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Abstra
t

We 
onsider the asymmetri
 traveling salesperson problem with


-parameterized triangle inequality for 
 2 [

1

2

; 1). That means, the

edge weights ful�ll w(u; v) � 
 �(w(u; x)+w(x; v)) for all nodes u; v; x.

Chandran and Ram [8℄ re
ently gave the �rst 
onstant fa
tor approx-

imation algorithm with polynomial running time for this problem.

They a
hieve performan
e ratio




1�


. We devise an approximation

algorithm with performan
e ratio

1+


2�
�


3

, whi
h is better than the

one of Chandran and Ram for 
 2 [0:5437; 1), that is, for the parti
-

ularly interesting large values of 
.

1 Introdu
tion

The traveling salesperson problem is a well-knownNP optimization problem.

Given a 
omplete loopless graph G and a weight fun
tion w that assigns to

ea
h edge a nonnegative weight, our goal is to �nd a tour of minimum weight

�
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that visits ea
h node exa
tly on
e. In general, the graph G may be dire
ted.

In this 
ase, one also speaks of the asymmetri
 traveling salesperson problem

(ATSP). An important and well-studied spe
ial 
ase is the 
ase where w is

symmetri
 (TSP), that is, w(u; v) = w(v; u) for all u; v 2 V . In other words,

the underlying graph 
an be 
onsidered undire
ted.

TSP and hen
eforth ATSP are both NPO-
omplete. Thus there is no

good approximation algorithm for these two problems, unless NP = P. A

natural restri
tion is that the weight fun
tion w should ful�ll the triangle

inequality

w(u; v) � w(u; x) + w(x; v) for all u; x; v 2 V . (1)

We 
all the 
orresponding problems �-ATSP and �-TSP in the asymmet-

ri
 and symmetri
 
ase, respe
tively. For �-TSP, Christo�des [9℄ devised

a

3

2

approximation algorithm with polynomial running time, whereas the

best approximation algorithm for �-ATSP has only performan
e ratio log n.

This was shown by Frieze, Galbiati, and MaÆoli [10℄. See also [4℄ and [11℄

for some improvement (0:999 logn and 0:841 logn). Many resear
hers 
on-

je
ture that there is a 
onstant fa
tor approximation algorithm also for

�-ATSP, but this question is still open after more than two de
ades.

Here we 
onsider a strengthening of the triangle inequality (1), whi
h

allows a 
onstant fa
tor approximation: Let 
 be some 
onstant with

1

2

�


 < 1. An instan
e of the problem �(
)-ATSP is a 
omplete loopless

dire
ted graph G with node set V and a weight fun
tion w assigning to

ea
h edge of G a nonnegative weight. The weight fun
tion ful�lls the 
-

parameterized triangle inequality, i.e.,

w(u; v) � 
 � (w(u; x) + w(x; v)) for all u; x; v 2 V . (2)

The goal is to 
ompute a TSP tour of minimum weight.

One 
an also view the 
-parameterized triangle inequality as a data

dependent bound. Given an instan
e of �-(A)TSP, we 
an 
ompute ~
 =

maxf

w(u;v)

w(u;x)+w(x;v)

g and use an algorithm for �(~
)-(A)TSP to obtain better

performan
e guarantees on instan
es where ~
 is small enough.

1.1 Previous and new results

As mentioned above, for �-ATSP and �-TSP, there are approximation

algorithms with polynomial running time a
hieving performan
e ratios logn

and

3

2

, respe
tively.
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B�o
kenhauer et al. [6℄ studied the symmetri
 traveling salesperson prob-

lem with 
-parameterized triangle inequality for 
 2 [

1

2

; 1). They a
hieve ap-

proximation performan
e minf1+

2
�1

3


2

�2
+1

;

2

3

+




3(1�
)

g. Then B�o
kenhauer

et al. [7℄ (improving a result by Andreae and Bandelt [2℄) as well as Ben-

der and Chekuri [3℄ 
onsidered the symmetri
 
ase with 
-parameterized

triangle inequality for 
 � 1. Combining their algorithms, we get an ap-

proximation algorithm with performan
e guarantee minf

3

2




2

; 4
g.

Re
ently, Chandran and Ram [8℄ studied the asymmetri
 traveling sales-

person problem with 
-parameterized triangle inequality for 
 2 [

1

2

; 1).

They designed a 
onstant fa
tor approximation algorithm with performan
e

ratio (asymptoti
ally)




1�


, in 
ontrast to the logn upper bound for �-

ATSP. Sin
e in the asymmetri
 
ase we even do not know whether for 
 = 1

an approximation algorithm with 
onstant performan
e ratio exists, study-

ing the 
ase 
 � 1 does not look very promising at the moment.

As our main result, we present an approximation algorithm SHORTCUT

with performan
e ratio

1+


2�
�


3

. This improves the result by Chandran and

Ram for 
 2 [0:5437; 1), that is, for the parti
ularly interesting large values

of 
. The running time of our algorithm is O(n

3

), whi
h mat
hes the run-

ning time of the algorithm by Chandran and Ram. Our new algorithm also

improves upon the 
onferen
e version of this paper [5℄ where an approxima-

tion ratio of

2

2�
�


3

is obtained.

The approximation performan
e of SHORTCUT is better than the one

obtained by Chandran and Ram [8℄, if




1� 


�

1 + 


2� 
 � 


3

=

1 + 


(1� 
)(2 + 
 + 


2

)

:

For 
 < 1 this is equivalent to 
+ 


2

+ 


3

� 1. The only real valued root of

the 
orresponding polynomial 
an be 
omputed exa
tly, it is

X

3

�

2

3X

�

1

3

,

where X = (17+ 3

p

33)

1

3

; the numeri
al value of the root is approximately

0:5437. In parti
ular, SHORTCUT is better for 
 2 [0:5437; 1). For 
 
lose

to 1, the improvement is by a fa
tor 
lose to 2. Figure 1 
ompares the

performan
es in dependen
e on 
.

1.2 Notations and 
onventions

For a set of nodes V , let K(V ) denote the set of edges (V � V ) n f(v; v) j

v 2 V g. Throughout this work, we are 
onsidering dire
ted graphs

G = (V;K(V )) together with a weight fun
tion w : K(V ) ! Q

�0

and a

3
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Figure 1: The approximation performan
e of the algorithm SHORTCUT

(drawn thi
k) 
ompared to the one by Chandran and Ram [8℄ (drawn

dashed) and Bl�aser [5℄ (drawn thin).

parameter 
 2 [

1

2

; 1). We always require that w ful�lls the 
-parameterized

triangle inequality (2). (Note that if w ful�lls the 
-parameterized triangle

inequality for some 
, then ne
essarily 
 �

1

2

. Thus the lower bound is no

restri
tion.)

A 
y
le 
over of a dire
ted graph G is a spanning subgraph that 
onsists

solely of node disjoint dire
ted 
y
les. For any subgraph S = (V;E) of G,

the weight w(S) of S is de�ned as the sum of the weights of the edges in E,

that is, w(S) =

P

e2E

w(e). In parti
ular, this de�nes the weight of 
y
le


overs and TSP tours.

For a given dire
ted graph G with weight fun
tion w, let AB(G) denote

the weight of a minimum weight 
y
le 
over. (This is also 
alled the assign-

ment bound.) Furthermore, let TSP(G) denote the weight of a minimum

weight TSP tour of G. Obviously, we have AB(G) � TSP(G). AB(G) and a


orresponding minimum weight 
y
le 
over 
an be 
omputed in polynomial

time. This 
an be done in time O(n

3

); there are various algorithms with

this time bound|based on bipartite mat
hing, for example|see [1℄ for an

overview.
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2 The approximation algorithm

Our new approximation algorithm SHORTCUT generalizes the repeated


y
le 
over approa
h by Frieze, Galbiati, and MaÆoli [10℄. The algorithm

of Frieze, Galbiati, and MaÆoli without any modi�
ations already yields a

1

1�


approximation for �(
)-ATSP, as noti
ed in [5℄.

We sket
h the improved algorithm now. First a minimum weight 
y
le


over C is 
omputed. We split the nodes into two sets V

1

and V

2

so that

they alternate in ea
h 
y
le of C. Then we re
ursively 
ompute two TSP

tours T

1

and T

2

, one in the graph G

1

indu
ed by V

1

(i.e., G

1

= (V

1

;K(V

1

))

with weight fun
tion w

1

where w

1

is the restri
tion of w to K(V

1

)) and the

other one in the graph G

2

indu
ed by V

2

. Finally, we 
ombine C and one

of T

p

into an Eulerian tour and a tour T by taking short
uts. We output

the shortest T of a few 
andidates.

Taking short
uts is the pla
e where we use the power of the strengthened

triangle inequality. Suppose that walk S

0

is obtained by short
utting from

another walk S. Even with regular triangle inequality w(S

0

) � w(S). The

additional power of the 
-parameterized triangle inequality is used when we

bound w(S

0

) by the sum of the 
ontributions of (the o

urren
es of) the

edges e 2 S. If the edge e appears in S

0

, its 
ontribution is w(e). If the

edge e is 
ontra
ted at least on
e, i.e., one of its endpoints is omitted, its


ontribution is bounded by 
 � w(e). If the edge e is 
ontra
ted at least

twi
e|for example, if both of its endpoints are omitted|its 
ontribution

further de
reases and is bounded by 


2

w(e).

To get the best approximation fa
tors we need to arrange the short
uts

quite 
arefully.

Algorithm SHORTCUT

Input: dire
ted graph G = (V;K(V )) with weight fun
tion w

where w ful�lls the 
-parameterized triangle inequality (2) for

some

1

2

� 
 < 1

Output: TSP tour T

1. Compute a minimum weight 
y
le 
over C of G. If C has

a single 
y
le, let T = C and stop.

2. Let C

1

, . . . , C

t

be the 
y
les of C. Denote the nodes in

C

i

by v

i1

; v

i2

; : : : ; v

ik

i

= v

i0

, in the order along the 
y
le

starting so that the edge (v

i0

; v

i1

) has the minimal weight

of all the edges of C

i

.

5



Let V

1

= fv

ij

j i = 1; : : : ; t; j oddg and V

2

= fv

ij

j i =

1; : : : ; t; j eveng. Furthermore, let

�

V

1

= fv

i1

j i = 1; : : : ; tg

and

�

V

2

= fv

i2

j i = 1; : : : ; tg. Note that V is a disjoint

union of V

1

and V

2

; furthermore, ea
h

�

V

p

has exa
tly one

node in ea
h 
y
le of C.

3. Re
ursively 
ompute two TSP tours T

1

and T

2

of the graphs

G

1

and G

2

that are indu
ed by V

1

and V

2

.

4. For ea
h p 2 f1; 2g, 
onstru
t an Eulerian tour E

p

of

(V;C [ T

p

) as follows. Visit the nodes of V

p

in the order

given by T

p

. For ea
h node v 2

�

V

p

, the tour runs through

the (unique) 
y
le in C that v belongs to; after that, it


ontinues with the next node of T

p

. For v 2 V

p

n

�

V

p

, the

tour 
ontinues immediately with the next node of T

p

.

Note that ea
h node of V

p

o

urs exa
tly twi
e on E

p

and

ea
h node of V � V

p

o

urs exa
tly on
e.

5. For ea
h p 2 f1; 2g, 
onstru
t two Hamiltonian tours H

p1

and H

p2

from E

p

by taking short
uts. To do this, we need

to determine for ea
h u 2 V

p

whi
h of its two o

urren
es

in E

p

is removed. There are two possibilities for ea
h node,

we make sure that ea
h of H

pq

uses a di�erent one. In

addition, we 
hoose a spe
ial way to do it:

(a) First, we 
hoose a starting node u

1

as follows: If V

p

=

�

V

p

, let u

1

be an arbitrary node from V

p

. Otherwise let

u be an arbitrary node from V

p

n

�

V

p

; 
hoose (u

0

; u

1

) to

be the lighter edge of the two edges of T

p

in
ident with

u (i.e., u = u

0

or u = u

1

). Denote the nodes of V

p

by

u

1

, u

2

, . . . , u

k

= u

0

in the order along the tour T

p

.

(b) For u

1

, do the following: In H

p1

, omit (i.e., take a

short
ut at) the o

urren
e of u

1

where E

p


ontinues

by an edge from T

p

(i.e., the next node is u

2

); in H

p2

omit the o

urren
e of u

1

where E

p


ontinues along C.

(
) Pro
ess the nodes u

i

, for i = 2; : : : ; k as follows. Con-

sider the 
onse
utive o

urren
es of u

i�1

and u

i

in E

p

(i.e., the pla
e when E

p

traverses the edge (u

i�1

; u

i

).

Let H

pq

be the tour where this o

urren
e of u

i�1

was

not skipped. Skip (and short
ut) the o

urren
e of u

i

following u

i�1

in H

pq

and skip the other o

urren
e of

u

i

in H

p;3�q

.

6



6. Output as T the shortest tour of the four tours H

pq

.

The next lemma uses the analysis of short
uts to bound the weight of

a minimum weight TSP tour of G

1

and G

2

in terms of the weight of a

minimum weight TSP tour of G.

Lemma 2.1 Let V

1

; V

2

� V be two disjoint sets of nodes. Let G

1

and G

2

be the graphs indu
ed by V

1

and V

2

, respe
tively. Then

TSP(G

1

) + TSP(G

2

) � (1 + 


2

) TSP(G):

Proof. Let T be a minimum weight TSP tour of G. Thus w(T ) =

TSP(G). We 
onstru
t two TSP tours T

1

and T

2

of G

1

and G

2

, respe
tively,

su
h that w(T

1

)+w(T

2

) � (1+


2

)w(T ). This proves the 
laim of the lemma.

Given T , we 
onstru
t T

1

and T

2

by taking short
uts. We move along the

tour T starting with an arbitrary node in V

1

or V

2

, respe
tively. Whenever

we would visit a node not in V

1

or V

2

, respe
tively, we dire
tly go to the

next node of T that is in V

1

or V

2

.

Let e = (u; v) be an edge of T . If both u and v belong to V

1

, then the

edge e appears in T

1

but is 
ontra
ted (at least) twi
e when 
onstru
ting

T

2

. Thus e 
ontributes weight w(e) to T

1

and 


2

w(e) to T

2

yielding a

total 
ontribution of (1 + 


2

)w(e). If both u and v belong to V

2

, the same

analysis works. If u belongs to V

1

and v belongs to V

2

or vi
e versa, then

e is 
ontra
ted at least on
e to obtain T

1

and at least on
e to obtain T

2

.

Thus the total 
ontribution is at most 2
 � w(e) � (1 + 


2

)w(e). Summing

over all edges e of T yields the result. �

Next we use a similar analysis to show that the algorithm guarantees

that the total weight of the four tours H

pq

is bounded by (2 + 2
)w(C) +

2
(w(T

1

)+w(T

2

)). If the 
y
le 
over C 
onsists solely of 
y
les with exa
tly

two nodes, it is easy to see that ea
h edge of T

p

is 
ontra
ted in both H

p1

and H

p2

and ea
h edge of C is 
ontra
ted in exa
tly one of H

p1

and H

p2

; the

bound then follows. In the general 
ase, it may happen that some 
y
les

in C are odd and then one of its edges may be 
ontra
ted twi
e in one

of the four tours instead of being 
ontra
ted in two distin
t tours. Similar

problem may also happen for an edge in T

p

. This would multiply the weight

of the edge by 1 + 


2

instead of 2
 and thus in
rease its 
ontribution. The

next lemma, together with a 
areful 
hoi
e of H

pq

, allows a tighter bound

in these 
ases.

7



Lemma 2.2 Let v; x; y; z 2 V be su
h that w(x; y) � maxfw(v; x); w(y; z)g.

Then

w(v; z) � 
w(v; x) + (2
 � 1)w(x; y) + 
w(y; z):

Proof. Suppose that w(x; y) � w(v; x); the other 
ase is symmetri
. Then,

by 
ontra
ting �rst the node x and then y we have

w(v; z) � 


2

w(v; x) + 


2

w(x; y) + 
w(y; z):

For any 
 2 [

1

2

; 1℄, we have

0 � 


2

� 2
 + 1 � 
 � 


2

;

as the 
orresponding equation has roots

1

2

and 1. Thus

(


2

� 2
 + 1)w(x; y) � (
 � 


2

)w(v; x)

and

w(v; z) � 


2

w(v; x) + 


2

w(x; y) + 
w(y; z)

� 
w(v; x) + (2
 � 1)w(x; y) + 
w(y; z):

�

Lemma 2.3 The algorithm SHORTCUT guarantees for any input that

w(H

11

) +w(H

12

) +w(H

21

)+w(H

22

) � (2+2
)w(C) + 2
(w(T

1

)+w(T

2

)):

Proof. We estimate the 
ontribution of ea
h edge e 2 E

p

, p 2 f1; 2g, to

the four tours H

pq

produ
ed by short
uts.

First 
onsider e = (x; y) 2 C; su
h e 
ontributes to all four tours H

pq

and we shall bound its 
ontribution by (2 + 2
)w(e). If x 2 V

p

then e

is 
ontra
ted be
ause of removing this o

urren
e of x in exa
tly one of

the tours H

p1

and H

p2

; similarly for y. If these two 
ontra
tions happen in

di�erent tours, the 
ontribution of e is at most (2+2
)w(e) as 
laimed. If the

two 
ontra
tions happen in the same tour, it has to be the 
ase that x; y 2 V

p

for some p. By the 
hoi
e of V

p

(step 2 of the algorithm), for some 
y
le C

i

,

(x; y) = (v

i0

; v

i1

), and thus (x; y) is the lightest edge of C

i

; in addition p = 1.

This means that in the tour E

1

, the edge (x; y) is pre
eded by another edge

of C

i

whi
h is larger. Therefore we 
an apply Lemma 2.2 and bound the


ontribution of (x; y) to the tour with two 
ontra
tions by (2
 � 1)w(x; y)

8



(instead of 


2

); its total 
ontribution is then at most (3 + 2
 � 1)w(x; y)

as 
laimed. Lemma 2.2 in
reases the bound of the pre
eding edge in C

i

from 


2

to 
 times its weight; however, the 
oeÆ
ient used in the previous

analysis was 
, so the analysis for the other edges remains valid.

Next 
onsider e = (u

i

; u

i+1

) 2 T

p

for some p and numbering of nodes

in T

p

as in the step 5(a) of the algorithm; su
h e 
ontributes to two tours

H

p1

and H

p2

, and we shall bound its 
ontribution by 2
 � w(e). Ea
h of

the two o

urren
es of a node u

i

in E

p

is 
ontra
ted in exa
tly one tour of

H

p1

and H

p2

. If these 
ontra
tions for the o

urren
es of u

i

and u

i+1

as

the endpoints of e happen in two di�erent tours, the 
ontribution of e is at

most 2
 � w(e) as 
laimed. If the two 
ontra
tions happen in a single tour,

it has to be the 
ase that e = (u

0

; u

1

), by the 
hoi
es in the step 5(
) of the

algorithm. Furthermore, it has to be the 
ase that

�

V

p

6= V

p

: otherwise at

every node in V

p

the tour E

p

follows the 
y
le C

i

before 
ontinuing on T

p

and in H

p1

all o

urren
es of u

i


ontinuing along E

p

are 
ontra
ted|thus

the endpoints of e 
annot be both 
ontra
ted in the same tour. This means

that one of the endpoints of e was 
hosen as u 2 V

p

n

�

V

p

in step 5(a), in

the tour E

p

the two edges of T

p

in
ident with u follow ea
h other, and e is


hosen as the lighter one of these two edges. Thus we 
an apply Lemma 2.2

(with e playing the role of (x; y) in the lemma) and bound the 
ontribution

of e to the tour with two 
ontra
tions by (2
 � 1)w(e) (instead of 


2

); its

total 
ontribution is then at most (1 + 2
 � 1)w(e) as 
laimed. As before,

Lemma 2.2 in
reases the bound of one other edge in E

p

from 


2

to 
 times

its weight, but this does not 
hange the previous analysis.

The lemma now follows by summing the 
ontributions of all the edges

in C and both T

1

and T

2

. The only remaining subtle point is that an edge

may appear in both C and some T

p

; in that 
ase we need to sum over both

of its o

urren
es, a

ording to both 
ases above. �

Now we 
an estimate the approximation performan
e of our algorithm.

Theorem 2.4 The approximation ratio of the algorithm SHORTCUT is

bounded by

R =

1+ 


2� 
 � 


3

:

The running time of the algorithm is 
ubi
 in the number of nodes.

Proof. The bound on the approximation performan
e is shown by in-

du
tion on the number of nodes. If C in the algorithm has a single 
y
le

9



(whi
h 
overs all graphs with at most three nodes), the output is an optimal

tour.

Suppose that C has more 
y
les. By the indu
tion hypothesis and

Lemma 2.1,

w(T

1

) + w(T

2

) � R(TSP(G

1

) + TSP(G

2

)) � (1 + 


2

)R �TSP(G): (3)

The TSP tour T 
omputed in step 6 has weight at most

w(T ) �

w(H

11

) + w(H

12

) + w(H

21

) + w(H

22

)

4

�

1 + 


2

w(C) +




2

(w(T

1

) + w(T

2

))

�

1 + 


2

TSP(G) +


 + 


3

2

R � TSP(G)

= R � TSP(G):

by Lemma 2.3, equation (3), and the 
hoi
e of R. This proves the 
laim

about the approximation performan
e.

Let S(n) denote the worst 
ase running time of the algorithm on in-

stan
es with n nodes. We have S(1) = 1 and S(n) � 2 � S(

2n

3

) +O(n

3

), for

all n > 1, be
ause ea
h instan
e is divided into two subproblems of size at

most

2n

3

. The time for 
omputing the two subinstan
es is dominated by the

time O(n

3

) used to 
onstru
t the 
y
le 
over C. Solving the re
urren
e, we

obtain S(n) = O(n

3

). �
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