a dire
ted

graph F with edges (v; f(v)). F 
onsists of oriented 
y
les and one path

starting in y and ending in x. Let f be an isomorphism of G�x and G� y.

Then not all edges of G are independent { there exist a set S of pairs of

12



verti
es G su
h that the information about whi
h of these pairs are edges

uniquely determines G { therefore there are at most 2

jSj

graphs for whi
h f

is the \bad" isomorphism. We try to �nd a set as small as possible having

this property.

Let l

1

, l

2

, . . . , l

m

be the lengths of 
y
les of f in nonde
reasing order

and let l be the length (number of verti
es) of the path between verti
es x

and y. Then the size of a minimal set S is at most

 

m

X

i=1

�

l

i

2

�

!

+ (l � 1) +

 

m�1

X

i=1

(m� i)l

i

!

+

 

m

X

i=1

l

i

!

:

The �rst term 
orresponds to the edges inside single 
y
le { there are

�

l

i

2

�

di�erent distan
es between verti
es. The se
ond term is for edges inside

the path. The third term 
ounts the number of independent edges between

the pairs of 
y
les { at worst we must join a single vertex of the longer 
y
le

to all the verti
es of the short one. The last term is for edges between 
y
les

and the path { all the edges from the start of the path are independent.

Suppose that f has less then k�x �xpoints. In this 
asem � k�

x

2

. The

third term is always at most

km

2

(to see this, add

P

m�1

i=1

il

i

to it and observe

that the original third term is smaller than the added sum), therefore it sums

to at most

k

2

2

�

kx

4

. The remaining terms sum to at most 2k. If x � 8 log

2

k,

we see that the fra
tion of graphs for whi
h any su
h f may be the \bad"

isomorphism is at most

O

�

k

2

(k � 1)!

2

2k log

2

k

�

� O

�

k

k

2

2k log

2

k

�

� O

�

1

2

k log

2

k

�

= o(1);

so we do not have to 
are about them.

Now 
onsider the 
ase when f �xes all but 8 log

2

k verti
es. The number

of su
h bije
tions is at most O(2

log

4

k

). Unless f is the identity, there is a

su
h that f(a) = b 6= a. But then edges in
ident to b are determined by the

edges in
ident to a, therefore at least k � 2 edges do not belong to S. The

fra
tion of graphs for that some su
h f is the \bad" isomorphism is at most

O

 

2

log

4

k

2

k�2

!

= o(1):

Therefore indeed only o(1) fra
tion of graphs have the \bad" isomor-

phism.
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Many natural 
lasses of graphs however do not have the properties re-

quired by Theorem 12. We separately investigate the existen
e of O gadget

for some spe
ial 
lasses:

� For paths, be
ause of the motivation for the problem des
ribed in the

introdu
tion.

� For graphs 
ontaining just a single edge, sin
e they make the smallest

examples for that the 
onne
tivity 
ondition holds.

Theorem 14. If G is a path on k verti
es with k � 5, then a gadget O and

a gadget Z for G exist.

Proof. Let C

k+2

be the 
y
le on k+2 verti
es, with vertex set V = fx

0

; : : : ; x

k+1

g

and edge set E = ffx

i

; x

i+1

g; i = 0; : : : ; k + 1g, where the indi
es of x

i

in

the previous expression, as well as in the rest of this proof, are evaluated

modulo k+2. If a pair of verti
es x; y 2 V is 
onne
ted by an edge of C

k+2

,

we say that the two verti
es are 
lose to ea
h other and we 
all fx,yg a 
lose

pair. Let H be the P

k

-stru
ture of C

k+2

. Clearly a set h � V is a hyperedge

of H if and only if the two verti
es in V n h are 
lose. We 
laim that C

k+2

is the only graph with P

k

-stru
ture H . This 
laim implies that H 
an be

turned either into a gadget O or into a gadget Z, by 
hoosing appropriate

spe
ial pairs of verti
es. To prove the 
laim, we denote by F an arbitrary

graph whose P

k

-stru
ture is H . We pro
eed by a sequen
e of observations:

1. Every vertex x 2 V has the degree at least two in F . Indeed if the

degree of x were less than two, we 
ould 
hoose a 
lose pair fy

1

; y

2

g

not 
ontaining x, in a way that x is an isolated vertex in the subgraph

of F indu
ed by the 
omplement of fy

1

; y

2

g. This is impossible, be-


ause every 
omplement of a 
lose pair must indu
e a subgraph of F

isomorphi
 to P

k

.

2. Every vertex of F has the degree at most two. This is obvious if

k � 7, be
ause then for every vertex x of degree at least three we

might 
hoose a 
lose pair fy

1

; y

2

g whi
h avoids x as well as at least

three verti
es 
onne
ted to x by an edge of F . This is again impossible,

be
ause the 
omplement of a 
lose pair must indu
e a path. In the

two remaining 
ases (k = 5 and k = 6), this simple argument merely

shows that the maximum degree is less than 4. We treat the two 
ases

separately:
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k = 5: For 
ontradi
tion, let us assume that some vertex of F (WLOG

the vertex x

0

) has the degree equal to 3. Ea
h 
lose pair must

interse
t at least one of the three edges in
ident to x

0

. For this to

be possible, x

0


an not be 
onne
ted by an edge to both x

1

and

x

6

. Let us assume that WLOG x

0

is not 
onne
ted to x

1

. This

implies that the 
lose pair fx

0

; x

1

g interse
ts at least �ve edges

of F . On the other hand, F has at least one vertex of degree two

(the number of verti
es of degree three must be even) and every


lose pair 
ontaining this vertex interse
ts at most �ve edges of F .

Sin
e every 
lose pair must interse
t the same number of edges,

we 
on
lude that every 
lose pair interse
ts exa
tly �ve edges.

It follows that F has nine edges, whi
h implies that F has four

verti
es of degree three and three verti
es of degree two. There

must then be a 
lose pair fx

i

; x

i+1

g 
ontaining two verti
es of

degree three. Sin
e the 
lose pair interse
ts �ve edges, the two

verti
es of the pair must be 
onne
ted by an edge. It follows

that the neighbors of x

i

are exa
tly the verti
es x

i+1

; x

i+3

and

x

i+5

, be
ause any other 
hoi
e yields a 
lose pair avoiding x

i

and all its neighbors. Similarly, x

i+1

is 
onne
ted with x

i

; x

i+3

and x

i+5

. Then x

i

; x

i+1

and x

i+3

indu
e a triangle, whi
h shows

that the subgraph indu
ed by the 
omplement of the 
lose pair

fx

i+4

; x

i+5

g is not a path, whi
h is a 
ontradi
tion.

k = 6: Let us assume that the vertex x

i

has degree three. Then its

neighbors must be the verti
es x

i+2

; x

i+4

and x

i+6

. Again we see

that every 
lose pair interse
ts at least �ve edges, whi
h implies

that F has at least four verti
es of degree three. We may WLOG

assume that at least two of these verti
es have even indi
es. In

this 
ase the two verti
es together with any other even-numbered

vertex indu
e a triangle whi
h is avoided by some 
lose pair of

verti
es, whi
h yields a 
ontradi
tion.

3. Now that we know that F is a 2-regular graph, we easily 
on
lude

that F = C

k+2

: F has exa
tly k + 2 edges, and the 
omplement of

any 
lose pair indu
es k� 1 edges, so every 
lose pair interse
ts three

edges, whi
h implies that every 
lose pair is itself an edge of F .

The statement of the theorem follows, as noted above.

Note that the 
omplement of P

n

satis�es �(P

n

) > 2 whenever n � 6.

Also note that a gadget Z for some graph G is at the same time a gadget O
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forG. By the theorems 9, 11 and 14 we then have that the P

n

-re
onstru
tion

problem is NP-
omplete for ea
h n � 6.

Theorem 15. Let G be a graph on k � 4 verti
es with one edge. Then a

gadget Z for G exists.

Proof. Let H be the hypergraph with the vertex set V = fx

0

; x

1

; : : : ; x

k

g

and two hyperedges h

1

= fx

0

; : : : ; x

k�1

g and h

2

= fx

1

; : : : ; x

k

g. Note that

H is the G-stru
ture of the graph with two edges fx

0

; x

1

g and fx

1

; x

k

g.

We prove that if F is a graph whose G-stru
ture is H then the verti
es

fx

1

; : : : ; x

k�1

g are an independent set in F . For 
ontradi
tion, assume that

WLOG fx

1

; x

2

g is an edge of F . Then neither h

1

nor h

2


an indu
e another

edge in F . The only pair of verti
es that we have to 
onsider is the pair

fx

0

; x

k

g. If this pair of verti
es is 
onne
ted by an edge of F , then the set

V n fx

1

g must be a hyperedge of H . On the other hand, if fx

0

; x

k

g is not

an edge of F , then V n fx

3

g must be a hyperedge of H . In both 
ases we

get a 
ontradi
tion.

If G is a graph with one edge and at least �ve verti
es then �(G) > 2,

so the G-re
onstru
tion problem is NP-
omplete.

Con
lusion

We have proved that for many graphs G, the G-re
onstru
tion problem is

NP-
omplete. On the other hand, the P

4

-re
onstru
tion problem is polyno-

mial and so we might hope that for some other small graphs the problem


ould be solvable in polynomial time. However, the generi
ity of Theorem 9

suggests that the problem is usually hard. We are 
on�dent enough to state

the following

Conje
ture 1. There exists a 
onstant k

0

su
h that for any graph G with

jV (G)j > k

0

, that is not edgeless or 
omplete, the G-re
onstru
tion problem

is NP-
omplete.

The results on existen
e ofO gadget (resp. N gadget for self-
omplementary

graphs) might also be interesting by themselves. Very likely su
h a gadget

exists for every graph G.
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