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Abstra
t

We 
onsider the following bu�er management problem arising in

QoS networks: pa
kets with spe
i�ed weights and deadlines arrive at

a network swit
h and need to be forwarded so that the total value of

forwarded pa
kets is maximized. If a pa
ket is not forwarded before

its deadline, it is lost and brings no pro�t. The main result of the

paper is an online

64

33

� 1:939-
ompetitive algorithm { the �rst deter-

ministi
 algorithm for this problem with 
ompetitive ratio below 2.

We also study the s-uniform 
ase, in whi
h all pa
kets have the same

span s (the di�eren
e between the deadline and the arrival time),

for whi
h we give an algorithm with ratio 5 �

p

10 � 1:838. Our

algorithm a
hieves the same ratio in a more general s
enario when

all pa
kets are similarly ordered. Our last two results 
on
ern the

2-uniform 
ase, for whi
h we give an algorithm with ratio � 1:377

and a mat
hing lower bound.

1 Introdu
tion

One of the issues arising in IP-based QoS networks is how to manage the

pa
ket 
ows at a router level. In parti
ular, in 
ase of overloading, when

the total in
oming traÆ
 ex
eeds the bu�er size, the bu�er management

�
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poli
y needs to determine whi
h pa
kets should be dropped by the router.

Kesselman et al. [6℄ postulate that the pa
ket drop poli
ies 
an be modeled

as 
ombinatorial optimization problems. Of the two models proposed in [6℄,

the one relevant to this work is 
alled bu�er management with bounded delay,

and is de�ned as follows: Pa
kets arrive at a network swit
h. Ea
h pa
ket

is 
hara
terized by a positive weight and a deadline before whi
h it must be

transmitted. Pa
kets 
an only be transmitted at integer time steps. If the

deadline of a pa
ket is rea
hed while it is still being bu�ered, the pa
ket is

lost. The goal is to maximize the weighted number of forwarded pa
kets.

It is easy to see that this bu�er management problem is equivalent to the

online version of the following unit job s
heduling problem. We are given a

set of unit-length jobs, with ea
h job j spe
i�ed by a triple (r

j

; d

j

; w

j

), where

r

j

and d

j

are integral release times and deadlines, and w

j

is a non-negative

real weight. One job 
an be pro
essed at ea
h integer time. We use the

term weighted throughput or gain for the total weight of the jobs 
ompleted

by their deadline. The goal is to 
ompute a s
hedule that maximizes the

weighted throughput.

In the online version of the problem jobs arrive in time and the algorithm

needs to s
hedule one of the pending jobs without knowledge of the future.

An online algorithm A is R-
ompetitive if its gain on any instan
e is at least

1=R times the optimal (o�ine) gain on this instan
e. The 
ompetitive ratio

of A is the in�mum of su
h values R. It is 
ommon in the literature to

view the behavior of an online algorithm A as a game between A and an

adversary, who issues the jobs in I and s
hedules them in order to maximize

the ratio between his gain and and the gain of A.

Past work. A simple greedy algorithm that always s
hedules the heaviest

available job is 2-
ompetitive, and this is the best previous bound for de-

terministi
 algorithms for this problem. A lower bound of � � 1:618 was

shown in [1, 4, 5℄.

Some restri
tions on instan
es of the problem have been studied in the

literature [6, 1, 4℄. Let the span of a job be the di�eren
e between its

deadline and the release time. In s-uniform instan
es the span of ea
h

job is equal exa
tly s. In s-bounded instan
es, the span of ea
h job is

at most s. The lower bound of � � 1:618 in [1, 4, 5℄ applies even to 2-

bounded instan
es. A mat
hing upper bound for the 2-bounded 
ase was

presented in [6℄. The algorithms for the 2-uniform instan
es were studied

by Zhu et al. [1℄, who established a lower bound of

1

2

(

p

3 + 1) � 1:366

2



and an upper bound of

p

2 � 1:414. This bound is tight for memoryless

algorithms [2℄, that is, algorithms whi
h base their de
isions only on the

weights of pending jobs and are invariant under s
aling of weights. Finally,

the �rst deterministi
 algorithms with 
ompetitive ratio lower than 2 for

the s-bounded instan
es appear in [2℄. These ratios, however, depend on s,

and approa
h 2 as s in
reases.

A randomized 1:582-
ompetitive algorithm for the general 
ase was given

in [2℄. For 2-bounded instan
es, there is a 1:25-
ompetitive algorithm [2℄

and this is optimal [4℄. For the 2-uniform 
ase the 
urrently best lower

bound for randomized algorithms is 1:172 [2℄.

Our results. We present several deterministi
 online algorithms for the

bu�er management problem. Our main result is a deterministi
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ompetitive algorithm for the general 
ase. This is the �rst deterministi


algorithm for this problem with ratio better than 2.

For the s-uniform 
ase, we give an algorithm with ratio 5�

p

10 � 1:838,

independent of s. In fa
t, this ratio holds in a mu
h more general s
enario

when all jobs are similarly ordered, that is, when r

i

< r

j

implies d

i

� d

j

for all jobs i; j. Finally, we 
ompletely solve the 2-uniform 
ase: we give

an algorithm with 
ompetitive ratio � 1:377 and a mat
hing lower bound.

Note that this ratio is stri
tly in between the previous lower and upper

bounds from [1℄.

2 Terminology and Notation

A s
hedule S spe
i�es whi
h jobs are exe
uted, and for ea
h exe
uted job

j it spe
i�es an integral time t, r

j

� t < d

j

, when it is s
heduled; only one

job 
an be s
heduled at any t. The throughput or gain of a s
hedule S is

the total weight of the jobs exe
uted in S. If A is a s
heduling algorithm,

by gain

A

(I) we denote the gain of the s
hedule 
omputed by A on I . The

optimal gain on I is denoted by opt(I). A job i is pending in s
hedule S at

time t if r

i

� t < d

i

and i has not been s
heduled before t. Note that all

jobs released at time t are 
onsidered pending.

An instan
e is s-bounded if d

j

� r

j

� s for all jobs j. Similarly, an

instan
e is s-uniform if d

j

� r

j

= s for all j. The di�eren
e d

j

� r

j

is 
alled

the span of a job j. An instan
e is 
alled similarly ordered when the release

times and deadlines are similarly ordered, that is if r

i

< r

j

implies d

i

� d

j

for any two jobs i and j.

3



Given two jobs i; j, we say that i dominates j if either (i) d

i

< d

j

, or

(ii) d

i

= d

j

and w

i

> w

j

, or (iii) d

i

= d

j

, w

i

= w

j

and i < j. ((iii) only

ensures that ties are broken in some arbitrary but 
onsistent way.) Given a

non-empty set of jobs J , the dominant job in J is the one that dominates

all other jobs in J ; it is always uniquely de�ned as `dominates' is a linear

order.

A s
hedule S is 
alled 
anoni
al earliest-deadline if for any jobs i s
hed-

uled in S at time t and j s
heduled later in S, either j is released stri
tly

after time t, or i dominates j. I.e., at any time t, the job s
heduled by S is

the dominant pending job in S. Any s
hedule 
an be easily 
onverted into

a 
anoni
al earliest-deadline s
hedule by rearranging its jobs. Thus we may

assume that o�ine s
hedules are 
anoni
al earliest-deadline.

3 A
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-Competitive Algorithm

We start with some intuitions that should be helpful in understanding the

algorithm and its analysis. The greedy algorithm that always exe
utes the

heaviest job (H-job) is not better than 2-
ompetitive. An alternative idea

is to exe
ute the earliest deadline job at ea
h step. This algorithm is not


ompetitive at all, as possibly many jobs of very small weight are exe
uted

even if there are heavy jobs pending with only slightly larger deadlines. A

natural re�nement of this approa
h is to fo
us on suÆ
iently heavy jobs, of

weight at least � times the maximal weight, and 
hose the earliest deadline

job among those (an E-job). As it turns out, this algorithm is also not

better than 2-
ompetitive.

The general idea of our new algorithm is to alternate H-jobs and E-

jobs. Although this simple algorithm, as stated, has ratio no better than

2, with several seemingly minor modi�
ations, we 
an a
hieve 
ompetitive

ratio smaller than 2.

Algorithm GenFlag: We use parameters � =

7

11

and � =

8

11

and a

boolean variable e
ag, initially set to false, that stores information about

the previous step.

At a given time step t, update the set of pending jobs (remove jobs with

deadline t and add jobs released at t). If there are no pending jobs, go to the

next time step. Otherwise, let h be the heaviest pending job (breaking ties

in favor of dominant jobs) and e the dominant job among the pending jobs

with weight at least �w

h

. S
hedule either e or h a

ording to the following

4



pro
edure:

if e
ag = false then

s
hedule e

if e 6= h then set e
ag true

else

set e
ag false

if d

e

= t+ 1 and w

e

� �w

h

then s
hedule e

else s
hedule h

A job e s
heduled while e
ag= false is 
alled an O-job if e = h, or an

E-job otherwise. A job e s
heduled while e
ag=true is 
alled an U-job. A

job h s
heduled in the last 
ase is 
alled an H-job. The letters stand for

Obvious, Early, Urgent, and Heaviest.

Variable e
ag is true i� the previous job was an E-job. Thus, in terms

of the labels, the algorithm pro
eeds as follows: If an O-job is available, we

exe
ute it. Otherwise, we exe
ute an E-job, and in the next step either a

U-job (if available) or an H-job. Note that the 
ondition e 6= h guarantees

that there is a pending job if e
ag is true: if d

h

= t then e = h by the

de�nition of dominan
e; so if an E-job is exe
uted at time t, d

h

> t and h

will be pending in the next step.

Theorem 3.1 GenFlag is a

64
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-
ompetitive deterministi
 algorithm for

unit-job s
heduling.

Proof: The proof is by a 
harging s
heme. Fix an arbitrary (o�ine) s
hedule

Adv. For ea
h job j exe
uted inAdv, we partition its weight w

j

into several


harges, and assign ea
h 
harge to a job exe
uted by GenFlag. If the total


harged to ea
h job i of GenFlag were at most Rw

i

, the R-
ompetitiveness

ofGenFlag would follow by summation over all jobs. Our 
harging s
heme

does not always meet this simple 
ondition. Instead, we divide the jobs of

GenFlag into disjoint groups, where ea
h group is either a single O-job,

or an EH-pair (an E-job followed by an H-job), or an EU-pair (an E-job

followed by a U-job). This is possible by the dis
ussion of types of jobs

before the theorem. For ea
h group we prove that its 
harging ratio is at

most R, where the 
harging ratio is de�ned as the total 
harge to this group

divided by the total weight of the group. This implies that GenFlag is

R-
ompetitive by summation over all groups.
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Charging s
heme. Let j be the job exe
uted at time t in Adv. Denote

by i and h, respe
tively, the job exe
uted by GenFlag and the heaviest

pending job at time t. (If there are no pending jobs, introdu
e two \dummy"

jobs of weight 0. This does not 
hange the algorithm.) Then j is 
harged

to GenFlag's jobs, a

ording to the following rules.

(EB) If j is exe
uted by GenFlag before time t, then 
harge (1� �)w

h

to i and the remaining w

j

� (1� �)w

h

to j.

(EF) Else, if j is exe
uted by GenFlag after time t, then 
harge �w

j

to

i and (1� �)w

j

to j.

(NF) Else, if i is an H-job, w

j

� �w

i

, and Adv exe
utes i after time t,

then 
harge �w

j

to i and (1��)w

j

to the job s
heduled byGenFlag

at time t+ 1.

(U) Else, 
harge w

j

to i. (Note that this 
ase in
ludes the 
ase i = j.)

We label all 
harges as EB, EF, NF, U, a

ording to whi
h 
ase above

applies. We also distinguish upward, forward, and ba
kward 
harges, de-

�ned in the obvious way. Thus, for example, in 
ase (EB), the 
harge of

w

j

� (1 � �)w

h

to j is a ba
kward EB-
harge. The letters in the labels

refer to whether j was exe
uted by GenFlag, and to the 
harge dire
tion:

Exe
uted-Ba
kward, Exe
uted-Forward,Non-exe
uted-Forward,Upward.

We start with several simple observations that will be used later in the proof,

sometimes without expli
it referen
e.

Observation 1: Consider the exe
ution of GenFlag. At time t, let h be

the heaviest job and e the dominant job of weight at least �w

h

. Let j be

any pending job. Then

(1.1) w

j

� w

h

.

(1.2) If j dominates e then w

j

< �w

h

.

Proof: Inequality (1.1) is trivial, by the de�nition of h. Inequality (1.2)

follows from the fa
t that e dominates all pending jobs with weight at least

�w

h

.

Observation 2: Suppose that at time t GenFlag s
hedules a job that

re
eives a forward NF-
harge from the job l s
heduled at time t�1 in Adv.

Then l is pending at time t.

Proof: Denote by f the heaviest pending job of GenFlag at time t�1. By

the de�nition of NF-
harges, l 6= f , l is pending at time t� 1, f is exe
uted

as an H-job, d

f

� t+1, and w

l

� �w

f

. Therefore d

l

� t+1, sin
e otherwise

GenFlag would exe
ute l (or some other job) as a U-job at step t � 1.

Thus l is also pending at step t, as 
laimed.
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Observation 3: Suppose that at time t GenFlag s
hedules a job e of

type O or E, and h is the heaviest pending job at time t. Then

(3.1) The upward 
harge to e is at most w

h

.

(3.2) If Adv exe
utes e after time t then the upward 
harge is at most

�w

h

.

(3.3) The forward NF-
harge to e is at most (1� �)w

h

.

Proof: Denote by j the job exe
uted at time t in Adv. If j is s
heduled

by GenFlag before time t, then the upward 
harge is (1 � �)w

h

� �w

h

and 
laims (3.1) and (3.2) hold. Otherwise j is pending at time t. Then

the upward 
harge is at most w

j

� w

h

and (3.1) follows. If Adv exe
utes e

after time t, then, sin
e Adv is 
anoni
al, job j must dominate e, and (3.2)

follows from (1.2). (3.3) follows by Observation 2 and (1.1).

Observation 4: Suppose that at time t GenFlag exe
utes an H-job h

that is exe
uted after time t in Adv. Then the upward 
harge to h is at

most �w

h

.

Proof: Let j be the job exe
uted at time t in Adv. In 
ase (EB), the upward


harge to h is at most (1� �)w

h

� �w

h

. In all other 
ases, j is pending at

time t, so w

j

� w

h

. In 
ases (EF) and (NF), the 
harge is �w

j

� �w

h

. In


ase (U) the 
harge is w

j

, but sin
e (NF) did not apply, this 
ase 
an o

ur

only if w

j

� �w

h

.

This 
ompletes the proofs of all observations. Now we examine the


harges to all groups in our partition of GenFlag's jobs: single O-jobs,

EH-pairs, and EU-pairs.

O-jobs. Let e = h be an O-job exe
uted at time t. The forward NF-
harge

is at most (1��)w

e

. If e gets a ba
kward EB-
harge then e gets no forward

EF-
harge and the upward 
harge is at most �w

e

; the total 
harging ratio

is at most 2 +�� � < R. If e does not get a ba
kward EB-
harge then the

forward EF-
harge is at most (1 � �)w

e

and the upward 
harge is at most

w

e

; the 
harging ratio is at most 3� 2� < R.

E-jobs. Before 
onsidering EH-pairs and EU-pairs, we estimate separately

the 
harges to E-jobs. Suppose that at time tGenFlag exe
utes an E-job e,

and the heaviest job is h. We 
laim that e is 
harged at most �w

h

+(2��)w

e

.

We have two 
ases.

Case 1: e gets no ba
kward EB-
harge. Then, in the worst 
ase, e gets an

upward 
harge of w

h

, a forward NF-
harge of (1 � �)w

h

, and a forward

EF-
harge of (1� �)w

e

. Using (2� �)w

h

= 2�w

h

and �w

h

� w

e

, the total


harge is at most (2� �)w

h

+ (1� �)w

e

� �w

h

+ (2� �)w

e

as 
laimed.
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Case 2: e gets a ba
kward EB-
harge. Then there is no forward EF-
harge

and the upward 
harge is at most �w

h

by (3.2). Let l be the job s
heduled

at time t�1 in Adv. If there is an NF-
harge, it is generated by l and then

l is pending for GenFlag at time t by Observation 2.

If there is a forward NF-
harge and d

l

� d

e

, then l is pending at the time

when Adv s
hedules e. (Note that in this 
ase job l 
annot be exe
uted by

GenFlag, be
ause 
harges EB, EF did not apply to l.) Consequently, e

re
eives at most a ba
kward EB-
harge w

e

�(1��)w

l

, a forward NF-
harge

(1 � �)w

l

, and an upward 
harge �w

h

. The total is at most �w

h

+ w

e

�

�w

h

+ (2� �)w

e

as 
laimed.

Otherwise, there is no forward NF-
harge, or there is a forward NF-


harge and d

l

< d

e

. In the se
ond 
ase, l is pending at t, and l dominates

e, so the forward NF-
harge is at most (1 � �)w

l

� (1 � �)w

e

. With the

ba
kward EB-
harge of w

e

and upward 
harge of at most �w

h

, the total is

at most �w

h

+ (2� �)w

e

as 
laimed.

EH-pairs. Let e be the E-job s
heduled at time t, h the heaviest pending

job at time t, and h

0

the H-job at time t + 1. By the algorithm, e 6= h.

Note that, sin
e GenFlag did not exe
ute h as a O-job at time t, h is still

pending after the E-step and w

h

0

� w

h

.

We now estimate the 
harge to h

0

. There is no forward NF-
harge, as

the previous step is not an H-step. If there is a ba
kward EB-
harge, the

additional upward 
harge is at most �w

h

0

and the total is at most (1+�)w

h

0

.

If there is no EB-
harge, the sum of the upward 
harge and a forward EF-


harge is at most w

h

0

+ (1 � �)w

h

0

� (1 + �)w

h

0

. With the 
harge to e

of at most �w

h

+ (2 � �)w

e

, the total 
harge of the EH-pair is at most

�w

h

+ (2� �)w

e

+ (1 + �)w

h

0

, and thus the 
harging ratio is at most

2��+

�w

h

+ (2� � 1)w

h

0

w

e

+ w

h

0

� 2��+

�w

h

+ (2� � 1)w

h

0

�w

h

+ w

h

0

� 2��+

�+ 2� � 1

�+ 1

= R:

The �rst step follows from w

e

� �w

h

. The next expression is de
reasing in

w

h

0

as 2� � 1 < 1, so the maximum is at w

h

0

= w

h

.

EU-pairs. As in the previous 
ase, let e, and h denote the E-job s
heduled

at time t and the heaviest pending job at time t. By g and h

0

we denote

the s
heduled U-job and the heaviest pending job at time t+ 1. As in the


ase of EH-pairs, e 6= h and w

h

0

� w

h

.

Job g gets no ba
kward EB-
harge, sin
e it expires, and no forward NF-


harge, sin
e the previous step is not an H-step. The upward 
harge is at

most w

h

0

, the forward EF-
harge is at most (1� �)w

g

.

8



With the 
harge to e of at most �w

h

+ (2 � �)w

e

, the total 
harge of

the EU-pair is at most �w

h

+ (2� �)w

e

+w

h

0

+ (1� �)w

g

, so the 
harging

ratio is at most

2��+

�w

h

+ w

h

0

� w

g

w

e

+ w

g

� 2��+

�w

h

+ (1� �)w

h

0

�w

h

+ �w

h

0

� 2��+

�+ 1� �

�+ �

= R:

In the �rst step, we apply bounds w

e

� �w

h

and w

g

� �w

h

0

. The next

expression is de
reasing in w

h

0

, so the maximum is at w

h

0

= w

h

.

Summarizing, we now have proved that the 
harging ratio to all job

groups is at most R, and the R-
ompetitiveness of GenFlag follows. 2

4 A (5�

p

10)-Competitive Algorithm for Sim-

ilarly Ordered Jobs

We now 
onsider the 
ase when the jobs are similarly ordered, that is r

i

< r

j

implies d

i

� d

j

for all jobs i; j. Note that, in parti
ular, this 
overs the 
ase

when all jobs on input have the same span.

Algorithm SimFlag: We use one parameter � =

p

10=5 � 0:633 and a

boolean variable e
ag, initially set to false.

At a given time step t, update the set of pending jobs (remove jobs with

deadline t and add jobs released at t). If there are no pending jobs, go to the

next time step. Otherwise, let h be the heaviest pending job (breaking ties

in favor of dominant jobs) and e the dominant job among the pending jobs

with weight at least �w

h

. S
hedule either e or h a

ording to the following

pro
edure:

if e
ag = false then

s
hedule e

if e 6= h ^ d

e

> t+ 1 then set e
ag true

else

s
hedule h; set e
ag false

A job e s
heduled while e
ag=false is 
alled an O-job if e = h or d

e

= t+1,

and an E-job otherwise. A job h s
heduled while e
ag=true is 
alled an H-

job. The intuition behind the algorithm is very similar to GenFlag, and,

in fa
t, it is simpler. It s
hedules O-jobs, if available, and if not, it s
hedules

an E-job followed by an H-job; note that the 
ondition e 6= h guarantees

that there will be a pending job if e
ag is true.

9



Theorem 4.1 SimFlag is a 5 �

p

10 � 1:838-
ompetitive deterministi


algorithm for unit-job s
heduling for similarly ordered instan
es.

Proof: The proof is by a 
harging s
heme. The steps of the algorithm 
an be

divided into single O-steps, and EH-pairs. This is be
ause ea
h E-job must

be followed by an H-job, and ea
h H-job must be pre
eded by an E-job.

Similarly as for GenFlag, we give a 
harging s
heme and show that the


harging ratio to ea
h group is at most R.

Charging s
heme. Let j be the job exe
uted at time t in Adv. Denote

by i and h, respe
tively, the job exe
uted by SimFlag and the heaviest

pending job at time t. (Without loss of generality, we 
an assume that su
h

jobs exist.) Let � = 4�

p

10 � 0:838. Then j is 
harged to SimFlag's jobs,

a

ording to the following rules.

(EB) If j is exe
uted by SimFlag at or before time t, then 
harge w

j

to

j.

(NF) Else, if d

j

> t + 1 and i is an H-job, then 
harge �w

j

to i and

(1� �)w

j

to the job s
heduled by SimFlag at time t+ 1.

(U) Else, 
harge w

j

to i.

We start with some general observations. If Adv s
hedules j

0

before j then

d

j

0

� d

j

: if j is available at the time of s
heduling j

0

then this follows from

the de�nition of 
anoni
al s
hedules, and otherwise from the assumption of

similar ordering.

Observation 1: Consider the exe
ution of SimFlag. At time t, let h be

the heaviest job and e the dominant job of weight at least �w

h

. Let j be

any pending job. Then

(1.1) w

j

� w

h

.

(1.2) If j dominates e then w

j

< �w

h

.

Observation 2: Suppose that at time t SimFlag s
hedules a job e (of

type O or E), and h is the heaviest pending job at time t. Then

(2.1) The upward 
harge to e is at most w

h

.

(2.2) If Adv exe
utes e after time t then the upward 
harge is at most

�w

h

.

(2.3) The forward NF-
harge to e is at most (1� �)w

h

.

(2.4) If Adv exe
utes e after time t then forward NF-
harge is at most

(1� �)w

e

.

(2.5) If Adv does not exe
ute e after time t then the 
harge to e is at

most Rw

e

.

10



The proofs of (1.1)-(2.3) are the same as for GenFlag.

For (2.4), let l be the job exe
uted at time t � 1 in Adv; sin
e e is

s
heduled later we have d

l

� d

e

. By the de�nition of NF-
harges, l is

pending at time t. This, by the 
hoi
e of e, implies that w

l

� w

e

and (2.4)

follows.

In (2.5), e does not get a ba
kward EB-
harge, the upward 
harge is at

most w

h

and the forward NF-
harge is at most (1 � �)w

h

. The total is at

most (2� �)w

h

� (2� �)w

e

=� = Rw

e

.

O-jobs. Let e be an O-job exe
uted at time t, and let h be the heaviest

pending job. By the algorithm, either e = h or d

e

= t+1 (i.e., e expires). If

e gets no ba
kward 
harge, the 
harging ratio is at most R by (2.5). If e gets

a ba
kward EB-
harge then d

e

> t+ 1 and thus e = h. The upward 
harge

is at most �w

h

= �w

e

and the forward NF-
harge is at most (1� �)w

e

. So

the 
harging ratio is at most 2 + �� � < R.

EH-pairs. Let e be the E-job s
heduled at time t, h be the heaviest pending

job at time t, and h

0

be the H-job at time t + 1. Let j and j

0

be the jobs

exe
uted at times t and t+1 inAdv, respe
tively. By the algorithm, we have

e 6= h, whi
h implies d

h

> d

e

as otherwise h is 
hosen as e. Furthermore,

d

e

� t+ 2 and w

h

0

� w

h

.

Case 1: Adv s
hedules e after time t. Then j

0

dominates e or j

0

= e, as

Adv s
hedules j

0

at t+1 when e is pending. Also, j dominates e. Thus the

U-
harges to e and h

0

are ea
h at most �w

h

. In addition, e 
ould re
eive an

NF-
harge of at most (1��)w

e

and the EB-
harges are w

e

+w

h

0

. The total


harge to the EH-pair is at most (2� �)w

e

+2�w

h

+w

h

0

, and the 
harging

ratio is at most

1 +

(1� �)w

e

+ 2�w

h

w

e

+ w

h

0

� 1 +

(1� �)w

e

+ 2�w

h

w

e

+ w

h

� 1 +

(1� �)�+ 2�

�+ 1

= R:

The �rst inequality follows from w

h

0

� w

h

, and the next inequality holds

be
ause its left-hand side is de
reasing in w

e

� �w

h

(note that 1�� < 2�).

Case 2: Adv does not s
hedule e after time t. We estimate the 
harges to e

and h

0

separately. The 
harging ratio of e is at most R by (2.5).

We 
laim that the upward 
harge to h

0

is at most �w

h

0

. If j

0

is s
heduled

before t, then there is no 
harge. If d

j

0

> t + 2, then this follows by the

NF-
harge de�nition. Otherwise d

j

0

� d

e

< d

h

and thus r

j

0

� r

h

� t and

j

0

is pending at t. Thus w

j

0

� w

e

, as otherwise j

0

would be 
hosen as e at

time t (note that e 6= j

0

by the 
ase 
ondition.) So the upward 
harge is

11



at most w

e

� �w

h

0

< �w

h

0

and the 
laim is proven. The total 
harge to

h

0

, in
luding a possible EB-
harge, is at most (1 + �)w

h

0

= Rw

h

0

and the


harging ratio is at most R. 2

5 2-Uniform Instan
es

In this se
tion we 
onsider 2-uniform instan
es, where ea
h job j satis�es

d

j

= r

j

+ 2. Let Q � 1:377 be the largest root of Q

3

+ Q

2

� 4Q + 1 = 0.

First, we prove that no online algorithm for this problem 
an be better than

Q-
ompetitive. Next, we show that this lower bound is in fa
t tight.

5.1 Lower Bound

In this sub-se
tion we prove that no deterministi
 online algorithm for 2-

uniform instan
es 
an have a 
ompetitive ratio smaller than Q � 1:377.

Re
all that Q is de�ned as the largest root of Q

3

+Q

2

� 4Q+ 1 = 0.

Fix some 0 < � < 2Q � 2. We de�ne a sequen
e 	

i

, i = 1; 2; : : : , as

follows. For i = 1, 	

1

= Q� 1� �. Indu
tively, for i � 1, let

	

i+1

=

Q(2�Q)	

i

+ 3Q

2

� 5Q+ 1

Q(2�Q�	

i

)

=

(2�Q)	

i

� (Q� 1)

2

2�Q�	

i

;

where the se
ond equality follows from Q

3

+Q

2

� 4Q+ 1 = 0.

Lemma 5.1 For all i, we have 1 � Q � 	

i

< Q � 1. Furthermore, the

sequen
e f	

i

g 
onverges to 1�Q.

Proof: Substituting 	

i

= z

i

+ 1 � Q, we get z

i+1

=

(3�2Q)z

i

1�z

i

. If 0 � z

i

�

2Q� 2� �, then 0 � z

i+1

<

3�2Q

3�2Q+�

z

i

. Thus 0 � z

i

< 2Q� 2� � for all i,

lim

i!1

z

i

= 0, and the lemma follows. 2

Theorem 5.2 There is no deterministi
 online algorithm for the 2-uniform


ase with 
ompetitive ratio smaller than Q.

Proof: The proof is by 
ontradi
tion. Assume that there exists a (Q � �)-


ompetitive algorithm A, for some � > 0. We develop an adversary strategy

that will for
e A's ratio to be bigger than Q� �.

Throughout this proof, to simplify notation, we will identify jobs by

their weight. Thus, when we say \job x", we mean the job with weight

12



x. Su
h job will be always either uniquely de�ned by the 
ontext, or there

will be two su
h identi
al jobs, in whi
h 
ase one of them 
an be 
hosen

arbitrarily. At ea
h step t, we distinguish old pending jobs, that is, those

that were released at time t� 1 but not exe
uted, from the newly released

jobs. Without loss of generality, we 
an assume that there is always (ex
ept

for the last step) exa
tly one old pending job. (All old pending jobs ex
ept

the heaviest one 
an be ignored. The situation with no old pending jobs 
an

be simulated by pretending that we have an old pending job with weight

0.)

By a 
on�guration we mean a pair hx; yi, where x, y denote the old

pending jobs of A and the adversary, respe
tively.

Let f	

i

g be the sequen
e from Lemma 5.1. For i � 1 de�ne

a

i

=

1�	

i

Q� 1

and b

i

=

2�Q�	

i

(Q� 1)

2

Q:

Note that by the �rst part of Lemma 5.1 we have b

i

> a

i

> 1 for all i.

We now des
ribe the adversary strategy. Initially, we issue two jobs of

some arbitrary weight x

1

> 0. Both A and the adversary exe
ute one job

x

1

and we enter the 
on�guration hx

1

; x

1

i.

Suppose now that after i � 1 iterations, the 
urrent 
on�guration is

hx

i

; x

i

i. The adversary now follows the following steps:

issue one job a

i

x

i

(1) if A exe
utes a

i

x

i

exe
ute x

i

, a

i

x

i

and halt

else (A exe
utes x

i

)

at the next time step issue b

i

x

i

(2) if A exe
utes b

i

x

i

exe
ute x

i

, a

i

x

i

, b

i

x

i

, and halt

else (A exe
utes a

i

x

i

)

(3) at the next time step issue two jobs x

i+1

= b

i

x

i

exe
ute a

i

x

i

, b

i

x

i

, b

i

x

i

If A exe
utes �rst x

i

and then a

i

x

i

, then after step (3) it will exe
ute

one job x

i+1

= b

i

x

i

, and the new 
on�guration will be hx

i+1

; x

i+1

i, and the

game 
ontinues. The adversary strategy is illustrated in Figure 1, where we

assume that x

i

= 1, and to simplify notation we write a

i

= a and b

i

= b.

Jobs are represented by line segments, with dark re
tangles representing

if and when the job is exe
uted by A, while the lightly shaded re
tangles

represent job exe
utions by the adversary.

13



adversary
move���

���
���
���

����

��
��
��
��

bx

bx
ax

x
x

algorithm

adversary
and

move
���
���
���
���

����

��
��
��
��

������

x

x
ax

bx

bx

����

���
���
���
���

x
x

���� ���� ���� ����

��
��
��
��

����

���
���
���
���

���
���
���
���

����

��
��
��
������

��
��
��
��

��
��
��
��

���
���
���
���

����

adversary move algorithm and

adversary move

adversary move
adversary move

       (no new jobs) algorithm and

adversary move

x

x

x

x

x

x
ax

x
x

ax

x
x

ax
bx

ax
bx

x

xx

x
ax

algorithm move

algorithm move

ax
bx

x

x

algorithm and
adversary move

next iteration

Figure 1: The adversary strategy.

If the game 
ompletes i� 1 iterations, then de�ne gain

i

and adv

i

to be

the gain of A and the adversary in these i� 1 iterations (that is, ending in


on�guration hx

i

; x

i

i.)

We 
laim that for any i, either the adversary wins the game before

iteration i, or else in iteration i we have

(Q� �)gain

i

� adv

i

� 	

i

x

i

: (1)

The proof of (1) is by indu
tion on i. For i = 1, (Q � �)gain

1

� adv

1

�

(Q � �)x

1

� x

1

= 	

1

x

1

, as 
laimed. Suppose that (1) holds after iteration

i� 1, that is, when the 
on�guration is hx

i

; x

i

i. If A exe
utes a

i

x

i

in step

(1), then, denoting by � the sequen
e of jobs up to this step, using the

indu
tive assumption, and substituting the formula for a

i

, we have

(Q� �)gain

A

(�)� adv (�) = (Q� �)gain

i

� adv

i

+ (Q� �)a

i

x

i

� (x

i

+ a

i

x

i

)

� [	

i

� 1 + (Q� �� 1)a

i

℄x

i

< 0;


ontradi
ting the (Q� �)-
ompetitiveness of A. If A exe
utes x

i

and then

b

i

x

i

in step (2), then, again, denoting by �

0

the sequen
e of jobs up to

this step, using the indu
tive assumption, and substituting the formulas for
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a

i

; b

i

, we have

(Q� �)gain

A

(�

0

)� adv (�

0

)

= (Q� �)gain

i

� adv

i

+ (Q� �)(x

i

+ b

i

x

i

)� (x

i

+ a

i

x

i

+ b

i

x

i

)

� [	

i

+Q� 1� �+ (Q� �� 1)b

i

� a

i

℄x

i

< 0;

and this again 
ontradi
ts the (Q� �)-
ompetitiveness of A.

The only other possibility is that A will exe
ute �rst x

i

, then a

i

x

i

,

and then it will have no 
hoi
e but exe
ute b

i

x

i

. In the new 
on�guration

hx

i+1

; x

i+1

i we will have

(Q� �)gain

i+1

� adv

i+1

� (Q� �)gain

i

� adv

i

+ (Q� �)(x

i

+ a

i

x

i

+ b

i

x

i

)� (a

i

x

i

+ 2b

i

x

i

)

� [	

i

+Q(1 + a

i

+ b

i

)� (a

i

+ 2b

i

)℄x

i

= b

i

x

i

	

i+1

= x

i+1

	

i+1

;


ompleting the proof of (1).

From (1) and from Lemma 5.1, we obtain that for i large enough we will

have (Q� �)gain

i

� adv

i

� 	

i

x

i

< (1�Q+ �)x

i

. But this 
ontradi
ts the

(Q� �)-
ompetitiveness of A, sin
e, denoting by % the sequen
e of all jobs

issued up to this time (in
luding the pending jobs x

i

), we have

(Q� �)gain

A

(%)� adv (%) = (Q� �)gain

i

� adv

i

+ (Q� �)x

i

� x

i

< (1�Q+ �)x

i

+ (Q� �)x

i

� x

i

= 0:

2

5.2 Upper Bound

In this se
tion we present an online algorithm for 2-uniform jobs with 
om-

petitive ratio Q. Given that the 2-uniform 
ase seems to be the most ele-

mentary 
ase of unit job s
heduling (without being trivial), our algorithm

(and its analysis) is surprisingly diÆ
ult. Re
all, however, that any algo-

rithm for 2-uniform instan
es whose 
ompetitive ratio is better than

p

2


annot be memoryless (see [2℄). In other words, in addition to the pending

jobs, it needs to use some information about the jobs that were already

exe
uted or that expired. Further, when the adversary uses the strategy

from the lower bound proof in the previous se
tion, any online algorithm

needs to behave in an essentially unique way in order to be Q-
ompetitive.
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Our algorithm was in fa
t designed to mat
h this optimal strategy, and then

extended (by interpolation) to other adversarial strategies. Thus we suspe
t

that the 
omplexity of the algorithm is inherent in the problem and 
annot

be avoided.

We start with some intuitions. Let A be our online algorithm. Suppose

that at a 
ertain time t we have one old pending job z, and two new pending

jobs b; 
 with b � 
. In some 
ases, the de
ision whi
h job to exe
ute is easy.

If 
 � z, A 
an ignore z and exe
ute b in the 
urrent step. If z � b, A 
an

ignore 
 and exe
ute z in the 
urrent step. If 
 < z < b, A fa
es a dilemma:

it needs to de
ide whether to exe
ute z or b. In general, the 
hoi
e will be

made based on the ratio z=b. If z=b ex
eeds a 
ertain threshold (possibly

dependent on the past 
omputation), we exe
ute z, otherwise we exe
ute b.

We 
an handle all three 
ases by using a parameter, say �, and making the

de
ision a

ording to the following pro
edure:

Pro
edure SSP

�

: If z � �b+ (1� �)
 s
hedule z, otherwise s
hedule b.

To derive an online algorithm, say A, we examine the adversary strategy

in the lower bound proof. Consider the limit 
ase, when i ! 1, and let

a

�

= lim

i!1

a

i

= Q=(Q�1) and b

�

= lim

i!1

b

i

= Q=(Q�1)

2

. Assume that

in the previous step two jobs z were issued, so that the 
urrent 
on�guration

is hz; zi. If the adversary now issues a single job a, then A needs to do the

following: if a � a

�

z, exe
ute z, and if a � a

�

z, then exe
ute a. (The tie

for a = a

�

z 
an be broken either way.) Thus in this 
ase we need to apply

SSP

�

with the threshold � = 1=a

�

= (Q� 1)=Q.

Then, suppose that in the �rst step A exe
uted z, so that in the next

step a is pending. If the adversary now issues a single job b, then (assuming

a � a

�

) A must to do the following: if b � b

�

z, exe
ute a, and if b � b

�

z,

then exe
ute b. Thus in this 
ase we need to apply SSP

�

with the threshold

� = a

�

=b

�

= Q� 1.

Suppose that we exe
ute a. In the lower-bound strategy, the adversary

would now issue two jobs b in the next step. But what happens if he

issues a single job, say 
? Routine 
al
ulations show that A, in order to

be Q-
ompetitive, needs to use yet a di�erent parameter � in SSP

�

. This

parameter is not uniquely determined, but it must be at least 
 = (3 �

2Q)=(2 � Q), whi
h is greater than Q � 1. Further, it turns out that the

same value 
 
an be used on subsequent single-job requests.

Our algorithm is derived from the above analysis: on a sequen
e of single-

job requests in a row, use SSP

�

with parameter � in the �rst step, then
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� in the se
ond step, and 
 in all subsequent steps. In general, of 
ourse,

two jobs 
an be issued at ea
h step (or more, but only two heaviest jobs

need to be 
onsidered.) We think of an algorithm as a fun
tion of several

arguments. The values of this fun
tion on the boundary are determined

from the optimal adversary strategy, as explained above. The remaining

values are obtained through interpolation.

We now give a formal des
ription of our algorithm. We de�ne 
onstants

� =

Q� 1

Q

� 0:27 � = Q� 1 � 0:38 
 =

3� 2Q

2�Q

� 0:39

We also use two fun
tions

�(�) = min

�

1;

� � �

� � �

�

; Æ(�; �) = ��+ (1� �)[� + (
 � �)�(�)℄:

where 0 � � � 1 and � � � � 
. Note that for the parameters �, � within

their ranges, we have 0 � �(�) � 1, � � Æ(�; �) � 
. Fun
tion Æ also

satis�es Æ(1; �) = �, Æ(0; �) � � for any �, and Æ(0; �) = �, Æ(0; �) = 
.

Algorithm Swit
h. Fix a time step t. Let u; v be the two jobs released

at time t � 1 (we assume that u � v) and b; 
 (where b � 
) be the jobs

released at time t. Let z 2 fu; vg be the old pending job. Let also � be

the parameter of SSP used at time t � 1 (initially � = �). Then Swit
h


hooses the job to exe
ute as follows:

� If z = u run SSP

�

with � = Æ(

v

u

; �),

� If z = v run SSP

�

with � = �.

Theorem 5.3 Algorithm Swit
h is Q-
ompetitive for the 2-uniform 
ase,

where Q � 1:377 is the largest root of Q

3

+Q

2

� 4Q+ 1 = 0.

The proof of the theorem is by tedious 
ase analysis of an appropriate

potential fun
tion, and is in
luded in the appendix.

6 Con
lusions

We established the �rst upper bound better than 2 on the 
ompetitiveness of

deterministi
 s
heduling unit jobs to maximize weighted throughput. There

is still a wide gap between our upper bound of � 1:939 and the best known

lower bound of �. Closing or substantially redu
ing this gap is a 
hallenging
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open problem. We point out that our algorithm GenFlag is not memory-

less, as it uses one bit of information about the previous step. Whether it

is possible to redu
e the ratio of 2 with a memoryless algorithm remains an

open problem.

Another intriguing open problem is to determine the 
ompetitiveness of

the 
ase when the jobs are similarly ordered, or when they all have the same

span. We gave an algorithm for this version with 
ompetitive ratio � 1:838.

The lower bound of � applies to similarly ordered jobs. As for the uniform

span 
ase, to the best to our knowledge, the best lower bound is � 1:377

given in this paper for the 2-uniform 
ase.
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A An Algorithm for the 2-Uniform Case

Re
all that the algorithm uses the following 
onstants

� =

Q� 1

Q

� 0:27 � = Q� 1 � 0:38 
 =

3� 2Q

2�Q

� 0:39

where Q is the largest root of Q

3

+ Q

2

� 4Q + 1 = 0. We also use the

following two fun
tions

�(�) = min

�

1;

� � �

� � �

�

;

Æ(�; �) = ��+ (1� �)(� + (
 � �)�(�));

where 0 � �; � � 1. Note that these fun
tions satisfy the following proper-

ties:

�(�) � 0 for any �

Æ : [0; 1℄� [�; 
℄ 7! [�; 
℄

Æ(1; �) = � for any �

Æ(0; �) � � for any �

Algorithm Swit
h. Fix a time step t. Let u; v be the two jobs released

at time t � 1 (we assume that u � v) and b; 
 (where b � 
) be the jobs

released at time t. Let z 2 fu; vg be the old pending job. Let also � be the

parameter of SSP used time t� 1 (initially � = �). Then Swit
h 
hooses

the job to exe
ute as follows:

� If z = u run SSP

�

with � = Æ(

v

u

; �),

� If z = v run SSP

�

with � = �.

Analysis. We use a potential fun
tion argument to show that Swit
h is

Q-
ompetitive.

The proof for the 2-uniform 
ases is based on a potential fun
tion argu-

ment. We de�ne below a potential fun
tion � that maps all possible 
on-

�gurations into real numbers. (In general, a 
on�guration at a given step

may en
ode all information about the 
omputation up to this step, both

for the algorithm and the adversary. Here it is suÆ
ient only to remember

the jobs issued in last two steps.) Intuitively, the potential represents A

0

s

savings at a given step. At ea
h time step, an online algorithm and the

adversary exe
ute a job. The proof is based on the following lemma whi
h


an be proven by a simple summation over all steps.
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Lemma A.1 Let A be an online algorithm for s
heduling unit jobs. Let �

be a potential fun
tion that is 0 on 
on�gurations with no pending jobs, and

at ea
h step satis�es

R ��gain

A

� �adv+�� (2)

where �� represents the 
hange of the potential, and �gain

A

, �adv repre-

sent A's and the adversary gain in this step. Then A is R-
ompetitive.

Ea
h 
on�guration is de�ned by the parameter � of SSP

�

used in the

previous step, the jobs released in the previous step, and the pending jobs

x; y 2 fu; vg of the algorithm and the adversary respe
tively. The 
on�gura-

tion is thus des
ribed by a �ve-tuple hu; v; x; y; �i. To simplify the notation

we write �

xy

(u; v; �) instead of �(hu; v; x; y; �i). We de�ne

�

uu

(u; v; �) =

v

2

u

(1�Q�E�(�)) + uE�(�)

�

uv

(u; v; �) = v(Q� 1�G+G�(�)) + u(�G�(�)� 1=Q)

�

vu

(u; v; �) = u�Qv

�

vv

(u; v; �) = v(1�Q)

where E = 2�Q

2

= �(Q� 1); G = Q

2

+ 3Q� 6. Note that E;G > 0:

Re
all that by b and 
 we denote the jobs released at this step and that

we assume that b � 
. By Lemma A.1 it is suÆ
ient to prove that

�

xy

(u; v; �) +Q�gain

Swit
h

� �adv +�

x

0

y

0

(b; 
; �

0

) (3)

where �; �

0

are the parameters of SSP used in this and the next steps, and

x; y; x

0

; y

0

are the pending jobs of the algorithm and the adversary in this

and the next steps respe
tively.

We start by introdu
ing several lemmas and fa
ts that let us avoid a

number of te
hni
al issues later in the proof.

Lemma A.2 �

xy

(u; v; �) satis�es the following properties for any u; v; �

(where v � u):

(1) �

uu

(u; v; �) � �

uv

(u; v; �);

(2) �

vu

(u; v; �) � �

vv

(u; v; �);

(3) �

vu

(u; v; �)� u = �

vv

(u; v; �)� v:
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Proof: (1) We have to show that

v

2

u

(1�Q�E�(�)) + uE�(�) � v(Q� 1�G+G�(�)) + u(�G�(�)� 1=Q)

Note that the expression on the left-hand side is minimized for v = u, and

the expression on the right-hand side is maximized for v = u. We may thus

assume that v = u and redu
e the inequality to 1�Q � Q� 1�G� 1=Q

whi
h holds as G+ 1=Q = 2Q� 2.

(2) Note that �

vu

(u; v; �) = u�Qv � v �Qv = �

vv

(u; v; �).

(3) We have �

vu

(u; v; �)�u = u�Qv�u = �Qv+(v�v) = (1�Q)v�v =

�

vu

(v; v; �)� v. 2

Lemma A.3 Let Q be the greatest root of Q

3

+ Q

2

� 4Q + 1 = 0. The

following inequalities hold

7Q

2

� 6Q� 5 > 0 (4)

�7Q

2

+ 14Q� 6 > 0 (5)

Q

2

+ 3Q� 6 > 0 (6)

�9Q

2

+ 32Q� 27 > 0 (7)

For the purpose of this analysis, it is also 
onvenient to de�ne

l = �(�);

d(�; l) = ��+ (1� �)(� + (
 � �)l) = Æ(�; �):

Note that d satis�es the following properties:

d(1; l) = � for any l; (8)

d(0; l) � � for any l � 0: (9)

Solutions of the following linear programs will be used to obtain bounds

on 
ertain expressions. In these programs � denotes a 
onstant su
h that

� � � � 
.
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Lp1 : Lp2 :

max (1�Q)b�Q
 max (1�Q)(b+ 
)

s.t. b � 
 s.t. b � 


�b+ (1��)
 � 1 �b+ (1��)
 � 1

b; 
 � 0 b; 
 � 0

solution: 
 = 0 solution: 
 = 1

b = 1=� b = 1

Lp3 :

max Ab+B


s.t. b � 


�b+ (1��)
 � 1

b; 
 � 0

(Q� 1�G+G�(�)) = B

(1�G�(�) � 1=Q) = A

solution: 
 = 0

b = 1=�

We are now ready to prove that (3) holds. Let SSP

�

be the algorithm

exe
uted in the previous step. We distinguish the following 
ases.

Case 1: Suppose that u was exe
uted in the previous step. Then v is pending

for Swit
h and the algorithm applies SSP

�

.

Case 1a: If v � �b + (1 � �)
 then SSP

�

s
hedules v, and we have to

verify the following four inequalities

�

vu

(u; v; �) +Qv � max

(

u+�

bb

(b; 
; �)

b+�

b


(b; 
; �)

�

vv

(u; v; �) +Qv � max

(

v +�

bb

(b; 
; �)

b+�

b


(b; 
; �)

Note that the �rst and the third inequalities are equivalent by Lemma

A.2. Also, the last inequality implies the se
ond one by the same lemma.

Without the loss of generality we may assume that u = 1. After substitu-
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tion, the third and the fourth inequalities redu
e to

(1�Q)v +Qv � v +




b

2

(1�Q) (10)

(1�Q)v +Qv � b+ (Q� 1�G)
� b=Q (11)

The right-hand sides of inequality (10) is maximized for 
 = 0 and the

inequality holds trivially.

After rearranging, and using the fa
t that 1 = u � v � �b + (1 � �)
,

inequality (11) redu
es to 0 � 
(1�Q) whi
h holds.

Case 1b: If v < �b + (1 � �)
 then SSP

�

s
hedules b, and we need to

verify the following inequalities

�

vu

(u; v; �) +Qb � max

(

u+�


b

(b; 
; �)

b+�





(b; 
; �)

�

vv

(u; v; �) +Qb � max

(

v +�


b

(b; 
; �)

b+�





(b; 
; �)

Note that the �rst and the third inequalities are equivalent by Lemma

A.2. Also, the last inequality implies the se
ond one by the same lemma.

We may assume that u = 1, and the remaining inequalities redu
e to

(1�Q)v +Qb � v + (b�Q
) (12)

(1�Q)v +Qb � b+ (1�Q)
 (13)

After using the 
ase 
ondition, the inequality (12) redu
es to 0 � �
�

and holds.

The inequality (13) redu
es to v � b+ 
 whi
h holds by the 
ase 
ondi-

tion.

Case 2: Now we assume that u was not exe
uted in the previous step. So

u is now the pending job for Swit
h, and the algorithm applies SSP

d(�;l)

,

where � =

v

u

.
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Case 2a: If u < d(�; l)b+(1�d(�; l))
 then the algorithm exe
utes b and

we need to show the following four inequalities

�

uu

(u; v; �) +Qb � max

(

u+�


b

(b; 
; d(�; l))

b+�





(b; 
; d(�; l))

�

uv

(u; v; �) +Qb � max

(

v +�


b

(b; 
; d(�; l))

b+�





(b; 
; d(�; l))

On
e again, note that the last inequality implies the se
ond one by

Lemma A.2. We assume that u = 1, and the remaining inequalities redu
e

to

v

2

(1�Q�El) +El +Qb � 1 + b�Q
 (14)

v(Q� 1�G+Gl)�Gl � 1=Q+Qb � v + b�Q
 (15)

v(Q� 1�G+Gl)�Gl � 1=Q+Qb � b+ (1�Q)
 (16)

Proof of inequality (16). We start by regrouping the terms to redu
e

(16) to the following inequality

v

2

(1�Q�El) +El � 1 + b(1�Q)�Q


We now fa
e the following problem: we wish to maximize the right-hand

side of this inequality, subje
t to the 
ase 
ondition and 
onditions b; 
 � 0,

b � 
. For now, the term d(v; l) from the 
ase 
ondition is treated like a


onstant, say �, where � � � � 
. It is easy to see now, that the above

problem 
an be formulated as a linear program with variables b; 
. In fa
t,

it is equivalent to the program Lp1. We 
on
lude that it is enough to verify

the inequality for b = 1=d(v; l); 
 = 0, as this is the solution of Lp1. Further,

the left-hand side of (16) is minimized for v = 0 and l = 1, so overall this

inequality redu
es to 2(Q� 1) � G+ 1=Q whi
h holds.

Proof of inequality (14). On
e again, we start by regrouping the terms

to redu
e (14) to

v(Q� 1�G+Gl)�Gl � 1=Q � v + b(1�Q)�Q
:

As in the proof of (16) we noti
e that it is enough to verify the inequality

for b = 1=d(v; l); 
 = 0, as this is the solution of Lp1. The inequality now

redu
es to

[�v + (1� v)(� + (
 � �)l)℄[�v

2

(Q� 1 +El) +El � 1℄ +Q� 1 � 0:
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Let L(v; l) denote the expression on the left-hand side of this inequality.

The fun
tion L is a polynomial of third degree in v. The 
oeÆ
ient of v

3

is

(Q� 1+El)(� � �+ (
 � �)l) > 0, so to prove that the inequality holds it

is enough to show that for any l 2 [0; 1℄, L(0; l) � 0, L(1; l) � 0, and that

the se
ond derivative

�

2

L

�v

2

(v; l) < 0.

Sin
e

L(0; l) = [� + (
 � �)l℄[El � 1℄ +Q� 1

is quadrati
 in l, L(0; 0) = 0, and the 
oeÆ
ient of l

2

is (
 � �)E > 0, it

is suÆ
ient to show that

�L(0;l)

�l

(0) > 0 to prove that L(0; l) � 0. Indeed,

�L(0;l)

�l

(0) = �(
 � �) + �E, and the inequality �(
 � �) + �E > 0 redu
es

to 7Q

2

� 6Q� 5 > 0 whi
h holds.

Sin
e, L(1; l) = 0, it remains to verify that the se
ond derivative

�

2

L

�v

2

(v; l) <

0. Sin
e,

�

2

L

�v

2

(v; l) = (Q� 1 +El)[4v(� � �+ (
 � �)l)� 2(�v + (1� v)(� + (
 � �)l))℄

it is enough to verify that

�v + (1� v)(� + (
 � �)l)� 2v(� � �+ (
 � �)l) > 0

Sin
e this is a linear inequality and the 
oeÆ
ient of v is 3(�� �� (
 �

�)l) < 0, it is enough to verify it for v = 1. The inequality now redu
es to

3�� 2(� + (
 � �)l) > 0, and it is suÆ
ient to show that it holds for l = 1

as the 
oeÆ
ient of l is �2(
� �) < 0 and the inequality is linear in l. The

inequality now redu
es to Q

2

+ 3Q� 6 > 0 and holds.

Proof of inequality (15). We start by regrouping the terms to obtain

redu
e (15) to

v(Q� 1�G+Gl)�Gl � 1=Q � b(1�Q) + (1�Q)


Similarly to the proof of (16) we noti
e that it is enough to verify the

inequality for b = 
 = 1, as this is the solution of Lp2. It is now enough to

prove

d(v; l)(v(Q� 2�G+Gl)�Gl � 1=Q) +Q� 1 � 0:

The 
oeÆ
ient of l

2

is (1� v)(
 � �)G(v � 1) � 0 so it is enough to verify

that the inequality holds for l = 0; 1.
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For l = 0 the inequality redu
es to

(�v + � � �v)(�v(2�Q+G)� 1=Q) +Q� 1 � 0 (17)

This is a quadrati
 inequality in v. The 
oeÆ
ient of v

2

is (� � �)(2 �

Q + G) > 0 so it is enough to verify that the derivative with respe
t to v

is negative for v = 1. Let g denote the expression on the left-hand side of

(17). Then

g

0

(v) = (�� �)(�v(2�Q+G)� 1=Q)� (�v + �(1� v))(2�Q+G):

The inequality g

0

(1) < 0 
an be redu
ed to 4 < 3Q, so it holds.

For l = 1 the inequality redu
es to

(�v + (1� v)
)(�v(2�Q)�G� 1=Q) +Q� 1 � 0:

This again is a quadrati
 inequality in v with 
oeÆ
ient of v

2

equal (
 �

�)(2 � Q) > 0. So to show that it holds it is enough to verify that the

derivative in v is negative for v = 1. The derivative of the expression on the

left-hand side is

(�� 
)(�v(2�Q)�G� 1=Q) + (�v + (1� v)
)(Q� 2)

and for v = 1 it redu
es to 7Q

2

� 14Q+ 6 � 0 whi
h holds.

Case 2b: Suppose that u � d(�; l)b + (1 � d(�; l))
. SSP

d(�;l)

exe
utes

u. We need to verify the following inequalities:

�

uu

(u; v; �) +Qu � max

(

u+�

bb

(b; 
; d(�; l))

b+�

b


(b; 
; d(�; l))

(18)

�

uv

(u; v; �) +Qu � max

(

v +�

bb

(b; 
; d(�; l))

b+�

b


(b; 
; d(�; l))

(19)
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Note that the last inequality implies the se
ond one by Lemma A.2. We

may assume that u = 1, and the remaining inequalities redu
e to

v

2

(1�Q�El) +El +Q � 1 +




2

b

(1�Q�E�(d(v; l))) +

bE�(d(v; l)) (20)

v(Q� 1�G+Gl)�Gl � 1=Q+Q � v +




2

b

(1�Q�E�(d(v; l))) +

bE�(d(v; l)) (21)

v(Q� 1�G+Gl)�Gl � 1=Q+Q � b+ 
(Q� 1�G+G�(d(v; l))) +

b(�G�(d(v; l))� 1=Q) (22)

Proof of inequality (20). It is enough to show that (1�v)(Q+El�1) �

bE�(d(v; l)). By the 
ase 
ondition b � 1=d(v; l) so it is enough to show

d(v; l)(v � 1)(Q+El � 1) � E�(d(v; l)):

We distinguish two 
ases.

If d(v; l) � � then �(d(v; l)) = 1, (1� v)(� � �+ (
 � �)l) � � � � and

it is enough to show

�(� � �)(Q+El � 1) � E(� � �+ (
 � �)l):

This inequality is linear in l so it is enough to verify it for l = 0; 1.

A
tually it is enough to verify it for l = 0 as �(� � �) � (
 � �) > 0. For

l = 0 the inequality redu
es to �(Q� 1) � E whi
h holds.

If d(v; l) � � then �(d(v; l)) = (d(v; l)��)=(���), and we need to show

(� � �)d(v; l)(1 � v)(Q+El � 1) � E(d(v; l)� �)

Note that d(v; l)� � = (1� v)(� � �+ (
 � �)l), so it is enough to show

(� � �)d(v; l)(Q+El � 1) � E(� � �+ (
 � �)l) (23)

This is a linear inequality in v. So it is enough to verify it for v = 0; 1.

A
tually, it is enough to verify it for v = 1, as the 
oeÆ
ient of v is (� �

�)(Q+El�1)(����(
��)l) < 0. The inequality redu
es to (���)�(Q+

El � 1) � E(� � � + (
 � �)l) � 0. This inequality is linear in l and the


oeÆ
ient of l is E[(� � �)� � (
 � �)℄ > 0, so it is enough to verify it for

l = 0. The inequality redu
es now to �(Q� 1)�E � 0 whi
h holds.
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Proof of inequality (21). It is enough to show that

(v � 1)(Q� 2�G+Gl) � bE�(d(v; l))

We distinguish two 
ases.

If d(v; l) � �, then �(d(v; l)) = 1, and (1� v)(���+(
��)l) � ���.

The inequality redu
es to

�(� � 
)(2 +G�Q�Gl)�E(� � �+ (
 � �)l) � 0

This is a linear inequality in l. The 
oeÆ
ient of l is ��(���)G�E(
��) <

0, so it is enough to verify the inequality for l = 1. The inequality now

redu
es to Q � 1, whi
h holds.

If d(v; l) � �, then �(d(v; l)) = (d(v; l)� �)=(� � �), and the inequality

redu
es to

d(v; l)(2 +G�Q�Gl)(� � �) � E(� � �+ (
 � �)l):

It is now enough to prove that 2+G�Q�Gl � Q+El�1 for any l 2 [0; 1℄,

to show that this inequality follows from (23). For l = 0 the inequality

redu
es to 3 + G � 2Q, whi
h holds. For l = 1 the inequality redu
es to

3 � 2Q+E, whi
h also holds.

Proof of inequality (22). We �rst observe that the problem of maximizing

the right-hand side of (22) subje
t to 
ase 
onditions 
an be formulated as

the linear program Lp3. It is therefore enough to verify the inequality for

b = 1=d(v; l); 
 = 0. As in the proof of (20) we distinguish two 
ases.

If d(v; l) � � the inequality redu
es to

d(v; l)(v(Q� 1�G+Gl)�Gl � 1=Q+Q) � 3� 2Q

This is a quadrati
 inequality in v. The 
oeÆ
ient of v

2

is (Q � 1 � G +

Gl)(�� � � (
 � �)l) < 0 so we need to verify that it holds for v = 0; 1.

For v = 0 the inequality redu
es to [�+(
��)l℄(�Gl�1=Q+Q)� 3�2Q.

This is a quadrati
 inequality in l. For l = 0 it redu
es to �(�1=Q+Q) �

3� 2Q whi
h holds. For l = 1 it redu
es to 
(2�Q) � 3� 2Q whi
h also

holds. The 
oeÆ
ient of l

2

is �G(
 � �) < 0 so the inequality holds.

For v = 1 the inequality redu
es to � � 3� 2Q whi
h holds.

If d(v; l) � � the inequality redu
es to

d(v; l)(v(Q� 1�G+Gl)�Gl � 1=Q+Q) � 1� 1=Q�G(d(v; l) � �)=(� � �)
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Sin
e the 
oeÆ
ient of v

2

is (Q� 1�G+Gl)(� � � � (
 � �)l) < 0 it

is enough to verify the inequality for v = 0 and v = 1.

For v = 1 the inequality redu
es to � � 1� 1=Q whi
h holds.

For v = 0 the inequality redu
es to

[� + (
 � �)l℄(�Gl � 1=Q+Q) � 1� 1=Q�G(� � �+ (
 � �)l)=(� � �)

This is a quadrati
 inequality in l. For l = 0 it redu
es to �(Q� 1=Q) �

1 � 1=Q � G whi
h holds. For l = 1 it redu
es to 
(2 � Q) � 1 � 1=Q �

G(
 � �)=(� � �), whi
h in turn redu
es to �9Q

2

+ 32Q� 27 > 0, whi
h

holds. The 
oeÆ
ient of l

2

is (
 � �)(�G) < 0, so the inequality holds.

This 
ompletes the proof of inequality (3). The Q-
ompetitiveness of

Swit
h follows now from Lemma A.1.
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