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Abstra
t. We de�ne the notions tree depth and upper 
hromati


number of a graph and show their relevan
e to lo
al - global problems

for graphs partitions. Parti
ularly we show that the upper 
hromati


number 
oin
ides with the maximal fun
tion whi
h 
an be lo
ally

demanded in a bounded 
oloring of any proper minor 
losed 
lass of

graphs. The ri
h interplay of these notions is applied to a solution

of bounds of minor 
losed 
lasses satisfying lo
al 
onditions. This

solves an open problem and as an appli
ation it yields the bounded


hromati
 number of exa
t odd powers of any graph in an arbitrary

proper minor 
losed 
lass.

1. Introdu
tion

This paper 
ombines te
hniques related to graph 
olorings, lo
al - global

phenomena, graph minors and graph de
ompositions (tree depth). The

main result (Theorem 1.2) is a
hieved by a 
ombination of all these texniques

and in this se
tion we explain some of the ba
kground.

1.1. Subgraph 
oloring. How to 
olor a graph optimally? Can we guar-

antee that we use globally as few 
olors and lo
ally as many 
olors as pos-

sible? This mainstream problem of graph theory is approa
hed here from

yet another point of view using the notion of upper 
hromati
 number and

minimum elimination tree height (
alled tree depth) of a graph. To motivate

these notions we 
onsider the following situation:

Let to any graph H be assigned a positive integer f(H); f(H) � jV (H)j.

Su
h a fun
tion is 
alled a graph fun
tion. We want to 
olor a graph G by

N 
olors su
h that any subgraph H

0

of G whi
h is isomorphi
 to H gets
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at least f(H) distin
t 
olors. Clearly N = jV (G)j 
olors suÆ
es and the

minimal su
h N we denote by �(f;G).

This de�nition may seem to be arbitrary but in fa
t it 
aptures several of

the variants of 
hromati
 number whi
h were re
ently intensively studied:

De�ne fun
tions f

1

; f

2

; f

3

; f

4

; f

5

; g

k

(k � 1) by:

f

1

(H) =

(

2; if H � C

n

for some n

1; otherwise

f

2

(H) =

(

2; if H � K

2

1; otherwise

f

3

(H) =

8

>

<

>

:

2; if H � K

2

3; if H � C

n

for some n

1; otherwise

f

4

(H) =

8

>

<

>

:

2; if H � K

2

3; if H � P

4

1; otherwise

f

5

(H) =

8

>

<

>

:

2; if H � K

2

�(H) + 1; if K

�(H)

6� H

1; otherwise

g

k

(H) = min(k; tw(H)) + 1:

(The symbol � denotes the homomorphism equivalen
e, see the next

se
tion for the unde�ned notions.)

It appears that the numbers �(f

i

; G) are some of the well known graph

invariants:

�(f

1

; G) is equal to the point-arbori
ity of G (i.e. to the smallest size of

a vertex partition whose parts indu
e forests);

�(f

2

; G) is equal to the 
hromati
 number of G;

�(f

3

; G) is equal to the a
y
li
 
hromati
 number ofG (i.e. to the smallest

number of 
olors needed for a proper 
oloring so that no 
y
le gets just 2


olors). See e.g. [5, 1℄)

�(f

4

; G)is equal to the star-
oloring number of G (i.e. the smallest num-

ber of 
olors needed for a proper 
oloring so that no path of length 3 gets 2


olors only. See e.g. [2, 14℄).

The number �(f

5

; G) was studied in [13℄ in the 
ontext of bounds for

graph 
lasses in the 
oloring (homomorphism) order. This 
onne
tion is

explained in Se
tion 7 of this arti
le and in this 
ontext we solve the main

problem posed in [13℄, Conje
ture 1. The main result is dis
ussed in this

introdu
tion and formulated as Theorem 1.2 below. This appli
ation pro-

vided a motivation for our study of numbers �(f;G) in the 
ontext of minor


losed 
lasses.

1.2. Minors. Why minor 
losed 
lasses? It may be seen easily (applying for

example some Ramsey type argument) that all the above variants �(f;G)
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of the 
hromati
 number are unbounded for general graphs and share many

properties with the 
hromati
 number. (See [11℄ for lo
al - global 
ontext

of 
olorings of general graphs.) A bit more interestingly all the numbers

�(f

i

; G); i = 1; : : : ; 5, are bounded for every 
lass of graphs whi
h does not


ontain a �xed minor. While for i = 1; 2; 3; 4 this is well known, for f

5

this

was proved only re
ently in [13℄ (see also [14℄) by an involved argument. In

the other words, the numbers �(f

i

; G); i 2 f1; : : : ; 5g, are all bounded for

every proper minor 
losed 
lass of graphs (i.e. a minor 
losed 
lass of graphs

whi
h di�ers from the 
lass of all �nite graphs).

Returning to the above de�nition of �(g

k

; G) we have the following re
ent

result due to Devos, Oporowski, Sanders, Reed, Seymour and Vertigan [7℄:

Theorem 1.1 ([7℄). For every k � 1 and for every proper minor 
losed


lass K is the number �(F

6

; G) bounded for all graphs G 2 K.

Expli
itly: For every proper minor 
losed 
lass K and integer k � 1, there

are integers i

V

= i

V

(K; k) and i

E

= i

E

(K; k), su
h that every graph G 2 K

has a vertex partition into i

V

graphs su
h that any j � k parts form a graph

with tree-width at most j�1, and an edge partition into i

E

graphs su
h that

any j � k parts form a graph with tree-width at most j.

We shall make use of this result in the proof of Theorem 4.7.

It seems that minor 
losed 
lasses are a proper 
ontext for this type of

questions (lo
al - global phenomena). Viewing all this it is perhaps sur-

prising that in this paper we solve the dual problem exa
tly for every minor


losed 
lass. More pre
isely, we determine the maximal graph fun
tion f(H)

su
h that, for any graph fun
tion g bounded by f and some �xed integer,

the numbers �(g;G) are bounded for all graphs in a �xed (but arbitrary)

proper minor 
losed 
lass K of graphs. Thus we are not interested in a
tual

value of �(g;G) but merely in the question whether this number is bounded

for any minor 
losed 
lass of graphs. We 
ompletely 
hara
terize (Theorem

1.2) this maximal graph fun
tion f in terms of the minimum elimination

tree height, the tree depth. This notion is introdu
ed in se
tion 2 and 
on-

ne
ted to ordered 
oloring (also known as t-ranking). In Se
tion 4 we give

a few 
onsequen
es whi
h provided a motivation for our resear
h. The de�-

nitions we give provide a ri
h spe
trum of results whi
h �t naturally to our

lo
al - global framework.

1.3. Homomorphisms bounds. Let F be a �nite set of graphs. By

Forb(F) we denote the 
lass of all graphs G whi
h satisfy

F 9 G
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for every F 2 F . Here F 9 G denotes the non-existen
e of a homomor-

phism F ! G.

Thus for F = fK

3

g we get the 
lass of all triangle-free graphs and for

F = fC

5

g we get the 
lass of all graphs with odd-girth > 5. Now we 
an

formulate the main result of this paper:

Theorem 1.2. For every �nite set F of 
onne
ted graphs and for every

minor 
losed 
lass K there exists a graph H = H(K;F) 2 Forb(F) su
h

that G �! H for any G 2 K \ Forb(F).

In the other words the 
lass K\Forb(F) is bounded in the 
lass Forb(F).

See [15, 13℄ where this is stated as a problem and the boundedness is related

e.g. to the Hadwiger 
onje
ture. One 
an interpret Theorem 1.2 as a �nite

approximation to Hadwiger 
onje
ture. See Se
tion 6 of this paper.

1.4. An appli
ation - exa
t powers. We now explain a 
onsequen
e of

our main result in a greater detail. Let G be a graph, p a positive integer.

Denote byG

(p)

the graph (V;E

0

) where fx; yg is an edge of E

0

i� the distan
e

d

G

(x; y) = p. The graph G

(p)


ould be 
alled exa
t p-power of G. Clearly

graphs G

(2)

and G

(p)

; p even, have unbounded 
hromati
 number even for

the 
ase of trees (
onsider possibly subdivided stars), and the only (obvious)

bound is �(G

(p)

) � �(G)

p

+ 1. Similarly, for any odd p there are graphs

G for whi
h is the 
hromati
 number �

(p)

arbitrarily large. However for p

odd and arbitrary proper minor 
losed 
lass we have the following (perhaps

surprising):

Theorem 1.3. For every p odd and every minor 
losed 
lass K there ex-

ists an integer N = N(p;K) su
h that all the graphs G

(p)

; G 2 K and

odd�girth(G) > p have 
hromati
 number � N .

This is a generalization of [14℄ where this is proved for p = 3 by a di�erent

method. This result is non-trivial even for planar graphs and we obtained

only a very rough bounds even for this parti
ular 
ase. See [?℄ for better

bounds for planar graphs.

It is easy to see that Theorem 1.2 implies Theorem 1.3:

Proof. Let p be odd > 1. Put F = fC

p

g. Let H satis�es Theorem 1.2. Put

expli
itly H = (V;E); jV j = N . Then any homomorphism f : G �! H

satis�es f(x) 6= f(y) whenever d

G

(x; y) = p (as in this 
ase the image

of G under f 
ontains an odd 
y
le of length � p whi
h is 
ontradi
tion

with H 2 Forb(F)). Thus the homomorphism f may be thought of as an

N -
oloring of the graph G

(p)

. �
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Theorems 1.2 and 1.3 motivated the present paper.

The paper is organized as follows: In Se
tion 2 we introdu
e tree depth of

a graph and derive some properties of this 
on
ept relevant in our 
ontext.

In Se
tion 3 we prove some �niteness and redu
tion theorems whi
h will

unveil the eÆ
ien
y of tree-depth. In Se
tion 4 we introdu
e 
entered 
olor-

ings, relate them to vertex rankings and use Theorem 1.1 to prove that lo
al


entered 
olorings (p-
entered 
olorings) may be obtained in proper minor


losed 
lasses with a bounded number of 
olors. In Se
tion 5 we deal with

subgraph 
olorings. It is here where we de�ne the notion of upper 
hromati


number and prove that this 
oin
ides with the tree depth. In Se
tion 6 we

deal with homomorphisms and prove Theorem 1.2. In Se
tion 7 we state

some remarks and open problems. All the graphs 
onsidered in this paper

are simple and �nite.

Let us re
all right at this pla
e that a 
oloring of a graph G is an as-

signment of 
olors to the verti
es of the graph, one 
olor to ea
h vertex. A


oloring is proper if ea
h the verti
es of any K

2

in G gets at least 2 
olors.

The minimum number of 
olors required for a proper 
oloring of G is the


hromati
 number of G, denoted �(G).

2. Tree-depth

Advan
ing proof of Theorem 1.2 we develop fragments of a theory of

tree-depth. It will appear that this parameter 
an be de�ned equivalently

in several seemingly di�erent ways and we shall make use of this in our

proofs.

2.1. Tree-depth and Elimination Trees. A rooted forest is a disjoint

union of rooted trees. The height of a rooted forest F is the maximal number

of verti
es of a path from the root of a tree of F to one of its leaf and is noted

height(F ). The height of a vertex x in a rooted forest F is the number of

verti
es of a path from the root (of the tree to whi
h x belongs to) to x and

is noted height(x; F ). The 
losure 
los(F ) of a rooted forest F is the graph

with vertex set V (F ) and edge set ffx; yg : x is an an
estor of y in F; x 6=

yg. A rooted forest F de�nes a partial order on its set of verti
es, whi
h


omparability graph is 
los(F ): x �

F

y if x is an an
estor of y in F .

De�nition 2.1. The tree-depth td(G) of a graph G is the minimum height

of a rooted forest F su
h that G � 
los(F ).

This de�nition is analogous to the de�nition of rank fun
tion of a graph

whi
h has been re
ently used for analysis of 
ountable graphs, see e.g. [16℄.
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Let G be a 
onne
ted graph. An elimination tree for G is a rooted tree

Y with vertex set V (G) de�ned re
ursively as follows. If V (G) = fxg then

Y is redu
ed to fxg. Otherwise 
hoose a vertex r 2 V (G) as the root of Y .

Let G

1

; : : : ; G

p

be the 
onne
ted 
omponents of G� r. For ea
h 
omponent

G

i

let Y

i

be an elimination tree. Y is de�ned by making ea
h root r

i

of Y

i

adja
ent to r.

Lemma 2.1. Let G be a 
onne
ted graph. A rooted tree Y is an elimination

tree for G if and only if G � 
los(Y ). Hen
e td(G) is the minimum height

of an elimination tree for G.

Proof. We prove the lemma by indu
tion over the order of G. This is true

if V (G) = fxg. Otherwise let r be the root of Y and let G

1

; : : : ; G

p

be

the 
onne
ted 
omponents of G� r. Then Y is an elimination tree for G if

and only if the 
onne
ted 
omponents of Y � r may be labeled Y

1

; : : : ; Y

p

in su
h a way that, for any 1 � i � p, Y

i

is an elimination tree for G

i

. By

indu
tion, this is equivalent to the existen
e of a labeling Y

1

; : : : ; Y

p

of the


onne
ted 
omponents of G � r su
h that G

i

� 
los(Y

i

), for any 1 � i � p

and this is obviously equivalent to G � 
los(Y ). �

2.2. Basi
 Properties. From Lemma 2.1 we dedu
e the following indu
-

tive form of the tree-depth:

Lemma 2.2. Let G be a graph and let G

1

; : : : ; G

p

be its 
onne
ted 
ompo-

nents. Then:

td(G) =

8

>

<

>

:

1; if jV (G)j = 1;

1 +min

v2V (G)

td(G� v); if p = 1 and jV (G)j > 1;

max

p

i=1

td(G

i

); otherwise.

Proof. We shall prove the lemma by indu
tion on td(G). It is straightfor-

ward for graphs having tree-depth 1. Assume the lemma has been proved

for graphs with tree-depth at most t� 1 and assume td(G) = t.

If G is 
onne
ted and has tree-depth t, there exists a rooted tree Y of

height t su
h that G � 
los(Y ). Let r be the root of Y and let Y � r

denote the rooted forest of height t � 1 obtained from Y by removing r

and 
onsidering the sons of r in Y as roots. Then td(G � r) � t � 1 as

G � r � 
los(Y � r) and td(G) � td(G � r) + 1. Conversely, let v be

any vertex of G and let F be a rooted forest of height td(G � r) su
h that

G� v � 
los(F ). Let Y be the tree obtained from F by adding r adja
ent

to the roots of the 
omponents of F . Rooting Y at r we get G � 
los(Y )

thus td(G) � td(G� r) + 1. Hen
e td(G) = min

v2V (G)

td(G� v).
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If G is dis
onne
ted, it is obvious that the minimum height rooted forest

F su
h that G � 
los(F ) is the union of those 
omputed for ea
h 
onne
ted


omponents of G. Hen
e td(G) = max

i

td(G

i

). �

We shall also stress a fundamental property of tree-depth - its monotony

a

ording to minor ordering:

Lemma 2.3. If H is a minor of G then td(H) � td(G).

Proof. Let F be a rooted forest of height td(G) su
h that G � 
los(F ) and

let e = fx; yg be an edge of G, where x is an an
estor of y in F . Let �(y) be

the father of y in F . Then G�e � 
los(F ) and G=e � 
los(F=fy; �(y)g). �

Although there is an (easy) polynomial algorithm to de
ide whether

td(G) � k for any �xed k, if P6=NP then no polynomial time approxi-

mation algorithm for the tree-depth 
an guarantee an error bounded by n

�

,

where � is a 
onstant with 0 < � < 1 and n is the order of the graph [4℄.

2.3. Tree-depth and Vertex Separators. Let G be a graph of order

n. An �-vertex separator of G is a subset S of verti
es su
h that every


onne
ted 
omponent of G� S 
ontains at most �n verti
es.

Lemma 2.4. Let G be a graph of order n and let s

G

: f1; : : : ; ng ! N be

de�ned by

s

G

(i) = max

jAj�i;

A�V (G)

minfjSj : S is a

1

2

-vertex separator of G[A℄g

Then:

td(G) �

log

2

n

X

i=1

s

G

�

n

2

i

�

Proof. We prove the lemma by indu
tion on n. The lemma is straightfor-

ward if n = 1. Assume the lemma has been proved for graphs of order at

most n� 1.

By de�nition of s

G

, G has a

1

2

-vertex separator S of size at most s

G

(n).

Let G

1

; : : : ; G

p

be the 
onne
ted 
omponents of G � S. Then, a

ording

to Lemma 2.2 and the fa
t that the fun
tion s

G

i


orresponding to G

i

is

obviously bounded by s

G

:

td(G) � jSj+max

i

td(G

i

) � s

G

(n) +

log

2

(n=2)

X

i=1

s

G

�

n=2

2

i

�

�

log

2

n

X

i=1

s

G

�

n

2

i

�

�
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Corollary 2.5 (see also [4℄). For any 
onne
ted graph G of order n, td(G) �

(tw(G) + 1) log

2

n.

Proof. It is proved in [18℄ that any graph of tree-width at most k has a

1

2

-vertex separator of size at most k+ 1. Hen
e s

G

(i) � tw(G) + 1 for all i.

The result follows. �

Noti
e that this result is somehow optimal for tree-depth, as shown by

the example of paths of length n: tw(P

n

) = 1, but td(P

n

) = dlog

2

(n+ 1)e.

Corollary 2.6. Every graph G of order n with no minor isomorphi
 to K

h

has tree-depth at most (2 +

p

2)

p

h

3

n.

Proof. It is proved in [3℄ that a graph of order i with no K

h

minor has a

separator of size at most

p

h

3

i. Hen
e s

G

(i) �

p

h

3

i and:

td(G) �

log

2

n

X

i=1

s

G

�

n

2

i

�

�

p

h

3

n

log

2

n

X

i=1

�

1

p

2

�

i

� (2 +

p

2)

p

h

3

n

�

3. Redu
tions and Finiteness

In this se
tion we shall prove two powerful redu
tion theorems (and �nit-

ness results) related to tree-depth.

Let G be a graph. Note Y(G) the set of the 
ouples (Y; f) su
h that Y

is a rooted forest and f an inje
tive homomorphism from G to 
los(Y ). As

shown before, td(G) = min

(Y;f)2Y(G)

height(Y ). An element (Y; f) 2 Y(G)

de�nes a 
oloration �

(Y;f)

of verti
es of G as follows:

�

(Y;f)

(x) = fheight(x; Y )g

� f(height(u; Y ); height(v; Y )) : f(u) �

Y

f(v) �

Y

f(x) and fu; vg 2 E(G)g

De�nition 3.1. Let G be a graph. An automorphism f : G ! G has the

�xed point property if, for every 
onne
ted subgraph H of G, f(H) \ H is

either empty or 
ontains a �xed point of f .

Theorem 3.1. There exists a fun
tion z : N � N ! N with the following

property: For any integer N , any graph G of order n > z(N; td(G)) and

any mapping g : V (G) ! f1; : : : ; Ng, there exists a non trivial involutive

g-preserving automorphism � : G ! G with the �xed point property (a

homomorphism � is g-preserving if � Æ g = g).
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Proof. We prove the lemma by indu
tion over td(G). If td(G) = 1, the

lemma is straightforward as G has only isolated verti
es. Hen
e if n > N

the graph G has two verti
es with the same g-value and any automorphism

has the �xed point property. Thus z(N; 1) = N will do. Assume the lemma

has been proved for graphs of tree-depth at most t � 1 and let G be a graph

of tree-depth t+ 1.

If G is 
onne
ted, there exists a vertex r su
h that td(G � r) = t. Let

G

1

; : : : ; G

p

be the 
onne
ted 
omponents of G � r. De�ne the mapping g

0

on V (G� r) by

g

0

(x) =

(

(g(x); 1); if fx; rg 2 E(G)

(g(x); 0); otherwise

If n > z(2N; t) + 1 then, by indu
tion, G � r has a non-trivial involutive

g

0

-preserving automorphism �

0

having the �xed point property. De�ne �

as the extension of �

0

to V (G) su
h that �(r) = r. By 
onstru
tion, �

is a non-trivial involutive g-preserving automorphism of G, and it has the

�xed-point property: if H is a 
onne
ted subgraph of G and �(H) \H 6= ;

then either r 2 H or H � G� r and hen
e � has a �xed point in H .

Assume G is not 
onne
ted and let G

1

; : : : ; G

p

be the 
onne
ted 
om-

ponents of G. If one of the 
onne
ted 
omponents has order greater than

z(2N; t) + 1 then, a

ording to the previous 
ase, it has a non-trivial in-

volutive g-preserving automorphism �

0

with the �xed-point property. Ex-

tending � to V (G) by the identity, we still have a non-trivial g-preserving

automorphism with the �xed-point property. Otherwise, as there exists

at most N

k

2

(

k+1

2

)

N -
olored graphs of order at most k. Hen
e, if p >

N

z(2N;t)+1

2

(

z(2N;t)+2

2

)

there exists 1 � i < j � p and a g-preserving iso-

morphism from G

i

to G

j

. This isomorphism obviously de�nes a non-trivial

involutive g-preserving automorphism � of G with the �xed-point property:

assume G has a 
onne
ted subgraph H su
h that �(H) \ H 6= ; and H


ontains no �xed point of �. Then H meets G

i

and G

j

but in
lude no ver-

ti
es outside G

i

[G

j

. As H is 
onne
ted and as there are no edges between

verti
es in G

i

and verti
es in G

j

, we are led to a 
ontradi
tion.

Thus de�ning z(N; t + 1) = (z(2N; t) + 1)N

(z(2N;t)+1)

2

(

z(2N;t)+2

2

)

will

do. �

The following two 
onsequen
es indi
ate that tree-depth is a good \s
ale"

for rigid graphs and even 
ores: For ea
h given tree-depth we get only �nitely

many 
ores. (Note that this does not hold for tree width in a very strong

9



sense: A

ording to [10℄ the 
lass of series parallel graphs is (
ountably)

universal.)

Corollary 3.2. Any rigid graph of tree-depth t has order at most z(1; t).

Corollary 3.3. For any graph G and any mapping g from V (G) to a set

of 
ardinality N , there exists a subset A of V (G) of 
ardinality at most

z(N; t), su
h that G has a g-preserving homomorphism to G[A℄.

In parti
ular, any graph G is hom-equivalent to one of its indu
ed sub-

graph of order at most z(1; td(G)).

Proof. If G has order n > z(N; t) then there exists, a

ording to Theo-

rem 3.1, a non-trivial g-preserving automorphism � of G with the �xed-

point property. Let F be the set of the �xed points of �. As � has the �xed

point property, V (G)nF may be partitioned into 
omplementary subsets A

and B su
h that B = �(A) and su
h that no edge exists between a vertex

in A and a vertex in B.

De�ne f : V (G)! V (G) nA by

f(x) =

8

>

<

>

:

�(x); if x 2 A

�(x) = x; if x 2 F

x; if x 2 B

As there is no edge between verti
es of A and �(A), fx; yg 2 E(G) imply

that either fx; yg � A [ F , in whi
h 
ase f(x) = x and f(y) = y thus

ff(x); f(y)g 2 E(G), or fx; yg � F [ B, in whi
h 
ase we get f(x) = �(x)

and f(y) = �(y) thus ff(x); f(y)g 2 E(G). Altogether, f is a homomor-

phism from G to one of its proper indu
ed subgraph (as � is non-trivial, A

is not empty). Iterating this 
onstru
tion, we eventually get a sequen
e of

homomorphisms whose 
omposition is a homomorphism from G to one of

its indu
ed subgraph of order at most z(N; t). �

Corollary 3.4. Let k � 1 be an integer. Then, the 
lass D

k

of all graphs

G with td(G) � k in
ludes a �nite subset

^

D

k

su
h that, for every graph

G 2 D

k

, there exists

^

G 2

^

D

k

whi
h is hom-equivalent to G and isomorphi


to an indu
ed subgraph of G.

Advan
ing yet another �nitness result (Theorem 3.6) we take time out

for a lemma:

Lemma 3.5. Let G be a tree of size m having p leaves and tree-depth k.

Then, m � (2

k�1

� 1)p.

10



Proof. We prove the inequality by indu
tion over k. The inequality is ob-

viously true for k = 1 and we now assume it is true for k � 1. Let Y be a

rooted tree of height k su
h that G � 
los(Y ) and let v be the root of Y .

The graph G � v has 
onne
ted 
omponents G

1

; : : : ; G

d(v)

whi
h are trees

of order m

1

; : : : ;m

d(v)

having p

1

; : : : ; p

d(v)

leaves, where m = d(v) +

P

i

m

i

and p �

P

i

(p

i

� 1). By indu
tion, m

i

� (2

k�2

� 1)p

i

. Hen
e, m �

d(v)+(p+d(v))(2

k�2

�1) = (p+d(v))2

k�2

�p. Moreover, p � d(v) has ea
h

G

i

in
ludes at least one leaf of G. Thus, m � 2

k�1

p� p = (2

k�1

� 1)p. �

Theorem 3.6. There exists a fun
tion � : N ! N, su
h that any graph

G has a 
onne
ted subgraph H � G, so that td(H) = td(G) and jE(H)j �

�(td(G)).

Proof. td(G) = 1 means that G is isomorphi
 to K

n

, thus we 
an 
hoose

any vertex subgraph for H and put �(1) = 0. Assume td(G) � 2 and let

k = td(G). A

ording to Lemma 2.3, the 
lass D

k�1

= fG : td(G) � k� 1g

is a proper minor 
losed 
lass of graphs. Thus, (using Robertson - Seymour

minor graph theorem) there exists a �nite set F

k�1

of forbidden minors for

the 
lass D

k�1

. As G 62 D

k�1

, there exists K 2 F

k�1

, so that K is a minor

of G. Moreover, we may assume that G is minimal in the sense that any

edge deletion de
reases the tree depth of G. Thus G is 
onne
ted and, for

any edge e, K is not a minor of G � e. Hen
e, K is obtained from G by


ontra
ting some 
onne
ted trees into single verti
es, and deleting at most

one edge for any 
onne
ted 
omponents of K but one. By minimality of

G, ea
h vertex v of K is obtained by 
ontra
ting a tree G

v

of G of tree-

depth at most k � 1 having at most d(v) extremal verti
es. A

ording to

Lemma 3.5, G

v

has size at most (2

k�2

� 1)d(v). Altogether, G has at most

2

k�2

jE(K)j + 


0

(K) � 1 edges, where 


0

(K) is the number of 
onne
ted


omponents of K. Put �(k) = max

K2F

k

2

k�2

jE(K)j+ 


0

(K)� 1. �

4. Centered Colorings

4.1. Centered Colorings and Vertex Rankings.

De�nition 4.1. A 
entered 
oloring of a graph G is a vertex 
oloring su
h

that, for any (indu
ed) 
onne
ted subgraph H , some 
olor 
(H) appears

exa
tly on
e in H .

Note that a 
entered 
oloring is ne
essarily proper. We 
an relate the

minimum number of 
olors in a 
entered 
oloring to the notion of vertex

ranking number whi
h has been investigated in [6℄,[19℄: The vertex ranking

(or ordered 
oloring) of a graph is a vertex 
oloring by a linear ordered set
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of 
olors su
h that for every path in the graph with end verti
es of the same


olor there is a vertex on this path with a higher 
olor. A vertex-
oloring


 : V (G) ! f1; : : : ; tg with this property is a vertex t-ranking of G. The

minimum t su
h that G has a vertex t-ranking is the vertex ranking number

of G and is noted �

r

(G) (see [6℄,[19℄).

Lemma 4.1. Any vertex ranking is a 
entered 
oloring and 
onversely any


entered 
oloring de�nes a vertex ranking with the same number of 
olors.

Thus �

r

(G) is the minimum number of 
olors in a 
entered 
oloring of G.

Proof. Assume 
 is a vertex ranking of a graph G and let H be a 
onne
ted

subgraph of G. Let i = max

v2V (H)


(v). Then H has at most one vertex


olored i as for otherwise the path linking them would in
lude a vertex with


olor j > i.

Conversely, assume f is a 
entered 
oloration of G using t 
olors. We

shall prove by indu
tion over t that f de�nes a vertex t-ranking of G. As

we may 
onsider independently ea
h 
onne
ted 
omponent of G, we may

assume G is 
onne
ted. As f is a 
entered 
oloring there exists a 
olor �

whi
h appears exa
tly on
e in G, at a vertex v. As the restri
tion of f to

G � v is a 
entered 
oloring using t � 1 
olors, it de�nes (by indu
tion) a

vertex (t � 1)-ranking 
 of G � v. We extend 
 to G by de�ning 
(v) = t.

Now any path linking two verti
es with the same 
-
olor i is either a path of

G� v (so in
ludes a vertex of 
-
olor j > i) or in
ludes v whi
h has 
-
olor

t. �

Lemma 4.2. Let G be a graph. Then, td(G) is the minimum number of


olors in a 
entered 
oloring of G.

Proof. Noti
e that the minimum number of 
olors in a 
entered 
oloring of

G is the maximum of the minima 
omputed on the 
onne
ted 
omponents

of G. As td(G) is the maximum tree-depth of the 
onne
ted 
omponents of

G, we may restri
t our proof to the 
ase where G is 
onne
ted.

We �rst prove that td(G) is at most equal to the number of 
olors in

any 
entered 
oloring of G, by indu
tion on the number k of 
olors in the


entered 
oloring. If k = 1, G = K

1

and thus td(G) = 1. Assume we have

proved td(G) � k if k � k

0

, and assume k = k

0

+ 1. There exists a 
olor




0

whi
h appears only on
e in G, at a vertex v

0

. Ea
h of the 
onne
ted


omponents G

1

; : : : ; G

p

of G� v

0

has a 
entered 
oloring using k� 1 
olors,

and thus has depth at most k�1. Let Y

1

; : : : ; Y

p

be trees rooted at r

1

; : : : ; r

p

,

su
h that G

i

� 
los(Y ) and height(Y

i

) = td(G

i

). Then the tree Y with root

12



v

0

and subtrees Y

1

; : : : ; Y

p

is su
h that G � 
los(Y ) and height(Y ) � k+1.

Thus, td(G) � k + 1.

Now, we prove the opposite inequality, that is that td(G) is at least equal

to the number of 
olors in some 
entered 
oloring of G: Let Y be a rooted

tree of height td(G), su
h that G � 
los(Y ). Color ea
h vertex by its height

in Y , thus using td(G) 
olors. A

ording to the stru
ture of 
los(Y ), any


onne
ted subgraph H of 
los(Y ) (and thus any 
onne
ted subgraph of G)

has a vertex whi
h is minimum in Y . The 
olor assigned to this vertex hen
e

appears exa
tly on
e in H , and the 
onstru
ted 
oloring is thus a 
entered


oloring of G. �

Remark 4.3. A

ording to the 
onstru
tion used above, if G has a 
entered


oloring and e = fx; yg is an edge of G, then the graph G=e has a 
entered


oloring. This 
an be dedu
ed by modifying a 
entered 
oloring of G: the

vertex 
orresponding to x and y has either the 
olor of x or the 
olor of y

and all the other verti
es of G=e have the same 
olor they have in G.

In the 
ase G is 
onne
ted, we obtain:

Corollary 4.4. Let G be a 
onne
ted graph. Then, td(G); �

r

(G), the mini-

mum height of an elimination tree for G and the minimum number of 
olors

in a 
entered 
oloring of G are equal numbers.

Remark that the equality of �

r

(G) and of the minimum height of an

elimination tree

1

already appears in [6℄, but we reproved it here for 
om-

pleteness.

4.2. p-
entered 
olorings of minor 
losed 
lasses. We introdu
e p-


entered 
olorings, as a lo
al approximation of 
entered-
olorings:

De�nition 4.2. A p-
entered 
oloring of a graph G is a vertex 
oloring

su
h that, for any (indu
ed) 
onne
ted subgraph H , either some 
olor 
(H)

appears exa
tly on
e in H , or H gets at least p 
olors.

We are aiming for Theorem 4.7. The proof will be an easy 
ombination

of �niteness Theorem 3.6 and of the following lemmas.

Lemma 4.5. Let G;G

0

be a graph, let p = td(G

0

), let 
 be a q-
entered


oloring of G where q � p. Then any subgraph H of G isomorphi
 to G

0

gets at least p 
olors in the 
oloring of G.

1

In [6℄, the \height" is the maximum length of a path from the root to a leaf, that is

1 less than given by our de�nition.
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Proof. We prove the lemma by indu
tion on the order ofG

0

. IfG

0

� K

1

, the

lemma is straightforward. Assume the lemma has been proved for graphs

G

0

of order at most n� 1 and let G

0

be a graph of order n > 1.

If G

0

is not 
onne
ted, the tree-depth of G

0

equals the tree-depth of

one of its 
onne
ted 
omponents whose 
opies, by indu
tion, get at least p


olors. So we are done.

Otherwise, let H be a subgraph of G isomorphi
 to G

0

. A

ording to

the de�nition of a q-
entered 
oloring, either H gets at least q � p 
olors,

or there exists a 
olor whi
h appears only on
e on V (H), at a vertex r.

A

ording to Lemma 2.2, td(H) � 1 + td(H � r) thus td(H � r) � p � 1.

By indu
tion, H � r gets at least p � 1 
olors in the 
oloring of G. Hen
e

H gets at least p 
olors. �

Lemma 4.6. Let p; k be integers. Then, there exists an integer N(p; k),

su
h that any graph G with tree width at most k has a p-
entered 
oloring

using N(p; k) 
olors.

Proof. It is suÆ
ient to prove the lemma in the 
ase where G is a k-tree.

As G is a k-tree, it has an a
y
li
 fraternal orientation, that is an a
y
li


orientation su
h that (x; z) 2 E(G) and (y; z) 2 E(G) implies (x; y) 2 E(G)

or (y; x) 2 E(G). In su
h an orientation, verti
es have indegree at most k�1.

Let G

+

be the dire
ted graph obtained from G by adding an ar
 (x; y) if

x and y are not adja
ent and if there exists in G a dire
ted path of length

at most p from x to y. This way, the in-degrees in
rease by at most k

p

, and

thus the 
hromati
 number of G

+

is bounded by a fun
tion N(p; k). In the

following we 
onsider a 
oloration of the verti
es of G indu
ed by a proper


oloration of G

+

using at most N(p; k) 
olors.

Consider a 
onne
ted indu
ed subgraph H of G and the partial order

indu
ed by the orientation of G. As all the in-neighbors in H of a vertex

of H form a 
lique, they are 
omparable and thus ea
h vertex has a unique

prede
essor in the partial order. The ar
 joining a vertex to its prede
essor

de�nes a tree Y � H (by 
onne
tivity of H) and the ar
s entering a vertex

x only 
omes from an
estors of x.

On the one hand, if a vertex x of H has at least (p� 1) an
estors in Y ,

it is the endpoint of a dire
ted 
hain of G of length p (as Y � G). In this


ase G

+

[V (H)℄ in
ludes a 
lique of size p, and hen
e V (H) re
eives at least

p 
olors in a proper 
oloring of G

+

.

On the other hand, if no vertex of H has at least (p � 1) an
estors in

Y then G

+

[V (H)℄ = 
los(Y ) and the root of Y has a 
olor whi
h appears

exa
tly on
e in H .

14



Altogether, the 
oloration of G dedu
ed from a proper 
oloration of G

+

(using at most N(p; k) 
olors) is a p-
entered 
oloration. �

After all these steps we arrive to the following:

Theorem 4.7. For every graph K and integer p � 1, there exists integer

p

V

= p

V

(K; p), su
h that every graph with no K-minor has a p-
entered


oloring using p

V


olors.

Proof. Let G be a graph with noK-minor. A

ording to Theorem 1.1, there

exists a vertex partition into i

V

= i

V

(K; p+1) parts, su
h that any p parts

form a graph of tree width at most p� 1. Let G

i

be the graph indu
ed by

all the parts but the ith (for 1 � i � i

V

). A

ording to Lemma 4.6, ea
h of

the G

i

has p-
entered 
oloring using N(p; p � 1) 
olors. Take the produ
t

of the 
oloring of G by i

V


olors and of the 
olorings of the G

i

as a new


oloring of G (with p

V

= i

V

N(p; p � 1)

i

V


olors). Let H be a 
onne
ted

subgraph of G. Then, either G gets at least p 
olors, or V (H) is in
luded

in some subgraph G

i

of G indu
ed by p � 1 parts. In the later 
ase, some


olor appears exa
tly on
e in H . �

We shall prove that Theorem 4.7 is optimal in the following sense:

Proposition 4.8. For any integers p; k;N , for any graph H with tree depth

p, there exists a graph G with no K

p+1

minor, su
h that for any N-
oloring

of the verti
es of G, there exists a subgraph of G isomorphi
 to H that

re
eives at most p 
olors.

Proof. The 
lass D

k

= fG : td(G) � pg has K

p+1

as a forbidden minor.

A

ording to Ramsey theorem, any suÆ
iently \large" N -
olored rooted

forest Y of height p 
ontains a \large" sub-forest Y

0

of height p (su
h that

H � 
los(Y

0

)) whose levels are mono
hromati
. Thus, this subgraph re-


eives at most p 
olors. �

Remark 4.9. Noti
e that this 
oloring is a
tually p-
entered.

5. Subgraph 
oloring

Our way of generalizing proper 
olorings is to 
onsider, (for a given graph

fun
tion f) the minimum number of 
olors required, so that any subgraph

H of G gets at least f(H) 
olors. (Re
all for instan
e that the star 
oloring


orresponds to the graph fun
tion where any P

4

gets at least 3 
olors.)

As explained in the introdu
tion, in this 
ontext \natural" families of

graphs are proper minor 
losed 
lasses of graphs. These families have
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bounded density, bounded 
hromati
 number, bounded star 
oloring num-

ber, et
. This boundedness property is 
aptured by the following de�nition:

De�nition 5.1. The upper 
hromati
 number of a graph H is the greatest

integer �(H), su
h that, for any proper minor 
losed 
lass of graph K, there

exists a 
onstant k(K; H), su
h that any graph G 2 K has a 
oloring using

at most k(K; H) 
olors so that any subgraph of G isomorphi
 to H gets at

least �(H) 
olors.

A bit surprisingly the upper 
hromati
 number is not a new parameter

and it 
an be determined by means of results of previous se
tion:

Theorem 5.1. For any graph G, �(G) = td(G).

Proof. A

ording to Proposition 4.8, there exists a proper minor 
losed 
lass

of graph su
h that, for any integer N , there exists a graph in the 
lass whi
h

will in
lude a 
opy of G with at most td(G) 
olors, whatever N -
oloration

we 
hoose on the graph. Thus �(G) � td(G).

Let p = td(G). A

ording to Theorem 4.7, for any proper minor 
losed


lass K of graphs, there will exist a integer p

V

su
h that any graph X 2 K

has a p-
entered 
oloring using p

V


olors. A

ording to Lemma 4.5, any


opy of G will get at least p 
olors. Thus �(G) � td(G). �

>From the elementary properties of td(G), we get:

Corollary 5.2. If H is a minor of G, then �(H) � �(G).

It follows that � is a minor monotone invariant (as opposed to the 
hro-

mati
 number). But there seems to be even more stru
ture here as indi
ated

by the following:

Given a graph G, we may also be 
on
erned by the minimum number of


olors ensuring that any subgraph has many 
olors. More formally, we shall

introdu
e the following family of 
hromati
 numbers:

De�nition 5.2. Let G be a graph of order n and let k be an integer. The

kth 
hromati
 number �

k

(G) is the smallest integer N , su
h that G may be

N -
olored in su
h a way that, for any H � G, H gets at least min(k; �(H))


olors.

Thus:

(1) 1 = �

1

(G) � �(G) = �

2

(G) � �

3

(G) � � � � � �

n

(G) = � � � = �

1

(G)

It follows that Theorem 4.7 may be reformulated as follows:
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Corollary 5.3. For any proper minor 
losed 
lass of graphs K and for any

�xed integer p � 1, �

p

(G) is bounded on K.

The following theorem justi�es the term of \upper 
hromati
 number"

and the restri
tion that p shall be bounded in the previous 
orollary:

Theorem 5.4. For any graph G, �

1

(G) = �(G).

Proof. On one hand, 
onsidering H = G in the de�nition, we get �

1

(G) �

�(G). On the other hand, let Y be a rooted forest of height td(G) = �(G)

(a

ording to Theorem 5.1). Then, G � 
los(Y ). Color the verti
es of

Y a

ording their height in Y (thus, with �(G) 
olors). Then, for any


onne
ted subgraph H � G, let Y

0

be the subgraph of Y with verti
es

having the same 
olor than at least one vertex in V (H). Then, H � 
los(Y

0

)

and thus, 
hoosing the 
onne
ted 
omponents of Y

0

whose 
losure in
lude

H , we may get a sub-forest Y

00

of Y , su
h that H � 
los(Y

00

), and thus

td(H) � height(Y

00

). As height(Y

00

) is the number of 
olors in H , H gets

at least td(H) 
olors. �

6. Homomorphisms

We found useful to de�ne the following \trun
ated" produ
ts. This 
on-

stru
tion is similar to those given in [13, 14℄.

De�nition 6.1. Let K be a �nite graph and let p � 2 be an integer. The

p-extension K

*p

is the graph with vertex set W

1

[ � � � [W

p

, where

W

i

=

i�1

z }| {

V (K)� � � � � V (K)�f!g �

p�i

z }| {

V (K)� � � � � V (K)

= f(x

1

; : : : ; x

i�1

; !; x

i+1

; : : : ; x

p

) : x

k

2 V (K) for k 6= ig

and

E(K

*p

) = ff(x

1

; : : : ; x

i�1

; !; x

i+1

; : : : ; x

p

); (y

1

; : : : ; y

j�1

; !; y

j+1

; : : : ; y

p

)g :

i 6= j and 8k 62 fi; jg; fx

k

; y

k

g 2 E(K)g

Lemma 6.1. Let F be a �nite set of �nite graphs, let G be a graph and let

p be an integer stri
tly greater than maxfjV (K)j : K 2 Fg.

If G 2 Forb

h

(F), then G

*p

2 Forb

h

(F).

Proof. Assume there exists an homomorphism � : K ! G

*p

, where K 2 F .

As jV (K)j < p, there exists k, su
h that �(x) 62 W

k

for all x 2 V (K)

(re
all W

k

is the set of the verti
es of G

*p

having ! at position k). Hen
e,

denoting �

k

(x) the kth 
oordinate of �(x), we have f�

k

(x); �

k

(y)g 2 E(G)
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for any edge fx; yg of K. Thus, �

k

Æ f

k

is a homomorphism from K to G,

a 
ontradi
tion. Hen
e, G

*p

2 Forb

h

(F). �

Lemma 6.2. Let U be a graph and let p > 1 be an integer.

Assume a graph G has a p-proper 
oloring indu
ing a vertex partition

V (G) = V

1

[ � � � [ V

p

su
h that G[V (G) n V

i

℄! U , for any 1 � i � p.

Then, G! U

*p

.

Proof. Let f

i

(1 � i � p) be an homomorphism from G[V (G) n V

i

℄ to U .

Let f : V (G)! V (U

*p

) be de�ned on V

i

by

f(x) = (f

1

(x); : : : ; f

i�1

(x); !; f

i+1

(x); : : : ; f

p

(x)g

Let fx; yg be an edge of E(G), x 2 V

i

, y 2 V

j

(i 6= j as the 
oloring

is proper). Then, for any k 62 fi; jg, as f

k

is an homomorphism from

G[V (G) nV

k

℄ to U , ff

k

(x); f

k

(y)g 2 E(U)g. Hen
e, ff(x); f(y)g 2 E(U

*p

),

what proves G! U

*p

. �

Lemma 6.3. Let F be a �nite set of �nite graphs, let U be a graph in

Forb

h

(F ), let p; q be integers su
h that q > p � maxfjV (K)j : K 2 Fg.

Assume a graph G has a q-proper 
oloring indu
ing a vertex partition

V (G) = V

1

[ � � � [ V

q

su
h that any subgraph of G indu
ed by p 
olors has a

homomorphism to U .

Then, U

0

= U

*(p+1):::*q

is su
h that U

0

2 Forb

h

(F) and G! U

0

Proof. We prove this lemma indu
tively on q � p. If q = p + 1, this is

Lemma 6.2 and Lemma 6.1.

Assume the lemma has been proved for q�p = a and assume q = p+a+1.

A

ording to Lemma 6.2 (
onsidering the subgraphs indu
ed by p 
olors of

a subgraph of G indu
ed by (p+1) 
olors), any subgraph H of G indu
ed by

p+1 
olors has a homomorphism to U

*(p+1)

and, a

ording to Lemma 6.1,

U

*(p+1)

2 Forb

h

(F). Thus, the result follows from the indu
tion hypothesis

applied on F ; U

*(p+1)

; (p+ 1) and q. �

A
tually, we are now able to prove that the problem of �nding a universal

graph for K \ Forb

h

(F) only needs a resolution for the 
ases where K is a


lass of graph with bounded tree depth:

Theorem 6.4. Let F be a �nite set of �nite 
onne
ted graphs. Then,

for any proper minor 
losed 
lass of graph K there exists a �nite graph

U(K;F) 2 Forb

h

(F) su
h that any graph of K \ Forb

h

(F ) has a homomor-

phism to U(K;F).

18



Proof. Let p = max

K2F

jV (K)j + 1. There exists an integer N , su
h that

any graph G 2 K has a proper N -
oloring in whi
h any p 
olors indu
e

a graph of tree depth at most p. A

ording to Corollary 3.4, there exists

a �nite set

^

D

k

of graphs with tree depth at most k, so that any graph

with tree-depth at most k is hom-equivalent to one graph in the set. Let

U(D

k

; F ) be the disjoint union of the graphs in

^

D

k

\ Forb

h

(F ). A

ording

to Lemma 6.3, U(K;F) = U(D

k

; F )

*(p+1):::*N

will work. �

Corollary 6.5. For any proper minor 
losed 
lass K and any odd integer

p � 1, there exists an integer N(K; p) so that, for any G 2 K:

odd�girth(G) > p =) �(G

(p)

) � N(K; p)

Proof. Let U be a graph in Forb

h

(C

p

) whi
h is universal for K\Forb

h

(C

p

).

Then, for any G 2 K with odd girth stri
tly greater than p, G! U . Thus,

G

(p)

! U

(p)

and hen
e �(G

(p)

) � �(U

(p)

). �

7. Remarks and Open Problems

Some of the results of this paper may be formulated (and in fa
t are

motivated) by the quasiorder (and partial order) indu
ed by the existen
e

of a homomorphism:

Given graphsG;H we denote byG � H the existen
e of a homomorphism

G ! H . Clearly � is a quasiorder. If we 
onsider isomorphism types of


ores then we obtain a partial order. This quasiorder (and partial order)

is 
alled 
olouring order (or homomorphism order) and it is denoted by C.

We also denote by < the stri
t version of �. For a graph H we denote by

C

H

the prin
ipal ideal determined by H : C

H

= fG;G � Hg. C

H

is also


alled a 
olour 
lass. This name is justi�ed by interpreting homomorphisms

as generalized 
olourings: Indeed, a homomorphism G ! K

k

is a just a

(proper) k-
olouring of graph G and, more generally, a homomorphism G!

H is 
alled a H{
olouring. Thus C

H

is the 
lass of all H-
olourable graphs;

hen
e the name 
olour 
lass. It follows that the question whether G � H is

diÆ
ult to de
ide (and it is NP-
omplete in a very strong sense).

It is perhaps surprising how many �ne 
ombinatorial questions are 
ap-

tured by order { theoreti
 properties of the 
olouring order C. Our paper is

related to extremal elements of this order: greatest and maximal elements,

suprema and (upper) bounds in general. It appears that these extremal

graphs 
apture various problems whi
h are as remote as duality theorem

([17℄) and Hadwiger 
onje
ture (as shown in [15℄). These interpretations

also lead to some, hopefully interesting, problems.
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Given a 
lass K of graphs it is usually a diÆ
ult question to �nd a graph

H whi
h is maximal (or greatest, or supremum) of K in C as su
h a result

yields maximal 
hromati
 number of a graph in K. We review these familiar


on
epts in the setting of 
olouring order C:

A graph H is said to be an (upper)bound of K if every graph G 2 K

satis�es H � G. If in addition H 2 K then H is said to be greatest graph

in K.

A graph H is said to be maximal of K if H 2 K and no graph G 2 K

satis�es G < H .

A graph H is said to be supremum of K if G � H for every G 2 K and

if for every graph H

0

< H there exists a graph G 2 K su
h that G 6� H

0

.

For example, using this terminilogy, the 4-
olour theorem says that K

4

is

the greatest graph in the 
lass of all planar graphs. This obviously 
annot

be improved. On the other hand, Gr�otzs
h's theorem says that K

3

is an

upper bound of the 
lass of all planar K

3

{free graphs. However this may

be improved as K

3

fails to be a supremum of this 
lass. Indeed, by [14℄ and

also by Theorem 1.2, there exists a graph H whi
h is triangle free and whi
h

is an upper bound for the 
lass of all triangle free planar graphs. Then the

graph H

0

= H �K

3

is also a bound whi
h moreover satis�es H

0

< K

3

.

Note, that in this 
ase we do not know whether a supremum exits.

Using this terminology Theorem 1.2 may be formulated as follows:

Theorem 7.1. For every �nite set F of 
onne
ted graphs and for every

minor 
losed 
lass K the 
lass K\Forb(F) is bounded in the 
lass Forb(F).

This results also ni
ely 
omplements a similar result obtained for 
lasses

of bounded degree graphs (instead of proper minor 
losed 
lasses), see

[8, 9℄.Perhaps more interestingly, ea
h of the 
lasses Forb(F)\C

H

has supre-

mum H .

As pointed above the Hadwiger 
onje
ture amounts to the fa
t that any

minor 
losed 
lass K of graphs has greatest element (in the homoorphism

order) and this element is the 
omplete graph. If true then it follows that

K

h

is a bound for a minor 
losed 
lass K of graphs where h = h(K) is the

Hadwiger number of K. While this is an open problem we at least found a

bound not 
ontaining K

h+1

.

Note that for undire
ted graphs (without stru
tural restri
tions) the 
lass

Forb(F) is bounded only in trivial 
ases (bipartite graphs). Perhaps more

interestingly, ea
h of the 
lasses Forb(F) \ C

H

has supremum H , see [14℄.
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