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Abstra
t

We 
onsider the following s
heduling problem. The input is a set

of jobs with equal pro
essing times, where ea
h job is spe
i�ed by its

release time and deadline. The goal is to determine a single-pro
essor,

non-preemptive s
hedule of these jobs that maximizes the number of


ompleted jobs. In the online version, ea
h job arrives at its release

time. We give two online algorithms with 
ompetitive ratios below

2 and show several lower bounds on the 
ompetitive ratios. First,

we give a

5

3

-
ompetitive randomized algorithm. Our algorithm needs

only one fair random bit, as it 
hooses one of two (nearly identi
al)

deterministi
 algorithms, ea
h with probability

1

2

. We also show a

lower bound of

3

2

for barely random algorithms, that (with arbitrary

probability) 
hoose one of two deterministi
 algorithms. Next, we

give a deterministi


3

2

-
ompetitive algorithm in the model that allows

restarts, and we show that in this model the ratio

3

2

is optimal. For

randomized algorithms with restarts we show a lower bound of

6

5

.

1 Introdu
tion

We 
onsider the following fundamental problem in the area of real-time

s
heduling. The input is a 
olle
tion of jobs with equal pro
essing times p,

�

Department of Computer S
ien
e, University of California, Riverside, CA 92521.

Supported by NSF grants CCR-9988360 and CCR-0208856. fmarek,wojtekg�
s.u
r.edu

y

Mathemati
al Institute, AS CR,

�

Zitn�a 25, CZ-11567 Praha 1, Cze
h Republi
.

Partially supported by Institute for Theoreti
al Computer S
ien
e, Prague (proje
t

LN00A056 of M

�

SMT

�

CR) and grant A1019401 of GA AV

�

CR. fsgall,ti
hyg�math.
as.
z

1



where ea
h job j is spe
i�ed by its release time r

j

and deadline d

j

. The

desired output is a single-pro
essor non-preemptive s
hedule. Naturally,

ea
h s
heduled job must be exe
uted between its release time and deadline,

and di�erent jobs 
annot overlap. The term \non-preemptive" means that

ea
h job, must be exe
uted without interruptions (in a 
ontiguous interval

of length p). The obje
tive is to maximize the number of 
ompleted jobs.

In the online version, the jobs arrive over time. Ea
h job j arrives at

time r

j

, and its deadline d

j

is revealed at this time. The number of jobs

and future release times are unknown. At ea
h time step when no job is

running, we have to de
ide whether to start a job, and if so, to 
hoose whi
h

one, based only on the information about the jobs released so far. An online

algorithm is 
alled 
-
ompetitive if on every input instan
e it s
hedules at

least 1=
 as many jobs as the optimum.

It is known that a simple greedy algorithm is 2-
ompetitive for this

problem, and that this ratio is optimal for deterministi
 algorithms.

Our results. We present two ways to improve the 
ompetitive ratio of 2.

First, addressing an open question in [6, 7℄, we give a

5

3

-
ompetitive ran-

domized algorithm, Interestingly, our algorithm needs only one fair random

bit; it 
hooses with probability

1

2

one of two deterministi
 algorithms. These

two algorithms are, in fa
t, two independent 
opies of the same algorithm

that use a lo
k me
hanism to break the symmetry and 
oordinate their be-

haviors. We are not aware of previous work that uses su
h inter-pro
ess


oordination me
hanisms in the design of randomized online algorithms {

and thus this te
hnique may be of its own, independent interest. We then

show a lower bound of

3

2

on the 
ompetitive ratio of barely random algo-

rithms that (with arbitrary probability) 
hoose one of two deterministi


algorithms.

Next, we give a deterministi


3

2

-
ompetitive algorithm in the preemption-

restart model. In this model, an online algorithm is allowed to abort a job

during exe
ution, in order to start another job. The algorithm gets 
redit

only for jobs that are exe
uted 
ontiguously from beginning to end. Aborted

jobs 
an be restarted (from s
rat
h) and 
ompleted later. Note that the

�nal s
hedule produ
ed by su
h an algorithm is not preemptive. Thus the

distin
tion between non-preemptive and preemption-restart models makes

sense only in the online 
ase. (The optimal solutions are always the same.)

In addition to the algorithm, we give a mat
hing lower bound, by showing

that no deterministi
 online algorithm with restarts 
an be better than

3

2

-


ompetitive. We also show a lower bound of

6

5

for randomized algorithms

2



with restarts.

We remark that both our algorithms are natural, easy to state and im-

plement. The 
ompetitive analysis is, however, fairly involved, and it relies

on some stru
tural lemmas about s
hedules of equal-length jobs.

In a re
ent paper, Goldwasser [8℄, introdu
es the 
on
ept of algorithms

that immediately, upon release of a job, 
ommit if they will be 
ompleted or

not. Although we do not formulate our algorithms expli
itly in this form,

they 
an be easily reformulated to satisfy this useful property.

In the paper we assume the model with integer release times and dead-

lines, whi
h impli
itly makes the time dis
rete. In the literature, some

authors work with 
ontinuous time and assume that jobs have unit lengths.

Both our algorithms 
an be easily modi�ed to the 
ontinuous time model

without any 
hanges in performan
e, at the 
ost of somewhat more te
hni
al

presentation of the analysis.

Previous work. The problem of s
heduling equal-length jobs to maxi-

mize the number of 
ompleted jobs has been quite well studied in the lit-

erature. In the o�ine 
ase, an O(n logn)-time algorithm for the feasibility

problem (
he
king whether all jobs 
an be 
ompleted) was given by Garey

et al. [5℄ (see also [12, 3℄.) The maximization version 
an be also solved in

polynomial time [4, 1℄, although the known algorithms

1

are slower than the

one in [5℄.

For the online version, Gold-

man et al. [6℄ gave a lower bound

of

4

3

on the 
ompetitive ratio for

randomized algorithms and the

tight bound of 2 for determinis-

ti
 algorithms. To provide the

reader with better intuition, we

brie
y outline these lower bound

proofs. Let p � 2. The jobs used

0 2p+1

p+11
p 2p

1

2

3

1 3
ADV1

ADV2
2 1

Figure 1: Lower bound proof

in the instan
e, written in the form j = (r

j

; d

j

), are 1 = (0; 2p + 1),

2 = (1; p + 1), 3 = (p; 2p), see the �gure. In the deterministi
 
ase, re-

lease job 1. If at time 0 the online algorithm starts job 1, then release

job 2, otherwise release job 3. The online algorithm 
ompletes only one

job. As the optimum is 2 in both 
ases, the 
ompetitive ratio is no better

1

Carlier [3℄ 
laimed an O(n

3

log n)-time algorithm for the maximization version but,

as pointed out in [4℄, his algorithm is not 
orre
t.
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than 2. For the randomized 
ase, we use Yao's prin
iple. We release job 1,

and then randomly 
hoose between jobs 2 and 3, ea
h with probability

1

2

.

The expe
ted number of 
ompleted jobs of any deterministi
 algorithm is

at most 1:5, as on one of the instan
es it 
ompletes only one job. Thus the


ompetitive ratio is no better than

2

1:5

=

4

3

.

Goldman et al. [6℄ show that the lower bound of 2 
an be beaten if

the jobs on input have suÆ
iently large \sla
k". Spe
i�
ally, they prove

that a greedy algorithm is

3

2

-
ompetitive for instan
es where d

j

� r

j

� 2p

for all jobs j. This is 
losely related to our algorithm with restarts: On

su
h instan
es, our algorithm never uses restarts and be
omes identi
al to

the greedy algorithm. Thus in this spe
ial 
ase our result 
onstitutes an

alternative proof of the result of [6℄. Exploring this dire
tion, Goldwasser [7℄

introdu
ed a notion of patien
e and obtained a parameterized version of this

result: if d

j

� r

j

� �p for all jobs j, where � � 1 is an integer, then the


ompetitive ratio de
reases to 1 + 1=�.

In our brief overview of the literature given above we fo
used on the 
ase

when jobs are of equal length and the obje
tive fun
tion is the number of


ompleted jobs. We need to stress though that, in addition to the work 
ited

above, there is vast literature on real-time s
heduling problems, where a

variety of other models is 
onsidered. Other or no restri
tions 
an be pla
ed

on pro
essing times, jobs may have di�erent weights (bene�ts), we 
an have

multiple pro
essors, and preemption may be allowed. For example, on
e

arbitrarily pro
essing times and/or weights are introdu
ed, no 
onstant-


ompetitive algorithms exist. Therefore it is 
ommon in the literature to

allow preemption with resume, where a job 
an be preempted and later

started from where it was stopped.

The model with restarts was studied before by Hoogeveen et al. [9℄.

They present a 2-
ompetitive deterministi
 algorithm with restarts for jobs

with arbitrary pro
essing times and obje
tive to maximize the number of


ompleted jobs (i.e., no weights). They also give a mat
hing lower bound.

However, their algorithm does not use restarts on the instan
es with equal

pro
essing times, and thus it is no better than 2-
ompetitive for our problem.

Real-time s
heduling is an area where randomized algorithm have been

found quite e�e
tive. Most randomized algorithms in the general s
enarios

use the \
lassify-and-randomly-sele
t" te
hnique introdu
ed by Lipton and

Tomkins [10℄. In general, this method de
reases the dependen
e of 
ompet-

itive ratio from linear to logarithmi
 in 
ertain parameters (e.g., the ratios

between the maximum and minimum weights.) This te
hnique seems to

4



be of no use for our 
ase of equal length (and equal weight) jobs, and our

randomized algorithm is based on entirely di�erent ideas.

Barely random algorithms are an interesting 
on
ept re
ently introdu
ed

in the area of online algorithms. The �rst work on barely random s
heduling

algorithms we are aware of is that of Seiden [11℄, who obtained signi�
ant

results in the area of makespan s
heduling. Bartal et al. [2℄ show that barely

random online algorithms are also useful for the k-server problem.

The area of real-time s
heduling is of 
ourse well motivated by multitudes

of applied s
enarios. In parti
ular, the model of equal-length jobs { without

or with limited preemption { is related to appli
ations in pa
ket swit
hed

networks. When di�erent weights are 
onsidered, the problem has further


onne
tions to the \quality of servi
e" issues (re
ently a fashionable phrase.)

Nevertheless, we shamelessly admit that this work has been partially driven

by plain 
uriosity. It is quite intriguing, after all, that so little is known

about the 
ompetitiveness of su
h a fundamental s
heduling problem.

2 Preliminaries

Notation and terminology. The instan
e on input is a set of jobs J =

f1; 2; : : :g. Ea
h job j is given by its release time r

j

and deadline d

j

. All jobs

have pro
essing time p. (We assume that all numbers are positive integers

and that d

j

� r

j

+ p for all j.) The expiration time of job j is x

j

= d

j

� p,

i.e., the last time when it 
an be started. A job j is 
alled available at time

t if r

j

� t � x

j

. A job j is 
alled tight if x

j

� r

j

< p.

A non-preemptive s
hedule A assigns to ea
h 
ompleted job j an interval

[S

A

j

; C

A

j

), with r

j

� S

A

j

� x

j

and C

A

j

= S

A

j

+p, during whi
h it is exe
uted.

These intervals are disjoint for distin
t jobs. S

A

j

and C

A

j

are 
alled the start

time and 
ompletion time of job j. Both are assumed to be integer, w.l.o.g.

We adopt a 
onvention that \job running (a s
hedule being idle, et
.) at

time t" is an equivalent short
ut for \job running (a s
hedule being idle,

et
.) in the interval [t; t + 1)". Given a s
hedule A, a job is pending at

time t in A if it was not 
ompleted yet and r

j

� t � x

j

. The bene�t of the

s
hedule, denoted jAj, is the number of 
ompleted jobs.

A set of jobs P is 
alled feasible at time t if there exists a s
hedule whi
h


ompletes all jobs in P su
h that no job is started before t. A set of jobs P

is 
exible at time t if it is feasible at time t+ p. We say that a job started

by a s
hedule at time t is 
exible if the set of all jobs pending at t is 
exible;

otherwise the job is 
alled urgent.

5



An online algorithm 
onstru
ts a s
hedule in
rementally, at ea
h step t

making de
isions based only on the jobs released at or before t. Ea
h job

j is revealed (in
luding its deadline) to the algorithm at its release time

r

j

. A non-preemptive online algorithm 
an start a job only when no job is

being running; thus, if a job is started at time t the algorithm has no 
hoi
e

but to let it 
omplete by the time t+ p. An online algorithm with restarts


an start a job at any time. If we start a job j when another job, say k,

is running, then k is aborted and started from s
rat
h when (and if) it is

started again later. The un�nished portion of k is removed from the overall

s
hedule (so the s
hedule is 
onsidered to be idle during this time interval.)

Thus the s
hedule generated by an online algorithm with restarts is also a

non-preemptive s
hedule.

An online algorithm is 
alled 
-
ompetitive if, for any instan
e (set of

jobs) J and any s
hedule ADV for J , the s
hedule A generated by the

algorithm on J satis�es jADVj � 
jAj. If the algorithm is randomized,

the expression jAj is repla
ed by the expe
ted (average) number of jobs


ompleted on the given instan
e.

Some properties of s
hedules. For every instan
e J , we �x a 
anon-

i
al linear ordering � of J su
h that j � j

0

implies d

j

� d

j

0

. In other

words, we order the jobs by their deadlines, breaking the ties arbitrarily

but 
onsistently for all appli
ations of the deadline ordering. The term

earliest-deadline, or brie
y ED, now refers to the �-minimal job.

A s
hedule A is 
alled EDF (earliest-deadline-�rst) if, whenever it starts

a job, it 
hooses the earliest-deadline job of all the pending jobs that are

later 
ompleted in A.

A s
hedule is normal if (i) whenever it starts a job, it 
hooses the ED job

from the set of all pending jobs, and (ii) whenever the set of all pending jobs

is not 
exible, it starts a job. Both 
onditions (i) and (ii) are reasonable, in

the sense that any algorithm 
an be modi�ed, using a standard ex
hange

argument, to satisfy them without redu
ing the number of s
heduled jobs.

(We omit the proof, as we do not need this fa
t in the paper). Furthermore,

the rules 
an be guaranteed by an online algorithm; indeed, all our algo-

rithms generate normal s
hedules. Obviously, any normal s
hedule is EDF,

but the reverse is not true. The following property is useful.

Lemma 2.1 Suppose that a job j is urgent in a normal s
hedule A. Then

at any time t, S

A

j

� t � x

j

, an urgent job is running in A.

6



Proof: Let P be the set of jobs pending at time S

A

j

. Towards 
ontradi
tion,

suppose that there is a time t, S

A

j

� t � x

j

, when A is idle or starts a


exible job at t. Then the set Q of jobs pending at time t is 
exible at t

and, sin
e j is the ED job from P (by normality of A), Q 
ontains all the

jobs from P that are not 
ompleted in A before t. Sin
e Q is 
exible at

t, we 
an s
hedule all jobs of Q from t + p, start j at t and s
hedule all

jobs in P �Q � fjg as in A. This shows that P is 
exible at time S

A

j

{ a


ontradi
tion. 2

Two s
hedules D and D

0

for an instan
e J are 
alled equivalent if D

starts a job at t if and only if D

0

starts a job at t; furthermore the job started

in D is 
exible if and only if the job started in D

0

is 
exible. Obviously,

jDj = jD

0

j for equivalent s
hedules.

For the purpose of our analysis, we modify normal s
hedules into equiva-

lent EDF s
hedules with better stru
tural properties. In parti
ular, the next

lemma gives us more 
ontrol over the 
hoi
e of jobs that are s
heduled, if

there are more equivalent 
hoi
es. The idea of the 
onstru
tion is straight-

forward: keep a list of jobs we want to s
hedule to satisfy the requirements;

verifying all the details is tedious.

Lemma 2.2 Let A be a normal s
hedule for a set of jobs J . Let f(j) : J !

J be a partial fun
tion su
h that if f(j) is de�ned then j is s
heduled as


exible in A and r

f(j)

< C

A

j

� x

f(j)

. Then there exists an EDF s
hedule

A

0

equivalent to A su
h that:

(1) All jobs f(j) are 
ompleted in A

0

.

(2) If j is available at time t when A

0

is idle or starts a 
exible job then

j is 
ompleted in A

0

.

(3) Let j be a job 
ompleted in A, let t = S

A

j

, and let R be the set of all

jobs j

0

with r

j

0

< t+ p that are pending at t + p. If R is feasible at

t+ p then all the jobs in R are 
ompleted in A

0

.

Proof: We iteratively produ
e the s
hedule A

0

, while maintaining a feasible

set P

t

of pending jobs at ea
h time t when A is idle or starts a job. In parallel

with the 
onstru
tion, we prove indu
tively that P

t

is an �-maximal feasible

subset of the jobs pending at time t, for ea
h s
hedule A or A

0

. Note that

if P

t

is 
exible, then its maximality implies that P

t

is equal to the set of all

jobs pending at t, both for A and A

0

. We now des
ribe the 
onstru
tion.

Initially, 
hoose P

0

as an arbitrary maximal feasible set of jobs released

at time 0.

7



Suppose we have already de�ned P

t

. If A is idle at t, we let A

0

idle and


hoose an arbitrary P

t+1

� P

t

by adding the newly arrived jobs as long as

the set is feasible. Sin
e A is idle, P

t

is 
exible at t and thus (i) P

t


ontains

all the pending jobs at t, in ea
h s
hedule A or A

0

, and (ii) P

t

is feasible at

t + 1. This implies that the 
onstru
ted set P

t+1

is a maximal feasible set

at t+ 1, both for A and A

0

.

If A starts a job j at time t, A

0

starts the earliest-deadline (more pre-


isely, �-minimal) job k from P

t

. Sin
e P

t

is a maximal feasible set both

for A and A

0

, it is non-empty whenever A starts a job. Furthermore, we

have the following equivalen
es: the job started in A is 
exible at t i� P

t

is


exible at t i� k is 
exible at t in A

0

.

Let Q = P

t

� fkg. We 
laim that the following properties hold for ea
h

s
hedule A and A

0

:

(Q1) Ea
h job i 2 Q is pending at time t+ p,

(Q2) Q is feasible at time t+ p, and

(Q3) Q is �-maximal among all sets of jobs that satisfy 
onditions (Q1)

and (Q2).

By the de�nition of Q, (Q2) holds (for both A and A

0

) and (Q1) holds

for A

0

. No job k

0

62 P

t


an be feasibly added to Q at time t+p, as otherwise

it 
ould be feasibly added to P

t

at time t. Thus, for A

0

, Q satis�es (Q3),

i.e., is maximal. If P

t

is 
exible, then P

t


ontains all jobs pending at t both

for A and A

0

, thus j = k and Q satis�es (Q1) and (Q3) for A. If k is urgent,

then j � k sin
e k is available to A and A s
hedules the ED pending job (as

A is normal); thus, for A, all jobs in Q are pending at t+ p and (Q1) holds.

Furthermore, P

t

is not feasible at t + p (as otherwise P

t

would be 
exible


ontradi
ting the assumption that k is urgent). Thus (Q3) holds also for A,

as adding both k and a job not in P

t

leads to a non-feasible set.

Now we 
onstru
t P

t+p

from Q by adding the newly arrived jobs in a

parti
ular order. First, if de�ned, we add f(j): in this 
ase P

t

is 
exible at

t and thus Q is 
exible at t + p, so f(j) 
an always be added to Q if it is

pending and not yet in Q (whi
h is the 
ase if r

f(j)

� t). Then we add all

the jobs j

0

with t < r

j

0

< t+ p, in an arbitrary order, adding ea
h job only

if the set is feasible. Finally, we add all the jobs j

0

with r

j

0

= t + p, in an

arbitrary order, adding ea
h job only if the set is feasible. The maximality

of Q and the 
onstru
tion implies that P

t+p

is a maximal feasible set of jobs

pending at t+ p, both for A and A

0

.

This 
ompletes the 
onstru
tion. Obviously, A and A

0

are equivalent.

Also, A

0

is EDF sin
e the ED job of P

t

is s
heduled and no jobs j

0

62 P

t

pending at t are added to P

t

0

, t

0

> t.

8



By the 
onstru
tion, A

0

s
hedules all the jobs that are in some plan P

t

.

At any time t when A

0

is idle or starts a 
exible job, plan P

t

is 
exible and

thus 
ontains all pending jobs. This proves (2). Sin
e f(j) 2 P

t

for t = C

A

j

,

it also implies (1). Finally, to show (3), re
all that when 
onstru
ting P

t+p

for t = S

A

j

, we are �rst adding to P

t+p

all the jobs j

0

with r

j

0

< t+p (by the

assumption of the lemma, j

0

= f(j) satis�es this); if they are all together

feasible then they are all added and thus R � P

t+p

. 2

Lemma 2.2 gives an easy proof that any normal s
hedule A s
hedules

at least half of the jobs of any s
hedule ADV for the same instan
e. Take

the modi�ed s
hedule A

0

from Lemma 2.2. Charge (i.e. map) any job j


ompleted in ADV to a job 
ompleted in A

0

as follows: (i) If A

0

is running

a job k at time S

ADV

j

, 
harge j to k. (ii) Otherwise 
harge j to j. This is

well de�ned, sin
e if j is available at S

ADV

j

and if A

0

is idle, A

0


ompletes j

by Lemma 2.2(2). Furthermore, only one job 
an be 
harged to k using (i),

as all jobs have the same pro
essing time and only one job 
an be started in

ADV during the interval when k is running in A

0

. Thus overall at most two

jobs are 
harged to ea
h job in A

0

and jADVj � 2jA

0

j = 2jAj, as 
laimed.

This shows that any online algorithm that generates a normal s
hedule is

2-
ompetitive. In parti
ular, this in
ludes the known result that the greedy

algorithm whi
h always s
hedules the ED pending job when there are any

pending jobs is 2-
ompetitive. We use similar but more re�ned 
harging

s
hemes to analyze our improved algorithms.

3 Randomized Algorithms

3.1 A

5

3

-Competitive Algorithm

In this se
tion we present our

5

3

-
ompetitive barely random algorithm. This

algorithm needs only one random bit; at the beginning of 
omputation it


hooses with probability

1

2

between two s
hedules. We also later show a

lower bound for barely random algorithms: any randomized algorithm that

randomly 
hooses between two s
hedules has ratio at least

3

2

.

Algorithm RandLo
k. The algorithm runs two identi
al pro
esses, A

and B, sharing a 
ommon lo
k. Ea
h pro
ess 
omputes one s
hedule of its

own 
opy of the given instan
e J . (This means that with the ex
eption of

the lo
k, the pro
esses are independent; e.g., a given job 
an be exe
uted

by both pro
esses at the same or di�erent times.) The algorithm 
hooses

with probability

1

2

ea
h pro
ess.

9



Ea
h pro
ess works as follows:

(1) If there is no pending job, wait for the next arrival.

(2) If the pending jobs are not 
exible, exe
ute the earliest-deadline

pending job.

(3) If the pending jobs are 
exible and the lo
k is available, a
quire the

lo
k (ties broken arbitrarily), exe
ute the earliest-deadline pending

job, and release the lo
k upon its 
ompletion.

(4) Otherwise wait until the lo
k be
omes available or the pending jobs

be
ome not 
exible (due to progress of time and/or job arrivals).

Before we analyze the algorithm, we illustrate the behavior of the algo-

rithm on the instan
e in Figure 2. Both pro
esses s
hedule only 3 jobs out

of optimal 5, thus the algorithm is not better than

5

3

-
ompetitive.

Let A and B denote the s
hedule generated by the 
orresponding pro-


esses on a given instan
e J . It is easy to see that RandLo
k is a non-

preemptive online algorithm and both s
hedules are normal. Fix an arbi-

trary s
hedule ADV for the given instan
e J .

We start our proof by modifying the s
hedules A and B a

ording to

Lemma 2.2. We de�ne partial fun
tions f

D

, D 2 fA;Bg. De�ne f

D

(j) = k

if j is a 
exible job 
ompleted in D and k is a job started in ADV during

the exe
ution of j in D and available at the 
ompletion of j in D, i.e., su
h

that S

D

j

� S

ADV

k

< C

D

j

� x

k

. Otherwise (if j is not 
exible or no su
h k

exists), f

D

(j) is unde�ned. Note that if k exists, it is unique for a given j.

Let D

0

be the s
hedule 
onstru
ted in Lemma 2.2 using f = f

D

. We

stress that D

0

is not a
tually 
onstru
ted by the algorithm (in fa
t, it 
annot

be 
onstru
ted online as its de�nition depends on ADV); it is only a tool

for the analysis of RandLo
k. Sin
e D

0

is equivalent to a normal s
hedule

D, Lemma 2.1 still applies and the number of 
ompleted jobs remains the

same as well.

To avoid 
lutter, we slightly abuse the notation and from now on we use

A and B to denote the modi�ed s
hedules A

0

and B

0

. Whenever D denotes

one of the pro
esses or s
hedules A and B, then

�

D denotes the other one.

Observation: An important property guaranteed by the lo
k me
hanism

is that if D is idle at time t and the lo
k is available (i.e.,

�

D is idle or

exe
uting an urgent job), then all jobs j available at t are 
ompleted by

time t in D, as otherwise D would s
hedule some job. Furthermore, any

su
h j is exe
uted as 
exible: otherwise by Lemma 2.1 D 
annot be idle at

time t, S

D

j

� t � x

j

.

The 
harging s
heme. Let j be a job started at time t = S

ADV

j

. This

10



job generates several 
harges of di�erent weights to (the o

urren
es of) the

jobs in s
hedules A and B. There are two types of 
harges: self-
harges

from job j to the o

urren
es of j in A or B, and up-
harges, from j to the

jobs running at time t in A and B. (See Figure 3.) The total of 
harges

generated by j is always 1.

Case (I): Both s
hedules A and B are idle. By the observation above, j is


ompleted in both A and B. We generate two self-
harges of

1

2

to the two

o

urren
es of j in A and B.

Case (II): One s
hedule D 2 fA;Bg is running an urgent job k and the

other s
hedule

�

D is idle. By the observation, j is 
ompleted by time t in

�

D. We generate one self-
harge of

1

2

to the o

urren
e of j in

�

D and one

up-
harge of

1

2

to k in D.

Case (III): One s
hedule D 2 fA;Bg is running a 
exible job k and the

other s
hedule

�

D is idle. We 
laim that j is 
ompleted in both A and

B. This follows from Lemma 2.2(2) for

�

D and also for D, if r

j

� S

D

k

. If

x

j

� C

D

k

then f

D

(k) = j and D 
ompletes k by Lemma 2.2(1). In the

remaining 
ase, we have S

D

k

< r

j

� t � x

j

� C

D

k

; thus j is a tight job and

�

D 
annot be idle at t, 
ontradi
ting the 
ase 
ondition.

In this 
ase we generate one up-
harge of

1

3

to k inD and two self-
harges

of

1

2

and

1

6

to the o

urren
es of j a

ording to the sub
ases as follows. Let

E 2 fA;Bg be the s
hedule whi
h starts j �rst (breaking ties arbitrarily).

Case (IIIa): If E s
hedules j as an urgent job and the other s
hedule

�

E

is idle at some time t

0

satisfying S

E

j

� t

0

� x

j

, then 
harge

1

6

to the

o

urren
e of j in E and

1

2

to the o

urren
e of j in

�

E. Note that

by Lemma 2.1, E is running an urgent job at t

0

� x

j

, and by the

observation above, j is 
exible and 
ompleted in

�

E before t

0

.

Case (IIIb): Otherwise 
harge

1

2

to the o

urren
e of j in E and

1

6

to the

o

urren
e of j in

�

E.

Case (IV): Both pro
essesA and B are running jobs k

A

and k

B

, respe
tively,

at time t. We show in Lemma 3.1 that one of k

A

and k

B

re
eives a self-
harge

of at most

1

6

from its o

urren
e in ADV. This job re
eives an up-
harge

of

2

3

from j and the other one of k

A

and k

B

an up-
harge

1

3

from j. No

self-
harge is generated.

Lemma 3.1 In 
ase (IV), one of k

A

and k

B

re
eives a self-
harge of at

most

1

6

.

11



Proof: Assume, towards 
ontradi
tion, that both k

A

and k

B

re
eive a self-


harge of

1

2

. At least one of k

A

and k

B

is s
heduled as urgent in the 
orre-

sponding s
hedule, due to the lo
k me
hanism. Thus k

A

6= k

B

, as (I) is the

only 
ase when two self-
harges

1

2

to the same job are generated and then

both o

urren
es are 
exible. Furthermore, if j = k

D

, D 2 fA;Bg, then k

D

has no self-
harge. Thus k

A

, k

B

and j are three distin
t jobs.

Claim: If k

D

, D 2 fA;Bg, re
eives a self-
harge of

1

2

in 
ase (IIIb) (applied

to k

D

) and S

ADV

k

D

� t � p (i.e., k

D

is s
heduled before j in ADV), then

k

�

D

� k

D

.

Proof of Claim: If (IIIb) applies, generating a self-
harge of

1

2

to k

D

then

�

D

s
hedules k

D

after k

�

D

. Furthermore, S

�

D

k

�

D

� t� p � S

ADV

k

D

� r

k

D

and thus

k

D

is pending in

�

D when k

�

D

is started. Sin
e

�

D is EDF, we have k

�

D

� k

D

,

as 
laimed.

Choose D su
h that k

D

is urgent in D (as noted above, su
h D exists).

The only 
ase when an urgent job re
eives a self-
harge of

1

2

is (IIIb). Sin
e

by Lemma 2.1, D exe
utes urgent jobs at all times t

0

, t � t

0

� x

k

D

, and

j 6= k

D

, it follows that S

ADV

k

D

� t�p. By the 
laim, k

�

D

� k

D

and x

k

�

D

� x

k

D

.

Furthermore, sin
e (IIIa) does not apply,

�

D is also not idle at any time t

0

,

t � t

0

� x

k

D

.

If k

�

D

is self-
harged

1

2

in 
ases (I), (II), (IIIa) or the sub
ase of (IIIb)

when S

ADV

k

�

D

> t, then at least one pro
ess is idle at some time t

0

, t < t

0

�

x

k

�

D

� x

k

D

, whi
h is a 
ontradi
tion with previous paragraph. If k

�

D

is

self-
harged

1

2

in the sub
ase of (IIIb) when S

ADV

k

�

D

� t, then S

ADV

k

�

D

� t� p

as j 6= k

�

D

, and the 
laim above applies to k

�

D

; however the 
on
lusion that

k

D

� k

�

D


ontradi
ts the linearity of � as k

D

6= k

�

D

and we have already

shown that k

�

D

� k

D

. We get a 
ontradi
tion in all the 
ases, 
ompleting

the proof of the lemma. 2

Finally, we show that the total 
harge to ea
h o

urren
e of a job in A

or B is at most

5

6

. During the time when a job is running in A or B, at

most one job is started in ADV, thus ea
h job gets at most one up-
harge in

addition to a possible self-
harge (in 
ertain degenerate 
ases these two may


ome from the same job in ADV). The weight of a self-
harge j is always

either

1

2

or

1

6

. In parti
ular, if a job does not re
eive any up-
harge, it is


harged less than

5

6

. If a job k in D re
eives an up-
harge in (II), it is a

tight job and, sin
e the

�

D is idle, it is already 
ompleted in

�

D; thus the

self-
harge is at most

1

6

and the total is at most

1

6

+

1

2

<

5

6

. If a job k

in D re
eives an up-
harge in (III), the up-
harge is only

1

3

and thus the
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total is at most

1

3

+

1

2

=

5

6

. If a job k in D re
eives an up-
harge in (IV),

Lemma 3.1 implies that the up-
harges 
an be de�ned as 
laimed in the 
ase

des
ription. The total 
harge is then bounded by

1

6

+

2

3

=

5

6

and

1

2

+

1

3

=

5

6

,

respe
tively.

The 
ompetitive ratio of

5

3

now follows by summing the 
harges over

all jobs and observing that the expe
ted number of jobs 
ompleted by

RandLo
k is

1

2

(jAj+ jBj).

Theorem 3.2 RandLo
k is a

5

3

-
ompetitive non-preemptive randomized

algorithm for s
heduling equal-length jobs.

3.2 A Lower Bound for Barely Random Algorithms

Theorem 3.3 Suppose that A is a barely-random non-preemptive algorithm

for s
heduling equal-length jobs that 
hooses one of two deterministi
 algo-

rithms. Then A is not better than

3

2

-
ompetitive.

Proof: Assume that we have two deterministi
 algorithms, A and B, of

whi
h one is 
hosen as the output s
hedule randomly, with arbitrary prob-

ability. Let p � 3 and write the jobs in the format j = (r

j

; d

j

). We

start with job 1 = (0; 4p). Let t be the �rst time when one of the algo-

rithms, say A, s
hedules job 1. If B s
hedules it at t as well, release a job

1

0

= (t+1; t+p+1); obviously the optimum s
hedules both jobs while both

A and B only one, so the 
ompetitive ratio is at least 2.

So we may assume that B is idle at t. Release job 2 = (t+1; t+2p+2).

If B starts job 2 at t+1, release job 3 = (t+2; t+ p+2), otherwise release

4 = (t + p + 1; t + 2p + 1). By the 
hoi
e of the last job, B 
an 
omplete

only one of the jobs 2, 3, 4. Sin
e A is busy with job 1 until time t + p, it

also 
an 
omplete only one of the jobs 2, 3, 4, as their deadlines are stri
tly

smaller than t+3p. So both A and B 
omplete two jobs. The optimum 
an


omplete all three released jobs. If 3 is issued, s
hedule 3; 2, ba
k to ba
k,

starting at time t + 2. If 4 is issued, s
hedule 2; 4, ba
k to ba
k, starting

at time t+ 1. In either 
ase, both jobs �t in the interval [t+ 1; t+ 2+ 2p).

If t � p � 1, then job 1 
an be s
heduled at time 0, otherwise, it 
an be

s
heduled at time 3p � t+2+ 2p. Thus the 
ompetitive ratio is at least

3

2

.

2
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4 S
heduling with Restarts

4.1 The

3

2

-Competitive Algorithm

Our algorithm with restarts is very natural. At any time, it greedily s
hed-

ules the ED job. However, if a new tight job arrives and it would expire

before the running job is 
ompleted, we 
onsider a preemption. If all pend-

ing jobs 
an be s
heduled, the preemption o

urs. If not, it means that some

pending job is ne
essarily lost and the preemption would be useless|so we


ontinue running the 
urrent job and let the tight job expire.

We need an auxiliary de�nition. Suppose that a job j is started at time

s by the algorithm. We 
all a job k a preemption 
andidate if s < r

k

�

x

k

< s+ p.

Algorithm TightRestart. At time t:

(1) If no job is running, start the ED pending job, if there are any

pending jobs, otherwise stay idle.

(2) Otherwise, let j be the running job. If no preemption 
andidate is

released at t, 
ontinue running j.

(3) Otherwise, 
hoose a preemption 
andidate k released at t (use the

ED job to break ties.) Let P be the set of all jobs pending at time

t, ex
luding any preemption 
andidates (but in
luding j). If P is

feasible at t+p, preempt j and start k at time t. Otherwise 
ontinue

running j.

Preliminary 
onsiderations. Let A be the non-preemptive s
hedule gen-

erated by TightRestart (after removing the preempted parts of jobs.) We

stress that we distinguish between A being idle and TightRestart being

idle: at some time steps TightRestart 
an pro
ess a job that will be

preempted later, in whi
h 
ase A is 
onsidered idle but TightRestart is

not.

Obviously, TightRestart is an online algorithm with restarts, and any

job it starts is the ED pending job. To prove that A is a normal s
hedule,

we need a few more observations:

(1) A job j that was started as urgent is never preempted: Let R be the

set of pending jobs at time t

0

when j is started, and suppose that at

time t a preemption 
andidate arrives. If x

j

< t then j itself is not

feasible at t. Otherwise all jobs in R are pending at t (as j is the ED

job in P ) and thus P � R 
annot be feasible at t + p sin
e already

R is not feasible at t

0

+ p < t+ p.

14



(2) If j is preempted, then this happens on the �rst release of a pre-

emption 
andidate: the 
ondition in step (1) only gets stronger with

further jobs released, using also the fa
t that j is 
exible by (1) and

thus no job available at its start expires.

(3) If A is idle at t

0

but a job j is running at t

0

and preempted at time

t > t

0

, the set R of all jobs pending at time t

0

is 
exible: Sin
e j is


exible and R does not 
ontain any preemption 
andidates by (2),

we have R � P where P is the set in step (3) of the algorithm at

time t. If j is preempted at time t, P is 
exible at t, thus R is 
exible

at t

0

< t.

Summarizing, A always starts the ED pending job; if a preemption o

urs,

we use (2) and the 
hoi
e of the s
heduled preemption 
andidate to see that

it is ED. (1) implies that if an urgent job is started, it is also 
ompleted, and

(3) implies that if A is idle then the set of pending jobs is 
exible. Thus A

is a normal s
hedule and we 
an pro
eed towards appli
ation of Lemma 2.2.

De�ne a partial fun
tion f : J ! J as follows. Let j be a job s
heduled

as 
exible in A.

� If at some time t, S

A

j

� t < C

A

j

, ADV starts a job k whi
h is not a

preemption 
andidate then let f(j) = k.

� Otherwise, if there exists a job k with S

A

j

< r

k

< C

A

j

� x

k

su
h that

ADV does not 
omplete k, then let f(j) = k (
hoose arbitrarily if

there are more su
h k's).

� Otherwise, f(j) is unde�ned.

Let A

0

be the s
hedule 
onstru
ted in Lemma 2.2 from A and the fun
tion

f . As before, we abuse A to denote the modi�ed s
hedule A

0

as well.

Call a job j s
heduled in ADV a free job if TightRestart is idle at time

S

ADV

j

. This implies that at time S

ADV

j

no job is pending in A; in parti
ular,

j is 
ompleted by time S

ADV

j

in A. (These jobs need spe
ial attention, as

TightRestart was \tri
ked" into s
heduling them too early.)

If a job j in ADV is started while a job k is running in A, we want to


harge j to k. However, due to preemptions, the jobs 
an be
ome misaligned,

so we repla
e this simple mat
hing by a slightly more te
hni
al de�nition.

We mat
h the jobs from the beginning of the s
hedule, a job k in A is

mat
hed to the next job in ADV, provided that it starts later than k; an

ex
eption is that if k is free then we prefer to mat
h it to itself rather than

to another job that starts mu
h later.

Formally, de�ne a partial fun
tion M : J ! J whi
h is a mat
hing

of (some) o

urren
es of jobs in A to those in ADV. Pro
ess the jobs k

s
heduled in A in the order of in
reasing S

A

k

. Let j be the �rst unmat
hed
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job started in ADV after S

A

k

, i.e., a job with smallest S

ADV

j

among those

with S

ADV

j

� S

A

k

and not in the 
urrent range of M (i.e., for no k

0

with

S

A

k

0

< S

A

k

, j =M(k

0

)). If no su
h j exists, M(k) is unde�ned. If k is a free

job, not in the 
urrent range of M , and S

ADV

j

� C

A

k

, then let M(k) = k.

Otherwise let M(k) = j.

The de�nition implies that M is one-to-one. Furthermore, for any j

s
heduled in ADV, if A is exe
uting a job k at S

ADV

j

, then j = M(k

0

) for

some k

0

: if j is not in the range of M before k is pro
essed then M(k) is

de�ned as j.

Lemma 4.1 If j is free and f(j) is unde�ned then j is in the range of M .

Proof: Sin
e j is free, it is 
ompleted in A before it is started in ADV. Let

k be the job started in ADV at some time t, S

A

j

� t < C

A

j

. If no su
h k

exists or M(j) 6= k then j is in the range of M and the lemma holds: if j is

not in the range of M before j is pro
essed, then M(j) is de�ned to be j.

Sin
e f(j) is unde�ned, k is a preemption 
andidate. Thus it remains

to handle the 
ase when k is a preemption 
andidate, yet TightRestart

does not preempt, and M(j) = k.

The idea is this: We show that after j, A s
hedules many jobs that, in

the de�nition of M , 
ould be mat
hed to jobs in ADV s
heduled after k, so

they 
annot be all mat
hed before we try to mat
h to j in ADV. This gets

a bit te
hni
al, e.g., we need to verify that these jobs are not free.

Let K = fj

0

j S

A

j

< r

j

0

< C

A

j

� x

j

0

g be the set of all jobs released

during the exe
ution of j in A, ex
luding preemption 
andidates. Sin
e

f(j) is unde�ned, all these jobs are 
ompleted in ADV, and obviously they


annot be 
ompleted before S

ADV

k

. Thus K is feasible at C

ADV

k

and also at

C

A

j

� C

ADV

k

.

Let P be the set of all jobs pending at r

k

in A ex
luding all preemption


andidates (but in
luding j). Let R = P [K �fjg and u = jRj. Sin
e A is

an EDF s
hedule and all jobs j

0

2 J �K are available at S

A

j

, they all have

d

j

0

� d

j

� C

A

j

. Thus R is exa
tly the set of all jobs pending at C

A

j

in A

with r

j

0

< C

A

j

.

Suppose, towards 
ontradi
tion, that R not feasible at C

A

j

. Sin
e K is

feasible and all jobs in j

0

2 J �K have d

j

0

� d

j

, TightRestart is then

exe
uting urgent jobs from C

A

j

until at least the time x

j

. Thus A is not

idle at time S

ADV

j

� x

j

and j is not free. Thus R is feasible at C

A

j

and

by Lemma 2.2(3), A 
ompletes all jobs in R. Furthermore, all jobs in R
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are s
heduled between C

A

j

and S

ADV

j

, as TightRestart is idle at S

ADV

j

.

Consequently, S

ADV

j

� C

A

j

� up.

Next we 
laim that (i) S

ADV

j

� C

ADV

k

< up and (ii) ADV does not

s
hedule any of the jobs in R after j. If either of the items is violated,

R[fjg is feasible at C

ADV

k

: First we s
hedule K, whi
h is feasible at C

ADV

k

,

and then the remaining jobs from R. If (i) is violated, we 
an 
omplete all

jobs in R by the time S

ADV

j

, whi
h is smaller than the deadlines in P �K,

and start j at S

ADV

j

. If (ii) is violated, let j

0

be the job in R s
heduled

after j in ADV. We know that S

ADV

j

�C

ADV

k

> S

ADV

j

�C

A

j

� p � (u� 1)p,

thus we 
an 
omplete all jobs in R � fj

0

g by the time S

ADV

j

and s
hedule

j and j

0

as ADV. Consequently, P � R [ fjg is feasible at r

k

+ p � C

ADV

k

,


ontradi
ting the assumption that k did not 
ause preemption.

Now we show that no job in R is free. If any of j

0

2 R is s
heduled in

ADV, using (ii) and (i) above we have S

ADV

j

0

� S

ADV

j

�p < C

ADV

k

+(u�1)p <

C

A

j

+up, but at this time TightRestart is not idle as there is not enough

time to 
omplete all u jobs in R between C

A

j

and S

ADV

j

0

.

Summarizing, A 
ompletes at least u jobs that are not free between C

A

j

and S

ADV

j

, while ADV s
hedules at most u � 1 jobs between C

ADV

k

and

S

ADV

j

(using (i)). Sin
e M(j) = k, the de�nition of M implies that j is in

the range of M . 2

Charging s
heme. Let j be a job started at time t in ADV. Note that


ase (I) below always applies when A is not idle at t, so the 
ases exhaust

all possibilities.

Case (I): j =M(k) for some k: Charge j to k.

Case (II): Otherwise, if A and TightRestart are idle at t, i.e., j is free:

Sin
e (I) does not apply, Lemma 4.1 implies that f(j) is de�ned. Charge

1

2

of j to the o

urren
e of j in A and

1

2

of j to the o

urren
e of f(j) in A.

Case (III): Otherwise, if A is idle at t, but TightRestart is running a job

k

0

whi
h is later preempted by a job k: By Lemma 2.2(2), j is 
ompleted

in A. The job k is urgent and thus it is 
ompleted as well. Charge

1

2

of j

to k and

1

2

of j to the o

urren
e of j in A.

Analysis. We prove that ea
h job s
heduled in A is 
harged at most

3

2

.

Ea
h job is 
harged at most 1 in 
ase (I), as M de�nes a mat
hing.

We 
laim that the total 
harge from 
ases (II) and (III) is

1

2

. The jobs

j re
eiving 
harges in 
ases (II) and (III) are obviously distin
t. The 
ase

analysis below shows that the other jobs re
eiving 
harges in (II) and (III)
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an uniquely determine the 
orresponding j and that if they are s
heduled

in ADV then (I) applies to them and thus they 
annot play the role of j in

(II) and (III).

In (II), f(j) either is started in ADV during the exe
ution of j in A, or

it is not exe
uted in ADV at all and arrives during the exe
ution of j in

A; this uniquely determines the 
orresponding j. Also, in the �rst 
ase, at

S

ADV

f(j)

, A is running j, and thus (I) applies to f(j). By the de�nition of f ,

it is not a preemption 
andidate, so it 
annot play the role of k in (III).

In (III), job k, as a preemption 
andidate, is tight, and sin
e it preempts

another job, S

A

k

= r

k

. Thus if ADV s
hedules k, at S

ADV

k

, A is exe
uting

k, and (I) applies to k. The 
orresponding job j is uniquely determined as

the job j running in ADV at time r

k

.

We 
on
lude that ea
h job 
ompleted in A gets at most one 
harge of

1

2

and thus is 
harged a total of at most

3

2

. The 
ompetitive ratio of

3

2

now

follows by summing the 
harges over all jobs.

Theorem 4.2 TightRestart is a

3

2

-
ompetitive algorithm with restarts

for s
heduling equal-length jobs.

4.2 A Lower Bound

Theorem 4.3 For s
heduling equal-length jobs with restarts, no determin-

isti
 algorithm is less than

3

2

-
ompetitive and no randomized algorithm is

better than

6

5

-
ompetitive.

Proof: For p � 2, 
onsider four jobs given in the form j = (r

j

; d

j

): 1 =

(0; 3p+1), 2 = (1; 3p), 3 = (p; 2p), 4 = (p+1; 2p+1). There exist s
hedules

that s
hedule three jobs 1,3,2 or three jobs 2,4,1, in this order. (See Fig. 4.)

In the deterministi
 
ase, release jobs 1 and 2. If at time 1, job 2

is started in the online algorithm, release job 3, otherwise release job 4.

The online algorithm 
ompletes only 2 jobs. As the optimum is 3, the


ompetitive ratio is no better than

3

2

.

For the randomized 
ase, we use Yao's prin
iple. Always release jobs

1 and 2, and then a randomly 
hosen one job from 3 and 4, ea
h with

probability

1

2

. The expe
ted number of 
ompleted jobs of any deterministi


algorithm is at most 2:5, as on one of the instan
es it 
ompletes only 2 jobs.

Thus the 
ompetitive ratio is no better than

3

2:5

=

6

5

. 2
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5 Con
lusions

For equal pro
essing times, 
losing the gap between our upper bound of

5

3

and the lower bound of

4

3

is a 
hallenging open problem. It would also

be interesting to 
lose these gaps for barely random algorithms whi
h { in

our view { are of their own interest (even in the 
ase when we use one fair

random bit.)

Beyond our simple lower bound of

6

5

, nothing is known about the e�e
t

of allowing both randomness and restarts.
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Figure 2: An instan
e on whi
h RandLo
k s
hedules 3 jobs out of 5. Job

1 is exe
uted as 
exible by both pro
esses, the other jobs are exe
uted as

urgent.
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Figure 3: Illustration of the 
harging s
heme in the analysis of Algo-

rithm RandLo
k. The �gure gives examples of di�erent types of 
harges.

In 
ase (IIIb), there are several illustrations that 
over possibilities playing

a di�erent role in the proof.
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Figure 4: Instan
es used in the lower bounds with restarts.
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